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WEIGHTED DISCRETE HARDY INEQUALITIES ON
TREES AND APPLICATIONS

FERNANDO LOPEZ-GARCIA AND IGNACIO OJEA

ABSTRACT. In this paper, we study certain inequalities and a
related result for weighted Sobolev spaces on Holder-a domains,
where the weights are powers of the distance to the boundary. We
obtain results regarding the divergence equation’s solvability, and
the improved Poincaré, the fractional Poincaré, and the Korn in-
equalities. The proofs are based on a local-to-global argument that
involves a kind of atomic decomposition of functions and the va-
lidity of a weighted discrete Hardy-type inequality on trees. The
novelty of our approach lies in the use of this weighted discrete
Hardy inequality and a sufficient condition that allows us to study
the weights of our interest. As a consequence, the assumptions on
the weight exponents that appear in our results are weaker than
those in the literature.

1. INTRODUCTION

Let {U;}ier be a certain partition of a bounded domain Q < R™.
Given f e L'(Q) with vanishing mean value, we decompose it into the
sum of a collection of functions {f;}wr, where f; is supported on U
and has vanishing mean value. This kind of decomposition was applied
by Bogovskii in [I] using a finite partition to extend the solvability of
the divergence equation from star-shaped domains with respect to a
ball to Lipschitz domains. In the articles [2] and [3], the authors used
a similar decomposition where the partition of the domain is count-
able. In the case where the partition is not finite, it is required to
have an upper bound of the sum of the norms of {f;},r by the norm
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of the function f. In [2], the decomposition is developed for John do-
mains, and the estimation of the norms is based on the continuity of
the Hardy-Littlewood maximal operator. In [3], the authors considered
more general domains and the decomposition is based on the validity of
a certain Poincaré-type inequality. This decomposition can be used for
extending to general domains several results that are known to hold on
simpler ones, e.g.: the solvability of the divergence equation, and the in-
equalities Poincaré, improved Poincaré, fractional Poincaré and Korn.
The decomposition presented here is based on the one developed in [4]
where a continuous Hardy-type inequality is applied for proving the
estimation for the norms. Moreover, in [4] the partition of the domain
is indexed over a set I' with tree structure, which is strongly related
to the geometry of the domain. Other references where variations of
these techniques are used are: [5, [6, [7, [§] [9].

Also, in [10} 11] a similar decomposition is used on cuspidal domains
for proving weighted Korn inequalities. In those papers, thanks to the
geometry of the domain, the partition is indexed over N (in other words,
it is formed by a chain of subdomains). The discrete weighted Hardy-
type inequality [12, inequality (1.102), page 56] is used for proving the
estimate of the norms.

In this work, we are interested in having a better understanding of
the weights that make these inequalities valid. We apply a discrete
approach, similar to the one used in [I0] [I1], i.e.: our partition of the
domain allows us to regard the weights as essentially constant over each
sub-domain and a discrete Hardy-type inequality is used for estimating
a weighted norm of the sum of {f;} in terms of another weighted norm
of f. On the other hand, we recover the tree structure introduced in
[4], which allows the method to be applied to a larger class of domains.
Hence, we need a discrete weighted Hardy-type inequality, similar to
[12 inequality (1.102)], but for sequences indexed over trees. For this
inequality to hold, necessary and sufficient conditions on the weights
can be derived from the continuous case, treated in [13]. However, as
we shall discuss below, these conditions are very hard to check for our
examples. Hence, we prove a sufficient condition which is somehow a
natural extension of the classical condition for sequences and is much
easier to verify.

The paper is organized as follows: Section 2 introduces the weighted
discrete Hardy-type inequality that is applied later, and provides two
conditions on the weights that imply its validity. In Section 3, we
present our decomposition of functions with vanishing mean value on
arbitrary bounded domains. We also show how the Hardy-type in-
equality stated in the previous section can be used to obtain an upper
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bound of the norms of the functions proposed in the decomposition. In
Section 4, we study the decomposition of functions defined in Section 3
on bounded Hoélder domains. In Section 5, we prove several interesting
results that are obtained as a consequence of the decomposition. In
particular, we prove the solvability of the divergence equation and im-
proved Poincaré, fractional Poincaré and Korn inequalities. All these
results are stated on weighted Sobolev spaces on bounded Holder do-
mains, where the weights are powers of the distance to the boundary.
In all cases, the conditions imposed on the exponents of the weights
are less restrictive than the ones in the literature. In Appendix A, we
derive from [13] a necessary and sufficient condition for the validity of
the weighted discrete Hardy-type inequality treated in this work. This
condition is included in the manuscript for general knowledge, but it
is not used in our applications.

2. A WEIGHTED DISCRETE HARDY INEQUALITY ON TREES

In this section, we study a certain weighted Hardy-type inequality
on trees, and give two conditions for its validity. The first condition
is sufficient and necessary and it follows from [13] (see Theorem 2.2)).
The second condition is sufficient, and it may also be necessary, but
we haven’t proven it. We are especially interested in this second one
because its verification in our examples is easier than the first one.

Throughout the paper 1 < p,q < o0, with %—l—% = 1, unless otherwise
stated.

A tree is a graph (V) E), where V is the set of vertices and F the
set of edges, satisfying that it is connected and has no cycles. A tree
is said to be rooted if one vertex is designed as root. In a rooted tree
(V, E), it is possible to define a partial order “<” in V as follows: s < ¢
if and only if the unique path connecting t to the root a passes through
s. The parent t, of a vertex ¢ is the vertex connected to ¢ by an edge on
the path to the root. It can be seen that each t € V different from the
root has a unique parent, but several elements (children) on V' could
have the same parent. We assume that each vertex has a finite number
of children. Note that two vertices are connected by an edge (adjacent
vertices) if one is the parent of the other one. We say that a set of
indices I" has a tree structure if there is a set of edges such that (I, E')
is a rooted tree.

Trees can be regarded as continuous or as discrete. In a continuous
tree, the edges are segments on the plane, and one can define func-
tions taking values over them, whereas the set of vertices has vanishing
measure. On the other hand, on discrete trees, the edges are just links
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between the vertices that define a partial order. In this case, sequences
indexed on the vertices can be defined. There is a natural one to one
map between the edges and the subset of vertices I"\{a}. It is given by
the association of the edge (t,,t) with the vertex ¢. This map implies
an association between the continuous and discrete versions of a given
tree. Therefore, we define:

I = T\{a}.

We will work with discrete trees which are derived from a continuous
setting, so I'* is the natural environment for stating our Hardy-type
inequality. It is important to notice, however, that the same results
that we present here on I'* can be easily extended to I.

Given a rooted tree I', we consider collections of real values indexed
over I'*, named in this work as I'*-sequences. We define (?(I'*) the
space of collections b = {b; }ser+ such that:

|6l = (Z bi’) < .

tel*

We also define P; the path from the root a to t:
Pii={s:a<s <t}
and S; the shadow of t:
S;i={sel™: s>t}

Given positive ['*-sequences (i.e. weights) u = {u;}wer= and v =
{vi}iers, we introduce the inequality:

<Z u !t Y b, q) q <C <Z \btvtl\q> q , (2.1)
tel'* tel*

s>t
for every b = {b; }scr such that bv—! e £4(T*).
Notice that the following dual version to (2.1)) is equivalent.

