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LIOUVILLE THEOREMS FOR THE MULTIDIMENSIONAL
FRACTIONAL BESSEL OPERATORS

VANESA GALLI, SANDRA MOLINA, AND ALEJANDRO QUINTERO

ABSTRACT. In this paper, we establish Liouville type theorems for the
fractional powers of multidimensional Bessel operators extending the re-
sults given in [6]. In order to do this, we consider the distributional point
of view of fractional Bessel operators studied in [12].

1. Introduction

Bessel operators appear in the setting of harmonic analysis related to Hankel
transformations. These operators arise when we consider the Laplacian opera-
tor in polar coordinates. In order to establish Liouville type theorems for the
fractional Bessel operators, we will generalize the results obtained in [12] to the
n-dimensional case. The multidimensional Bessel operators in R = (0,00)"
are given by

i=1
and
. 9> 2\ 0
1.2 By = Tz
(1.2) A Z_Zl( ox? xaxi>’
where A € R", A = (A1,...,A,) and A; > 0, which are related through
(13) A,\ = ",E)\B,\x_A.

The fractional Bessel operator A§, 0 < o < 1, was studied in [2] in the setting of
Holder spaces. In this work were studied global Holder and Schauder estimates
for a fractional Bessel equation.

The fractional powers of (1.1) and (1.2) were studied in [12] for the one
dimensional case using the similarity relation (1.3). This work is based on the
classical theory of fractional powers initially developed by Balakrishnan in [1].
Previously in [10], the powers of the Laplace operator had been studied in the
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Balakrishnan setting. It should be noted that Balakrishnan representation of
fractional powers is equivalent to semigroup representation, as can be seen in
[9, Theorem 3.2.2].

Let X and Y be Banach spaces. Two linear operators A and B, A: D(A) C
X — X and B: D(B) CY — Y are similar if there exists an isomorphism 7" :
X — Y with inverse 77! : Y — X such that D(B) ={z € Y : T~ 'z € D(A)}
given by

(1.4) B=TAT !,

Similar operators have the same spectral properties and also that of being
non-negative if one of them has this property. Thus, their powers are similar
operators and verify the same similarity relation, so

BY =TAT— 1,

In this work, we generalize the results obtained in [12] to the n-dimensional case
obtaining the fractional powers of Bessel operators (1.1) and (1.2) in weighted
Lebesgue spaces and in distributional spaces. As in [12], we first study the non-
negativity of Bessel operator (1.1) in suitable weighted Lebesgue spaces. By
similarity we obtain the non-negativity of (1.2) in the corresponding Lebesgue
space. Analogously to the one-dimensional case, we construct a locally convex
space B in which A, is continuous and non-negative. We considered the dual
space B’ with the strong topology and obtained non-negativity of Ay in this
distributional space. B’ is contained in the distributional Zemanian space and
contain the weighted Lebesgue spaces in which non-negativity was studied.
Consequently, if we denote with Ay 5/ the Bessel operator with domain B’, we
can consider the powers Af\‘)B, with Rea > 0 and it is verified the following
relation inherited from the selfadjuncture of Ay

(A%, ¢) = (u, AX¢)
for g € Band u € B'.

In [6], a Liouville-type theorem was studied for a certain general class of
Bessel-type operators. This class of operators contains as a particular case the
Bessel operator (1.1). The Liouville theorem applied to this operator states
that: if w is a Zemanian distribution that verifies that Ayu = 0, then u is a
polynomial. This property is analogous to the classical result that establishes
that any harmonic tempered distribution is a polynomial. In [3], [4], [8] and
[18] different versions of Liouville theorem for the fractional Laplacian were
studied.

This work aims to give a proof for the following Liouville theorems for the
distributional fractional Bessel operators:

Theorem 1.1. Let u € B’ and o € C with Rea > 0. If A gru =0, then there
exists a polynomial p such that u = x p[z?, ... 22].

For the study of the powers of Bessel operator given by (1.2) we introduce

a locally convex space F. This space verifies that its dual space F' with the
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strong topology is a suitable distributional space for the study of fractional
powers BY r, and from similarity we conclude the following result.

Theorem 1.2. Let u € F' and a € C with Rea > 0. If B zu = 0, then

there exists a polynomial p such that u = z* p[z?, ... 22].

This paper is organized as follows. In Section 2, we summarize basic results
related to harmonic analysis in the Hankel setting. Section 3 contains a brief
review of non-negative operators in Banach and in locally convex spaces and
properties of fractional powers of similar operators. In Sections 4, 5 and 6, we
study the non-negativity of Bessel operators (1.1) and (1.2). Finally, Sections
6 and 7 contain Liouville’s theorems for both fractional Bessel operators.

2. Preliminaries

In this section, we introduce the Lebesgue and distributional spaces neces-
sary for our purposes.

We now present some notational conventions that will allow us to simplify
the presentation of our results. Let R™ be the n-dimensional Euclidean space
with || - || the Euclidean norm, and R’ = (0,00)" and Ny = NU {0}. For any
n-tuple k = (k1,...,k,) € N we define its length to be |k| = k1 + -+ + k.

If x € R® and 8 € R", we define

(2.1) 2P :xfl -~-:c£".

In particular if a € R, 8 € N?, a” means

(2.2) a? =afr...aPr = alfl

For a € R, let @« = (..., ), then for a € Rand z € R"

(2.3) a® = (a™)* and z% =2z - -2 =z
If 6= (51,...,8n) € N} and o € R means

(2.4) Bta=PB1+a,....0+a)=0+a.

If k = (ki,...,k,) € N7, as usual D means D¥ = Df* ... DE» with D; =
. We shall write

o
8;ch
(2.5) T% = Tkt ook

where T; = (a:i_:l%) and Tij denotes the j-times composition of the operator
T;.

Remark 2.1. Let k be a multi-index and 6, ¢ differentiable functions up to order
|k|. The following equality is valid

k
.ot =S (B ph—ig. i
(2.6) TR0 - o} ; <j>T 0-T'p,
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“

where ” denotes the usual product of functions and (k) = (?11) i
k,j € Nij. For details we refer the reader to [11].

