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The electrokinetic energy conversion, electroviscous effect, and induced internal and external magnetic fields in a smart

polyelectrolyte grafted "soft" nanopore with pH responsiveness are studied here using an efficient molecular theory ap-

proach. The analysis is based on writing the total free energy of the system, including the conformational entropy of the

flexible, self-avoiding polymer chains and the translational entropy of the mobile species, the electrostatic interactions,

and the free energy due to chemical equilibrium reactions. Then the free energy is minimized, while satisfying the nec-

essary constraints to find the equilibrium state of the system. The predictions of the model are shown to be in excellent

agreement with analytical solutions derived for special cases. We discuss the effect of different influential environmen-

tal and polymer brush parameters in detail and show that the electrokinetic energy conversion efficiency is optimal at

moderate pH values and low background salt concentrations. It is also shown that the electrokinetic energy conversion

efficiency is a complex function depending on both the environmental and polymer brush properties. Notably, high slip

coefficients or high polymer grafting densities do not necessarily lead to a high energy conversion efficiency. Magnetic

fields readouts allow to measure streaming currents through nanopores without the need of electrodes, and may be

utilized as a secondary electronic signature in nanopore sensing techniques. It is shown that in nanopores modified

with polyelectrolyte brushes the induced magnetic fields can be tens of times larger than those in solid-state nanopores

having only surface charges. We show that by tuning the pH, background salt concentration, surface charge and poly-

electrolyte grafting density, the magnitude of the internal and external magnetic fields can be significantly changed and

controlled in a wide range.

I. Introduction

There is a strong interest in the transport properties of

nanochannels due to their promising applications in bio-

sensing,1–4 synthetic gates,5,6 nanofluidic circuits,7,8 analyte

detection9,10 and energy conversion.11,12 The main operation

principle of nanopore sensing is analyzing the ionic current

of a nanopore during the translocation of an analyte, e.g.,

DNA, RNA and proteins. One of the major drawbacks in

nanopore sensing is the fast translocation of bio-molecules,

which makes the readout process difficult.13 The use of a pres-

sure gradient has been proposed as a possible solution for this

issue.13–16 In this method, the pressure difference causes a

counterbalance force slowing down the translocation speed.

It has been reported that this procedure can significantly re-

duce the translocation velocity without deleterious effects on

the capture rate or the signal to noise ratio. Using pressure

gradients in nanochannels also has another important appli-

cation in electrokinetic energy conversion.17–19 In fact, elec-

trokinetic effects can be utilized for direct conversion of elec-

trochemical energy into kinetic energy or vice versa. In the

first case, named electroosmosis, a voltage applied between

the two ends of the nanopore causes the electrolyte solution

to be dragged along with an ionic current and operates as a
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pump under the influence of a direct (DC) current20–22 or al-

ternating (AC) current.23 While in the reverse case, a pres-

sure gradient causes a flux of the solution transferring ions

along with it, which induces a streaming potential and cur-

rent that can be utilized for power generation and electropoly-

merization.24 In this operation, the streaming current, sim-

ilar to electric currents, induces internal and external mag-

netic fields, which can be used as complementary signals in

the readout of label-free nanopore sequencing.25 The applied

pressure gradient can be used not only as a means of slow-

ing down the particle movement but also the induced mag-

netic field can be used to detect a secondary signal in addi-

tion to the ionic current to enhance the efficiency of the read-

out process in a non-invasively approach. Moreover, mag-

netic fields provide an unique and novel approach to measure

pressure-induced streaming currents through nanopores with-

out the need of external electrodes. Therefore, in this work,

we aim to focus on the flows created by applying a pressure

gradient between the two ends of the pore for two main pur-

poses: (1) investigating their application as a source of elec-

tricity, and (2) studying the internal and external magnetic

fields created by these flows and analyzing their application

as a supplementary sensing technique. Inspired by nature and

by the recent advances in nanofabrication techniques, a new

wave of nanochannels and nanopores is born by coating poly-

mer and polyelectrolyte (PE) brushes on interface surfaces. In

these systems, the characteristic channel widths are similar to

the solution Debye length and the extension of the polymer

chains. The resulting competition between different length

scales can lead to unique features and applications, especially
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when the polymer chains are made from responsive materi-