Lemma 2.1. Inequality 2.1)) holds if and only if

(2 v . dy ) <C<Z |dsus|p>p (2.2)

a<t<s sel*
is satisfied, for every d = {d;}ier such that du € (P(T'*). Moreover, the
optimal constants for both inequalities are equal to each other.
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Proof. The best constant C' for (2I]) can be characterized by duality

as:
C = sup sup Z U;1<st>5t

8:6]p=1 b:|bv—t]g=1 jcrx s>t
= sup sup Z bs( Z 5tu;1>.
b:[bvtg=1 &:[6]p=1 jopx a<t<s

Now, taking d = du~! and B = bv~!, we obtain the dual characteri-
zation of the optimal constant in (2.2)):

C = sup sup Z vs( Z dt)ﬁs.

B:Blq=1 d:|dulp=1 sel* a<t<s

U U

The goal of this section is to establish conditions for (Z1]) to hold
that can be verified in our examples.

It is known (see for example [14], [12], [I5]) that the classical neces-
sary and sufficient condition for the continuous Hardy inequality in an
interval translates to the discrete case. Namely, if I' is a chain (i.e. a

tree where each vertex has at most one child), then inequalities (2.2)
and (2I)) hold if and only if

Achain = SUp ( Z us_q> q (Z v§> ! < . (2.3)

*
tel’ a<s<t s>t

Moreover, the constant C' in (2.1]) is proportional to Agpain-

The authors in [13] studied continuous Hardy inequalities on trees,
where their main result can be easily translated to the discrete case as
shown in the following theorem. However, they also showed that, on

trees that are not chains, condition (Z3]) is necessary for the validity
of (210, but not sufficient.

Theorem 2.2. Let I' be a discrete tree with root a. Given K a subtree
of I', we define its boundary as 0K = {se K : 3t, t, =s,t¢ K}. We
also define the following class formed by some subtrees of I':

K = {K subtree of I': a€ K, and if s€ 0K, thent ¢ K, Vt > s}.

For K € KC, we define the interior of K, K° = K\OK. Then inequality
@) holds if and only if:

V| p (10
B := sup [lerwc < o, (2.4)

Kek 057¢
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where:

ax ::mf{ubup: M jbfuyt =1, VteaK}.

a<s<t

Moreover, the constant C' in (21)) is proportional to B.

Condition (24)) is rather cumbersome and one can find it very hard
to prove in practical examples. However, valuable information can be
derived from it. E.g., fixing a vertex t € I'*, consider the sub-tree:
K = T'\S;. In this case, |v|mr«\x) = |V|ews,). On the other hand,
t is the only vertex in ¢K and ai_(l becomes a dual characterization
of |u™*|p,). Hence, the expression inside the supremum of (2.4)
becomes the expression inside the supremum of (23]), which proves:
Achain < B. The converse, however is not true: in [I3 Section 5] an
example is given where B = o0 whereas A4, remains bounded.

In [I3] a recursive method for computing ay is given, as well as
several sufficient and slightly less complex conditions. But the main
difficulty, namely: the necessity of estimating a supremum over all
subtrees in KC, remains. Hence, we prove in the following Theorem a
sufficient condition that can be regarded as a generalization of (2.3)),
and which is almost as easy to check. On the downside, we were not able
to compare our sufficient condition with the other sufficient conditions

given in [13].

Theorem 2.3. Let u = {u;}ier+ and v = {v; }er+ be two weights that

satisfy:
7 (1-1)\ »
Apree := sUp ( Z us_q> (va( Z ur_q) ) <o, (2.5)
for some 6 > 1. Then inequality [22)) holds. In addition, the optimal
1

tel™* \ a<s<t s>t a<r<s
. . q
constant in [22)) satisfies that C < <9f¥1> Apree-

Y

Proof. We follow an idea used in [16]. However, the introduction of the
parameter # is crucial for obtaining a sharper result. We can assume
that d; > 0.

We begin observing that the concavity of the function f(z) = x
implies, via the mean value theorem, the following inequality for 0 <
T < To

1
-5

_ 0 1 _1
B ), 26)
xd -1
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Now, let us define N(t) := >, _ _,u-?% Applying Holder inequality we
obtain:

- 5t £ ) - St 3 st 4)

sel* a<t<s sel* a<t<s
D
p D, P & —q 1
<Y (Y duNmE) (Y wNe ) .
sel'* a<t<s a<t<s

For the last factor, observe that u, * = N(t) — N(t,) for every t, where

N(a) is defined as 0. This and (2.6)) give:
N(t) — N(t,) 0 1 11
< N - N .

N ()b (VT = N

Now, we apply a telescopic argument along the path that goes from
a to s, obtaining:

1< (5ty)' 3 “”@df“m)%) (S (v - N )

sel* t<s

_ (%) SZ ( N @uN ) N(s)50-9,

a<t<s

U IN(t) 0 =

Interchanging the summations and applying condition (2.3]):

( ) Z dtut[ 9% ;vgN(s)5<1—é>]
< ( > bree Z dyuy,

tel
and the result follows. O O

Remark 2.4. Condition (X)), with the parameter § > 1, resembles
similar sufficient conditions that appear when dealing with weighted
inequalities involving two weights. See, for example [I7, Theorem 1].

Remark 2.5. Observe that condition ([2.5) (as well as (2.3])) implies
that >« v2 < c0. In other words: v e ().

Remark 2.6. The proof for Theorem can be copied verbatim re-
placing I'* by I', both in the inequality (2.2)) and in the condition (2.3]).

Observe that as # approaches 1, condition (23] “tends” to condition
(23). It seems that we cannot take § — 1, since the factor 9%1 goes to
infinity. However, condition (Z3]) is actually equivalent to ([Z3]), if T" is
a chain. Indeed:
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Theorem 2.7. If I" is a chain, then conditions [23) and (2Z3) are
equivalent.

Proof. (2.5) implies the validity of (22]), which is equivalent to (23]

on chains, proving that (2.5]) implies (2.3)).
Suppose now that (Z.3]) holds. Then:

1 _1
—a\ ¢ P
( 2 U, q> < Achain( Z Uf) )
a<r<s r>=Ss
which in turn gives:
2(1_1) 1 l—1
P —q\7 0 p(1-3) P p\°?
ZUS< Z Uy > Achain Vs ;.
s>t a<r<s s>t r>=s

Now, let us assume the following inequality holds on chains for any

0>1: L .
Zvﬁ(va)e <9<;v§>0. (2.7)

s>t r>=s

[

Using this, we obtain:

Atreezsup( Z us_q)"iq( Z o Z u;qﬁ“%))%

tel*

a<s<t a<s<t a<r<s
1
—q)\ %
q p
HPAC,mmsup( Y o ) (E:v) < 07 Aupain.
a<s<t s>t

Hence, it only remains to prove (2.7)). Let us first present the main
idea of why (21) holds naturally on every chain. Suppose that we are
working on a continuous setting. In that case, the left member of (2.7))

would become:
0 0 1_q
I = J v(s)p(J v(z)? d:L') " ds.
t S

Now, through the substitution ¢ = F(s) = " v(z)? dz, d§ = —v(s)Pds,
we have:
0

0 1

I=—| ¢eitae=0es|FD = gp()s = eq v(s)pds> ’
F(t) t

which is the continuous analog to the right hand side of (2.7).