We consider two classical versions of Hankel transform given by
@D ah= [ feVathos s te (0.5)
and
(28)  (HA)@®) = / @)@t AT alt) £ dr, 1€ (0,00)

where A € R, A > 0 and J, is the Bessel function of first kind and order v.
S. Molina and S. Trione studied in [13] an n-dimensional generalization of
(2.7), given by hy and defined by

(29 (o)) = [ blar,...z) [[{VEI—1/2(@iyi)} day -+ day,.
=1

R
Analogously it is possible to define an n-dimensional generalization for (2.8),
given by H, and defined by

(2.10)  (Hx9)(y)

n
= P(x1,..., Tn) {H(l‘iyi)lﬂ_’\ij,\i1/2(1‘1'%) 333/\} dxy - - - day.
R% i=1
In both (2.9) and (2.10), A = (A1,...,A\n), A; > 0 and J, represents the
Bessel function of first kind and order v.
Next we define certain weighted LP-spaces for 1 < p < co. Let

22>
(2.11) s(x) = o
(2.12) r(z) =z,

where A = (A1,...,A\y), © € R?, Oy = 22 7Y2T (A +1/2)---T(\, + 1/2) and
dz is the usual n-dimensional Lebesgue measure and 22* and 2~ are given by
(2.1) and 2*~1/2 is given by (2.2). Let LP(R, sr?), 1 < p < oo, be the space
of measurable functions f defined over R"} with norm

Hf”L”(srl’) = (/
R"L

+

1/p
|f(@)[P s(z)rP(z) dx) 1<p< oo

Moreover, L>(R"} ,r) is the space of measurable functions over R’ such that
| fllLoe(ry = esssup |r(z)f(z)| < oo.
z€RY
For simplicity we write LP(sr?) and L*(r) instead of LP(R?,sr?) and
L*>(R%, 7).
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By D(R?}) we denote the space of functions in C°°(R") with compact sup-
port in R with the usual topology, and by D’(R’}) the space of classical
distributions in R} .

Let A € R™. We consider the Zemanian space S, of the functions ¢ €
C*(R? ) such that

(2.13) ’Vv/v\w,k(¢) = sup |mmTk{m_/\¢(x)}| < o0, m,k € Ny
z€RY

endowed with the topology generated by the family of seminorms {'yf;lk} and

the operators T% are given by (2.5). Sy is a Frechet space (see [13]). The dual
space of Sy is denoted by S}.

Lemma 2.2. The following inclusions hold

(2.14) Sy C L'(sr) N L>®(r) C LP(srP), 1< p < oo,
where s and r are given by (2.11) and (2.12), respectively.
Proof. Let ¢ € Sy,

(2.15) [¢llLer) = sup a7 2p(x)| = 150(6)-

z€RY

Then ¢ € L*°(r). Let m € N such that m > 2X\; + 1 for i = 1,...,n. Then

| 1o(@)s(alr(a) ds

+

xQA xQA
= [ @l Godet [ e ()] Tode
0,1 Cx R7 —(0,1] Cx
< 76\,0(@ cyl N + %3\1,0@) cyt a*dx < oo.
(0,1]™ R —(0,1]"
Thus
(2.16) [0/l (sr) < C{16.0(0) + Ymo(@)}, & € S

Now let us see that L'(sr) N L>(r) C LP(sr?). Let ¢ € L' (sr) N L>(r).

J

S@Ps@)rt(e) de = [ 10@P ey oa)s(@ra) do

— [ Fr@o@P [p@lstair(a) de

R+
< H(b”z[);ol(r) ||¢||L1(sr)7

from where

p—1 1
(2~17) ||¢||Lp(sr1’) < H¢||Lzo(r)||¢H£1(sr)-



1104 V. GALLI, S. MOLINA, AND A. QUINTERO

From (2.15) and (2.16) we can consider that there exist constants C; and
(5 such that

(2.18) l8llz=() < C1{r00(#) +ymo(9)}, ¢ € Sy,

(2.19) 16l ar) < Co{15.0(6) +1mo(@)}, 6 € Sx.

Then from (2.17), (2.18) and (2.19) we can consider a constant C3 such that
(2:20) I8llecsre) < Ca{10.0(8) + Tmo(9)}, ¢ € S 0

Remark 2.3. If ¢ € L(sr), then the Hankel transform hy¢ is well defined
because the kernel (z;5;)Y/2=* Jy_12(2;y;) is bounded for A; > 0,4 =1,...,n
(see [16, (1), p. 49]),

n

/R 6@ TT{ ™ [@aye) V2 T, 1o i)} da

T i=1
<M [ o) o da = Cyllron < .
RZ
By Lemma 2.2, hy¢ is well defined for all ¢ € Sy and is an automorphism
of Sy (see [13] for the n-dimensional case).

We call a function f € L}, (R") a regular element of S} if the application

loc

Ty € S, where T (o) = fM f(x)p(x) dz with ¢ € S.

Lemma 2.4. Let 1 < p < oco. A function in LP(srP) or in L*°(r) is a regular
element of S. In particular, the functions in Sy can be considered as regular
elements of S.

Proof. Let f € L*°(r) and ¢ € Sy. Since S, C L'(sr), ¢ € L'(r~!) and
(Tf,¢) = [gn [(2)p(x) dz is well defined. So, by (2.16)

.
|(Ty, &) < | fllzoemllllLr -1y = Cxll fllzoe(ry Dl L1 (s
< C Cullfllpee ) {10.0(®) + Ym0 (8)}-

Consequently, f is a regular element of S}.
Now, let f € LP(srP) with 1 < p < 0o and ¢ € Sy, then

) 1T16) < [ @) ds

n

+

— [ @@l @) 1 @) 6(o)] s(o) da

+

= /n r(z) f(2)| Cxlr(z)d(2)| s(z) de.

+
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Since r|f| € LP(s) and r|¢| € Li(s), being ¢ such that % + % = 1, then due
to Holder’s inequality and (2.20) we obtain that

|(Tf7 ¢)| < CA”fHLP(srP)||¢HL‘1(ST‘1) <C CA”fHLP(srP){’V(/)\,O((b) + ’772,0((?5)}
with m > 2X\; + 1 for i = 1,...,n. Therefore f is a regular element of S§. O
Remark 2.5. In particular if p = 2, LP(sr?) = L*(R’}) and from the previous

lemma we have that the functions in L?*(R") can be considered as regular
elements of S}.

Given f, g defined on R”, the Hankel convolution associated to the trans-
formation h) is defined formally by

(222) ) = [ [ Datey ) fgle) du

where for every z,y,z € R,
(223) D)\(ZZ?7y,Z) :HDAi(xhyiaZi)a
i=1

and D, is the Delsarte kernel defined in [5], given by

21/73/2 (’U/Uw)iqul
INOARVZS

and A(u,v,w) is the area of the triangle with sides u,v,w € Ry and v € R,

v>0.

Note that |u — v| < w < u+ v is the condition for such a triangle to exist
and in this case

(2.25)  A(u,v,w)

_ {i\/[(“JF”)Q—w2][w2—(U—v)2] lu—v| <w<u+w,

(2.24) D, (u,v,w) = )22

A(u, v, w

0 O<w<|u—v|orw>u+o.

Remark 2.6. If u,v and w are the sides of a triangle and 6 is the angle opposite

the side w, then
Au,v,w) = uvs21n9.

Proposition 2.7.
(i) Da(z,y,2) >0, z,y,2 € RY.

