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Abstract. We give a version of the Montel theorem for Hardy spaces
of holomorphic functions on an infinite dimensional space. Precisely,
we show that any bounded sequence of holomorphic functions in some
Hardy space, has a subsequence that converges uniformly over compact
subsets to a function that also belongs to the same Hardy space. As
a by-product of our results for spaces of functions on infinitely many
variables, we also provide an elementary proof of a Montel-type theorem
for the Hardy space of Dirichlet series.
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1. Introduction

Montel’s theorem is one of the basic results in the classical function theory
of one complex variable (see e.g. [5, Theorem 2.9]): every sequence of holo-
morphic functions on some open set Ω of the complex plane that is uniformly
bounded on the compact subsets of Ω has a subsequence that converges uni-
formly (on the compact subsets) to some holomorphic function defined on
Ω. It is also classical and well known that this result extends to holomor-
phic functions on infinitely dimensional Banach spaces (precise definitions
are given below). It should be noted that, if the sequence belongs to a cer-
tain class of functions (e.g. a Hardy space of holomorphic functions) and one
applies Montel’s theorem, there is no guarantee that the limit function also
belongs to the same class. We show here that if we start with a sequence in
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some Hardy space of holomorphic functions Hp (again, see below for defini-
tions), that is (norm) bounded, then the limit function also belongs to Hp

(this is Theorem 1).
Given a complex Banach space X and an open set U ⊆ X, a function

f : U → C is said to be holomorphic (see [8, Chapter 15]) if it is Fréchet
differentiable at every point of U , that is if for every x ∈ U there exists a
functional x∗ ∈ X∗ so that

lim
h→0

f(x + h) − f(x) − x∗(h)
‖h‖ = 0 .

On �2 (the space of square-summable complex sequences), we consider the
open set

�2 ∩ D
N = {z = (zn)n ∈ �2 : |zn| < 1 for all n}

and, for each 1 ≤ p < ∞, the Hardy space Hp(�2 ∩ D
N) consisting of all

holomorphic functions f : �2 ∩ D
N → C for which

‖f‖Hp(�2∩DN) = sup
n∈N

sup
0<r<1

(∫
Tn

|f(rw1, · · · , rwn, 0, · · · )|pdw1 · · · dwn

) 1
p

< ∞
(1)

(here and everywhere else in this note the n-dimensional torus Tn = {(z1, . . . ,
zn) : |zj | = 1 for all j} is considered with the normalised Lebesgue measure).

Our aim in this note is to prove the following Montel-type result.

Theorem 1. Let (fn) ⊆ Hp(�2 ∩D
N) be a bounded sequence. Then, there exist

f ∈ Hp(�2 ∩ D
N) and a subsequence (fnk

) that converges to f uniformly on
the compact subsets of �2 ∩ D

N.

These Hardy spaces are natural extensions of the classical Hp(D) spaces
of functions of one variable (see, for example, [6, Chapter 20]), consisting of
those holomorphic functions f : D → C so that

‖f‖Hp(D) = sup
0<r<1

(∫
T

|f(rw)|pdw

) 1
p

< ∞ . (2)

Observe that the one-variable version of Theorem 1 is the following.

Theorem 2. Let (fn) ⊆ Hp(D) be a bounded sequence. Then there exist f ∈
Hp(D) and a subsequence (fnk

) that converges to f uniformly on the compact
subsets of D.

This seems to be well known within the area, although we could not find
it explicitly in the literature. It follows essentially from the Banach–Alaoglu
theorem (with which we can extract a weakly∗-convergent subsequence) and
the fact that weak∗-convergence on Hp(D) is equivalent to being bounded
and uniformly convergent on the compact sets of D [6, Chapter 20, Proposi-
tion 3.15].

