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ABSTRACT

Context. Recent computations of the interior composition of ultra-massive white dwarfs (WDs) have suggested that some WDs could
be composed of neon (Ne)-dominated cores. This result is at variance with our previous understanding of the chemical structure of
massive WDs, where oxygen is the predominant element. In addition, it is not clear whether some hybrid carbon (C) oxygen (O)-
Ne WDs might form when convective boundary mixing is accounted for during the propagation of the C-flame in the C-burning
stage. Both the Ne-dominated and hybrid CO-Ne core would have measurable consequences for asteroseismological studies based on
evolutionary models.

Aims. In this work, we explore in detail to which extent differences in the adopted micro- and macro-physics can explain the different
final WD compositions that have been found by different authors. Additionally, we explore the impact of such differences on the
cooling times, crystallization, and pulsational properties of pulsating WDs.

Methods. We performed numerical simulations of the evolution of intermediate massive stars from the zero age main sequence to the
WD stage varying the adopted physics in the modeling. In particular, we explored the impact of the intensity of convective boundary
mixing during the C-flash, extreme mass-loss rates, and the size of the adopted nuclear networks on the final composition, age, as
well crystallization and pulsational properties of WDs.

Results. In agreement with previous authors, we find that the inclusion of convective boundary mixing quenches the carbon flame
leading to the formation of hybrid CO-Ne cores. Based on the insight coming from 3D hydro-dynamical simulations, we expect that
the very slow propagation of the carbon flame will be altered by turbulent entrainment affecting the inward propagation of the flame.
Also, we find that Ne-dominated chemical profiles of massive WDs recently reported appear in their modeling due to a key nuclear
reaction being overlooked. We find that the inaccuracies in the chemical composition of the ultra-massive WDs recently reported lead
to differences of 10% in the cooling times and degree of crystallization and about 8% in the period spacing of the models once they

reach the ZZ Ceti instability strip.
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1. Introduction

White dwarf (WD) stars are the most common end product
of stellar evolution. Stars with initial masses below M, ~
8—10 M, are known to end their lives as WDs (Winget & Kepler
2008; Althaus et al. 2010). These stars are valuable tools for
a wide variety of applications in astrophysics, from being
age and distance indicators (Garcia-Berro & Oswalt 2016;
Kilic et al. 2017) to laboratories to test extreme physical condi-
tions (Winget et al. 2009; Tremblay et al. 2019; Camisassa et al.
2021). While most of these stars have gone through He-core
burning and the asymptotic giant branch (AGB), leading to the
formation of carbon (C)-oxygen (O) cores, some other evolu-
tionary paths are possible. Low-mass WDs (M < 0.45 M,)
are formed by stars in binary systems or with primordially
high initial He abundances, which avoid He-core burning and
lose their H-rich envelopes already on the first giant branch
(RGB), thus harboring He-cores (Althaus et al. 2010). Stars at
the boundary between intermediate- and high-mass stars (Mjn; ~

8—10 M,,) are particularly interesting in this respect. These stars
reach temperatures that are high enough to ignite their CO
cores under degenerate conditions (Garcia-Berro & Iben 1994),
and then they evolve into the so-called super AGB (SAGB)
phase. Although the basic global properties of SAGB stars
are relatively well determined, the final chemical structure left
at the end of the phase is still a matter of debate. Clas-
sic works by Garcia-Berro & Iben (1994), Ritossa et al. (1996),
Garcia-Berro et al. (1997), and Iben et al. (1997) showed that
the C-flash and subsequent C-burning leads to a oxygen-neon
(ONe) core and, consequently, to an ONe WD (see Siess 2006,
2007, 2010; Camisassa et al. 2019, and references therein) or
an electron-capture supernova (Tominaga et al. 2013), depend-
ing on the intensity of winds. Denissenkov et al. (2013) claimed
that the existence of even a small amount of convective bound-
ary mixing (CBM) below the convective zone generated by the
C-flash leads to the quenching of the C-flame and the formation
of a hybrid CO-Ne degenerate core. Recently, from the computa-
tion of fully evolutionary sequences, Lauffer et al. (2018) found
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models of WDs with masses higher than 1.15 M, harboring Ne-
dominated cores (Ne-O-Mg WDs), and hybrid CO-Ne WD mod-
els with a composition significantly different from that obtained
by previous works.

As is well known, the properties of the nonradial g-
mode pulsations of pulsating WDs are tightly connected to
their chemical structure (see, for example Althaus et al. 2021;
De Gerénimo et al. 2017). Thus, the precise internal chemical
profile of SAGB stars is of the utmost importance for the proper
employment of the asteroseismological techniques based on the
fully evolutionary models applied to ultra-massive pulsating
WDs (see Corsico et al. 2019a; De Gerénimo et al. 2019, and
references therein). In this regard, the discrepancy seen in the
abundances reported by different authors may alter the results
derived not only from asteroseismological analysis, but also
from cooling studies. It is not unthinkable that the disparity in
the compositions derived by previous authors could be due to
the differences in the adopted physical ingredients. In particu-
lar, extreme assumptions about the micro- and macro-physics,
particularly in regard to overshooting, stellar winds, and/or key
nuclear reaction rates, could plausibly lead to the (spurious) pre-
dicted formation of exotic objects.