(ii) fRi Dy(z,y,2) Hl{mj,\i—lm(ziti)} dz
— tf)\ ljl{\/mj)\l—l/Q(xztz)} ljl{\/mj&_l/g(yitl)}

(iii) f]M ADy(,y,2) dz = Cy 'zt

Proof. The proof follows from the one dimensional case (see [5,12]). O
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The proof of the following results are analogous to the ones proved in [12]
for the one dimensional case and they will be omitted.
Lemma 2.8. Let f € L'(sr).
(i) If g € L*>(r), then the convolution fig(x) exists for every x € RY,
fig(x) € L*°(r) and
(2.26) Il figll ooy < N Fllzrsmllgllnoe ory-

(ii) If g € LP(srP), 1 < p < oo, then the convolution fig(x) exists for
almost every x € R, fig(x) € LP(srP) and

(227) ||fﬁg||L”(srP) < ||f||L1(sr)||g||LP(srp)-
Lemma 2.9. Let f,g € L*(sr). Then
(2.28) ha(fig) = rha(f)ha(g)-

Lemma 2.10. Let f € L'(sr). Then the Hankel transform hyf € L>(r) and
||h>\fHL°°(r) < ||fHL1(sr)~

Remark 2.11. Given f € L'(R") we have that hyf is continuous and is in
L>(R?) and
[haflloo < Cl £l
Proposition 2.12. hy(L'(R?%)) C Co(R?).
Proof. First, we observe that
(2.29) L'(sr)n L>(r) C L*(R7).
Let the cube @ = [0,1]™. Then
[ 1r@lde= [ 1f@lr@) @) do

R R

[ @@t @ des [ @)@ e) de

QMR

QeNR™

< fllery / N (z) de + / (@) r (@) de
QrR? Qe

S ONfllzeery + CallfllLr(sm)s

because r(z) < 1 for ||z|| > 1, \; > 0,i=1,...,n and r(z)s(z) = Cy 'r ().

By (2.14) and (2.29) we deduce that Sy € L'(R?). Since D(R%) C Sy, Sx
is dense in L*(R7). Given f € L'(R7}) and {¢,,} € S\ such that ¢, — f
in L'(R7), then by Remark 2.11 hy(¢m) — ha(f) uniformly. Since hy(¢r,) €
Co(R?%), we have hy(f) € Co(R%). O

We are going to consider Bessel operators in R’} given by (1.1) and (1.2)
which are related through

(2.30) A\ =Bz,
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see Remark C.1 for a proof.
Bessel operator (1.1) and Hankel transform (2.9) were studied in the distri-
butional setting over the Zemanian spaces Sy and S} (see [11], [13] and [17]).
Since Ay is a continuous operator in S and selfadjoint, so the generalized
Bessel operator Ay can be extended to S} by transposition

(A)\f7 ¢) = (faAAQb)’ f € Sg\a (rb S S)\.

Analogously, generalized Hankel transform h f can be extended to S} by

(h/\fad)):(fvhkd)% fGSS\, ¢ES)\
for A= (A1,...,A\n), Ay > 0,4 =1,...,n. Then hy is an automorphism over
Sy and S%.

There exist different proofs for the inversion theorem of the Hankel transform
for the 1-dimensional case. In this work, we present a proof for the inversion
theorem for the n-dimensional case, in the same way as the classic versions of
the results known for the inversion of the Fourier transform in Lebesgue spaces.

Theorem 2.13. Let f € L*(R%,2*) and hyf € L*(R}, %), where 2 is given

by (2.1). Then f(z) may be redefined on a set of measure zero so that it is
continuous on R and

(2.31) f(x) = hx(hrf)(z)

for almost every v € RY}.
Proof. For the proof of this result, we refer the reader to the Appendix. O

Remark 2.14. From Theorem 2.13 we deduce immediately the validity of equal-
ity (2.31) in Sy and S}.

For the proof of the following results, we refer the reader to [13].

Lemma 2.15. Let ¢ € S). Then
(i) hadx¢ = |lyl*hrg.
(i) Axhad = ha([lz]*¢).
Lemma 2.16. Ifu € S,. Then
(1) h)\A)\u = ||x||2h>\u
(i) Axfru = ha(llyl*u).
Remark 2.17. According to Lemma 3.2 in [11] the functions (¢t +||z||?) for ¢t > 0
and (¢ + ||z||?)~"! for ¢t > 0 belong to the space of multipliers of Sy and Sj.

So, the next result holds.

Lemma 2.18. The following equalities are valid in Sy and S} for m € N.
If zeC,
(i) (24 AN hx = ha(z + [lylI*)™.
IfteR, t>0,
(i) ha(t+Ax)"™ = (t+ [[yl*) " ha.
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(1) Aa(Ax(t+A0)7H™ = [lyllP™ (¢ + [ly[*) =™ ha

Proof. The proof of this result is omitted since it follows by induction. (I

3. Non-negativity and fractional powers of similar operators

In this section, we include a brief review of non-negative operators in Banach
spaces and in locally convex spaces.

Let X be a (real or complex) Banach space. Let A be a closed linear operator
A:D(A) C X — X and p(A) the resolvent set of A. We say that A is non-
negative if (—o0,0) C p(A4) and

sup{[[£(t + A) |} < oc.
t>0

Now, let X be a locally convex space with a Hausdorff topology generated
by a directed family of seminorms {|| ||o}aca. A family of linear operators
{Ai}ier, A - D(A;) € X — X, is equicontinuous if for each « € A there are
B = B(a) € A and a constant C' = C,, > 0 such that for all t € T’

[Aiplla < Clidlls, &€ X.

Under the above conditions, we say that a closed linear operator A : D(A) C
X — X is non-negative if (—00,0) C p(A) and the family of operators

{tt+A)" "m0

are equicontinuous.

Now, we will briefly describe the theory of fractional powers of operators.
According to [9, Proposition 3.1.3], we can define the Balakrishnan operator
J< in the following way.

Let A be a non-negative operator in a Banach space or a locally convex
and sequentially complete space. Let @ € C and 0 < Rea < n, n € N. If
¢ € D(A™) and m > n is a positive integer, then
_— t* At 4+ A)7L dt.

P ey Jy A7
If A is bounded, J4 can be considered as the fractional power of A. In other

cases, we can consider the following representation for the fractional power
stated in [9, Theorem 5.2.1].

(3.1) T =

Theorem 3.1. Let A be a non-negative operator, « € C, Rea > 0, z € p(—A)
and n € N. Then

(3.2) A= (z+ A)"JG(z+ A"
(If n > Rea, the opemtorTj can be replaced by J§ in the preceding formula.)

Similar operators have been described in the introduction. Let A and B be
similar operators and T be the isomorphism that verifies (1.4). Then

(zId+ B)™' =T(2Id+ A)~'T7!
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for z a complex number, from which we deduce immediately that A is a non-
negative operator if and only if so is B.

We have the following result which holds in Banach spaces and in sequen-
tially complete locally convex spaces.