Now, in the discrete case, we cannot change variables as we did with
the integral, but an adapted version of the same idea can be applied.
We proceed in a similar way than the proof of Theorem we define
M(s) = >, vP. Recalling Remark L7 we have that M(s ) < o and
limg o M(s) = 0. We denote s, the child of s along I, which is unique



DISCRETE HARDY INEQUALITIES ON TREES AND APPLICATIONS 9

thanks to the fact that I' is a chain. Applying the convexity of the
1
function f(z) = x¢ and a telescopic argument, we obtain:

Re(Z) T - <0Gt - !

s>t r>s s>t s>t

s>t

which completes the proof.

Observe that the fact that each s has only one child s, is crucial for
the telescopic argument to hold. On general trees, this step cannot be
performed, and the proof fails. O O

The proof of the previous Theorem shows that condition (2.5]) can be
unravel into two: the classical condition (2.3)), and the additional (2.7).
We state this as a corollary, although for the application considered
here it is easier to work directly with (2.5]).

Corollary 2.8. Let I" be a tree. If u = {us}er and v = {v; }er verify
both (23) and ) (with any constant), then [23) holds.

3. A DECOMPOSITION OF FUNCTIONS

Let Q < R™ be a bounded domain with n > 2. We refer by a weight
7 : ) — R to a Lebesgue-measurable function, which is positive almost
everywhere. Then, we define the weighted spaces LP(£2,n) as the space
of Lebesgue-measurable functions f : {2 — R with finite norm

oo = [ @) az) "

Henceforth, d, d4 : € — R will denote the distance functions to €2
and A < (2 respectively.

Definition 3.1. Let C be the space of constant functions from R” to
R and {U,;}«r a collection of open subsets of €} that covers € except
for a set of Lebesgue measure zero; I' is an index set. It also satisfies
the additional requirement that for each ¢ € I' the set U, intersects a
finite number of U with s € I". This collection {U,}r is called an open
covering of . Given g € L*(Q) orthogonal to C (i.e., {g¢ = 0 for
all ¢ € C), we say that a collection of functions {g;}ir in L'(2) is a
C-orthogonal decomposition of g subordinate to {U; }sr if the following
three properties are satisfied:

(1) 9 = Der 9r-
(2) supp(g:) <= Us.
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(3) §y,9: =0, forallteT.

We also refer to this collection of functions by a C-decomposition.
Notice that condition (3) is equivalent to the orthogonality to the space
C of constant functions. Indeed, this condition can be replaced by
§u, gt(x)p(x)dz =0, for all pe C and t € T.

In Theorem B.§ below, we show the existence of a C-orthogonal de-
composition by using a constructive argument introduced in [4].

Definition 3.2. Given a countable open covering {U, }ir of €2, we say
that a weight 1 : 2 — R is admussible if there exists a uniform constant
C such that

esssup n(z) < Cessinf n(z), (3.1)
:EEUt Z‘EUt
for all t € I". Notice that admissible weights are subordinate to {U};er
of Qand 1 <p < 0.

Examples 3.3. One classical example is induced by a Whitney de-
composition. Given 2 < R™ an open set, it is known (see, for ex-
ample [I8 Section VI|), that there exists a collection of dyadic closed
cubes, {Q;} en, with edges parallel to the coordinate axis, such that
Q =, @y, satisfying that the length £(Q;) of the cube Q; is propor-
tional to d(Q);, 0§2), where the constants involved does not depend on j.
Moreover two neighbouring cubes are of similar size. These properties
are well adapted for working with weights that depend on the distance
to the boundary. Then, every weight n(z) = d(x)7, with 7 in R, is
admissible subordinate to {U;};, where U; = %Q;. A construction
similar to a Whitney decomposition is used in [4], and in Section [l

Examples 3.4. Another example is the one studied in the articles
[10, [11], 4], where €2 is a cuspidal domain with only one singularity (the
tip of the cusp) on its boundary. For example, we can consider

Q= {(zy,12)eR*: 0 <2y <1and 0 < zy <]},

where v > 1. In this case, it is of interest to consider weights that
depend on the distance to the cusp instead of the distance to the
boundary. For that reason, the partition of the domain depends on
the singularity we have at the origin as it can be seen at the open
covering {U, }n>0:

Uy = {(z1,22) € Q: -+ — g < 27"

For this open covering, any power n(x) = do(z)" of the distance to the
cusp is admissible.
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Definition 3.5. Let 2 < R™ be a bounded domain. We say that
an open covering {U;}icr is a tree covering of € if it also satisfies the
properties:

(1) xa(x) < Xer xv.(2) < Nxa(z), for almost every = € Q, where
N >1.

(2) The set of subindices I' has the structure of a rooted tree, i.e.
it is the set of vertices of a rooted tree (I', E') with a root a.

(3) There is a collection { B}, of pairwise disjoint open sets with
Bt - Ut N Utp-

Remark 3.6. Given an open covering of a domain 2, one can choose
an element of the covering as the root, and there are different ways
to define a tree-covering. Notice that two vertices on the tree are
adjacent only if the intersection of their corresponding open sets is
non-empty. Some care should be taken in order to obtain a meaningful
tree-covering, according with the geometry of the domain. For example,
it is known that the quasi-hyperbolic distance between two cubes in a
Whitney decomposition is comparable with the shorter chain of cubes
connecting them. Hence, on an open covering like the one in Example
we can define a tree-covering by an inductive argument on the
quasi-hyperbolic distance to the root: this is done in [I9]. Another
possible tree-covering on a Whitney decomposition can be defined when
the domain is a John domain, in which case each chain connecting a
Whitney cube with the root is a Boman chain. This type of tree-
covering, which characterizes John domains, is introduced in [6].

The open covering for external cusps in Example 3.4] can be seen as
a tree-covering that is actually a chain, with the root defined as the
open set furthest from the tip of the cusp.

Given a tree covering {U}uer of Q and v,w : Q@ — R admissible
weights subordinate to {U, },cr, we define the following discrete Hardy-
type inequality on trees for positive sequences {b;}er

(Z |By| =Py, (Z bs) ) <C (Z |Bt|—q/pw;qbg>a, (3.2)

tel™* s>t tel*

where the sequence weights {w;}er+ and {14 }er+ are defined as

wy = essinfw(z) and v = essinfv(x).
xeBt xeBt

Observe that here is where the necessity of working on I'* becomes

apparent, since the weights depend on By, which plays the role of the

edge between t, and ¢, and is not defined for the root of the tree.
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Remark 3.7. Observe that ([3.2) is exactly (21), taking u, = |Bt|%1/t
1
and v; = |By|rwy.