In this paper we assess how the different physical ingredi-
ents adopted during C-burning affect the final composition of
massive WDs. We specifically focus on the impact of mass-loss
rates, the size of the nuclear networks, and the intensity of con-
vective boundary mixing. The paper is organized as follows:
in Sect. 2 we provide a brief description of the typical chemi-
cal structures on the SAGB. In Sect. 3 we explore the impact
of CBM, extreme winds, and the size of the nuclear network,
and we discuss their consequences for the final composition of
the WD model. Section 4 is devoted to exploring the impact of
the different chemical compositions on the cooling times, crys-
tallization, and pulsational properties of DA WDs. Finally, in
Sect. 5, we provide some concluding remarks.

2. Chemical signatures of SAGB stars

The evolutionary behavior of SAGB progenitors before carbon
ignition is very similar to that of intermediate-mass stars that
end up as CO WDs, and it is well documented in a myriad of
papers (Garcia-Berro & Iben 1994; Siess 2006, 2010). For the
sake of completeness, and to set the stage for the study of the C-
burning phase in the next sections, we provide here only a brief
description of the previous evolutionary stages.

During the main sequence, SAGB progenitors undergo
hydrogen burning via the CNO cycle inside a convective core.
Immediately after central hydrogen (H) exhaustion, H-burning
sets in in a shell and the helium (He)-core contracts, with
the consequent increase in temperature. During this brief red
giant phase, the star experiences the first dredge up, pollut-
ing the envelope with material previously processed by H-
burning. Once temperatures exceed ~2 x 108 K, helium ignites
in the core under nondegenerate conditions, and it burns in
a convective core. It is known that CBM during both core
H- and He-burning leads to larger convective cores (e.g.,
Castellani et al. 1985; Ekstrom et al. 2012; Constantino et al.
2016; Wagstaff et al. 2020) than those predicted by a strict appli-
cation of the Schwarzschild criterion (Schwarzschild 1906).
In our work, CBM during both core H- and He-burning was
not included. This choice was motivated by our desire to
more directly compare our simulations with those presented by
Lauffer et al. (2018), who did not take CBM into account during
these earlier phases. The main impact of CBM in these stages is
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to decrease the initial mass required for a progenitor star to reach
C-ignition by about 2 M, (the minimal mass for C-ignition shift-
ing from Mzams ~ 8.5 Mg to ~6.5 My, for standard assumptions
in CBM, where ZAMS stands for the zero-age main sequence).
After the end of core He burning, these objects experience the
second dredge up, as do their lower mass counterparts. The sec-
ond dredge up reduces the mass of the contracting CO core,
preventing the ignition of carbon in nondegenerate conditions.
Finally, the degenerate CO core eventually reaches a critical
mass of Mco ~ 1.05 Mg, and carbon ignites.

The detailed chemical structure of SAGB stars is expected to
leave its imprint in the interiors of ultra-massive WDs. These
features are the signatures of the different physical processes
that are operative during the whole evolution in such a way that
different regions of the chemical profile can be the trace of indi-
vidual processes. In particular, the expected core chemical struc-
ture found at the SAGB phase for massive progenitors is the
result of the evolution through the C-burning stage. Under the
assumption of a strict Schwarzschild criterion (Schwarzschild
1906) and no additional mixing processes, the development of
carbon burning is characterized by two stages that are clearly dif-
ferent (Garcia-Berro & Iben 1994; Siess 2006). The first corre-
sponds to the ignition of C at the point of maximum temperature
inside the partially degenerate CO core, inducing a thermal run-
away which is referred to as the carbon flash. The sudden energy
injection by the C-flash leads to the development of a convective
zone, which extends outward from the point of maximum tem-
perature. The second stage corresponds to the development of a
flame which propagates all the way to the center and transforms
the CO core into an ONe core (Garcia-Berro & Iben 1994; Siess
2006).

In Fig. 1 we show the Kippenhahn diagram for a 10 M, and
Z = 0.02 model for which no CBM was adopted. During the
C-flash, a convective region develops and lasts a few thousand
years. The next convective region develops during C-burning
and remains until the C-flame turns off at the center of the star.
However, Denissenkov et al. (2013) show that the inclusion of
even a small amount of CBM during the propagation of the C-
flame removes the necessary conditions for further propagation
of the C-flame, inducing an anticipated halt of the carbon flame.
In this context, if a reasonable amount of CBM is considered,
the C-burning phase proceeds as a main flash and subsequent
subflashes of less intensity, also neither the flame nor mixing
reaches the center (for a detailed discussion, see Farmer et al.
2015, and references therein). This is seen in Fig. 2, where the
Kippenhahn diagram is displayed for the same model, but adopt-
ing diffusive overshooting with f = 0.007 during the C-burning
phase (see Sect. 3 from Denissenkov et al. 2013). Thus, those
objects should show a marked contrast in the chemical structure
at the end of the C-burning phase, which is expected to be com-
posed of a pure unaltered CO-core, produced during the core
helium burning (CHeB) phase, surrounded by an ONe mantle.

Finally, for ultra-massive WD progenitors, the aftermath of
the evolution during the thermally unstable phase first consists
of the build-up of the most external part of the core, where the
He-burning shell was active and, second, a strong reduction in
the hydrogen and helium content due to mass loss.

3. Impact of physical assumptions on the final
composition of the WD
All the models presented in this work were computed with the

stellar evolution code Modules for Experiments in Stellar Astro-
physics (MESA) versions 8445 and 12778 (Paxton et al. 2011,
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Fig. 1. Kippenhahn diagram during the C-burning phase for a model of
Mzams = 10 M, with Z = 0.02, in the absence of extra-mixing pro-
cesses. The green areas are the convective zones, while the blue scale
represents the net energy from nuclear reactions. In this case, the flame
successfully reaches the center, leaving a pure ONe core.
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Fig. 2. Kippenhahn diagram for the same 10 M model as in Fig. 1, but
when diffusive overshooting is allowed at the bottom of the C-burning
shell with the overshooting parameter f = 0.007 (purple area). In this
case, the flame stops before reaching the center, thus leaving an unal-
tered CO core surrounded by the ashes of C-burning.