Proposition 3.2. Let A and B be similar non-negative operators. If a € C,
Rea > 0, then

(3.3) Je =TJST™ !,
and
(3.4) B® = TA*T~1,

where T is the isometric isomorphism that verifies B = TAT !,

4. Fractional powers of Ay in Lebesgue spaces

Let s and 7 be as in Section 2 and let 1 < p < co. We will denote by Ay,
the part of Ay in LP(srP), that is to say, the operator Ay with domain
D(Ax,) ={f € LP(srP): Axf € LP(srP)}
and given by Ay ,f = Ayf.
Analogously, with Ay o, we will denote the part of Ay in L*(r), By, and
B, the part of By in LP(s) and L*>(R"}), respectively.
Let L, be the isometric isomorphism
L, :LP(sr?) — LP(s) with 1<p< oo
(or L, : L*>(r) — L*(R")) given by

L.(f)=r/f.
Then
Ay, =L 'By,L,.
Consequently it is enough to study the operator Ay in the spaces LP(srP)

(or L*°(r)). In order to study the non-negativity of operators Ay , and Ay o
we consider the following function given by

L w? du
(4.1) N,y (w) = /O e T
which is defined for all v € R and w € Ry..
Let u € Ry, If A= (\g,..., \n), then u*1/2 means

I N N B O N B S

from which

el dt
N,\1+--~+An+%71(|\33||):/0 e e uM A3 -1+

b 212 dt
— e_u_ \\4!1 _
0 u)\+1/2

(4.2)
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Given t > 0, let us consider the function
(43)  Ni(@) =2 VZ NG g (Vis),

Lemma 4.1. Let A= (A1,..., ), A\; >0 and t > 0. Then
(a) N, € LY(sr) and

1
||Nt||L1(sr) = ?7

(b)
A
Yy
ANt (y) = — -
W= e
Proof.
| Vel L1 (s
A
X
— [ M@l fda
R A

A
= [ R N g (VD) e
R Cy

v
e tel?  du
67U7 4u ﬁ I2/\d$
o urM1/

:27/\71/2tAt%71i/
Cx Jrn

n 1 i tle]? du
o—A—1/2.2,2-1 —tlelZ 9 —u
=2 e C /0 {/R © me dx} S WV

n
+

n 1 oo I e ta? du
o—A—1/2,2,2-1 —2L o | —u
=2 N /O H{/O e” T d:cq,}e —+i72

A =1

z e RY.

o N Ai+1/2
n 1 2u, du
_ o=A—1/2,2,2-1 Ai—1/2 . - L
— 9 P32 /0 ||{2 F()\z+1/2)(t) }6 Rwesye

A i=1

:27/\71/2t>\t%71i2A+1/2t7>\t7%C Oou/\+1/2efu du
Oy A uAt1/2

1

t’

where we have used the formula (A.6), and thus (a) holds. To see (b),

haN(y)

= Nt(l') H{\/m'])\lfl/2(x1yl)}dx

RY

-

n
+

e n_ e du =
2 A 1/2[1”;)\tAt2 1{/(:; e Tu W}H{,/.’I}lszAl1/2($1yl)}d$
=1
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_ 27,\71/2y1/2t,\tg71/OO /
0 R

n

N " 0o e} ‘ _ﬁ —u du
—9 A 1/2y1/2t)\t2 1/0 H{/O $A1+1/2€ Tu J,\l.,l/z(ﬂciyi) dmi}e W

i=1

o n —A;i—1/2 2
n t _ wy du
o—A—1/2,1/2,2,2 1 H a—1/2 _mvi |
=2 yrre /0 {(2u> Yi e }e uu,\+1/2

e _u du
M2 H{in—1/2($iyi)}d9ﬁ}e esyr
=1

n
+

=1

e n_ e _ e w2, du
-9 A 1/2y1/2t>\t2 12)\+1/2t A 1/2y)\ 1/2/0 ’LL)\+1/2€ " e uuA+1/2

o
=ykt*t%‘1t—ﬁ—%/ e—u 1) g,
0

A t >
—1 —s
=yt 7/ e *ds
t+[lyll* Jo
y)\

oty

where we have used (A.4). O
Lemma 4.2. Let 1 <p < oo. If f € LP(srP) or f € L*™(r), then the following
equality holds on S’

1

(4.4) hA(Nef) = PR

haf.

Proof. Suppose that f € LP(srP) and ¢ € Sy, we claim that

(4.5) / (N f)@)(a) do = [ F(2)(Nith) (2) d,

n n
+ R%

(4.6) (2)(Nefh)(2) dz

!
RY

R r? Jre

Let us see that fRi lf(2)] {fRi fRi IN:(y)| [2(z)| Da(z,y, 2) dy dx} dz is fi-
nite.

Let
G = [ [ 1N (@) Da(e.v.2) dy do

and let g such that % + % = 1. The function G is the convolution of |V;| and
|¢|. From Lemma 2.8, since |N;| € L' (sr) and || € LI(sr?) we have that for
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G € Li(sr?),
/ [f () G(2)| dz =/ (rlf()]) (rsTHG(2)]) s dz
14 14
= [ 6ls@ ©xricte) s a

- C’A/ Irf ()] IrG(2)| s d=
R%
S CallrfllLe sy IrGllpacs)
= Callfllzr (srp) |G| La(sra) -
Then it is possible to change the order of integration in (4.6).

IRCLZoCrE

+

~ [ Winie) v() da.

RZ

R} JRY

So, we have proved (4.6).
Now let f € L*°(r). To see that (4.5) holds, it will be enough to see that

R™ R1 Ri

+

< fllimeesy [ { [ 1w ot { | D) dz} dy} s

+

= COx [|[fllzory INell 21 sy 10Nl L1 sy < 00
Let ¢ € Sy and f € LP(sr) or f € L*(r). From (4.5) we have that

A7) (a(Vtf). ) = (Netf), had) = / (No£) (@) (had)(x) da

R}
= [ 1) (Nt d.

From Lemma 2.9, Theorem 2.13 and item (b) of Lemma 4.1 we obtain that

y*  9y)
Y = e

ha(Nithag) (y) = r(halNg) (ha(ha¢))(y) =y~
Then

(48) Nbhad = hy (HﬁW) |
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Finally, from (4.7) and (4.8) we obtain that for ¢ € Sy that

(n(Nizf).0) = [ @) (o)) d

_ f(m)h,\( ¢ >(x)dw

R™ t+yl?
1
= /R" Wh)\f(x) ¢(v) dx
_ hyf
B <t+ ||x|2’¢> | O

Theorem 4.3. Let A = (A,...,\,) and A; > 0. Then Ay, and Ay o are
closed and non-negative operators.

Proof. Since convergence in L*°(r) and LP(sr?) implies convergence in D'(R"}),
Ay and Ay, are closed.
Now let t > 0 and f € D(A) &) such that (t + Ay o) f = 0. So,

ha(t+Axco)f =0
in S%. By Lemma 2.16 we obtain that
(t+ llyl*)haf =0
in S§ and hence by Remark 2.17
haf =+ 1)~ + lyl*)haf = 0.