Another perspective is to use to the classical Montel’s theorem for holo-
morphic functions. Indeed, let (fn) be a bounded sequence in Hp(D). Using
[8, Corollary 13.13]

|fn(z)| ≤ ‖fn‖Hp(D)(1 − |z|2)− 1
p ,
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we know that the sequence is uniformly bounded on the compact subsets of
D. Then, by Montel’s theorem, there is a subsequence (fnk

) which converges
uniformly over compact subsets to a holomorphic function f . It remains to
show that f actually belongs to Hp(D). To do this, fix r < 1 and by passing
to the (uniform) limit in the inequality

(∫
T

|fnk
(rz)|pdz

) 1
p

≤ C ,

we have
(∫

T
|f(rz)|pdz

) 1
p ≤ C. Taking the sup over all 0 < r < 1, we conclude

that f ∈ Hp(D) and ‖f‖Hp(D) ≤ C.
We will later show that our approach in infinite-dimensional spaces,

when looked in one variable, becomes absolutely elementary and provides a
self-contained proof of Theorem 2, which uses only basic tools on the theory of
one complex variable and do not even appeal to Montel’s classical theorem.
Obviously, the same argument would give the analogous result for Hardy
spaces on the n-th dimensional polydisc.

Let us denote by Hp(T) the closed subspace of Lp(T) consisting of those
functions f for which the Fourier coefficient f̂(n) is 0 whenever n < 0. A
classical, well-known result states that Hp(T) = Hp(D) as Banach spaces
(see again [6, Chapter 20]), establishing a sort of bridge connecting function
theory and harmonic analysis. The spaces Hp(�2 ∩ D

N) that we have just
considered are also closely related with harmonic analysis. Let us explain
briefly how. On the infinite polytorus TN (which is a compact abelian group),
we consider the product of the normalised Lebesgue measure (which is the
Haar measure) and (see [12, Chapter 8]) Hp(TN) the class of functions in
Lp(TN) whose Fourier coefficients f̂(α) vanish unless αk ≥ 0 for every k
(which corresponds to the classical Hardy space on T). It is then well known
(see [4] or [8, Theorem 13.2]) that Hp(�2 ∩ D

N) = Hp(TN).
Ordinary Dirichlet series are formal series of the form

∑
ann−s, where

an ∈ C and s is a complex variable. It should be noted that the Hardy
spaces of holomorphic functions on infinite dimensional spaces mentioned
above are also closely related with the Hardy spaces of Dirichlet series, in-
troduced by Bayart [2]. There he gave a Montel-type theorem for Dirichlet
series in the space H∞ (precise definitions are given below). Recently, De-
fant and Schoolmann obtained in [10] and in collaboration with the first and
third authors in [7] versions for Hardy spaces of general Dirichlet spaces of
the form

∑
ane−λns (a much more general setting), based on harmonic anal-

ysis on compact groups. Here, as a consequence of Theorem 1, we provide an
elementary approach to Montel-type theorems for ordinary Dirichlet series.
More details on this are given in Sect. 3. We would like to emphazise that we
do not know of any way to deduce Theorem 1 (which is novel, and we believe
is interesting within the field of holomorphic functions on infinite dimensional
spaces) from the result for Dirichlet series and hence from any of the results
in [10] or [7].
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2. The proof of the result

We prove Theorem 1 in several steps. First, we use a diagonal procedure to
find a subsequence that converges pointwise on some dense subset of �2 ∩
D

N. In a second step, we see that this sequence is uniformly Cauchy on the
compact subsets of �2 ∩ D

N and, hence, converges. Finally, we show that the
limit function belongs to the Hardy space. We need two results that we state
now without proof. The first one is [8, Lemma 2.16], and provides a locally
Lipschitz condition on compact subsets.

Lemma 3. Let X be a Banach space, U ⊆ X an open set, and K ⊆ U a
compact set. If f : U → C is holomorphic and bounded, then for every 0 <
s < r = dist(X \ U,K), all x ∈ K and y ∈ B(x, s)

|f(x) − f(y)| ≤ 1
r − s

‖x − y‖ sup
z∈U

|f(z)|.

The second lemma that we need (the proof of which can be found in [8,
Corollary 13.20 and (13.25)]), allows us to estimate |f(z)| for z ∈ �2 ∩ D

N in
terms of ‖z‖2 = (

∑∞
j=1 |zj |2)1/2 and ‖z‖∞ := supj∈N |zj |.

Lemma 4. If 1 ≤ p < ∞, then

|f(z)| ≤ e
‖z‖2

2
1−‖z‖2∞ ‖f‖Hp(�2∩DN) .

for every f ∈ Hp(�2 ∩ D
N) and z ∈ �2 ∩ D

N.