Theorem 3.8. Let 2 < R"™ be a bounded domain with a tree cover-
ing {Uher such that “gt‘ C for every t € T'*, and let v,w : Q —
R be admissible weights, with wP € LY(Q), such that LI(Q,w™9) —
L1(Q,v™9) and the weighted discrete Hardy inequality on trees (3.2)
holds. Then, given g in LY(Q,w™9), with §, g = 0, there exists {g:}er,

a C-decomposition of g, such that

) f )l () de < € [ fo) ) dn. (33

tel’

Proof. Observe that since g € LY(Q,w™7), then g € L*(Q). Indeed,
using Holder inequality and the integrability of w?:

[ oo = | lat@)wte @) ds

f o)l >;(J W(IV’)E < Clg]a@w-9)-

Now, let {¢; }ier be a partition of the unity subordinate to {U,}sr. In
other words, we have that supp(¢;) < U, 0 < ¢y(x) < 1 and ), ¢y(x) =
1, Vz e Q. Now, we can define an initial decomposition for g given
by fi = g¢;. The collection {f},r satisfies properties (1) and (2)
in Definition B but not necessarily (3). Hence, we modify these
functions in order to obtain the C-orthogonality.

We define, for s € I', the shadow W, of Uy, as:

W, = U Us,
k>s

and for s # a

where x(x ) is the characteristic function of By. Note that supp(hs)
B, and §hy(x)dz = §;, 3, fr. Now, we take:

() (Zh ) h(z) VYt +a,

s:sp=t

gal@) = fula) + (3] ho(a)).

sisp=a
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Note that the summations above are finite since they are indexed over
the children of ¢ (or a). With this definitions, we have for ¢ # a:

Lgt = J:]t i +8:§:tf Shs - th hy
- J:Jt Jet S:g_t fwséfk - thkZztfk
-l 2 2L g
RN

Whereas for t = a:

Lga =t +5:§iafsh8
[y

= f +
Ua ’ Z s ks

Hence, {gi}er is a C-orthogonal decomposition of g. It remains
to prove estimate (B.3]), which is a consequence of inequality (B.2)).
Recall that the support of each h,, with s € I'*, is included in B,, and
the collection of open sets {B;};», is pairwise disjoint. Moreover, h
appears in the definition of g, if and only if ¢ = s or ¢t = s,. Now we
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can prove the estimate:

3 |, laietay s

tel’

(Zh) =)

s:sp=t

<227 | file
5o (e

+241L <|fa Z his
{Z | fe(x)| v (z) dx

tel’

N N CICIE WX PR

tel* sisp=t
S @) i
Uassp a
< 20" 12 |ft )7~ (z) da + 29 ZJ |he(2) |70~ (2
tel’ tel*
< 2q—1f lg(2)| 7 (z) do + 29 > f |\ (2) |79 (z
Q tel™*
= (I) + (I1).

The term (I) gives the desired estimate thanks to the embedding
LI(Q,w™9) — Li(Q,v719).
Now, observe that

DIl < |B| Ws|g|

| S| Ws k>s

Thus,

1) <0 Y uBl (| o))’

tel™*

<o Y Bl Zf 7)|dz)’

tel™* s>t
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Now, we apply (3.2]) with b, = SUS lg|, obtaining:

1 <0 Y e ([ o)’

tel* t

<cy w;q|Bt|1—q(fUt wlayar) ( f (@)1 (@) d
<O Y B! |Ut|p(fUt| (o)) d)
<C Z:*J z)|%w () dz,

which completes the proof. The constant C' depends on the constants
in (3.1]) for w and v, on the constant N that appears on Definition 3.5]

on sup, ‘gz “ and linearly on the constant on (3:2)). O O

Remark 3.9. Observe that, combining Remark 3.7l with Remark [2.73]
it is easy to check that the requirement w? € L'(Q) is implied by the
validity of the Hardy-type inequality (3.2]).

4. DECOMPOSITION ON HOLDER DOMAINS

In this section, we prove that a C-orthogonal decomposition of a
function g as the one given in Theorem (B.8)) can be obtained when (2
is a Holder-a domain, and the weights are powers of the distance to
0f).

Let €2 be a bounded domain whose boundary is locally the graph of
a function ¢ that verifies: |¢(z) — p(y)| < K |z —y|® for all z,y. Our
approach follows the construction given in [4, Section 6].

Let ¢ : (—2%,2)"! — R be a Holder-a function with 0 < o < 1 and
¢ > 0. We also assume that 2¢ < ¢ < 3¢. Consider:

Q, = {(m’,zn) e(-%, g)nil xR, 0<z, < gp(a:/)}. (4.1)

We could assume €2 is locally €, but in that case, the distance to 0f2
is not necessarily equivalent to the distance to the portion of the graph

of ¢ above (—é, g)"_l. Thus, in order to solve this problem, we assume
(2 is locally an expanded version of {):
Qi = {(I/,xn) e(— %" xR, 0<w, < @(x')}- (4.2)

Now, for x € €2, the distance to €2 is equivalent to the distance to:

G={( m)e (- %% xR, 2, = 0@ }.
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We denote dg the distance to G. Now, we can prove our first result
regarding Holder-a domains, namely:

Lemma 4.1. Let Q, be the domain defined in (LI for some 0 < a <
1, and B satisfying:

fp > —a. (4.3)
Then, given f in L9(,, dc_;ﬁ 1) with vanishing mean value, there exists

a C—decomposition of f that satisfies estimate 33) with w = dby and
B+a—1
v =dg )

Proof. We build a tree covering of €2, and prove that Theorem B.8holds
on it. The main idea is to give a Whitney-type decomposition of €2,
into cubes that satisfy:

e The edge /; of a cube Q) is proportional to dg(Qy).
e Two adjacent cubes have comparable sizes.

The cubes are constructed level by level, moving upward towards the
graph of ¢. The level 0 is given by the root cube @, = (—g, g)"*l X
(0,¢). The other cubes are built recursively. Suppose that @, = @} x
(24,22 ,) is a cube of level m. Then, cubes @, in level m + 1, with
s, = t, are defined in the following way: consider the cube @ = 3(Q: +
(0,...,0,¢;)), which denotes an expansion of a translated copy of Q.

Then:

o If Q < Q, g, then we define only one cube Q5 at level m + 1

with s, =1, Qs = Q¢+ (0,...,0,4;).

o If Q & Q, g, we define 2"~ 1 cubes Qs at level m +1 with s, = ¢,
written as Q, = Q) x (22 a2, 22, + %), where Q) is one of the
(n — 1)-dimensional cubes given by the partition of Q) into 27!
cubes with edges of length %’f

See Figure[Ilfor an example of this construction. It is easy to check that
this partition satisfies the two main properties of a Whitney decompo-
sition mentioned above. Recall that in a tree covering a certain over-
lapping of the elements is needed, but our cubes are pairwise disjoint,
so we need to enlarge them. If Qt Q; x (x4, 77 ), we can expand it

downward with a half of itself, defining U; = Q) x ( 71“& 4 22,). Now
{U.}¢ is a tree covering, with By = Q) x (x},, — %, 2;,). We denote I
the underlying set of indices with tree structure

Now, we need to prove that Theorem (B.8) holds for the weights
w = dg and v = dﬁ =1 Notice that the tree covering defined above

satisfies that fg”' 3/2 for every t € I'*. Moreover, observe that

Lq(Q@,dé(BM Yy < L9(Q d;) since 8 = 8+ a — 1. Notice that,

®q
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FIGURE 1. Partial representation of a partition of ),
into cubes.

by construction:
maxdg(z) < Cmindg(z) ~ 6 Vz e Qy,

which implies that the weights w and v are admissible. Thus, it is
enough to prove the Hardy-type inequality (B.2)) and the integrability
of the weight w?.