Then, f =0 as element of S} and we conclude that f =0 a.e. in € R} and
t+ Ay is injective.
Let f € L*°(r) and g = Nff. Then, by Lemma 2.8 g € L*°(r) and

ha((t+ Axoo)g) = (E + [|ylI)arg = (t + yl*)A(Net f) = haf.
By injectivity of the Hankel transform in S} we obtain that
(t+Ax)g =T,
0, t + Ay  is onto. Also
1+ Axoo) T Fllzoery = l9llLoory = 1N F Il ()
< INellzasm [ f oo )
1
= EHf”L‘x’(r)a

hence
[#(t + Axo0) ™ fllzoo ) < I fllzoe )
and Ay o is non-negative.
The proof of the non-negativity of Ay , is similar. (I
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Since we have proved that both A, and A) . are non-negative we can
consider the fractional powers of them. If « € C, Rea > 0 and n > Re «, then
the fractional power of Ay o can be defined from (3.2) by:

(Axo0)® = (Axoo +1)" T (Ax e +1)77,
where Jg is the Balakrishnan operator associated to Ay o given by:
['(n) > a1 -1
O R S — 7 Aot + Ay oo "o dt
Jeo? F(a)F(nfa)/o AxrooltF Bace) 1"

fora € C,0 < Rea < nand ¢ € D[(Axc0)"]-
Analogously the definition of fractional powers of Ay , is defined.

5. Non-negativity of Bessel operator A, in the space B

Remark 5.1. The operator Ay is not non-negative in S).

If Ay were non-negative in S, since Ay is continuous in Sy, given a € C,
0 < a <1 and according to (3.1) and (A.8), we have that fractional power A§
would be given by
sin a7

(5.1) ASp = /ooto‘_lA,\(t—&—A,\)_lqbdt

T 0

and D(AY) = D(Ax) = Sx. Applying the Hankel transform in (5.1) we obtain

sin a7

haASh =

/OC 10U (AN (E + Ay) 6] dt
0

sin am

= / )2+ (lyl?) " had(y) dt
= (lyl*)*hro(y),

where we have interchanged the Bochner integral with the Hankel transform,
and then we have applied item (iii) of Lemma 2.18 and [9, Remark 3.1.1]. This
would imply that (||y[|?)*haé(y) € Sy which is not true in general.

Now we consider the Banach space Y = L!(sr) N L*(r), with norm

1£lly = max{[Ifll L2 (s, [l = }

and the part of the Bessel operator in Y, Ay y, with domain given by
D[A)\vy] = {f €Y : A)\f S Y}

From Theorem 4.3 we have that A y is closed and non-negative.
Let £ € Ng. We will understand A’f\y as the iteration of the operator Ay y
k-times.

Proposition 5.2. If k > %, then D[A’;\Jg/l] C Co(R7).
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Proof.
DIAYY] = {6 € D[AS y]: AX v € D[AL Y]}
Let f € D[A’;fyl] Then f and A’;\’Yf are in D[Ay y].
From Lemma 2.2 and (2.29) we have that
L'(sr)n L>®(r) C LY(R7}) N L*(R%).
Then f and A% y f are in L'(R’}). From Remark 2.11 we obtain that hyf and
hA(A’in) are in L>°(R" ), that is to say that there exists M > 0 such that

L+ Iyl*F) haf] < M.
Since for k > %, (1+||y[|?*)~" is integrable in R”, we obtain hyf € L'(R?).
Then, we have proved that if f € D[Aﬁfg}], fand hyf € L'(R%) N L*(RY).
From Remark 2.5 we have that L'(R7) N L*(R7) C S} and from Remark
2.14 we have

ha(haf)(x) = f(x), ae xeRY,

considering f as a regular distribution in S4. Since hyf € L'(R"), by Propo-
sition 2.12 we have that f = g a.e. in R} with g € Co(R?}). O

We now consider the following space:

(5.2) B={feY:AffeY fork=0,1,2,...} = (| DA} y],
k=0

with seminorms

pm(f) = Og}cagxm{HAl)c\fHY? m=0,1,2,.. }
Remark 5.3. From Proposition 5.2 is evident that B C Cy(R"}). Moreover, from
Lemma 2.2 we obtain that B C LP(srP) for all 1 < p < oo, and considering that
Ay is a continuous operator from S in itself then S\ C B and the topology
of S induced by B is weaker than the usual topology generated by seminorms
given by (2.13). In fact, from (2.18) and (2.19) we have that

(5.3) I6lly < C{100() + Tm.o(®)}, & € S

for m > 2X\; + 1, i = 1,...,n and by the continuity of Ay in Sy we deduce
that given a seminorm p,,, there exist a finite set of seminorms {'yf;h g, i1 and
constants cq,...,c, such that

pm(p) < Zci Vi (@), & € Sa.
i=1

From the density of D(R’) in B we deduce the density of Sy in B.

We denote with Ay g the part of Bessel operator Ay in B, so the domain of
the operator Ay 5 is B and the following result holds.
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Theorem 5.4. B is a Frechet space and Ay g is a continuous and non-negative
operator on B.

Proof. Let {¢r} be a Cauchy sequence in B. Then the convergence of {¢y}
follows considering the seminorm py and the completeness of L*(sr) and L (r).

Since pm (Axgp) = pm+1(¢), Ax g is continuous. The non-negativity follows
from Proposition 1.4.2 in [9)]. O

6. Non-negativity of Bessel operator Ay in the distributional
space B’

We will study the non-negativity of Bessel operator in the topological dual
space of B with the strong topology, that is to say, the space B’ endowed with
the topology generated by the family of seminorms {| - |p}, where the sets B
are bounded sets in B, and the seminorms are given by

T|p = sup (T, ¢)|, TeB.
¢eB

Remark 6.1. Since B is a Frechet space, B is bornological. Then from [15, The-
orem 6.1, p. 148] we obtain that the strong dual B’ is complete. Consequently
B’ is sequentially complete.

Remark 6.2.  LP(srP) and L°°(r) are included in B’ (1 < p < o0).
Let f € LP(srP), ¢ € B and ¢ such that zl) + % = 1. Then

(6.1) (:v)qb(x)s*l(x)rfp(x)s(x)rp(x) dx

mn
RY

< Hf”Ll’(srp) H¢ S_lr_pHL"(srl")

(z)p(x) d

n
RY

and

(6.2) 6 s~ P l|agsrny = {/ |¢5_1r_pqSTp}
RTI,

n

{Ai

=C\ {/ |¢‘q r2q—pq+ps} !
Rﬂ.

+

=C, {/ |4 srq}q.
R™

+

Q=

9] (CATQT”)‘IST”}

Furthermore, from (2.17)

g=1 1
¢l Lacsray < {llllpoey} @ {NllLr(er}©
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from where

(6.3) 16l La(sray < po(@)-

Then, from (6.1), (6.2) and (6.3) we obtain that f € B'.
Now, let B be a bounded set in B. Then

/Rn 7o

Thus, the topology in LP(srP) induced by B’ with the strong topology is
weaker than the usual topology.