2013, 2015, 2018, 2019). Most of the adopted input physics
corresponds to the default options that are described in detail
in Paxton et al. (2011, 2013, 2015, 2018, 2019), and they are
thus not repeated here. Exceptions include mixing at the border
of convective regions, mass loss, and nuclear reaction networks,
which are addressed in the following subsections.

As mentioned in the Introduction, the existence of Ne-
dominated and hybrid CO-Ne massive WDs is relevant both
for asteroseismological studies and for our understanding of
the cooling timescales of massive WDs. Given that it has been
shown that no significant differences in the predictions for SAGB
stars arise simply from the use of different stellar evolution codes
(Doherty et al. 2010), it is safe to assume that the predicted exis-
tence of Ne-dominated or hybrid CO-Ne WDs depends on the
adopted physics. To analyze how robust this prediction is, here
we analyze what the key physical assumptions are that can lead
to these results. While the main difference in the physical ingre-
dients in the computation of hybrid CO-Ne WDs and pure ONe
WDs relies on the inclusion of CBM during the propagation of

the C-flame, the main differences between the predicted forma-
tion of Ne-dominated WDs (Lauffer et al. 2018) and the different
results previously reached by other authors can be traced back to
the extension of the CBM region, the adopted mass loss rates,
and, finally, the size of the nuclear reaction network. In what
follows, we discuss each of these individually.

3.1. Impact of convective boundary mixing

Convective boundary mixing has the potential to affect the final
composition of the core by affecting the relative proportions of
C and O during the C-flash, and also by allowing material to
be mixed down into deeper regions of the star, which, in effect,
affects the mean temperatures at which carbon is burnt. Unfortu-
nately, CBM is one of the least understood phenomena in stellar
evolution (Cristini et al. 2019). It is usually parameterized and
must be calibrated with observations of different stellar objects
(e.g., Miller Bertolami 2016), and no calibration exists for the
convective regions driven by C-burning. In this context, we esti-
mated the expected range of CBM parameters and, then, inves-
tigated how much the final composition can change as a conse-
quence of this.

3.1.1. Estimating the efficiency of CBM

As shown by Siess (2009) and Denissenkov et al. (2013), the
inclusion of mixing processes below the flame has the poten-
tial to quench the latter flame, leading to the formation of a
degenerate CO core surrounded by a mantle, mostly composed
of O and Ne. It is not clear, however, to which degree the dif-
ferent assumptions about CBM are solely responsible for the
great disparity in the final chemical compositions of previous
works (Siess 2007; Denissenkov et al. 2013; Lauffer et al. 2018),
or whether other ingredients involved in the computations (such
as nuclear reaction rates and networks) also play a significant
role. Furthermore, it is not clear from previous works what is the
underlying physical reason for the different assumptions of the
CBM. Given the aforementioned relevance of CBM assumptions
for the final composition of the WD, it would be highly desirable
to know which values are acceptable.

Simple estimations of the adiabatic penetration of convec-
tive elements into the stable layers can be done by means of the
following expression:

Bur _ f o) [mr) —pe(r)} o

1
> ) X W

where Py 1 1s the mean value of the convective velocities close
to the formal convective boundary (FCB), as estimated by the
mixing length theory (MLT); p. is the density of the convec-
tive elements moving adiabatically from the convective bound-
ary; and p and g are the local values of the density and gravity
acceleration at distance r from the center of the star. By apply-
ing this estimation to an initially 10 My model during the peak
of the C-flash, computed without CBM, we determined that the
distance penetrated by convective elements at the lower convec-
tive boundary is dpe, = 2.5 X 10~* Hp, with Hp being the value of
the pressure scale height at the formal convective boundary, and
Hp = 1.9 x 108 cm. This is a very small value, with no practical
consequences for the development of the C-flash.

However, during a thermal runaway phase, CBM can be
caused by turbulent entrainment (see Meakin & Arnett 2007,
Viallet et al. 2015). In the case of turbulent entrainment, turbu-
lence diffuses into the nearby stable region, and it leads to a
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progressive advance of the border of the turbulent region.
According to Meakin & Arnett (2007), the velocity vg at which
the turbulent border gains ground on the stable layer is vg =
o ARig™", where Rig is the bulk Richardson number, o is the
rms velocity at the turbulent border, and n and A are two free
parameters to be calibrated with numerical experiments. The
bulk Richardson number is a measure of the stiffness of the
boundary region, and it is defined as Rig = AbL/o?, where L
is the mixing length scale and Ab is the relative buoyancy jump.
The latter is defined as

T
Ab = f N2dr, )
ro

where ry and r| are the bottom and upper parts of the transition
region and N is the adiabatic buoyancy frequency. We can then
estimate the distance traveled by the lower convective boundary
during the carbon flash as

dg = |rpcB = rcBM| = VE TC-flash 3)

where Tc.ash 1S estimated as the time required for C-burning
to drop by one order of magnitude. From the numerical experi-
ments of Meakin & Arnett (2007), the results are that A ~ 1 and
n = 1, so for practical purposes we can estimate vg =~ Vyrr/Rip
then, approximating o =~ vy 1, equating L to the mixing length,
and setting ro = rpcg and r; = repwm, in Eq. (2) the distance
entrained by turbulent border during the carbon flash can be esti-
mated as (Wagstaff et al. 2020)

=3
TC-flash vMLT
AbLMLT

1R

dg “

Using the values from the same 10 My model during the peak
of the C-flash as before, we have Tc_fash = 28 yr, Lyr = 3.4 X
108 cm, and Py ~ 103600 cms™ implying dg ~ 0.15 Hp. This
value is surprisingly close to the usual size of the CBM region in
upper main sequence stars, and it is not completely negligible.
We can conclude that the possible impacts of CBM during the
C-flash stage are worth exploring.