We are now ready to prove Theorem 1.

Proof of Theorem 1. We begin by finding a subsequence (fnk
) of fn that

converges pointwise on some dense subset of �2 ∩ D
N. Fix, then, some {xm :

m ∈ N} dense in �2 ∩ D
N. By Lemma 4, (fn(x1))n is bounded in C and we

can find a subsequence fn(k,1) and c1 ∈ C, so that

c1 = lim
k→1

fn(k,1)(x1) and |fn(k,1)(x1) − c1| <
1
k

for all k ∈ N .

Suppose that we have found subsequences
(
n(k, 1)

)∞
k=1

, . . . ,
(
n(k,m)

)∞
k=1

in
such a way that, for each 1 ≤ j ≤ m,

(
n(k, j)

)∞
k=1

is a subsequence of(
n(k, j − 1)

)∞
k=1

and

cj = lim
k→∞

fn(k,j)(xj) and |fn(k,j)(xj) − cj | <
1
k

for all k ∈ N . (3)

Again, fn(k,m)(xm+1) is bounded in C and then there is a subsequence fn(k,m+1)

that converges to a certain cm+1 ∈ C, with |fn(k,m+1)(xm+1)− cm+1| < 1
k for

all k ∈ N. In this way, we define (cj)j ⊆ C and (n(k, j))k,j ⊆ N in such a way
that

(
n(k, j)

)∞
k=1

is a subsequence of
(
n(k, j − 1)

)∞
k=1

and (3) holds for every
j. We define now nk = n(k, k) and observe that for each fixed m, if k ≥ m
then

|fnk
(xm) − cm| = |fn(k,k)(xm) − cm| <

1
k

. (4)

Thus,
(
fnk

(xm)
)∞
k=1

converges to cm for every m ∈ N, and we have found the
subsequence that we were looking for.
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The second step of the proof is to see that (fnk
)k converges to some

f ∈ Hp(�2 ∩ D
N) uniformly over the compact sets. To do this take some

compact K ⊆ �2 ∩ D
N and set r = dist

(
�2 \ (�2 ∩ D

N),K
)
, since �2 ∩ D

N is
an open set in �2 then r > 0. Fix now 0 
= z ∈ K and fix j so that zj 
= 0.
Define yi = zi if i 
= j and yj = zj

|zj | ; then, clearly y = (yi)i ∈ �2 \ (�2 ∩ D
N)

and, therefore,

r ≤ ‖y − z‖2 =
∣∣∣∣zj − zj

|zj |
∣∣∣∣ =

∣∣∣∣zj |zj | − zj

|zj |
∣∣∣∣ =

∣∣|zj | − 1
∣∣ = 1 − |zj | < 1 .

This shows that ‖z‖∞ ≤ 1−r for every z ∈ K (since the inequality obviously
holds also for z = 0). Consider now B =

⋃
z∈K B(z, r

2 ). Given x ∈ B we can
find z ∈ K so that ‖x − z‖∞ ≤ ‖x − z‖2 < r

2 and, then,

‖x‖∞ < ‖z‖∞ +
r

2
≤ 1 − r

2
< 1 .

With this, we can find a constant λB > 0 so that ‖x‖2 ≤ λB for every x ∈ B
and, denoting M = supn ‖fn‖Hp(�2∩DN), this and Lemma 4 yield

|fnk
(x)| ≤ e

‖x‖2
2

1−‖x‖2∞ ‖fnk
‖Hp(�2∩DN) ≤ e

λ2
B

r− r2
4 M

for every x ∈ B. This shows that each fnk
is bounded on B. But B is open

and contains K so, if we take rB = dist(�2 \ B,K) > 0 and fix 0 < ε < rB

2 ,
from Lemma 3 we know that

|fnk
(z) − fnk

(y)| ≤ 1
rB − ε

‖z − y‖ sup
x∈B

|fnk
(x)| ≤ 1

rB − ε
‖z − y‖e

λ2
B

r− r2
4 M

for every z ∈ K and all y ∈ B(z, ε). Since {B(z, ε) : z ∈ K} is an open cover
of K, there exist z1, · · · , zN in K such that