As we mentioned in Remark B7, (3.2]) is equivalent to (2] and
22) with u, = |Bt|%£f+°‘71 and v, = |Bt|%£f. The rest of the proof is
devoted to verifying the sufficient condition () for these weights.

Without loss of generality, we assume that ¢ = 1, and thus the edge
of every cube is 277 for some j € N. Since (23 involves summations
over the shadow of a node (S;), and over the path that goes from a to ¢
(P;), we begin by estimating the number of cubes of a given size both
in §; and P;.

Consider a cube @y, and take z} € Q}. Let us take Q) the first cube
going backwards from @)y, such that s < ¢ and ¢, = 2¢;. We have that
3(Qs + (0,...,0,05)) & Q. Hence, there is some 2/, € 3Q), such that
o(a)) <l 4+ 20, <z}, + 20, = x),, + 44, (see Figure @ left). Now, for
every z; € Qy:

o(zt)] < l(at) — p(a)] + lo(@)] < Kplog — 2| + 2y, + 46,
< CoKy e + 4y + ), .

Now, let us consider Wy = [ J,., Uy, the union of all the cubes in the
shadow of U; (which we also called shadow). Then, the above estimate
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.
HHHH
(p Q3|Q4 l —i—
Ql' ;:Qz
o(xy)
3(Qs + (0,0, 4,) Q@
Qs
xTL,S 3Q; "L';
FIGURE 2. Left: given @Q;, we can estimate ¢(z}) in
terms of ¢;. Right: a cube @); and the first cubes with
edges of length 2% in its shadow.
gives:

(Wil < 6D (CLK 08+ 40,) < Cry ol (K, + 007%).

Finally, for k& € N, let us denote IP;(t) and W;(¢) the number of cubes
of size 27" in P, and S, respectively. Namely:

Pi(t) =#{rel: r<t (., =277
Wi(t)=#{rel: r=t {, =27"

We want to estimate both of these quantities. For IP;(t), we can take
r € I' the lowest index in P; such that ¢, = 27, and consider W,.. P;(t)
is at most the number of cubes with edges ¢, in W,. Hence:

P;i(t) < W]

Q|
Observe that, in particular, this is an estimate for the number of cubes
of the same size in a chain of cubes. On the other hand, for W,(¢),
we assume £(t) = 27%, and consider the set of the first cubes @, such
that r > t and ¢, = 27%. In Figure @ (right) a cube Q; is shown, along

n—1

with the four first cubes of a certain size in W;. There are % of
such cubes. Moreover each of these cubes can be followed by a chain
containing at most: 271+ cubes. Therefore:

< Cpoly (K + 070 < OO = 02079

Wl(t) < g?—12—i(—1+o¢—n+1) _ E?—12—i(a—n) _ 2—k(n—1)—i(a—n)‘

Finally, we can prove sufficient condition (2.5). We have three indices
in I': 7, s and ¢, for which we assume: ¢, = 27% (3 =277 ¢, = 27F
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Hence:
k
Z u;q — Z |BT|*%daQ(ﬁ+a*1) _ Zpi(t><27in)*%2iq(5+a71)
a<r<t a<r<t 1=0

k
< Z 2i(1—a+n%+q(ﬁ+o¢—l)) < C2kq(%m+5)
i=0
In the last step we used that the exponent is positive. Indeed:

n—1+« n—1

+5=5+%+ > 0,

since Op > —a. In the same way, we obtain that:

Let us denote:

q %(171) P
= (3 w) (Ze( X w) )
Then:
n-lta gl B3\ 3
L< 2O (B ( Y w) )

s>t a<r<s

=

0
< RN ( 2, Wj(t)2*jn2*jﬁp2j("7;+a+5)P(1—$)) :

o0 1
Z o—k(n—1)—j(a—n)g=j(n+pp—(2=t= +6)p(1—%))) P

~

0
k(P 4B) §o—k(n—1)} ( 3 2—j<a+ap—(%+mp(1fé»> Z
j=k

For the summation to be finite, we need the exponent of 2 to be negative
or equivalently:

a+ﬁp—(n_p#+5>p(l—%> >0

But (£3) implies o + Bp > 0, so we can choose § > 1 such that
inequality above remains valid. Now, we can continue the estimate:

I, < QPO HB) G gk n—1) g —k(atBp— (2= E 4 p)p(1- )

<2
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Since Ajpee is the supremum of I; over t, we need I; to be bounded
uniformly on ¢, which is to say on k, hence we need:

o (n—]13+a+5>%_n_;#_5+(*4.5)(1_%) <0

But it is easy to check that, in fact, £ = 0.
Finally, as we mentioned in Remark B.9/the integrability of the weight
wP is implied by the sufficient condition for the Hardy-type inequality

B2). Indeed:
0
| @@ ZJ D0kt < O 3 W22
tel’

tel k=0

<C Z 2 (a—n 2 kn2 kBp __ - C Z 2~ k(a+0Bp)
k=0 k=0
which is finite, since fp > —a. O O

Remark 4.2. The previous lemma was stated assuming a certain fixed
shift in the exponents of the weights. However, one can prefer to con-
sider the general case, with two different weights v = d;, and w = dg.
In that case, the proof of Lemma [£] can be reproduced verbatim until
the last step, where the exponent E in the estimate of I; should be
studied. The requirement F < 0 is not automatically fulfilled, but im-
plies the restriction v <  + o — 1, where the natural shift between the
weights becomes apparent. In order to simplify the proof, we stated
the lemma in the critical case v = 8 + a — 1, which is the most useful.

Lemma 1] constitutes the core of the decomposition on Hoélder-«
domains. In order to extend this result to a complete Holder domain,

we just need to cover it with patches given by rectangles of the form
of Q:

Theorem 4.3. Let Q be a Hélder-a bounded domain, with 0 < o < 1,
and 3 satisfying that Sp > —a. Then, given g € Li(Q,d~"9), with

vanishing mean value, there exists a C—decomposition of g subordinate
to a partition {U;ber of Q that satisfies:

ZJ |ge()|[d(—F—a+Da )da:<0L|g(a:)|qd_Bq(x)dx. (4.4)

In addition, the partition is formed by one smooth domain g, with
positive distance to 02, and denumerable cubes or cubes extended by a
factor 3/2 in one direction.

Proof. Let us begin by covering 02 with a finite number of open sets
{U;}; for i = 1,...,m, such that Q; = U; n Q are of the form of Q,,
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defined in ({.I). We may assume also that there are open sets V; such
that V; n Q are of the form of Q, g, defined in ([£2). Then, we take a
smooth domain {2y that intersects each §2;, with 1 < i < m, and such
that d(Qo, 0Q2) = ¢ > 0, and [ J;*, Q; = Q.