als. Among those, the transport through solid-state nanopores

modified with pH-responsive polyelectrolyte brushes can be

easily tuned by controlling the environment properties, like

the pH and background salt concentration, which promises

major advances in applications such as the manipulation of

ion transport,26 bio-sensing27 and current rectification.28

In this work, we refer to nanochannels that are not coated

by polyelectrolyte chains as "solid-state nanopores" or "bare

solid-state nanopore", in contrast to the polymer-modified

nanopores, which are referred as "soft nanopores". The

rectification properties of a conical nanopore functionalized

with smart polymer brushes was experimentally investigated

by Yameen et al.29 The responsive brushes were constituted

of zwitterionic monomers whose charge was tuned via pH

changes in the environmental conditions. The authors showed

that this technique can provide a high degree of control over

the rectification properties of the nanopore. In a similar exper-

imental investigation,5 the authors studied the performance of

a solid-state nanopore modified with pH-responsive poly(4-

vinyl pyridine) brushes and revealed that this nanopore could

act as gate-keepers, which manage and constrain the flow

of ionic species through the confined environment. Other

experimental examples of pH-responsive nanopores include

the ionic transport regulation via pH in solid-state nanopores

modified with polyprotic polymer brushes30 and pH-tunable

nanofluidic diodes prepared from a protein ion channel recon-

stituted on a planar phospholipid membrane.31

Electrokinetic energy conversion has been initially studied

in the 1960’s by Osterle and co-workers32,33 and Burgreen and

Nikache.34,35 Because of the renewed interest in nanopores

during the past decade, many other researchers have contin-

ued working on this topic.12,17,36–39 However, the number of

investigations considering soft polymer-modified nanochan-

nels is still small40–44 and most of them have treated the

polyelectrolyte chains as a soft layer with a fixed constant

thickness40–43,45 and a fixed surface charge density.40–42,45

Furthermore, to the best of our knowledge, magnetic fields

induced by the streaming potential have not been yet studied

in nanopores coated by polymer chains. Therefore, our goal

in this article is to fill this gap in the literature by (1) consider-

ing pH-regulated polyelectrolyte brushes and modeling them

using a more rigorous approach than the ones employed in

previous works and (2) advance our understanding of the in-

ternal and external magnetic fields induced by pressure-driven

streaming current in a pH-regulated polyelectrolyte-grafted

nanopore.

Several theoretical studies have been undertaken to

study electrokinetic flows inside micro/nanochannels us-

ing the mean-field approaches, such as Poisson-Nernst-

Planck (PNP)46–49 and Poisson-Boltzmann (PB)50,51 and,

in a more simplified approach, using the Debye–Hückel

approximation.21,22,52,53 Although these methods make the

analysis relatively easy and computationally inexpensive, they

do not provide detailed information about the behavior of the

PE brushes and do not incorporate molecular details of the

system like the polymer conformations, the electric charges,

the molecular organization inside the polyelectrolyte layer

FIG. 1. Schematic representation of the problem under consider-

ation. The inner wall is coated with PE chains responsive to the

pH and salt concentration of the solution. A pressure difference

∆P is exerted between the two ends (higher pressure at the bottom,

dP/dZ < 0); R and Z are the radial and axial directions, respectively.

j−str,P, and j−str,E denote the streaming flux densities of anions due to

the applied pressure gradient and the induced back electroosmotic

transport, respectively. j−con is the conduction flux density of the neg-

ative ions, and Estr and B are the induced streaming and magnetic

fields, respectively.

(PEL), and the sizes of the ions and monomers. The molec-

ular theory we use here to model polyelectrolyte chains is

a powerful approach developed by Szleifer and co-workers,

which addresses all of these deficiencies and provides a con-

tinuum framework to capture the coupling between the phys-

ical behavior and the chemical states of the system. This

theory has been used in the past to study the morphology

and structure of PE-brush modified nanochannels under var-

ious environmental conditions54–56 and for different poten-

tial applications.57–62 The present study aims at utilizing the

molecular theory approach, which is considerably less ex-

pensive than particle based methods like molecular dynamics

(MD) simulations and more detailed than mean-field theories

based on the PB approximation. We investigate in this work

the electroviscous effects, electrochemical energy conversion,

degree of ionization of the weak PE functional groups and the

internal and external magnetic fields in nanochannels coated

by pH-responsive polyelectrolyte brushes. The theory is gen-

erally based on writing the overall free energy of the system

and then minimizing it with respect to the functions that de-

scribe the structure of the system in order to find its equilib-

rium state. Moreover, analytical solutions are obtained for

some special cases.

II. Problem formulation

We consider here a layer of pH-responsive polyelectrolyte

chains endgrafted to the interior surface of a cylindrical

nanopore and immersed in an electrolyte solution containing

KCl. The schematic of the problem alongside with the co-

ordinate system is shown in Fig. 1. The nanopore has a ra-

dius Rpore and a length Lpore and connects two reservoirs filled

with the electrolyte solution. The system contains Np poly-

mer chains end-tethered to the inner surface of the nanopore

with a total area equal to Apore = 2πRporeLpore, which results

in a surface grafting density σ = Np/(2πRporeLpore). The de-

gree of polymerization of the polymer brushes is N. Each

segment in the polyelectrolyte is a weak base, which has a +1

charge at low (acidic) pH and a zero charge at high (basic)

pH. We specifically choose a pKa of 5.2 for the segments in

order to model a poly(vinylpyridine) brush, such as that used

to modify solid-state nanochannels in the past.5,63 Thus, the

acid-base reaction of the monomers is given by:

Pol-pyH+←→ Pol-py+H+ (1)

Ka =
[Pol-py][H+]

[Pol-pyH+]
(2)
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where Pol-py and Pol-pyH+ denote a neutral and protonated

pyridine segment, respectively, and Ka is the acid-base equi-

librium constant for the deprotonation of the Pol-pyH+ seg-

ment (Eq. (1)).58 It should be noted that in previous deriva-

tions of the molecular theory,63 the acid-base equilibrium of

the pyridine was considered in terms of the protonation of the

pyridine and thus the expression for Kb was used instead of

that of Ka. Both formulations of the theory are of course

equivalent and produce the same final result.

It is further assumed that the system is narrow (Rpore ≪
Lpore) and, due to its axiosymmetric geometry, inhomo-

geneities will be considered only in the radial direction. The

flow inside the pore is generated by a pressure gradient applied

between its two ends, which leads to a streaming flux density

j−str,P due to the fluid motion and transport of the negative ions.