K ⊆ B(z1, ε) ∪ · · · ∪ B(zN , ε)

and, by the denseness of {xm : m ∈ N}, for each i = 1, . . . , N we can find
mi ∈ N so that xmi

∈ B(zi, ε). In this way, for every z ∈ K, there are zj and
xmj

, such that z, xmj
∈ B(zj , ε) and, then,

|fnk
(z) − fnk

(xmj
)| ≤ |fnk

(z) − fnk
(zj)| + |fnk

(zj) − fnk
(xmj

)|

≤ Me

λ2
B

r− r2
4

rB − ε

(‖z − zj‖ + ‖xmj
− zj‖

) ≤ 4e

λ2
B

r− r2
4 M

rB
ε .

Now, if k ≥ l ≥ max{m1, · · · ,mN , 1
ε}, using (4) we get

|fnk (z) − fnl (z)|
≤ |fnk (z) − fnk (xmj )| + |fnk (xmj ) − cmj | + |fnl (xmj ) − cmj | + |fnl (z) − fnl (xmj )|

<
2

l
+

4e

λ2
B

r− r2
4 M

rB
ε

This shows that the sequence fnk
is uniformly Cauchy on K and, since K

was arbitrary the sequence is uniformly Cauchy on the compact subsets of
�2 ∩ D

N. Then, since the space of holomorphic functions endowed with the
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topology of uniform convergence on compact sets is complete (see e.g. [8,
Theorem 15.48]), it converges to some holomorphic f : �2 ∩ D

N → C.
To complete the proof it is only left to check that in fact f ∈ Hp(�2 ∩

D
N). Let M = supn ‖fn‖Hp(�2∩DN) > 0 and fix n ∈ N and 0 < r < 1.

Since rTn × {0} ⊆ �2 ∩ D
N is compact, there is k = k(n, r) ∈ N such that

|f(z) − fnk
(z)| ≤ 1

2 for every z ∈ rTn × {0} and, therefore

( ∫
Tn

|f(rw1, . . . , rwn, 0, . . . )|pdw1 · · · dwn

) 1
p

≤
( ∫

Tn
|f(rw1, . . . , rwn, 0, . . . ) − fnk (rw1, . . . , rwn, 0, . . . )|pdw1 · · · dwn

) 1
p

+

( ∫
Tn

|fnk (rw1, · · · , rwn, 0, · · · )|pdw1 · · · dwn

) 1
p

≤
( ∫

Tn

1

2p
dw

) 1
p

+ ‖fnk ‖Hp ≤ 1

2
+ M.

Then, we have that

sup
n∈N

sup
0<r<1

(∫
Tn

|f(rw1, · · · , rwn, 0, · · · )|pdw1 · · · dwn

) 1
p

≤ 1
2

+ M,

and shows that, in fact, f ∈ Hp(�2 ∩ D
N). �

The one-variable version (Theorem 2) can be deduced from Theorem 1.
Let us briefly explain how. First of all, it is pretty straightforward to see that
Hp(D) can be isometrically embedded in Hp(�2 ∩ D

N). On the other hand,
every holomorphic function f : �2 ∩D

N → C defines a family of coefficients in
the following way (see [9] or [8, Chapter 15]). For each n and α ∈ N

n
0 (where

N0 = N ∪ {0}) the α-th coefficient of f is defined as

cα(f) :=
1

(2πi)n

∫
|λ1|=r

· · ·
∫

|λn|=r

f(λ1, · · · , λN , 0, . . . )
λα1+1
1 · · · λαn+1

n

dλn · · · dλ1 . (5)

Then, denoting N
(N)
0 =

⋃
n∈N

N
n
0 ×{0}, we have a unique family of coefficients(

cα(f)
)
α∈N

(N)
0

associated to f .
If we start with a bounded sequence (fn)n in Hp(D) we may look at it

as belonging to Hp(�2 ∩ D
N), and Theorem 1 gives us a subsequence (fnk

)k

converging uniformly on the compacts (of �2 ∩D
N) to some f ∈ Hp(�2 ∩D

N).
But (5) and the uniform convergence on compacts show that cα(fk) converges
to cα(f). Hence, these coefficients are 0 for every α for which there is some
N ≥ 2 with αN 
= 0. Then, it is also easy to see (using e.g. [8, Theorem 13.2])
that in fact f ∈ Hp(D) and, since every compact set in D is compact in �2∩D