‘le = sup < C)\HfHLP(srP) Sup H(b”Lq(srq) < CAHf”L”(srP) sup P0(¢)
pEB ¢EB ¢EB

Remark 6.3. Since Sy is dense in B and the topology of Sy induced by B is
weaker than the generated by seminorms given by (2.13), B’ C S{. Moreover,
from the continuity of the Bessel operator in B, we can consider Ay in B’ as
the adjoint operator of Ay in B, that is to say

(A)\T7¢) = (TaA/\¢)7 T e Blv ¢EBa
and we denote with Ay g the part of Bessel operator in 5'.

Theorem 6.4. The operator Ay p is continuous and non-negative considering
the strong topology in B'.

Proof. Given a bounded set B C B and T € B’, then
|AxsT|p = sup [(Ax s T, ¢)| = sup (T, Ax59)| = |T|E,
9EB peEB

where the set E = {A) g¢ : ¢ € B} is also bounded. Then it follows that Ay g
is continuous.

Let now t > 0 and T € B’. It is not difficult to see that the linear map
G : ¢y — (T,(t+ Apx )~ ) is continuous and (¢ + Ay )G = T. Therefore
(t+ Ay pr) is surjective.

To prove the injectivity, let T' € B’ be such that (¢+ Ay )T = 0. Then, for
all ¢ € B,

(t+Axp)T,¢) = (T, (t+Axp)9) =0,
and thus T' = 0 as R(t+ Ay g) = B, due to the fact that Ay s is a non-negative
operator on B.

To see that (¢t + Ay /)~ ! is continuous, let T € B/, B C B a bounded set

and let us consider the set F' = {(t + A\ 5)"'¢: ¢ € B}, then

[(t+ Axp) ' Tls = |G| = sup |(G, )| = sup (T, (t+ Ax5) " '¢)| = [T
YeEB YEB
For every bounded set B C B and T € B', since Ay  is non-negative, the
set D ={n(n+ Axs)"t¢:¢ € B, n >0} is also bounded and thus, for ¢t > 0,
|t(t + Axp) ' T|5 = 2111; (t(t + Ax ) "' T, ¢)|
€

= sup |(T, t(t + Ax5) ' 0)]
¢€B
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<I|T|p.
We now conclude that the operator Ay g/ is non-negative. (I
Remark 6.5. The operator Ay g is not injective because the function s
solution of Ayu = 0 and belongs to B, in fact

(2%, 0)] < CAllll 1 (sr) < Capo(8), ¢ € B.

According to the representation of fractional powers of operators in locally
convex spaces given in [9], it is applied to A 4z by

F(’ﬂ) - o—1 —1n
m/{) 7 Anp (t+Axp) " Tdt

for Rea > 0,n > Rea, T € B'.

From the general theory of fractional powers in sequentially complete locally
convex spaces (see [9, p. 134]), we deduce some properties of powers such as
multiplicativity.

(1) If Reax > 0, then

(6.4) (AS5)" = ((Axs))".
Since (A g)* = Ay g, from (6.4) we obtain the following duality formula
( i,B’Ta ¢) = (T’ A(/{‘,Bqﬁ)a peB, Te B

(2) Since the usual topology in LP(srP) is stronger than the topology induced
by B’, we can deduce that

i,B’T -

(AiB')LP(srl’) = Aip
for Rea > 0 (see [9, Theorem 12.1.6, p. 284]).
This last property expresses a very desirable property in the theory of powers
since it tells us that the part of the distributional power of Ay to LP(srP)
coincides with the power of Ay in LP(sr?).

7. Distributional Liouville theorem for A§

In this section we include the proof of Theorem 1.1. Before that, we will
show the following lemma.

Lemma 7.1. Let 1 € Sy such that suppy C R} N{x : [|z] > a} with a > 0
and o € C with Rea > 0. Then ||z||72%)(x) € S,.

Proof. Tt is evident that ||z||~2*y(z) € C*°(R’.). We are going to see that
sup ‘me’f{m_’\HxH_Q“w(x)}‘ < 00,
z€RY

with k,m € Nj. Since suppt C R} N{z : ||z|| > a} with a > 0, we obtain

sup [o" T (e e (@)}l = sup [ THa N ol 2 (@)},
zERY z€RY :||z][>a
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Since equality (2.6) holds, we have

sup |2 T* {a ™A |z[| 724 (2) }
lz|>a
e
< sup mmz ( .)T’“‘j{x‘*w(x)} T |l 2
lz]|>a =0 J
Mk
<> (§)et .
i=o N

where C(j, «) are constants depending on o and j such that sup |7V|jz| 2| <
llzll=a

C(j, o). O
7.1. Proof of Theorem 1.1
Proof. Let u € B such that A{ pu=0. Then for all ¢ € B

(7.1) (AR s, @) = (u, AS 5d) = 0.

Since A, is a continuous operator in B (see Theorem 5.4), Ai g® is given
by the Balakrishnan operator as:

12 Ao = I [T eay (e AT d

By definition of B and the fact that L'(sr) N L>(r) C LP(sr?) for all 1 <
p < oothen B C D(Ajy ) for all 1 < p < oo, in particular, B C D(Ay2). Then
from Propositions 8.3 and 8.4 in [13] we obtain that:

1) A== [T AT d

Since for ¢ € B, the integrating into the expressions are equal and the fact
that the convergence in B implies the convergence in L*(R7) (see Lemma 2.1
and Remark 5.3 in [12]), we obtain the equality of (7.2) and (7.3) as functions.

We conclude that

iB‘é = h>\Hy||2ah,\¢, ¢ € B,

(see [12, Proposition 8.4]). From the last equality and (7.1), we have that

(7.4) (A g, ¢) = (u, hally|**hag) = 0

for all ¢ € B.
Since B’ C S84 (see [12, Remark 6.2]), we can consider the Hankel transform
in B’. We are going to see that the following affirmation holds:

“If u € B' is such that (7.4) is verified, then (hyu,v¥) =0 for all ¥ € Sy such
that suppy C R N{z : ||z]| > a} with a > 0.”
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Let u € B’ such that (7.4) is valid and v € Sy such that suppy C R} N{z :
|z]| > a} with @ > 0. Then, by Lemma 7.1, ||z| 2% (z) € S, and since
the Hankel transform is an isomorphism in S, there exists ¢ € S such that
ha¢ = ||z]|7**¢(z). So,

(hau, ¥) = (hau, [2]** [l 72*%) = (hau, [2]**hag) = (u, hy[l2]**hrg).