Moreover, in the open external circuit (OEC) case the accu-

mulation (depletion) of the negative mobile counter ions in the

lower (upper) end of the nanochannel produces a steady-state

electric field Estr = EstreZ in the Z-direction, whose modulus

Estr is known as streaming potential. This streaming field cre-

ates both a conduction flux density of negative ions j−con and

an electroosmotic (EO) flow in the opposite direction of the

fluid motion inside the pore. The induced EO flow causes a

streaming flux density shown here by j−str,E. The streaming

current Istr, and conduction current Icon, are the surface inte-

gral of the pertinent streaming and conduction flux densities,

respectively. It is also noteworthy that for the external short-

circuit (ESC) case, where there is no induced electrical field,

we have only j−str,P. For simplicity the subscript P is omitted

for this case in the rest of manuscript.

The structure of the system is obtained with a molecular

theory, which is based on a single chain mean-field approx-

imation. The fundamental idea is to obtain the equilibrium

condition of the system by minimizing its total free energy. In

the derivation of the present form of the molecular theory, sev-

eral assumptions are made that should to be pointed out first.

Firstly, the molecular theory predicts the molecular organiza-

tion of the system in equilibrium. We assume here that the

equilibrium structure of the system is still valid in the steady

state and use it to calculate ion fluxes with the Nernst-Planck

equation. This approximation will be good for small external

perturbations (low applied pressures). The mean-field nature

of the theory is also an important approximation as it neglects

correlations, which would affect for example the activity co-

efficients of the ions. Although this approach has some lim-

itations, it has many advantages to model large systems that

would be very expensive (if not impossible64) to study with

particle-based approaches such as MD58 if it is not possible.

The molecular theory incorporates many molecular details of

the system and provides us with information at the nano/micro

scale that cannot be captured using continuum approaches,

such as Poisson-Boltzmann and PNP. It should be noted that

the PNP approach can be thought as a limiting case of the

non-equilibrium molecular theory for the case where (1) there

are no polymer chains in the system, (2) there is no chemi-

cal equilibria, and (3) there are no steric (excluded volume)

repulsions.65

The first step in the derivation of the theory is to write the

total Helmholtz free energy functional (F) of the system,

βF

Apore
=σ ∑

α

P(α) lnP(α)+
∫ Rpore

0
G(R)w(R)dR+βσsΨ(Rpore)

(3)

where β = 1/kBT , kB is the Boltzmann constant and T is

temperature. The first term in Eq. (3) is the entropy aris-

ing from different polymer chain conformations, where P(α)
is the, yet unknown, probability of finding a polymer chain

in conformation α and the sum runs over all possible con-

formations. σ is the surface coverage of the polyelectrolyte

chains. The second term includes the radial free energy den-

sities due to three different modes of contributions, w(R) =
wtrans(R) + wreact(R) + welectro(R), where R denotes the dis-

tance to the axis of the pore and G(R) is a factor that accounts

for the curvature effect of the cylindrical nanopore defined as

G(R) = A(R)/Apore = R/Rpore. The term wtrans(R) represents

the contribution from the translational entropies of all mobile

species, given by

wtrans(R)= ρw(R){ln[ρw(R)vw]−1}+ ∑
i∈ions

ρi(R){ln[ρi(R)vw]−1}

(4)

where ρi(R) denotes the number density of species i at radial

position R, vw stands for the volume of a water molecule and

subscript ’ions’ represent all mobile ion species including K+,

Cl−, H+, and OH−. The second contribution wreact(R) is the

free energy density due to the acid-base equilibrium reactions

calculated as

wreact(R) = 〈ρp(R)〉{ f (R) ln f (R)+ [1− f (R)] ln[1− f (R)]}

+〈ρp(R)〉
{

β µ0
PyH+ f (R)+β µ0

Py[1− f (R)]
}

+β µ0
OH−

ρOH−(R)+β µ0
H+ρH+(R) (5)

where 〈ρp(R)〉 = σ ∑α P(α)nα(R)/G(R) is the average ra-

dial polymer number density, nα(R)dR is the number of

monomers residing between R and R+dR for a chain in con-

formation α , µ0
i is the standard chemical potential of species

i, and

f (R) =
[Pol-pyH+(R)]

[Pol-pyH+(R)]+ [Pol-py(R)]
(6)

is the degree of ionization of the monomers at radius R.

The third term contributing to the free energy functional is

welectro(R), which accounts for the electrostatic interactions,

welectro(R) = β

{

〈ρq(R)〉Ψ(R)−
1

2
ε f [∇RΨ(R)]2

}

(7)

Here, Ψ(R) is the electrical potential field, ε f is the permittiv-

ity of the solution (which we assumed to be constant through

the system), ∇R stands for the gradient in the R-direction and

〈ρq(R)〉= qp f (R)〈ρp(R)〉+∑i∈ions qiρi(R) is the average den-

sity of electrical charges at radial location R. In this relation,

qp and qi are the electrical charges of a protonated monomer

and the ionic species i, respectively. In Eq. (3), the third term

is the free energy due to the surface charge density σs of the

pore.
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We consider a good solvent quality, thus there are

not net short-range nonelectrostatic attractions between the

monomers of the polymer and between a monomer and

the solvent. The repulsive intramolecular and intermolec-

ular interactions are taken into account through assuming

a hard core potential and are enforced through the genera-

tion of self-avoiding polymer conformations for intramolec-

ular monomer-monomer interactions, and by using a volume-

filling (packing) constraint for the other repulsive interactions.