We continue by using the idea by Bogovskii in [I] for a finite partition
and Lemma [ T] in each €2, with 1 < ¢ < m. Indeed, let us apply an
inductive argument: given two sets A, B <  such that |[A n B| > 0
and a function f € L(Q,d ") such that SAuBf = 0. Then, we can
decompose f in A U B in the following way:

Flo) = xa@)f o) - T;;“Bm J, I+ TJZ“BB| J 7+ xma 2)f(@).
fA() fB(m)

From the integrability of d°?, the functions f4 and fz are well-defined
and have finite norms in L4(2,d=%9). Thus, there is a constant C such
that:

| falla,a-s8a) + | fBlLa,a-p0) < C|lf| Lo a-5a)-
Furthermore, it is easy to check that f4 and fp are supported in A and
B respectively and that both has vanishing mean value.

Next, we can apply this argument with A = Q,, and B = [J/" Ly,
and then again with A =€), ;1 and B = UZ.:O Q;, etc. Therefore, we
obtain for every g € L9(Q2,d #%) with vanishing mean value on Q, a
decomposition: g = >, g;, such that g; is supported on €; and has
vanishing mean value, with the estimate

Z HgiH%q(Q@fﬁq) < CHgH%q(Q@fﬁq)'
i=0

Now, each g; for i = 1,...,m can be decomposed applying Lemma
41l with estimate (8.3]). And, using that d(€, 02) = 6 > 0, we have:

H90‘|Lq(Q7d(*ﬁftx+l)q) < CHQOHLq(Q,d—aq),

which completes the proof. O O

5. APPLICATIONS TO INEQUALITIES ON HOLDER DOMAINS

In this section we present several results regarding different inequal-
ities on Holder-a domains. In all the cases the proof follows a similar
model: given a function f with vanishing mean value on €2, we consider
a partition {U; }scr, as the one provided by Theorem and apply the
decomposition to f. Then, we apply an unweighted version of the in-
equality on each Uy, for t € ', and take advantage of the estimate (4]
for recovering a global norm. For doing this we rely heavily on the fact
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that the distance to 0€2, d(x), can be regarded as constant over each Uj.
In other words, we can define values d; such that d; ~ d(x), Vx € Uy,
where the constants involved in the proportionality are independent of
t. Moreover, we have that each U, is either a smooth domain (€2 in
the proof of Theorem [3)), or a cube or a cube expanded along one
direction by a factor % For this simple domains, we can control the
constant involved in the unweighted inequality.

The divergence problem is solved directly: we apply the decompo-
sition to the data f. For the other results a duality characterization
of the norm on the left hand side is used, and the decomposition is
applied to the function in the dual space of the one where the function
involved in the inequality belongs. For applying this argument we need
the lemma below.

Recall that the weight d°P is integrable over Q. Thus, let us define

the following subspace of L4(£2,d"9):
V= {g(:ﬂ) + pd"P(z):
g(x) € LY(Q,d ") and ¢ € R, with supp(g) c Q,f g=0, }
0

Lemma 5.1. V is dense in L4(Q2,d™"?), and any g +1d°? € V verifies
that

19 Laq,a-0y < 2[g + wdﬁpHLQ(Q,d*Bq)-

Proof. First, let us prove the estimation in the lemma. Notice that

B SQ g+ ¢dﬁp
W

Thus, by using the Hélder inequality we obtain

So.9 + vd™|
|d® | Lao,d-50) < QSQT

1/p+1/q—1
< (f dﬁp) 9+ 0% g0
Q

which implies the estimate.

Now, given F € L(Q,d ") and € > 0, let us show that there ex-
ists gp + ¥pd® in V sufficiently close to F. Using again that d°? is
integrable, we define ¢ r by

|d% | Lage,a-sa)

So £

vr = SQ dase’
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Then, the function hg(x) = F(z) — 1 rd’ has a vanishing mean value,
but it does not necessarily have a compact support. Thus, let B be an
open ball, independent of ¢, such that B < 2. And, let 2. be an open
set that contains B such that Q. < Q and

[0 = xa. (@) he(@)] Laa-00) < &

where y denotes a characteristic function. Finally, let show that the
following function fulfils the requirements

p(@)d"(2)
ar(x) = X @) + O | e

Following some straightforward calculations, it can be seen that gp(z)+
YpdP(x) belongs to V. And, by using the Holder inequality multiple
times we conclude the proof of the lemma with the following estimation

IF(2) — gp(x) — bpd® (@) |aaano
=|hr(x) = gr(7)|La(0,a-s9)

(1 = xo (@) () - 22D L\Q e

<
SB dsp

La(Q,d—Pq)

N

Qdﬁp 1/p

e <§B dﬁp) ) |1 = xa. (@)hr (@) La.a-50)
S 18P 1/p

() ) 5

The importance of this lemma will become evident later, in the proof
of the improved Poincaré inequality, which is the first result that is
obtained via a duality argument.

N

U U

5.1. The divergence equation. In this subsection, we study the
problem divu = f in € with boundary condition u = 0 on 052, for
certain f such that SQ f = 0. In addition we want to obtain an es-
timate for the norm of the solution u in terms of the datum f. The
unweighted estimate |Dufza) < C| f]req), that is valid on regular
domains, cannot hold on Holder-a domains due to the singularities on
the boundary of 2. Weighted norms can be used to compensate those
singularities, as shown in the following inequality:

D a0 q0-aay < C| fl L)

Such a result was extended in [20], under certain additional hypoth-
esis. Indeed, in that paper only the planar case is considered, and 02
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is assumed to be included in a 1—Ahlfors regular set. In this context
the following estimate is proven:

| Dullo(@dq0-5-000) < Clf | La(,a-09), (5.1)

where the restrictions 0 < f < 1—a and § < % are imposed on (. It is
important to notice that we have stated (5.1)) in the same terms of our
results to simplify the comparison. We follow the same principle when
citing previous results in the next subsections.

Observe that the restrictions on g allows the weight to be transferred
partially (or totally) to the right hand side. The case = 1 — « is used
to prove well-posedness of the Stokes equations. The estimation (G.1))
was generalized in [4] where the restrictions on the dimension on €, on
the parameter 3, and on the Ahlfors regularity on 02 were lifted, with
the exception of the requirement 5 > 0. Our result shows that this
restriction can be relaxed, and that it is enough to ask 8 > —a/p.

Theorem 5.2. Let ) < R™ be a bounded Hélder-a domain, and Sp >
—a. Given f € L§(Q,d™%) such that §,, f = 0, there exists a vector
field u € Wol’q(Q,dq(l’o"ﬁ))", solution of divu = f, that verifies the
estimate (B.1).

Proof. 1t is known (see, for example, [21]), that given U a John do-
main and f € L9(U) with vanishing mean value, then, there exists
u e Wy (U)" such that divu = f and:

lafwrewy < C|fllzawy-

Moreover, a simple scaling argument shows that the result holds with
the same constant C' for every cube (or, more generally, for every rec-
tangle with a fixed aspect ratio). Indeed, consider Q = (0,1)™, the
reference cube. For simplicity, we take () < R™ some other cube, with
edges parallels to the coordinate axis and of length £o. We can consider
the affine map F : Q — Q, F(2) = Lo + b, being b a fixed vertex of Q).
Then, given f € LP(Q) such that {, f = 0, we define f(&) = f(F(&)),

and 1 the solution of div ;i = f on Q. Now, take u(z) = lou(F~*(z)).
We have div,u = lodiv,a(F~}(z)) = loz-divsa((x) = f(#) = f(2).
The estimate follows in a similar way, with the constant C' being the
same for Q as for the fixed cube Q. If the edges of () are not parallel
to the axis, a rotation needs to be included in F', but the same idea
follows.