N

the argument is completed.
This is, however, too long a way to prove Theorem 2 (go to an infinite

dimensional space in order to come back to dimension 1). As a matter of fact
the strategy to prove Proposition 1 can be adapted (and simplified) to give
a direct proof of the one-dimensional result. The replacements for Lemmas 3
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and 4 are direct consequences of Cauchy’s Integral Formula (as in, e.g. [5,
Theorem 5.4]). If f ∈ H1(D) and z ∈ D, we may take any |z| < r < 1 to have

|f(z)| =
∣∣∣∣ 1
2πi

∫
|ζ|=r

f(ζ)
ζ − z

dζ

∣∣∣∣ ≤ r

r − |z|
∫
T

|f(rw)|dw ≤ r

r − |z| ‖f‖H1(D) .

Since this holds for every r, we have

|f(z)| ≤ 1
1 − |z| ‖f‖H1(D) (6)

for every f ∈ H1(D) and z ∈ D.
Suppose now that f : D → C is holomorphic and z1, z2 ∈ sD for some

0 < s < 1. Using again Cauchy’s Integral Formula, we have

|f(z1) − f(z2)| =
1
2π

∣∣∣∣
∫

|ζ|=s

f(ζ)
z1 − z2

(ζ − z1)(ζ − z2)
dζ

∣∣∣∣
≤ |z1 − z2| s

(s − |z1|)(s − |z2|) sup
|ζ|=s

|f(ζ)| . (7)

We now present an alternative and elementary proof of Theorem 2 that
only uses basic facts of function theory of one compex variables.

Alternative proof of Theorem 2. We begin by taking {xm : m ∈ N} a count-
able dense subset of D. By (6), for each fixed m, the sequence (fn(xm))n is
bounded in C (recall that ‖ · ‖H1 ≤ ‖ · ‖Hp

). With exactly the same diago-
nal procedure as in the proof of Proposition 1, we can define a subsequence
(fnk

)k and {cm : m ∈ N} so that fnk
(xm) → cm as k → ∞ for every m.The

key point now is to see that the sequence (fnk
)k is uniformly Cauchy on

every compact set K ⊆ D. It suffices to take K = rD for 0 < r < 1. Fix,
then, such an r and 0 < ε < 1 − r. By the density of the set {xm}m and
compactness, we may find x1, . . . , xN ∈ rD (belonging to the dense set, these
may not be the corresponding to m = 1, . . . , N but we prefer to keep the
notation as neat as possible) so that rD ⊆ D(x1, ε) ∪ · · · ∪ D(xN , ε) (where
D(x, ε) denotes the open disc in C centred in x and with radius ε). For each
j = 1, . . . , N the sequence (fnk

(xj))k is Cauchy, so we can find k0 so that
|fnk1

(xj) − fnk2
(xj)| < ε for every k1, k2 ≥ k0 and all j = 1, . . . , N . Given

z ∈ rD, there is some j so that |z − xj | < ε. Then, taking any r < s < 1, (7)
and (6) give

|fnk
(z) − fnk

(xj)| ≤ ε
s

(s − r)2
1

1 − r
‖fnk

‖Hp(D) .

We may choose s = r + 1−r
2 and, then s

(s−r)2
1

1−r = 2(r+1)
(1−r)3 = Kr. Denot-

ing M = supk ‖fnk
‖Hp(D), we have |fnk1

(z) − fnk2
(z)| ≤ ε(1 + 2KrM) for

every z ∈ rD and k1, k2 ≥ k0. This shows that the sequence (fnk
)k is uni-

formly Cauchy on every compact subset of D. Since the space of holomorphic
functions on D (with the topology of uniform convergence on compact sets)
is complete [5, Corollary 2.3], it converges to some holomorphic function
f : D → C. Exactly, the same arguments mentioned after the statement of
Theorem 2 show that f actually belongs to Hp(D). �
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Let us finish this section by noting that as a matter of fact, Theorem 1
holds in a more general setting. Let X be a Banach sequence space (i.e. a
subspace of CN that contains all the canonical vectors (en)n, endowed with
a complete norm such that ‖en‖ = 1 for all n and, if x = (xn)n ∈ C

N and
y = (yn)n ∈ X are sequences so that |xn| ≤ |yn| for every n, then x ∈ X and
‖x‖ ≤ ‖y‖) and consider the open set

X ∩ D
N = {z = (zn)n ∈ X : |zn| < 1 for all n} .