Consequently, from (7.4) we conclude that (hyu,1)) = 0, then the assertion
is valid. Thus by [6, Theorem 4.1], there exist N € Ny and scalars ¢ with
|k| < N such that hyu = ZleN cxS*6, where 8y is given by [6, Equation
(2.3)] for k = 0. Then,

w=a* Y cp(—1)H ||z,

|k|<N O

Remark 7.2 (Regular distributions in B'). If f € L} (R%) and f = O(z?),
then f is a regular distribution in B’ given by

(f’(b) = (Z‘)gﬁ(l‘) dr, ¢ € B,

!
R}
and
(o= [ @) dr
< flz)p(x)dx| + f(z)p(x)d
| / o @9 | + | / oy T@90@) e|
—1 d - A d
< /uz|<M (@) £ (@) [ ¢l] 1y + /”M” 16()|da
= C||9llLeiry + ¢ CrllDll L1 (rs) < C'po(@).
Corollary 7.3. If f € L}, .(R%), f = O(z*) and AS g f =0, then f =C .

loc

8. Distributional Liouville theorem for BY

From the theory of similar operators given in [12], by the similarity of Ay and
B, and by the non-negativity of the part of Ay in L!(sr) and L>(r) we deduce
the non-negativity of the part of By in L'(s) and L (R"). Consequently, we
infer the non-negativity of the part of By in the Banach space Z = L(s) N
L>(R?) with norm

11 = max {1151 oy 17 e } -

Thus, if we consider Y as in Section 5 and L, : Y — Z given by L,.f = rf
then

I £l = e { sy ey
= max {13y 1 e o)
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= [l flly

so, L, is an isometric isomorphism.
Moreover, we can consider the locally convex space F given by:

F={fe€Z:B{feZ fork=0,1,2,..}=)D[B,],
k=0

where with B z we denote the part of By in Z. The space F is endowed with
the topology generated by the family of seminorms given by

_ k _
Y (f) = olgr}fagxm{”B)‘f”Z}’ m=20,1,2,....

Thus, the space F verifies that is a Frechet space and from Remarks 5.3 and
6.2 we deduce that F C Co(R?%), F C LP(s) for all 1 < p < oo, F C L>®(R?%),
Sy C F and the topology of Sy induced by F is weaker than the usual topology
in Sy. Moreover, the operator B) verifies that

Tn(Baf) = max (1B £l12) =i (F)

for all f € F. Then B) r, the part of By in F, is a continuous
B)“]:  F = F.
If f € B, (see (5.2)), then rf € F and

— k _ k,.—1
Ym(rf) = max {|Bxrfllz} = max {|lr Axr~rfllz}

= max {|r ANfllz} = Og%xm{llﬁﬁfllv}

= pm(f)a

where we have consider (2.30). So, the application L, : B — F given by
L.f = rf is an isomorphism of locally convex spaces with inverse given by
L.-1:F—B.

Remark 8.1. Since B and F are isomorphic, we can deduce that F’ is sequen-
tially complete as B’ is also sequentially complete (see Remark 6.1).

So, if we consider the continuous operator Ay 5 : B — B, then by (2.30) we
obtain the similarity relation,

(8.1) Bay =1Ly Axg Loos.

We deduce by (8.1) the non-negativity of By = and by [12, Proposition 1.1],
for a € C, Rea > 0, we have that

(8.2) BSr=1L, Az L.

Consequently,
B 7 = ((Bxr)")" = (BX #)"
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where we have considered in the second equality that F is a Frechet space (see
[9, p. 134]). Thus,

(8.3) BY 5 = (Lr—1)" (AX )" (Lr)" = (Lp=1)" AS 5 (L))",
and for T e F', ¢ € F
(8.4) (BY 7T, ¢) = ((Ly-1)" AS 5 (L))", ¢)

= (Tv LrAg,BLT—qu)'
From now on, we will use the notation:
Byr=1z""A\p2,
BS 5 =1 Af g
and
B§ 5 =2t AS g o

to refer to (8.1), (8.2) and (8.3). In the last equation, the operators z* and
7 represent (L,-1)* and (L,)*, so,

B = F

. /

N F =B,
are given by

(x)\Th(b) = (Tlvx/\(/l))v (Tl € B/)7 (d) € ]:)

(@ T, 9) = (Te,a ™), (T € F), (Y € B)

Now we are able to give the proof of Theorem 1.2:
8.1. Proof of Theorem 1.2
Proof. Let u € F' such that BY zu = 0. Then
(8.5) (BS 7ru,¢) = (2 AS g 27, ¢) = 0

for all ¢ € F. Since A§ 5 x~*u € B, then given ¢ € B and considering (8.5),
we obtain that

(AS 5 M, ) = (AS M, e M) = (xAAiB, M, M) = 0.

By Theorem 1.1 we deduce that there exists a polynomial p such that 2= u =
2 p(||z||?) and consequently u = z**p(||z||?). O

Corollary 8.2. If f € L}, (R}), f = O(x*") and B 5, f =0, then f = C 2**.

loc
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Appendix A. Special functions

In this appendix we summarize properties of the Bessel function of the first
kind and order v given by
0o 2n
A (D" (5
(A1) L= =(3) > (5)

2 I T(v+n+1)

n=0
According to [7, p. 310], for v € R, v > f%, the Bessel function verifies that
(A.2) 2"T(v+1)z7" J,(2)] < 1.

The following equalities are also verified:

/Tr J, <\/y2 + 22 — 2yz cos ¢)
0

(A.3) sin® ¢ do

v

=

(y%2 4 22 — 2yz cos @)
Ju(y) Ju(2)

yl/ Zl/

= 2T (v +1/2)T(1/2)

for v > —%, see [16, p. 367] and

2

o0 7U~y2 T
(A.4) / e 2 J,(ry)y"Hdy=r"a"" e =
0

for v > —1 and a > 0, see [14, p. 46].

The following equalities are valid for integrals that involve the Gamma func-
tion:

Let a > 0 and A > —%. Then the following equalities are valid

o
(A.5) / e~ % 2 dr = 2V2T (A 1 1/2),
0
(A.6) / e~ Ba 22\ dp — 21/ T(A+1/2) a2,
0
/2 [(1/2)T(A+1/2) /aD(A+1/2)

A. 1 2A = — .
(A7) /0 sin™ 0 df A+ 1) (A + 1)

Another important equation is the Euler Complements Formula

T

(A.8) rvrl—v) = pr (0 <Rev < 1).

Appendix B. Some results on Hankel transforms, convolution and
the Inversion theorem

Hirschman defined in [7] for the 1-dimensional case, a kernel ®, which is
defined for u,v,w € Ry, v > 0, by

231/—5/21'\2(1/ + 1/2>
NN

(B.1) Dy (u,v,w) = (uvw) =T A(u, v, w)? 2,
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where A(u,v,w) is the area of a triangle of sides u, v, w € Ry defined by (2.25).
For the n-dimensional case, let z,y,z € R} and A = (Aq,...,\,) such that
Ai>0foralli=1,...,n. We define

(BQ) J} 'Y, % H@)\ z, Y,z

where ©, is given by (B.1).

A convolution operation associated to the n-dimensional Hankel transform
H) can be defined. Given f, g defined on R}, the Hankel convolution associated
to the transformation H) is defined formally by

(B3)  fHol /anf (2) D9, 2) s(y) (=) dy d,

where z,y,z € R7}.