Now, given  a Holder-a domain, and f € L9(Q2,d"9) such that

§o, f =0, we consider {f;}w.r the decomposition of f given by Theorem
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4.3l For each f;, we have a unique solution u; supported on U; and
such that divu; = f; with the unweighted estimate:

HDutHLQ(Ut) < CHft HLP(Ut)'

Since every U, with the possible exception of the the root of I, is
a cube, the constant ¢ can be taken independent of t. Now, taking
u =), . it is immediate that divu = f. Moreover, we can take a
constant d; ~ d(Uy, 0S2) for each t, and:

[DU[,  g1-amsra) < O}NDmhuwuam

tel’

1 a—

tel’
&Z¢“Wﬂﬂmm

tel’

2 (1 a=P)4

tel’

Cffqd 1z = O ]2 450

where in the last step we used (.4)). O O

5.2. Improved Poincaré inequality. Improved Poincaré inequalities
have been largely studied in several contexts. For a Holder-a domain
Q, in [22] (and later in [3]) it is proven that:

1 fzr) < C|V fllLr,dory,

for every f with vanishing mean value on 2.
A weighted extension of this result was given in [23], where the au-
thors proved:
HfHLp(QdBp) < CHVfHLp(Q,d(ﬁM)p),
for (8 satisfying 0 < § < 1 —a. We show that this restrictions on § can
be reduced to the requirement 8 > —a/p.

Theorem 5.3. Let Q2 be a Holder-a domain for some 0 < o < 1, and
f e LP(Q,d°") for some Sp > —a, such that §, fd’" = 0. Then, there
1s a constant C' such that:

HfHLP(Q,dBP) < CHVfHLP(Q,d(ﬂ+a)p).
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Proof. We study the norm of f using a duality characterization. Thanks
to Lemma [5.1] it is enough to consider h = g + d’Pp € V:

r

HfHLP(Q,dBP) = sup fh
hillbl g g4y =1 I
-
= sup flg +d™y)

Bl g g g5y =1 J22
r

= sup fg.
h:HhHLq(defﬁq):l Ja

In the last step, we used that SQ fd°? = 0 and 7 is a constant. Now,

since g has vanishing mean value, we can apply to it the decomposition
of Theorem (B.8):

| fll 2o (ea00) = sup = J > for
Q

:”h”Lq(defﬁq)zl

Here the necessity of Lemma [B.I] becomes clear: since the support
of g is compact, it intersects only a finite number of sets U, so the
summation is finite and can be pulled out of the integral. Hence, using
the C—orthogonality of g; and the fact that d(x) ~ d; for x € U, we
have:

ffg—Z for = Zf (f — fu)g

tel tel’

< Z Hf - fUtHLP(Uhd(Bmfl)P)HgtHLq(Uhd(*ﬁ*aH)Q)

tel’
1
1 1
< (Z Hf - fUtHip(Ut’d(ﬁ+a71)p)>p (Z HgtH%q(Ut,d(fﬁfaﬁ»l)Q)) '
tel’ tel’
1
a—1 P
< (X dUf = fulon ) 19 aoa-0,
tel’

where in the last step we used (.4)).

In order to complete the proof, we recall that, thanks to the estimate
in Lemma BT ||g] ze(0,a-5e) < 2, and that the Poincaré inequality holds
on the unweighted case for smooth domains. Moreover, for convex
domains the constant is proportional to the the diameter of the domain.
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In our case, the diameter of each cube U, is proportional to d;, hence:

Iflze@asny < C( D d PRIV 1)

tell

C(Z vauip(Ut,d(ma)p)) ’

tel

= CHVfH LP(Q,d(P+)p)
] ]

5.3. Fractional Poincaré inequality. Recently, authors have shown
interest in fractional versions of the classical Poincaré inequality, for
example:

1

: u(z) —u(y)P v
flu—c|re —————="dad . (5.2
iIEIR Hu CHL (U) <J LmB (z,7d(x)) |.§L’ - |n+sp ! y) ( )

for 7 € (0,1). The right hand side is similar to the usual seminorm
of the fractional Sobolev space WP for 0 < s < 1 where the double
integral is taken over U x U. In fact, both expressions are equivalent
for Lipschitz domains ([24, equation (13)]). However, if the usual semi-
norm is taken in (B.2]), it can be seen that the inequality holds for every
bounded domain (see, for example [25] Section 2], [8, Proposition 4.1]).
In particular, it is shown in [8) Proposition 4.1] that the constant in-
volved in the inequality is proportional to diam(U)»*|U |7% On the
other hand, the stronger version (£.2)) fails on irregular domains. Here
we prove a weighted improved inequality:

Theorem 5.4. Let Q2 be a Holder-a domain for some 0 < a < 1, and
ue WP(Q,d") for some s e (0,1) and fp > —a then, for T € (O, 1):

mf Hu CHLp Q,dPp) <

1

u(y) —u(z) a1 ’
7 L (e, y) A Pdedy ), (5.3
(f meB(x rd(z)) |y—93|"+8p (=.9) (5:3)

where §(z,y) = min{d(x), d(y)}.

Proof. Naturally, it is enough to consider ¢ = SQ ud®P. Moreover, we
may assume that SQ ud® = 0. As usual, writing the norm on the left
hand side by duality, via Lemma [BE.1], applying the decomposition for
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g and estimate ([4.4) yield:

HUHLP Q,dsp) EJ U—Ct

tel’

< Z lw = ctll o, a0y |9t Loy aat-5-at0))
tel’

1
P
< C (Z Hu — Ct|Lp(Ut)df(6+a_l)> s

tel’

for any set of constants {c; }ser.
For completing the proof we invoke [8, Proposition 4.2], that states
that for a cube ) with edges of length ¢(Q):

_ p
inf |u — ¢|zr@) < Cnpm® "U(Q <J f u() Zisﬂ ) ;
¢ QnB(z,7(Q)) |.§L’ - y| P

for any 7 € (0,1). We apply this estimate for every cube U,. For the
central subdomain Uy, we apply [8, Proposition 4.1]. Hence, we obtain:

HUHLP(Q,dﬂp)

_ p p
N I
= Ju JU B, o)) |x — y|nrep

Since ((U;) ~ dy ~ d(x) ~ d(y) for every x € U, and y € Uy, we continue:

1

_ D P
< Cppr " JJ u(z) Z(ﬁﬂ dt(s+6+a—1)
tel Ui Uth:ETd )) |LU— | P

1
75N B u(y>|p s a— !
< f f 0 5(x,y)p( +B+a—1)
wer YUy JB(a,rd(x)) |93—?/|

1
o - u<y>|p s a— »
< (J J Pt 5(x,y)p( +B+a—1) 7
B(z,rd(z)) |3€ — |

which completes the proof. O O

This result provides a partial generalization of the one obtained in
[25]. In that paper, a more general form of the inequality is considered,
with different exponents p and ¢ on the left and right hand sides, as
well as a larger class of domains. However, for technical reasons, when
dealing with Holder-a domains, only the case = 0 is considered. Our
result is equivalent to [25) Theorem 5.1] with p = ¢, but the restriction
on [ is weaker.
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Moreover, [25, Theorem 5.2] shows that the shift in the exponent
between the left and right hand sides of (5.3]) is optimal.