For each 1 ≤ p < ∞, the Hardy space Hp(X ∩D
N) is defined as consisting of

all holomorphic functions f : X ∩ D
N → C for which

‖f‖Hp(X∩DN) = sup
n∈N

sup
0<r<1

( ∫
Tn

|f(rw1, · · · , rwn, 0, · · · )|pdw1 · · · dwn

) 1
p

< ∞

(here again we take on the n-dimensional torus T
n the normalised Lebesgue

measure). If X ↪→ �2 then [8, Remark 13.22] shows that Hp(X ∩ D
N) =

Hp(�2 ∩ D
N) for every 1 ≤ p < ∞, and every compact set in X ∩ D

N is also
compact in �2 ∩ D

N . Then, as an immediate consequence of Theorem 1, we
have

Corollary 5. Let X be a Banach sequence space with X ↪→ �2 (with continu-
ous inclusion) and 1 ≤ p < ∞. If (fn) ⊆ Hp(X ∩D

N) is a bounded sequence,
then there exist f ∈ Hp(X ∩ D

N) and a subsequence (fnk
) that converges to

f uniformly on the compact subsets of X ∩ D
N.

3. An application to Dirichlet series

Dirichlet series are formal series of the form
∑

ann−s, where an ∈ C and
s is a complex variable. It is well known that Dirichlet series converge on
half-planes and there define holomorphic functions. The space H∞ consists
of all Dirichlet series that converge on [Re s > 0] and there define a bounded
holomorphic function, which the norm defined as the supremum on [Re s > 0]
is a Banach space. The reader is referred to [8,11] for a complete account on
this theory.

Given a sequence of Dirichlet series in H∞, one can look at them as
functions on the right half-plane and try to apply Montel’s theorem. This
would have two problems: one would get a subsequence that converges uni-
formly on the compacts (and not on half-planes, which are the natural setting
for Dirichlet series), and, moreover, it would converge to some holomorphic
function on [Re s > 0] which might or might not be represented by a Dirich-
let series. Therefore, one could say that the classical Montel’s theorem is
useless within the context of Dirichlet series. Bayart overcame this problem
in [2, Lemma 18], proving a Montel-type theorem for Dirichlet series: let
{∑

a
(N)
n n−s}N be a bounded sequence in H∞; then it has a subsequence that

converges to a Dirichlet series
∑

ann−s in H∞ uniformly on [Re s > σ] for
every σ > 0. This has several interesting applications within the functional-
analytic theory of Dirichlet series.
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Let us look at this result from a slightly different point of view. If∑
ann−s is a Dirichlet series in H∞ and D(s) is the holomorphic function

that it defines on [Re s > 0], then for ε > 0, we have

sup
Re s>ε

∣∣∣
∞∑

n=1

an
1
ns

∣∣∣ = sup
Re s>ε

|D(s)| = sup
Re s>0

|D(s + ε)| = sup
Re s>0

∣∣ ∞∑
n=1

an
1

ns+ε

∣∣∣

= sup
Re s>0

∣∣ ∞∑
n=1

an

nε

1
ns

∣∣∣ .

Therefore, Bayart’s Montel theorem for Dirichlet series tells us that, if DN

is the sequence of functions associated to the Dirichlet series, then there is a
subsequence and a Dirichlet series with limit function D so that the translated
Dirichlet series DNk

(s + ε) converges to D(s + ε) uniformly on [Re s > 0] for
every ε > 0. Or, to put it in other terms: let {∑ a

(N)
n n−s}N be a bounded

sequence in H∞;then there is a subsequence {∑ a
(Nk)
n n−s}k and a Dirichlet

series
∑

anns in H∞so that {∑ a
(Nk)
n

nε n−s}k converges in H∞ to
∑ an

nε n−s

for every ε > 0.
Hardy spaces of Dirichlet series (denoted Hp, for 1 ≤ p < ∞) were

introduced by Bayart in [2] in the following way: given 1 ≤ p < ∞, the
expression