The volume filling constraint is written as

〈φp(R)〉+ ∑
i∈{ions,w}

φi(R) = 1 (8)

where φi(R) = ρi(R)vi and 〈φp(R)〉 = 〈ρp(R)〉vp are the vol-

ume fractions of mobile species i (with volume vi) and poly-

mer monomers (with volume vp) at position R, respectively.

The normalization of probability distribution function of the

conformations of the polymer, ∑α P(α) = 1, is a second con-

straint that should be enforced. Finally, since we are dealing

with equilibrium conditions, the chemical potentials of the

ions are fixed to those inside the reservoirs. Therefore, the

proper thermodynamic potential that should be considered is

not the Helmholtz free of the system, F , but rather its Legren-

dre transform, F −∑i∈ions µini. Considering this Legrendre

transform and introducing the constraints through Lagrange

multipliers, results in:

βΩ

Apore
=

βF

Apore
−β ∑

i∈ions

µi

∫

G(R)ρi(R)dR

−β µH+

∫

G(R) f (R)〈ρp(R)〉dR−χ

[

1−∑
α

P(α)

]

+β

∫

G(R)π(R)

[

〈φp(R)〉−1+∑
i

φi(R)

]

dR (9)

where π(R) and χ are Lagrange multipliers corresponding to

the incompressibility and normalization constraints, respec-

tively. In fact, the Lagrange multiplier π(R), which enforces

the packing constraint, is a position-dependent osmotic pres-

sure. Note also that the third term in the RHS accounts for

the −µini term of those protons that are bound to monomer

segments. To obtain the equilibrium condition of the system,

the functional Ω defined by Eq. (9) should be extremized with

respect to the unknown structural functions. To do so, it is

convenient to introduce a number of dimensionless parame-

ters:

r =
R

Rpore
, π∗ = βπvw, q∗ =

q

e
, v∗ =

v

vw

,

ψ = βeΨ, λ =

(

βe2

ε f vw

)−1/2

, ω =
Rpore

λ
(10)

With the help of these dimensionless variables, the functional

Ω is an extreme, if the following dimensionless equations hold

for i ∈ {ions}

φi(r) = φ bulk
i exp

{

−
[

π∗(r)−π∗,bulk
]

v∗i −q∗i ψ(r)
}

,(11)

φw(r) = exp[−π∗(r)], (12)

f (r)

1− f (r)
=

φH+(r)exp[π∗(r)v∗
H+ ]

KaNAvH+
, (13)

P(α) =
1

¶
exp

∫

−nα(r)
[

ln f (r)+q∗pψ(r)+π(r)v∗p
]

dr,(14)

0 =
∂ 2ψ(r)

∂ r2
+

1

r

∂ψ(r)

∂ r
+ω2〈ρ∗q (r)〉 (15)

where ¶ is a factor that guarantees the normalization of the

distribution of the polymer conformations, P(α), and the di-

mensionless charge density obeys

〈ρ∗q (r)〉=
〈ρq(r)〉vw

e
=

q∗p f (r)〈φp(r)〉

v∗p
+ ∑

i∈ions

q∗i φi(r)

v∗i
(16)

The superscript bulk at φ bulk
i = ρbulk

i vi in Eq. (11) refers to

the bulk values of the parameters. One has ρbulk
i = Cbulk

i NA

where Cbulk
K+ =CKCl, Cbulk

Cl−
=Cbulk

K+ +Cbulk
H+ −Cbulk

OH−
for pH ≤ 7

and Cbulk
K+ =Cbulk

Cl−
−Cbulk

H+ +Cbulk
OH−

, Cbulk
Cl−

=CKCl for pH≥ 7 and

Cbulk
H+ = 10−pH M, Cbulk

OH−
= 1014−pH M.21

The pertinent boundary conditions completing the equation

for the potential obtained in Eq. (15) are

dψ

dr

∣

∣

∣

∣

r=0

= 0,
dψ

dr

∣

∣

∣

∣

r=1

= σ∗s =
βeRpore

ε f

σs (17)

The system of coupled equations given by Eqs. (11) to (17)

must be solved simultaneously. In fact, by finding the so-

lution of these equations, the equilibrium distribution of the

ions, φi(r) and water molecules, φw(r), the electrical potential

field, ψ(r), osmotic pressure distribution, π(r), and the poly-

electrolyte chains’ morphological properties including their

local monomer distribution, 〈φp(r)〉, local degree of ioniza-

tion, f (r) and probability distribution, P(α), can be found

at different environmental conditions, i.e varying pH, CKCl,

degree of polymerization N, surface grafting density σ and

surface charge density σs. The obtained functions are sub-

sequently used (next sections) to both solve the conservation

law of momentum equations and evaluate other parameters of

interest.