It is worth mentioning, however, that despite its significant
value, the estimate presented in the previous paragraph is several
times smaller than the CBM extension adopted by Lauffer et al.
(2018). These authors adopted an overshooting parameter value
of f = 0.1; by looking at our own 11 M, sequence with f = 0.1
(see next sections), this corresponds to a formal overshooting
region with a size of drov = 0.003 Ry, or 1.2 Hp. Even if we
restrict ourselves to the region where material is actually being
mixed during the C-flash, the size of the overshooting zone in
that model is 6rgy =~ 0.002 R (0.8 Hp).

According to the previous results in the literature, even more
important is the intensity of CBM during the flame propaga-
tion (Siess 2009; Denissenkov et al. 2013). Interestingly, from
the same 10 My model as before, but during the peak of the
C-flame, we get vy = 48000 cm s~!. The deepening of the
convective zone in this model happens at a rate of about vgyme ~
1073 cms~!. Given that for any reasonable estimation of Rig we
get Rig < 107, this argument suggests that v > Vgame. Thus,
the timescale for the inward propagation of the flame is strongly
altered if turbulent entrainment is included. We conclude that
quenching of the C-flame is highly likely when turbulent entrain-
ment is included, which is in agreement with the suggestions by
Denissenkov et al. (2013).
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Fig. 3. Chemical profiles for the most abundant species at the end of the
C-burning phase for a model computed with Mzams = 11 Mg and f =0
during the C-burning phase. The core is composed of a mixture of 'O
and ?°Ne with traces of '>C, Na, and *Mg.

3.1.2. Impact of CBM on evolutionary sequences

We computed evolutionary sequences with Mzams = 11 M and
an initial composition of Z = 0.02 from the ZAMS through
the central hydrogen and helium burning stages, the RGB,
and finally to the SAGB stage. A rather large nuclear reaction
network (namely sagb_NeNa_MgAl.net) was adopted. This
includes 29 species, from neutrons to 27Al, and this incorpo-
rates several carbon burning reactions and both proton and alpha
captures by '>C nuclei. No mass loss was included, as winds
before the thermally pulsing SAGB phase are almost negligible
(see, for example, Table 2 from Siess 2007). In order to test the
impact of CBM on the final composition of the core, and in line
with the discussion from the previous section, different values
for the overshooting parameter f at the bottom of the C-burning
convective zones were considered, namely f = 0, 0.001, 0.007,
0.03,0.1.

In Figs. 3 and 4 we show the expected internal structure (i.e.,
of the innermost 1.3 M) at the moment that C-burning stops for
models computed with different values for the parameter f. It is
seen that for f = 0 and 0.001, the flame successfully reaches the
center of the star, leaving a pure ONe core. On the other hand, the
inclusion of moderate-to-high overshooting results in the prema-
ture halt of the C-flame, with the consequent formation of hybrid
cores composed of an inner unaltered CO core surrounded by an
ONe mantle. The size of the unaltered CO-core is determined by
the location of the quenching of the flame, and it also depends on
the efficiency of the extra-mixing. For the f = 0.1 case, Fig. 4
shows that this assumption strongly reduces the CO-core size
and creates a new chemical interface where '2C, 1°0, and *°Ne
coexist. This reduction is a consequence of the large extension
of the CBM below the convective zone generated after the main
C-flash. Thus, although the existence of CBM still leads to the
quenching of the C-flame, 2’Ne was already carried close to the
center by the main C-flash. In none of the cases explored were
we able to produce Ne-dominated cores. We can safely conclude
that the inclusion of enhanced overshooting is not responsible
for the formation of the NeO-core! WDs found by Lauffer et al.
(2018).

To test the robustness of this conclusion, we analyzed it
under the physical assumptions established by Lauffer et al.
(2018). To do this, we computed the evolution of models with an

! The name NeO(ONe)-core is adopted when the core is mostly com-
posed of 2’Ne('°0).
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0.007, 0.03, 0.1. For moderate-to-high overshooting, the C-flame halts before reaching the center of the star. The enhanced mixing induced in the

f = 0.1 model strongly reduces the size of the pure CO core.
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Fig. 5. Chemical profiles for the model computed with the nuclear net-
work co_burn_plus.net and overshooting parameter f = 0.1 and
f = 0 (solid and dashed lines, respectively).

initial mass of 11 M, adopting the same nuclear network as in
Lauffer et al. (2018), that is co_burn_plus.net (see Sect. 3.3
for details on the nuclear networks), from the ZAMS to the end
of the C-burning phase, considering enhanced mass loss during
the RGB and AGB, using MESA 18445. To account for CBM
processes during C-burning, diffusive overshooting was adopted
during the whole evolution for metal burning regions (“burn_z”
option in MESA), and thermohaline mixing was allowed. In
Fig. 5 we show the expected chemical profiles for models with
the overshooting parameter f = 0.1 and f = 0 (solid lines
and dashed lines, respectively). The following two distinctive

features arise: the formation of Ne-dominated cores (see next
section) and the absence of the hybrid core when overshooting is
adopted. The results of the latter phenomenon are a consequence
of both enhanced extra-mixing, resulting from the adoption of
f = 0.1, and the presence of thermohaline mixing, which elim-
inated the small, pure CO core that would otherwise have been
expected. As pointed out previously, it is seen that the inclusion
of enhanced overshooting does not significantly alter the distri-
bution of elements in the core.