∥∥∥
N∑

n=1

ann−s
∥∥∥

p
= lim

R→∞

(
1

2R

∫ R

−R

∣∣∣
N∑

n=1

ann−it
∣∣∣pdt

) 1
p

.

defines a norm on the space of Dirichlet polynomials (i.e. finite Dirichlet
series). Then, the space Hp is defined as the completion of the Dirichlet
polynomials under this norm. It is well known [2, Theorem 3] (see also [8,
Remark 12.13]) that the Dirichlet series that lie on Hp define holomorphic
functions on the half-plane [Re s > 1/2]. These spaces are also closely related
with the Hardy spaces of holomorphic functions that we considered above.
A Dirichlet series

∑
ann−s belongs to Hp if and only if there exists f ∈

Hp(�2∩D
N) so that an = cα(f) (recall (5)) whenever n = pα (where p = (pk)k

is the sequence of prime numbers), and both have the same norm (see [4,
Theorem 3.9] or [8, Corollary 13.3]). In other words,

Hp = Hp(�2 ∩ D
N) (8)

as Banach spaces.
Our aim now is to show the following version of Bayart’s Montel-type

theorem for Hardy spaces.

Theorem 6. Let {∑ a
(N)
n n−s}N be a bounded sequence in Hp. Then, there ex-

ist
∑

ann−s ∈ Hp, and a subsequence {∑ a
(Nk)
n n−s}k such that {∑ a

(Nk)
n

nε n−s}k

converges to
∑ an

nε n−s in Hp for every ε > 0.

Our approach is to switch from uniform convergence on compact subsets
(see Theorem 1) to the convergence of translates of the series in Hp. Note
that ε = 0 cannot be taken in Theorem 6. For example, given 1 ≤ p < ∞
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the sequence of monomials (n−s)n is bounded (‖n−s‖Hp
= 1) but it does not

have a convergent subsequence.
Recently and independently in [10, Theorem 5.8], using techniques of

harmonic analysis on compact abelian groups, a Montel-type theorem has
been obtained in the more general setting of general Dirichlet series with
frequencies satisfying Bohr’s theorem. Although there is no statement written
explicitly for the classical Hardy spaces of Dirichlet series. Also, Bayart, in
a personal comunication, has shown us a direct proof of Theorem 6 based
on the p = 2 case (somewhat easier to handle) and an argument through
translation of Dirichlet series. We go here a different way, showing how it can
be obtained also from Theorem 1.

Let us make first a short comment that we will use within the proof.
First of all, let us recall that there is a constant C > 0 so that, for every
1 ≤ p < ∞, all x ≥ 2 and

∑
ann−s ∈ Hp,∥∥∥∥

∑
n≤x

ann−s

∥∥∥∥
Hp

≤ C log x

∥∥∥∥
∑

ann−s

∥∥∥∥
Hp

(9)

(see [8, Theorem 12.5]). If we translate the series a little bit we can say more.
If a Dirichlet series

∑
ann−s belongs to Hp for some 1 ≤ p < ∞,

then the translated series
∑ an

nε n−s belongs to Hq for all ε > 0 and every
p < q < ∞ (see [2, Section 3] or [8, Theorem 12.9]). This, combined with
the fact that the monomials {n−s}n form a Schauder basis of Hq (see [1]) for
1 < q < ∞ and the monotonicity of the Hp-norms immediately imply

lim
l→∞

∥∥∥∥
∑ an

nε
n−s −

l∑
n=1

an

nε
n−s

∥∥∥∥
Hp

= 0 (10)

for every ε > 0.