To solve the system of equations numerically, the radial

coordinate of the nanopore is binned into M = Rpore/δ lay-

ers of identical thickness δ and the equations are discretized

using the finite difference method. To solve this discretized

system, a representative set of geometry-compatible and self-

avoiding chain conformations is generated as the input of the

theory. We use the gensaw code66 to produce this represen-

tative sample of polymer chains. We assumed fully flexible

chains and used the rotational isomeric state (RIS) model with

constant bond length ℓ, constant bond angle 68°, and three

equally possible states of trans, gauche+, and gauche− with

the same internal energy. We have written a new add-on code

to gensaw for post-processing its output and extracting out

the required information, including the number of monomers
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residing in each of the M grid nodes. The code is general and

can be used for 3D cases as well. Moreover, in this study, be-

cause the size of the mesh is chosen to be much smaller than

the size of the monomers, we have added an option for the 1D

case that can split the monomers and then find the portion of

each monomer that resides in each grid node.

We recall that the molecular theory presented here is an

equilibrium theory that predicts equilibrium polymer confor-

mations. If the external perturbation arising from the pressure-

driven flow is sufficiently small, the equilibrium structure will

be similar to that in the steady state.56 In a previous work, it

was shown that using the equilibrium structure to determine

steady-state properties in the case of voltage-driven ion fluxes

is an excellent approximation for long nanochannels (Lpore &

1 µm).65 Ignoring the perturbation imposed by the pressure

gradient on the ionic distribution as well as on the polyelec-

trolyte layer is an extensively used approximation.40,41,43–45

Thus, as a first-order approximation, in this work we will ne-

glect the effect of the solvent and ion fluxes on the polymer

conformations, ion density profiles and state of ionization, and

we will determine the transport properties of the system from

the equilibrium structure over a limited range of ∆P/Lpore in

Section III.

This approximation can be relaxed in the future at the cost

of increasing the complexity of the theoretical framework.56,67

In order to evaluate Istr of the streaming current as well as

the strengths Estr and B(r) of the perpendicular electric and in-

duced magnetic fields, i.e., Estr = EstreZ and B(r) =±B(r)eθ ,

we need to find the velocity distribution. We start with the

case of the ESC mode, followed by the OEC mode.

A. External short-circuited (ESC) mode

In this case, an ESC electrical connection is made between

the reservoirs so that the reservoirs are maintained at the same

potential. This can be approximated experimentally through

placing a standard platinum electrode in each reservoir and

connecting them by a wire. The evaluation of the velocity

field requires to solve the mathematical representation of the

momentum conservation law. The flow is assumed to be both

steady and fully developed and there is no induced electrical

field (Estr = 0) because both reservoirs have the same electric

potential in this case. The only volumetric force is therefore

the drag created by the polyelectrolyte brushes. The widely

accepted approach to account for the drag force is to consider

a volumetric resistive force proportional to the velocity, which

is equivalent to modeling the PEL as a porous medium utiliz-

ing the Brinkman equation. Such a resistive force is given

as FPELUz, where FPEL(r) = µ(〈φp(r)〉/le)
2 is the position-

dependent hydrodynamic frictional coefficient of the PEL and

le is the effective monomer size. As a consequence, the gen-

eral momentum equation in the axial direction reduces to the

following form49,58,68,69

µ

R

∂

∂R

(

R
∂Uz

∂R

)

−hFPELUz−
dP

dZ
= 0 (18)

where quantities Uz, P and µ denote the Z-component of

the velocity field, pressure field and dynamic viscosity, re-

spectively. It should be pointed out that FPEL = µ/k(r) can

be expressed in terms of the local permeability k(r) of the

brush layer, which is related to the monomer volume fraction

〈φp(r)〉 via k(r) = (le/〈φp(r)〉)
2.70,71 The auxiliary parame-

ter h equals unity inside the grafted layer and zero within the

electrolyte. We introduce the following characteristic veloc-

ity U0, velocity field u(r), and dimensionless hydrodynamic

frictional coefficient ζ (characterizing a hypothetical PEL at

〈φp(r)〉= 1) via

U0 =
R2

pore

µ

dP

dZ
, u(r) =

Uz(r)

U0
, ζ =

Rpore

le
(19)

to obtain the following equation (here and below, φp stands

for 〈φp(r)〉)

1

r

∂

∂ r

(

r
∂u

∂ r

)

−hζ 2φ 2
pu = 1 (20)

with the symmetry and Navier slip conditions72

∂u

∂ r

∣

∣

∣

∣

r=0

= 0, u(r = 1) =−lslip

du

dr

∣

∣

∣

∣

r=1

(21)

where lslip is a dimensionless slip coefficient. Note, that U0

and u are negative, while Uz is positive. By solving Eqs. (18)

to (21) using a finite difference method and the polymer vol-

ume fraction φp(r) obtained previously, we can calculate the

velocity field u(r). The streaming current is then given by

Istr =
∫ Rpore

0
ρe(R)Uz(R)2πRdR = I0,stristr (22)

where ρe(R) = ∑i∈{ions}ρi = ∑i∈{ions} φiqi/vi is the net charge

density of the mobile ions at radius R, I0,str = 2πR2
poreeU0/vw

is a numerical (negative and constant) prefactor, and the (pos-

itive) dimensionless streaming current given by

istr =
∫ 1

0
∑

i∈{ions}

φi(r)q
∗
i

v∗i
u(r)rdr (23)