Remark B.1 (Relation between Dy and ®).

(B.4) D (z,y,2) = C5*(zyz)' " Di(x,y,2),

where D, (z,vy, z) is given by (B.2) and Dy (x,y, ) is given by (2.23).

Proposition B.2. In this proposition we summarize some properties of the
kernel ®x(x,y, z) given by (B.2).
(1) @A(as,y,z) > 0

f]R” DOi(z,y,2 )ﬁ {(Ziti)% A"JM*%(/Zm)}s(z) dz

=C) zl;ll{ z) MJ)\ 7—(*%1 z)} lf[ {( ) "infé(yiti)}a
(iii) fm Di(z,y,2) s(z)dz =1,

where x,y,z,t € R and J, denotes the well known Bessel function of the first
kind and order v given by (A.1).

wh—A I

Theorem B.3. Let {¢,,} C L'(s) be a sequence of functions such that:

(1) ¢m(x) =0 in RY,
2) fwﬁ Om(x) s(x) dx =1 for allm € N,

(3) Forallm >0, Jlim erH>n ¢m(z) s(x)dz = 0.
Iff € L1(3)7 then nh—>ngo Hf#¢7n - fHLl(s) =0.

Proof. This result is an n-dimensional generalization of [7, Corollary 2c], rela-
tive to approximate identities. O

Lemma B.4. Let f,g be functions in L'(s). Then

0 9050t = [ 6 Hag0)s(e) .

n
R% +
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Theorem B.5. If f(z) € L'(s) and Hyf(t) € L(s), then f(x) may be rede-
fined on a set of measure zero so that it is continuous in x € R, and then

(B.5) f(z) = Hyf(t) {H(x i) 2N T (@it £ }dt
R% i=1

for almost every x € R}.

Proof. We consider the sequence {¢, }men defined by

)| 2m
2

(B.6) b (x) = mA12 e
This sequence verifies conditions (1), (2) and (3) of Theorem B.3, then if f €
Li(s),

lim || f#dm — fllz1s) = 0.

n—r oo

Let us show that:
I EER e iy
(B.7) om#f(z / Ha(f am {H(xizi)l/Q A JAi—l/Q(xiZi)} 2 dz.
i=1

To see this we define
TR P Y
(B.8) Ga(z) =€ om {H(xizi)lﬂ A JAi1/2($izi)} .
i=1
Clearly, G (z) € L*(s) and from Lemma B.4 we have

(B.9) o Hy(f)(z) e LA {ﬁ(mizi)l/z_)‘i J)\i1/2<$izl‘)} 22 dz
T i=1
= L. Hyf(z) Gu(2) 22 dz
= | O HA(Ga(2))(®) £t
Moreover, ’
(B.10)

2))(t)
Hzt 1/2=Xi Iy, _1/2(21 z) }dz

Lo
-

H T A —1/2(x zl)} {H(ziti)l/Q)"i J)\i—l/2(ziti)} 222 dz

i=1

—

1=

_ =12 {
e 2m

[
T

+3

J

Di(z,t,8) {H(gizi)lﬂ_)\i JAi1/2(§izi)} 5(§) dﬁ} s(z) dz

n N
+ =1
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Since
/]Ri o B {/R+ D\(2,t,6) {i];[lugizi)l/?—*i Jx,,.,l/Q(&izi)|}s(£) d&}s(z) dz
<ot R { D)\(2,t,€) s(€) dg} s(2) dz < oo,
R" R™

it is possible to change the order of integration in (B.10), then
Hy\(Gx(2))(t)

= /n {/n e e {H(fizi)lm_)‘i J,\i1/2(§izi)} s(z) dz} D (,t,8)s(€) dE

+ + i=1

s {/R o {HJAi_l/z(éz-zi> z?"’+1/2} dz}gmtf) £ dg
~+

n N
+ i=1

-y / Y2 L2 = D (i ,6) €2 d
RY

_ _lel?m
= C)x ' ml)\+1/2| € 2 CD)\(ZE', ta 5) 8(5) dgv

RY

where we have used (A.4) with @ = 1/m. From the last equality we obtain that

(B.11) Hy\(Go(2))(t) f(t)t** dt

R}

= /]R" {C;l . mlAt1/2l e‘@@/\(%t’g) s(¢) d§} f(t) 12X dt

= /]R" { . mIA+1/2] e‘%@,\(%t,f) s(8) dg} f(t)s(t)dt

From (B.9) and (B.11) we obtain (B.7). We may now take limit in (B.7),
and considering that Hy f € L'(s) and

e {ﬁ(zilﬂi)l/QAi JA,:—1/2(Zi$i)} Hi(f)(2)
i=1
=12

< Cylemm [HA(f)(2)] < C IHA(S)(2)],

then we obtain in the right side of (B.7) by the dominated convergence theorem
that

. N iy
(B.12) w}gnoo Hi(f)(z) e >m {1_[(%‘51%)1/2 A J)\il/Q(zixi)} 2 dz
RY i=1
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H)\(f)(z) {H(zixi)l/Q_/\i J,\il/z(Zixi)} Z2>\ dz

R™ =1

= Hx\(H\f)(2).
So,
(B.13) im @t f(x) = HA(Hxf) ().

On the other hand, by (B.3) there exists a subsequence {¢m,, #f}ren such
that

(B.14) T g, #£(2) = £(2)
for almost every x € R}, and so this completes the proof. (I

From Theorem B.5 we can obtain the inversion theorem for the Hankel
transform hy given by (2.9)

B.1. Proof of Theorem 2.13

Proof. If f € L'(R%,2*), then = f € L*(s).
Since
z 7 ha(f) = Ha(=z )
and for hypothesis
haf € LR, 2?),

we have Hy(z~f) € L'(s).
Then the result continues to apply Theorem B.5 to 2~ * f and obtain (2.31).
O

Lemma B.6. Let f,g be functions in L*(sr). Then

haf(t) g(t)dt = | f(t) hag(t)dt.
R R?
Appendix C. Similarity of Bessel operators

Remark C.1. The operators By and Ay given by (1.2) and (1.1), respectively,
are related through

(C].) A,\ = SCAB)\(E_A.
Let ¢ € C*(R%). Then
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also

xf)‘iz{x)‘qﬁ(l‘)} _ zfAIAIfAiiz{z?‘ng(I)} — I,_/\z‘ 872{1'/\1925(1})}
ox? b0z bOap

— *Aii A )‘ii
= z; azi{&xi o(x) + ] 8ziaﬁ(%)}

7 D — 1) 2 20(2) + hs 2 L)

81‘1‘
0 2
il Ai
= MO = 1) 2 %0() + 2 1O pe) + ()
=\ (N z; “o(x i X o2, T 902 x),

from where

Z

[1]

2]

n 2 n (N —
Aano) = S Do) - 3 AR g
i=1 v i=1 v
= ;)\i()\i — 1)z 2p(x) + 2N ;! 3 i¢($) + 88;205(95)
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