From the same figure, a notable difference in the size of
the NeO core is perceived. We find that, when accounting for
overshooting in the metal burning regions with the parameter
“burn_z”, the burning of '*N in the CHeB phase induces an
overshooting region that moves the border of the core farther
away by an additional ~0.22 My, thus affecting the post-CHeB
evolution. For a correct assessment of the overshooting process
during the carbon burning phase, it should be turned on at the
beginning of said phase.

3.2. Impact of extreme mass loss on the early SAGB

The thermally unstable phase post C-burning is one of the most
time-consuming phases when computing the evolution of SAGB
stars. During this phase, the star expands and mass loss becomes
important. Similar to low mass stars in the AGB, SAGB stars
also experience recurrent thermal instabilities in the shell where
He is burning, known as thermal pulses. Such instabilities are
characterized by a sudden injection of energy in a relatively
small time lapse. To avoid the numerical complications con-
nected with the computation of the thermal pulses, Lauffer et al.
(2018) adopted values of mass loss rates during AGB higher than
recommended. Particularly, the authors implemented the formu-
lae for AGB mass loss from Bloecker (1995), adopting a large

A150, page 5 of 10
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Fig. 6. Chemical structures for 11 M, models at the end of the C-
burning phase with an enhanced mass loss and nuclear networks
co_burn_plus.net (solid line) and sagb_NeNa_MgAl.net (dashed
line).

value of 17pjocker = 10, compared to the more usual ~0.1, which
is reflected as an enhanced wind. This results in extreme mass
loss previous to the C-ignition, leading not only to the com-
plete removal of the H-rich envelope, but also to the removal
of most of the He-rich mantle before the development of the C-
flash. Therefore, the H-burning shell is completely extinguished
and something similar happens with the He-burning shell, which
finally results in a strong alteration of the post-AGB evolution,
affecting both the path on the Hertzsprung-Russell diagram and
the chemical structure and thermal stratification of the CO core.
As a consequence, the ignition of C, which takes place at a posi-
tion closer to the center than in the absence of mass loss, occurs
when the star has lost almost 90% of its mass. Additionally, we
noted that the He content added by Lauffer et al. (2018) to their
Mwp > 1.132 My models in order to replace the layers lost
by artificially strong winds is inconsistent with the predictions
of detailed SAGB models, being almost 10 times higher for a
Mwp = 1.22 My model Siess (2010). This is expected to have
a non-negligible impact on the cooling times and crystallization
of WDs (see the next sections). Finally, we found that the high
mass loss rate adopted is not the cause of the Ne-enhanced core
compositions found by the authors either.

3.3. Impact of nuclear reaction rates

Previous works on the modeling of SAGB stars have adopted
nuclear reaction networks of very different sizes, from 52 species
in Siess (2006) down to 16 species in Lauffer et al. (2018). Given
the large differences in the sizes of the nuclear networks, it
is expected that some differences in the chemical profiles may
arise. In this section, we explore the effects of the assumption of
different nuclear reaction networks on the shape of the chemical
profiles expected at the end of the SAGB phase.

We computed models with the same input physics as
in Lauffer et al. (2018), including thermohaline mixing. We
also analyzed the impact of two different reaction networks,
namely co_burn_plus.net, which was used by Lauffer et al.
(2018) and follows 16 species, and sagb_NeNa_MgAl.net,
which includes 29 species in total. The choice to incor-
porate sagb_NeNa_MgAl.net into our analysis was moti-
vated by the fact that it includes the >*Na isotope (unlike
co_burn_plus.net), with potentially important consequences
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Fig. 7. Chemical profiles for 11 M, models considering the nuclear
network co_burn_plus.net (solid line) and the nuclear network
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line).

for the resulting chemical profile. Indeed, the primary
reaction '>C(12C, p)>®Na can lead to a decrease in the
amount of C that is available for the 2°Ne-creating reaction
2C(12C, @)*°Ne, whereas 2°Ne(e, p)**Na can directly lead to
a decrease in the ’Ne abundance. Since these reactions are
included in the sagb_NeNa_MgAl.net network, but not in
co_burn_plus.net, the former is expected to be more suitable
for the computation of realistic SAGB models. Extreme mass
loss rates were included during the early AGB as in Lauffer et al.
(2018) to allow for a detailed comparison with that work.

The sequence computed with f = 0.1 and co_burn_
plus.net thus corresponds to the very same choice of CBM, the
nuclear network, and mass-loss rates adopted by Lauffer et al.
(2018). Consequently, this simulation shows the same abun-
dances reported by Lauffer et al. (2018), with the formation
of ?°Ne-dominated WDs (see Fig. 6). Conversely, and as
can also be appreciated in Fig. 6, the choice of the larger
nuclear network sagb_NeNa_MgAl.net leads to a very differ-
ent 2’Ne abundance, which is in better agreement with those
presented by previous authors (Ritossa et al. 1996; Siess 2006;
Doherty et al. 2010; Denissenkov et al. 2013) who found 160)-
dominated instead of 2’Ne-dominated cores. It is safe to assume
that some of the missing reactions in co_burn_plus.net are
the key to reproducing the result found by Lauffer et al. (2018).
Due to the complex interaction between the production and
destruction of isotopes from the reactions involved, it is a pri-
ori not clear which of these reactions are the ones responsi-
ble for the enhancement of 2’Ne. We accordingly performed
an exploration consisting in the one-by-one removal of several
specific nuclear reactions and their possible combinations from
the sagb_NeNa_MgAl.net network which are not present in
co_burn_plus.net; this allowed us to look deeper into their
impact on the final chemical abundances.