Substitution of the constant parameters mentioned in Table I

results in I0,str = 536∆P/Lpore, where I0,str, ∆P, and Lpore are

taken here in units of nanoampere, bar and micrometer, re-

spectively. To determine the magnetic fields, a closed circular

loop of radius r is considered. According to Ampere’s law, we

have
∮

B ·dl = 2πµp

∫ R

0
j(R)RdR (24)

where µp is the permeability, and j(R) is the ionic flux density

passing through the pore in the selected closed circular loop,

which is equal to ρe(R)u(R) for the ESC case. Moreover, due

to symmetry considerations, the magnetic field has a constant

magnitude around the loop, therefore, we have

B(r) = B0B∗(r) (25)

where B0 = µpRporeeU0/vw absorbs the (negative) numerical

prefactor, and the dimensionless magnetic field strength at r is

given by

B∗(r) =

∫ r
0 ∑i∈{ions} φi(r

′)q∗i u(r′)r′dr′/v∗i

r
(r ≤ 1) (26)
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The coefficients of the relative magnetic permeability of air

and water, representative of the outside and inside environ-

ments, are 1.00000037 and 0.99999, respectively, and both are

assumed equal 1 in this study. Upon replacing the values out-

lined in Table I, one obtains B0 = 5360∆P/Lpore, where B0,

∆P, and Lpore are in nanoTesla, bar and micrometer, respec-

tively. Because we know the volume fraction profiles φi(r)
and the velocity field u(r), the integrals in Eqs. (23) and (26)

can be calculated numerically using the 7 points composite

Newton-Cotes formula.

Upon comparing Eq. (23) with Eq. (26) the outside mag-

netic field distribution can be expressed in terms of the amount

B∗(1) of the dimensionless magnetic field at r = 1 from Eq.

(26), or alternatively in terms of istr as

B∗(r) =
B∗(1)

r
=

istr

r
(r ≥ 1) (27)

B. Open external circuit (OEC) mode

In this case, there is no external electrical connection be-

tween the two reservoirs and due to the accumulation (deple-

tion) of the mobile counterions in the lower end (upper end)

of the nanochannel, there is an imbalance of net charges in

the vicinity of the entrance and exit of nanopore inducing a

streaming potential. In this case the momentum conservation

equation reads

µ

R

∂

∂R

(

R
∂Uz

∂R

)

−hFPELUz−
dP

dZ
+ρeEstr = 0 (28)

By using the previously defined dimensionless parameters and

adding the following one:

E∗str =
Estr

E0
, E0 =

vw

e

dP

dZ
(29)

then Eq. (28) becomes, using ρe defined after Eq. (22),

1

r

∂

∂ r

(

r
∂u

∂ r

)

−hζ 2φ 2
pu−1+ ∑

i∈{ions}

φi(r)q
∗
i

v∗i
E∗str = 0 (30)

where E∗str is an unknown negative parameter, because Estr > 0

and E0 < 0. Using in this equation the constant values re-

ported in Table I, we obtain E0 = 18.75∆P/Lpore, where E0,

∆P, and Lpore are in volt per meter, bar and micrometer, re-

spectively. The velocity field can be obtained from the super-

position of the velocity uP due to the applied pressure gradient

and the velocity uE created by the induced electrical field, that

is u= uP+E∗struE where dimensionless uP and uE are obtained

from the following two equations

1

r

∂

∂ r

(

r
∂uP

∂ r

)

−hζ 2φ 2
puP−1 = 0 (31)

1

r

∂

∂ r

(

r
∂uE

∂ r

)

−hζ 2φ 2
puE + ∑

i∈{ions}

φi(r)q
∗
i

v∗i
= 0 (32)

The streaming current arises due to the convection mode of

transport of the ions and can thus be evaluated using Eq. (22)

Istr =
∫ Rpore

0
ρeUz(R)2πRdR = I0,str(istr,P + istr,E) (33)

where istr,P and istr,E are the dimensionless streaming currents

due to the imposed pressure gradient and the induced stream-

ing potential, respectively,

istr,P =
∫ 1

0
∑

i∈{ions}

φi(r)q
∗
i

v∗i
uP(r)rdr ≡ XP, (34)

istr,E = E∗str

∫ 1

0
∑

i∈{ions}

φi(r)q
∗
i

v∗i
uE(r)rdr ≡ XEE∗str (35)

However, because of the induced streaming potential, there is

also a migration flux of the ions, which results in a conduction

current inside the pore. This conduction current, written as

Icon = I0,stricon, can be expressed as

icon =
2πEstr

I0,str

∫ Rpore

0
∑

i∈{ions}

λiCiRdR ≡ XconE∗str (36)

where λi is the molar electric conductivity of species i and

Xcon =
E0

eU0NA

∫ 1

0
∑

i∈{ions}

λiφi(r)

v∗i
rdr (37)

In the steady states, the net ionic current passing through the

pore should vanish, that is Icon + Istr = 0. This provides an

equation to find the unknown variable E∗str as the following

E∗str =−
XP

XE +Xcon
(38)

where we recall that the X’s are all positive, E∗str is negative.