5.4. Korn’s inequality. Given a vector field u € WHP(U)", Korn’s
inequality states that,

| Dull oy < Cle()]rw), (5.4)

where e(v) = DV%W is the symmetric gradient. This result fails when

¢(u) vanishes but Du does not. Thus, some additional condition on u
is needed. The so-called first case states the inequality when u vanishes
at the boundary of U, and it can be proven using simple arguments,
for every bounded domain. We are interested in the second case that
establishes that (5.4) holds when {, D“%D“t = 0. This case requires
deeper considerations on the domain and it actually fails for irregular
domains.
A general case is also considered in the literature:

| Dull ey < Cllle()lle@w) + lafzo@y}, (5.5)

which does not need any further assumption on u. (&.3]) can be eas-
ily derived from the second case of ([B.4]) (see, for example [26]). The
converse can be proved, for regular domains, using a compactness ar-

gument (see [27])
We prove the following weighted version of (5.4)).

Theorem 5.5. Let Q2 be a Holder-a domain for some 0 < a < 1, and
u e WhHp(Q,d°P)™ with p > —a, such that SQ D“%D“tdﬁp = 0 then,

HDUHLP(Q,dBP) < CHg(u)HLP(Q,d(/J‘Jrafl)p)-

Proof. Observe that if we denote n(u) = D“%D“t, Du = e(u) + n(u),
so it is enough to prove the estimate for the elements 7; ;(u) of the
matrix 7(u), that have vanishing weighted mean value. The estimate
is obtained by following step by step the proof of Theorem SO we
only give references for the needed unweighted inequalities. The norm
of n; j(u) is characterized by duality via Lemma 5.1l The unweighted
estimate (5.4) is known to hold for convex domains with a constant C
proportional to the ratio between the diameter of U and the diameter
of a maximal ball contained in U (see [B]). Hence, a universal constant
can be taken for every cube U;. On the other hand, for the central
subdomain Uy, we can apply [28, Corollary 2.2] where it is shown that
(54) holds on domains of Jones, which include Lipschitz domains. [J

O
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This generalizes |23, Theorem 3.1] and [20, Theorem 2.1], where a
similar result is proven, but only for 0 < § < 1 — «. In both cases the
result is stated in the form of (B.H) but it is derived from the second
case. In [29] a counterexample is given that shows that the shift o — 1
between the exponents on the left and right hand sides is optimal.

APPENDIX A. PROOF OF THEOREM

We derive the discrete result from a continuous analogous proven in
[13]. We begin by obtaining another equivalent form for the Hardy-type
inequality:

Lemma A.1. Inequalities (2.1]) and [2.2)) are equivalent (with the same
constant C') to:

(Z <vs > Ftutl)p); <C (Z Ff)é, (A1)

sel'* a<t<s sel'*
for every F = {F, }er € £,(1).

Proof. (A1l is obtained from (2.2)) by changing variables Fy = dus.
U U

We derive conditions for (A1) to hold from the continuous case. Let
G. = (I'., E.) be a continuous tree with root a. By continuous, we
mean that the edges in E,. are segments in the plane, with a certain
length. In [13], the authors study the operator 7' : LP'(G) — LP*(QG)

given by:
T(f) = n(x) f F()uly)dy.

Where 1 and 7 are weights and the integral is taken along the path
that connects the root a with the point x, that could lie anywhere in
G.. Here we are only interested in the case p; = py = p, so we consider
pwe Li (G.) and n € LP(G,.), but the same ideas could be applied to
the general case. T' is continuous in LP(G,) if and only if:

C. = sup (SGC (n(x) Sz f(y),u(y)dy)p d:L’) »

feLp (SGC f(x)pda:);

Given a sub-tree K, we denote 0K the boundary of K. We say that
r € 0K is maximal if every point ¥ > x does not belong to K. We

<< 00.
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define KC. the set of all sub-trees of I' containing a and such that every
boundary point is maximal. We define:

(S n(x)pdx> v
B, = sup D ,
Keke. Qe K

o

where
csc = int {[fly: [ |f@)luta)do, vt e oK}

Now, we can state the main result of [13], namely:
Theorem A.2. T is continuous if and only if B. < c0. Moreover:
B, <C,.<4B,
Proof. See [13| Theorem 3.1]. O O
Finally, we can prove the theorem:

Proof of Theorem[2Z23. We prove that given G = (I, E') a discrete tree,
v = {U;}ser+ and w = {u; }ser+ positive weights, inequality (Al holds
for every F = {F, };cr+ if and only if:

(ZteK’ Uf)

B = sup —/=2——
KeS, (03¢

SRl

Moreover B < C' < 4B

In order to apply Theorem [A.2] we build a continuous tree G, from
G by assigning each edge in E a length of 1. Take 0 < & < 1. We
denote (s — g, s) the points in the edge (s,,s) that are at a distance
less than € from s. For each s € I'*, we take ¢? a function such that:

supp(¢2) = (s — ¢, ), f ©i(z)Pde = 1.

Now we complete the setting for the continuous problem by defining,
for z € (sp, s) the functions:

o f (Z> = I,

o pu(z) = ult

o 1:(2) = vspi(2)

In the definition of C. we take 7. and p as the weights and the
supremum over all functions that are constant on each edge and denote
the result C.. Analogously, B. is B. with n. and p. We prove that
C. — C and B. — B when ¢ — 0%.
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First, for C, observe that we can assume without loss of generality
that F; (hence, f) is positive. Then:

f () [ o dy) dx=f (1) [ som dy) da

> J VPl (x ( 2 Fouy '+ (1 — ) Fouy ) dx

a<t<s
p S
(Z Fu) <1—e>f ei(ay dr
a<t<s S—¢
p
(1—e)? < > Ftut1>
a<t<s

On the other hand:

[ (o) [ somran) ar < [* (o) [ s )

P
<J vPpli(x ( Z Fou, ) dz = ( Z Ftut_1>
s—e€ a<t<s a<t<s

Finally, observe that

J f(z)Pdx = FP.
Hence, we have:

(1-¢)C<C.<C,

which proves that C. — C', when ¢ — 0.
For B, take 6 > 0 and K € K such that

<ZseF\KO U§> ’

(03¢

> B —J.

Consider K. the continuous subtree obtained by removing from K the
points that are at a distance less than ¢ from its leaves. Then:

J )P de = Z J VPpi(z)P do = Z (4
G\K E seT\K°© sel\K°
In a similar way, it is easy to see that:

lim Qe g, = O
e—0t
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Moreover, we have that f Ky, Ky € S, and K7 < K, then ag, > ag,.
In particular, this means o, x. = o, x = ax. This implies:

B. < B and lim B, > B — 0.

e—0+t

Since this can be done for every 0 > 0, we have: B = B.. O O
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