Our results show that it is the removal of the '>C('?C, p)**Na
reaction that induces the most significant impact on the '°0 and
20Ne abundances. This is shown in Fig. 7, where we compare
the chemical profiles obtained for two sequences, both of which
were computed assuming f = 0.1. In the first one, we assumed
the co_burn_plus.net network. In the second, a modified ver-
sion of the network sagb_NeNa_MgAl.net, in which the reac-
tion 2C(12C, p)**Na was removed, was considered. From these
sequences, it is clear that it is the absence of '>?C(1?C, p)**Na in
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Table 1. Effective temperature and percent of crystallized mass for
selected values for the three evolutionary sequences computed.

Crystallized mass (%) Tex (K)
He-enriched ONe-core NeO-core

0 30047 28714 30586
10 28272 27014 28504
20 27393 26027 27566
30 26479 25282 26838
40 25486 24360 25840
50 24426 23253 24747
60 23069 22031 23579
70 21607 20665 21989
80 19748 18946 20043
90 17012 16495 17230
95 14701 14229 15100
96 14039 13696 14224
97 13400 12926 13401
98 12358 12032 12489
99 10974 10758 11065
99.1 10844 10593 10945
99.2 10568 10336 10697
99.3 10370 10163 10482
994 10109 10000 10215

the co_burn_plus.net network that leads to a high 2°Ne com-
position.

This result can be understood in terms of the '>C available
during the C-burning phase. The '2C(!2C, p)**Na nuclear reac-
tion produces the isotope 2*Na and contributes to the consump-
tion of >C. By removing the production of 2’Na, 'C is available
in the interior of the star and, overall, allows a larger produc-
tion of 2°Ne through the reaction '>?C('?C, @)*Ne. Consequently
about 0.07 of the mass fraction that would have ended as >*Na
ends up as an additional 0.07 of ?’Ne by mass fraction. More-
over, for each additional '>?C('2C, @)*°Ne, we have one free «
particle available for reactions, through '°O(«, y)*°Ne leading to
an additional increase in 2°Ne of about 0.1 (by mass fraction)
at the expense of the '°0 abundance. In brief, the removal of
the >C(!>C, p)*3Na nuclear reaction leads to a decrease of about
0.1 in the mass fraction of '°0, the removal of almost all 2*Na,
and an increase in the mass fraction of 2’Ne by about 0.17. This
is seen in Fig. 7, where we compare the chemical structure for
both models. Clearly, when the production of 23Na is removed,
the distribution of the most abundant elements 2°Ne and '°0 is
in good agreement with those found in Lauffer et al. (2018).

4. Consequences for WD evolution

In this section we explore the impact of the chemical features
derived from the extreme assumptions discussed in the previ-
ous sections on the WD cooling times, crystallization, and pul-
sational properties. To this end, we computed the evolution of
three Mwp = 1.22 My WD models. We adopted a ONe-core
model with the chemical composition derived by Siess (2007)
consisting of a core composition of 1°0 (56%); 2’Ne (29%) plus
traces of 12C, Na, and 24Mg; and a total 'H and *He content
of 1.5 x 1077 and 6.5 x 107 Myyp, respectively. For a better
comparison, the H content was set to match the one derived
by Lauffer et al. (2018), while the He content is the one derived
from the correct calculation of the progenitor’s evolution. Addi-

tionally, we adopted a NeO-core model obtained from our pre-
vious co_burn_plus.net model, with a similar composition
derived by Lauffer et al. (2018), that is to say a core made of
160 (42%), 2°Ne (49%), and with a H- and He-content added
on the top of 1.5 X 1077 and 7.6 x 10~* Mwp. Finally, to test
the impact of the large He content added, we computed a He-
enriched model consisting of the same chemical structure as the
correct ONe-core model, but with an incorrect He content of
7.6 x 10~* Myp. The evolution and structure of the WD models
presented in this section were calculated with the LPCODE evo-
lutionary code (for details, see Althaus et al. 2003, 2005, 2015,
2021; Miller Bertolami 2016). During crystallization, we took
the release of latent heat and changes in the core chemical com-
position resulting from phase separation upon crystallization into
account, using a phase diagram suitable for '°0 and ?’Ne plas-
mas (Camisassa et al. 2019).

4.1. Cooling times and crystallization

We computed the cooling times for each WD sequence from
~200 000 down to ~10 000 K. By the time the sequences reached
the minimum effective temperature considered, the models were
almost completely crystallized. We found cooling times of ¢, =
2.093, 1.882, and 1.863 Gyr for our ONe-core, He-enriched, and
NeO-core models, respectively. Our results indicate that the
inclusion of large amounts of He induces an acceleration in the
cooling process by ~10%. The main reason behind this result is
that, during the enhancement of the He content, heavier elements
such as C and O are replaced at the bottom of the He buffer zone
by “He. The opacity of “He is lower than the one provided by car-
bon, thus the layers above the degenerate core are less opaque,
accelerating the cooling (see Althaus et al. 2021). On the other
hand, the analysis of the different core compositions reveals that
the model with a Ne-dominated core evolves slightly faster. This
is because the specific heat per gram of O-rich compositions is
larger than in the corresponding Ne-enriched ones.