By finding E∗str, one can find the velocity field from u = uP +
E∗struE and the streaming current from Eqs. (33)–(35). Finally,

through using the Ampere’s law, the magnetic field strength

inside the pore is obtained as

B(R) =
µp

∫ R
0 j(R′)R′dR′

R
=

µpRpore

∫ r
0 j(r′)r′dr′

r
(39)

where j(r) is the strength of the total ionic flux density

jstr(r)+ jcon(r) of the ions due to the convection and conduc-

tion modes of transport given as

j(r) =
eU0

vw
∑

i∈{ions}

φi(r)q
∗
i

v∗i
u(r)+

E0E∗str

NAvw
∑

i∈{ions}

λiφi(r)

v∗i
(40)

Inserting (40) into (39), and using dimensionless r and B∗, the

final expression for the strength B∗(r) = B∗str(r)+B∗con(r) of

the dimensionless magnetic field is

B∗(r) =
1

r

∫ r

0
∑

i∈{ions}

[

q∗i u(r′)+
E0E∗str

eU0NA

λi

]

φi(r
′)

v∗i
r′dr′ (41)

where E∗str is provided by Eq. (38) with Eqs. (34), (35), and

(37).

C. Other macroscopic quantities

Streaming current generation has been identified to be a

mechanism of electrochemomechanical energy conversion,
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i.e., conversion of mechanical energy (in the form of pressure-

driven transport) and chemical energy (in the form of EDL

ions) to electrical energy associated with the generation of the

streaming potential. Having obtained the velocity field and

streaming potential, this quantity can be quantified by the ra-

tio between output and input energy,

ε =
Pout

Pin

(42)

where the two positive energies are determined by

Pout =−
IstrEstr

4
, Pin =−

dP

dZ
Qin (43)

and where Qin is the input volume flow rate for the purely

pressure-driven flow without considering the effect of induced

back electroosmotic transport. Using our dimensionless pa-

rameters, Eq. (42) with Eq. (43) can be cast into the following

form,

ε =
istrE

∗
str

4Q∗in
=

(istr,P + istr,E)E
∗
str

4Q∗in
=−

XconX2
P

4Q∗in(Xcon +XE)2
(44)

where Q∗in =
∫ 1

0 u(r)rdr, and where we have used Eqs. (34),

(35), and (38) to rewrite the expression.

The streaming conductance is determined as

Gstr =
Istr

∆P
(45)

wherein ∆P = Pup−Pdown < 0 is the pressure difference be-

tween the two reservoirs. Through defining positive G0 =
1012I0,str/∆P = 5.36/Lpore, where G0, and Lpore are in picoam-

pere per bar, and micrometer, respectively, the dimensionless

streaming conductance is calculated as G∗str = Gstr/G0.

It is well-known that the induced streaming potential in-

variably triggers an electroosmotic transport in a direction op-

posing the purely pressure-driven fluid motion. As a con-

sequence, the net flow rate is smaller than that of the pure

pressure-driven flow rate. This decrease of the net flow rate,

known as the electroviscous effect, is usually expressed in

terms of an effective viscosity ratio defined as

ηeff

η
=

∫ 1
0 uP(r)rdr
∫ 1

0 u(r)rdr
(46)

where uP is the dimensionless pure pressure-driven flow field.

Moreover, the mean degree of ionization of polyelectrolyte

chains and the mean value of magnetic field inside the pore

can be respectively obtained as

〈 f 〉=

∫ 1
0 f (r)〈φp(r)〉rdr
∫ 1

0 〈φp(r)〉rdr
(47)

〈B∗〉= 2

∫ 1

0
B∗(r)rdr (48)

and similarly for the contributions 〈B∗str〉 and 〈B∗con〉 to the

magnetic field. Most of the quantities summarized in this sec-

tion can only be evaluated for the OEC case, including Eqs.

(42)–(44), and (46) since there is no streaming potential for

the ESC mode, while Eqs. (45), (47), (48) apply to both cases.

This study is mostly focused on the numerical solution

and the results are mainly reported by solving the equations

brought in the current section. To validate the numerical re-

sults and to provide some explicit solutions under special cir-

cumstances, analytical solutions are presented in the appendix

A. These solutions require several simplifying assumptions,

such as low surface potential, a fixed thickness of the the soft

layer, fixed charge density and the absence of any morpho-

logical properties of the polymer chains. Numerical solutions

addressing these approximations are presented in this study;

the analytical solutions are used to validate them. The derived

analytical solutions brought in the appendix A are expressed

in terms of the assumed constant soft layer thickness, hydro-

dynamic frictional coefficient and polyelectrolyte charge den-

sity. Although these assumptions are extensively used in pre-

vious studies, they are generally not accurate, but still hold

true at some situations like low-potential surfaces and either

high or low pHs, where all the the chargeable sites along the

polyelectrolyte brushes are completely neutral or charged, re-

spectively. As a consequence, these formulas can be treated

independently provided that the PEL friction coefficient, poly-

mer brush height, and charge density of the polymer brushes

are given as inputs to these relations and they will provide an-

swers in accord with these approximations. For sure, to obtain

accurate results and to include the pH-responsiveness nature

of the PE-chains, the equations derived in the molecular the-

ory section should be solved.