Proof of Theorem 6. By (8), we have a bounded sequence (fN )N in Hp(�2 ∩
D

N) and, by Theorem 1, a subsequence (fNk
)k that converges uniformly on

the compact sets to some f ∈ Hp(�2 ∩D
N). Moreover, if

∑
ann−s ∈ Hp is the

Dirichlet series associated to f by (8), then (5) (and the uniform convergence
on compact sets) yields a

(Nk)
n = cα(fNk

) → cα(f) = an as k → ∞.
Fix ε > 0 and note that, from (10), we have that the partial sums

of
∑ an

nε n−s and
∑

a
(Nk)
n

nε n−s converge to the corresponding series. Our first
aim is to show that we can control the convergence of all these partial sums
uniformly in some sense. To be more precise, our goal now is to show that
for every η > 0 there is some l0 > 0 such that

∥∥∥ ∑ an

nε
n−s −

l∑
n=1

an

nε
n−s

∥∥∥
Hp

< η and
∥∥∥ ∑ a

(Nk)
n

nε
n−s −

l∑
n=1

a
(Nk)
n

nε
n−s

∥∥∥
Hp

< η

(11)
for every l ≥ l0. To begin with we fix l ≥ 2 and (10) gives

∥∥∥∑ an

nε
n−s −

l∑
n=1

an

nε
n−s

∥∥∥
Hp

= lim
j→∞

∥∥∥
j∑

n=l+1

an

nε
n−s

∥∥∥
Hp

.
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We denote M = max
{∥∥ ∑

ann−s
∥∥

Hp , supN

∥∥∑
a
(N)
n n−s

∥∥
Hp

}
and, for each

j ≥ l + 1 Abel summation and (9) give

∥∥∥∥
( j∑

n=l+1

ann−s

)
1

jε
+

j−1∑
n=l+1

( n∑
m=l+1

amm−s

)(
1

nε
− 1

(n + 1)ε

)∥∥∥∥
Hp

≤
∥∥∥∥

j∑
n=l+1

ann−s

∥∥∥∥
Hp

1

jε
+

j−1∑
n=l+1

∥∥∥∥
n∑

m=l+1

amm−s

∥∥∥∥
Hp

(
1

nε
− 1

(n + 1)ε

)

≤
(∥∥∥∥

j∑
n=1

ann−s

∥∥∥∥
Hp

+ ‖
l∑

n=1

ann−s

∥∥∥∥
Hp

)
1

jε

+

j−1∑
n=l+1

(∥∥∥∥
n∑

m=1

amm−s

∥∥∥∥
Hp

+

∥∥∥∥
l∑

m=1

amm−s

∥∥∥∥
Hp

)(
1

nε
− 1

(n + 1)ε

)

≤(
C log(j)M + C log(l)M

) 1

jε

+

j−1∑
n=l+1

(
C log(n)M + C log(l)M

)( 1

nε
− 1

(n + 1)ε

)

≤2C log(j)M
1

jε
+

j−1∑
n=l+1

2C log(n)M
ε

nε+1

≤2C log(j)M
1

jε
+

j−1∑
n=l+1

2C log(n)M
ε

nε+1
.

Hence,

∥∥∥ ∑ an

nε
n−s −

l∑
n=1

an

nε
n−s

∥∥∥
Hp

≤ εCM

∞∑
n=l+1

log(n)
nε+1

.

For each fixed k, exactly, the same computations give the same inequality for∑
a
(Nk)
n n−s. Since the term on the right-hand-side tends to 0 as l → ∞, we

can find l0 satisfying (11).
Set L = max1≤n≤l0{‖n−s‖Hp} and pick k0 ∈ N, such that if k ≥ k0

then |a(Nk)
n − an| < η

l0L for all 1 ≤ n ≤ l0. With all this we finally have, for
k ≥ k0

∥∥∥∥
∑ a(Nk)

n

nε
n

−s −
∑ an

nε
n

−s

∥∥∥∥
Hp

≤
∥∥∥∥

∑ a(Nk)
n

nε
n

−s −
l0∑

n=1

a(Nk)
n

nε
n

−s

∥∥∥∥
Hp

+

∥∥∥∥
∑ an

nε
n

−s −
l0∑

n=1

an

nε
n

−s

∥∥∥∥
Hp

+

∥∥∥∥
l0∑

n=1

a(Nk)
n − an

nε
n

−s

∥∥∥∥
Hp

≤2η +

l0∑
n=1

|a(Nk)
n − an|

nε

∥∥n
−s∥∥

Hp

≤2η +

l0∑
n=1

|a(Nk)
n − an| ∥∥n

−s∥∥
Hp < 3η .

�
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