Due to the different compositions and cooling rates of our
models, some impact is expected on the crystallization degree
of the core as the evolution proceeds. Mixtures enriched in 2’Ne
are expected to crystallize earlier than '°O-rich mixtures. This is
seen in Table 1, where we display the percentage of crystallized
mass for each of the models computed, along with their corre-
sponding effective temperatures. As can be seen, the NeO-core
model starts to crystallize at a temperature that is ~530 K higher
than in the case of our He-enriched model. From the same table,
it is seen that the most important acceleration in the crystalliza-
tion process is brought about by the large amount of He added,
leading to a crystallization that takes place significantly earlier,
in other words at a temperature that is higher by ~1300K. As
a consequence, the overall differences in the mass of the solid
region can exceed 10%. However, as the model cools down,
these differences are reduced, and reach only a few percent by
the time they reach the ZZ Ceti instability strip at ~13 000 K.

4.2. Asteroseismology

The non-negligible differences found in the size of the crystal-
lized portion of the star and chemical structure previously dis-
cussed are expected to leave their imprint on the g-mode pulsa-
tions of ZZ Ceti stars. As is known, the period spectrum and
mode-trapping properties of g-modes strongly depend on the
value of the Brunt—Viiséld frequency across the interior of the
star, which, in turn, depends on the chemical structure of the
model. Thus, any change perceived in the chemical profiles are
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translated into changes in the WD’s expected pulsational prop-
erties.

To measure the corresponding impact of the different core
compositions and “He content, we computed the pulsational
properties of all our ultra-massive pulsating DA WD models
with the LP-PUL pulsation code described in Cérsico & Althaus
(2006), which was previously employed in the study of the
properties of ultra-massive WD models (De Gerénimo et al.
2019) and used to perform asteroseismologycal studies of ultra-
massive ZZ Ceti stars (Cdrsico et al. 2019b). Element diffusion
was included for all models from the beginning of the WD cool-
ing track. This process smoothens the inner chemical profiles,
strongly affecting the run of the Brunt—Viisild frequency across
the interior. We adopted the “hard sphere” boundary conditions
when accounting for the effects of crystallization on the pulsa-
tional properties of g-modes. This assumes that the amplitude of
the eigenfunctions of g-modes is drastically reduced below the
solid and liquid interface, as compared with the amplitude in the
fluid region (Montgomery & Winget 1999).

In Fig. 8 we show the run of the logarithm of the squared
Brunt—Viisili frequency (NV?) against the normalized radius of
the star for each model at 12000 K. The values of the Brunt—
Viisild frequency corresponding to the crystallized region of the
model are shown as dotted lines, while the solid lines correspond
to the fluid region. The right side of the plot corresponds to a
zoomed-in look in the fluid region. At this effective temperature,
the models have 98.0% (ONe-core), 98.3% (He-enriched), and
98.4% (NeO-core) of their mass crystallized, meaning that most
of the different core-chemical features do not have an impact on
the g-mode pulsations. This prevented us from directly measur-
ing the impact of the different core compositions on the pulsa-
tional properties. In the fluid region, however, two features are
clearly distinguishable: the bump in the C/He chemical transi-
tion, which is located at /R, ~ 0.95 for the NeO-core and He-
enriched models and at ~0.98 for the ONe-core model, and the
bump in the H/He chemical transition, located at /R, ~ 0.99.
The differences found both in the value of N? at the C/He chem-
ical transition as well as in its location are the result of the artifi-
cial addition of “He above the core.

We computed the asymptotic period spacing, a quantity fre-
quently used in asteroseismological analyses. As is known, for
g-modes with high radial order k, the separation of consecutive
periods becomes nearly constant at a value given by the asymp-
totic theory of nonradial stellar pulsations (e.g., Aerts et al.
2010; Catelan & Smith 2015, and references therein). The
asymptotic period spacing was computed as in Tassoul et al.
(1990):

AT = Ty / \JE(€ + 1), &)
where
3 N -1
Il = 27° [ f —dr] , (6)
r r

and N is the Brunt—Viiséla frequency.

The period spacing thus strongly depends on the value of
N and the size of the propagation region of g-modes. In fact,
when a fraction of the WD core is crystallized, the lower limit
of the integral in Eq. (6) is the radius of the crystallization front,
which progressively moves outward as the star cools down and
the fraction of crystallized mass increases. As a result, the inte-
gral in Eq. (6) decreases, leading to an increase in the asymptotic
period spacing (Eq. (5)).
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same meaning as in Fig. 8.

In Fig. 9 we show the evolution of the asymptotic period
spacing as a function of the effective temperature. For each
model, a sudden increase in the value of the asymptotic period
spacing is noted on the left side of the plot, resulting from
the onset of crystallization. From there on, a constant increase
in the asymptotic period spacing is seen as the models cool
down, mostly due from the outward moving crystallization front.
By the time the models reach the ZZ Ceti instability strip at
~13000K, the models have a very similar crystallized mass
(~97%). Because of this, differences found in the asymptotic
period spacing are mostly related to differences in the value of
the Brunt—Viisild frequency, that is, differences induced by the
large amount of He added. This can be seen as an overlap of
the asymptotic period spacing curves of the NeO-core and He-
enriched models. We found differences in the asymptotic period
spacing at this stage of up to 8%.

In addition to crystallization, the most important physical
process affecting the shape of the WD structure and, as a con-
sequence, their pulsational properties, is element diffusion. The
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chemical structures computed and the results presented in this
work thus reflect the effect of element diffusion from the begin-
ning of the WD cooling path until ~10000 K. In particular, we
perceived a notable contrast between our derived chemical pro-
file for 1°0 with that from Lauffer et al. (2018), who, for models
with 1.132 < Mwp/Ms < 1.307 at ~10000 K, found profiles
characterized by a sharp and tall peak at the base of the He-buffer
zone’. As this result can have a significant impact on the trap-
ping properties of pulsating WDs, we did a simple experiment
in which we explored how this feature could be produced. Since
our SAGB models do not show this signature in the '°O profile,
we assume that it should form during the cooling of the WD.
By assuming that diffusion acts for all the isotopes involved, we
were unable to reproduce this peak. However, we find that such a
chemical signature could be produced if the diffusion of the >C
isotope is ignored.

5. Conclusions

In this work, we have performed several numerical simulations
aimed at understanding the discrepant core composition of ultra-
massive WDs (Mwp > 1.05 M,,) predicted by previous authors
(e.g., Ritossa et al. 1996; Siess 2006; Denissenkov et al. 2013;
Lauffer et al. 2018). Specifically we have addressed the possi-
ble formation of Ne-dominated WDs and hybrid CO-Ne WDs
and how this can be affected by modeling choices involving, for
instance, the intensity of convective boundary mixing, the size of
the nuclear reaction network, and extreme winds on the SAGB
phase. We also computed the impact of these chemical structures
on the cooling times, crystallization, and pulsational properties
of ultra-massive ZZ Ceti stars.
Our main conclusions can be enumerated as follows:

1. The predicted existence of Ne-dominated massive WDs
(Lauffer et al. 2018) is the consequence of the adoption
of a small nuclear network (co_burn_plus.net) which
ignores the isotope 2*Na. Specifically, disregarding the
12¢('2C, p)**Na nuclear reaction leads to a decrease of about
0.1 in the mass fraction of '°Q, the removal of all 2’Na, and
an increase in the mass fraction of 2’Ne by about 0.17 (by
mass fraction).

2. In agreement with previous authors, we find that the inclu-
sion of convective boundary mixing quenches the carbon
flame, leading to the formation of hybrid CO-Ne cores. We
find that the size of the pure CO core depends on both the
adopted value of the overshooting parameter f and the initial
mass.

3. Based on the insight coming from 3D hydro-dynamical sim-
ulations, we have performed order-of-magnitude estimates
which suggest that entrainment at the bottom of the carbon
flash convective zone might be on the order of a few tenths
of the local pressure scale height. Moreover, given the very
slow propagation of the carbon flame in numerical models
(Viame ~ 103 cms™!) in comparison with the typical turbu-
lent velocities in the convective zone (vyr ~ 5x10* cms™!),
it is expected that turbulent entrainment will strongly modify
the propagation of the C-flame.

4. The inclusion of strong winds removes the whole H-rich
envelope and a large part of the He-rich mantle of the
star, extinguishing the H-burning shell and affecting the He-
burning shell. This has a direct impact on the post-SAGB

2 These are exactly the models in which He was added ad hoc to
replace the envelope removed by the assumption of artificially strong
winds.

core’s thermal evolution, moderately shifting the location

of the temperature maximum. Consequently, the C-flash is

ignited closer to the center and the C-burning flame pene-
trates more deeply.

5. The prediction by Lauffer et al. (2018) that hybrid CO-Ne
cores do not form for massive WDs, even when a large
amount of convective boundary mixing is included at the
bottom of the C-flame, is a consequence of the adoption of
very large values for the overshooting parameter during the
C-flash and the presence of thermohaline mixing.

6. The inclusion of large amounts of “He induces an acceler-
ation in the cooling process of the models by up to ~10%,
with respect to those in which the total helium content is
obtained by the detailed computation of the SAGB evolution.
This result is a consequence of the lower opacity of helium
compared to carbon. The adoption of Ne-rich core mixtures
slightly accelerates the cooling process due to the smaller
specific heat per gram, compared to O-rich compositions.

7. Structures composed of Ne-dominated cores and large
amounts of He result in a strong acceleration of the crys-
tallization process, which takes place earlier and thus at an
effective temperature up to ~1800 K higher, as compared to
our standard models. Differences in the crystallization degree
of the models can exceed 10% for the same effective temper-
ature.

8. Atthe ZZ Ceti instability strip, differences found in the cool-
ing, crystallization degree, and size of the He-buffer zone are
expected to impact the asymptotic period spacing by up to
~8%. In addition, the location and size of the base of the He-
buffer zone is expected to have a non-negligible impact on
the trapping properties of g-modes.

These results indicate that, while the formation of hybrid
CO-Ne core WDs is a concrete possibility, the existence
of Ne-dominated WDs has to be discarded according to
the reaction rates and branching ratios included in the
sagb_NeNa_MgAl.net network. Additionally, the adoption of
these spurious chemical structures for asteroseismological anal-
ysis could lead to incorrect determinations of cooling times,
crystallization, and period spacings.

To close, we note that the uncertainties affecting the '>C+'2C
reaction rate and its corresponding branching ratios are still
very significant (e.g., Pignatari et al. 2013; Chieffi et al. 2021;
Monpribat et al. 2022, and references therein). This could plau-
sibly affect the final chemical profile of the resulting ultra-
massive WDs (e.g., Halabi & El Eid 2015). A full investiga-
tion of this topic is beyond the scope of this paper, but will be
addressed by us in the near future.
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