Under certain conditions, the parameters required for the

simple analyical theory can be evaluated by averaging the nu-

merical results obtained in section II. These parameters are:

δs = ∑
α

P(α)δ (α) (49)

〈ρPEL〉=
2

vw

∫ 1
0 〈φp(r)〉 f (r)q

∗
prdr

1− r2
b

(50)

〈〈φp〉〉=
2
∫ 1

0 〈φp(r)〉rdr

1− r2
b

(51)

where δ (α) is the thickness of polyelectrolyte chain at con-

formation α , and 〈ρPEL〉 and 〈〈φp〉〉 are the mean number

density of polyelectrolyte charges and mean polymer volume

fraction obtained by averaging in the radial direction, respec-

tively. To make the best possible comparison between the

analytical and numerical results, we obtain the value of the

constant friction coefficient F∗ in (A28) from the earlier defi-

nition of FPEL(r), FPEL(r) = µ(〈φp(r)〉/le)
2, and replacing the

r-dependent 〈φp(r)〉 by 〈〈φp〉〉. For the same goal, the average

parameters, δs and 〈ρPEL〉 are now respectively used as the

fixed soft layer thickness and polyelectrolyte number density

in equation (A22).

III. Results and discussion

In this section, the interwoven effects of solution pH, back-

ground salt concentration CKCl, polyelectrolyte grafting den-

sity σ , surface charge density σs, friction ζ , slip coefficient

lslip and degree of polymerization N on the streaming poten-
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Parameter Units Value

T [K] 298.15

µ [Pa.s] 0.001

pKa — 5.2

Rpore [nm] 20

l [nm] 0.5

le [nm] 0.5

ε f [F.m−1] 78.5×8.854×10−12

N — 10

µp [H.m−1] 4π×10−7

e [C] 1.602×10−19

kB [m2.kg.s−2.K−1] 1.3806×10−23

NA [mol−1] 6.022×1023

TABLE I. Fixed values of physiochemical parameters used in the

modeling, temperature T , dynamic viscosity µ , pore radius Rpore,

bond length l, effective monomer size le, solution permittivity ε f ,

polymerization degree N, and magnetic permeability µp, along with

values of physical constants.

Parameter K+ H+ Cl− OH− p w

vi×1030 [m3] 82 30 82 30 95 30

λi×103
[

S.m2

mol

]

7.352 34.98 7.634 19.76 — —

qi [e] +1 +1 -1 -1 +1 —

TABLE II. Fixed values of species-specific physiochemical parame-

ters used in the modeling: volume vi, molar electric conductivity λi,

and electric charge qi of species i.

tial (SP) Estr, streaming conductance Gstr, electroviscous ef-

fect ηeff/η , electrochemomechanical energy conversion effi-

ciency ε , mean degree of ionization 〈 f 〉 and magnetic field

distribution B(r) and its mean 〈B〉 are investigated. All the re-

sults are obtained using the physicochemical parameters sum-

marized in Tables I and II unless otherwise stated.

Results to be presented are valid for arbitrary pressure gra-

dients and pore lengths, as long as the assumptions underly-

ing the theory are met. The results are presented in terms

of reduced units. The equilibrium approximation fails if the

configuration of the brushes gets considerably affected by the

pressure gradient forces, i.e., if the shear rate exceeds a cer-

tain threshold. The maximum of the internal shear rate is real-

ized for a solid-state nanopore when externally short circuited.

This stems from the lack of opposing forces created by the ei-

ther induced electrical field or PE frictional forces against the

pressure gradient. We find an average shear rate γ̇ave in accord

with this situation by averaging the first derivative of Eq. (A8)

with respect to the r-direction, resulting in γ̇ave ≈U0/3Rpore.

As long as the approximations are met, this shear rate pro-

vides an upper limit for shear rates in soft nanopores, as the

shear rate tends to decrease with the amount of tethered poly-

mer. The polymer can be considered to be close to equilib-

rium, if τγ̇ < 1 where τ is the longest relaxation time of the

polymer chain, which in turn depends on the molecular weight

and polymer density, in particular. Results therefore apply if

one chooses to operate at ∆P/Lpore < 3µ/(Rporeτ) for a ESC

soft nanopore with negligible PE grafting density, and cor-

respondingly larger thresholds for soft nanopores with either

FIG. 2. A comparison between the results of the molecular theory

modeling and those obtained from analytical solutions (Appendix A)

using a set of parameters for which the assumptions of the analytical

theory are met. (a,c) Potential ψ(r) (using Eq. (A5) in panel (a) in

Eqs. (A25) and (A26) in panel (c)) and velocity u(r) = Uz(r)/U0

distributions (using Eq. (A8) in panel (a) and Eqs. (A32) and (A33)

in panel (c)) and (b,d) magnetic field B∗(r) = B(r)/B0 for both OEC

and ESC cases versus reduced radial location r =R/Rpore (using Eqs.

(A12) and (A13) for ESC case and Eq. (A19) for OSC case in panel

(b), and Eqs. (A38), (A39), and (A40) for ESC case and Eqs. (A51)

and (A52) for OSC case in panel (d)). Note that in (b, d), the left

and bottom axis are used for the ESC case, and the right and top axis

are used for the OEC case. Calculation conditions: (a,b) σ = 0.0
chains/nm2 (no PEL, solid-state nanopore with surface charges only),

CKCl = 0.1 M, (c,d) σ = 0.05 chains/nm2 (PEL grafted nanopore),

CKCl = 0.01 M. Other calculation parameters for all panels: solution

pH = 8 (PEL is nearly neutral), slip coefficient lslip = 0, and surface

charge density σs = 0.01e.nm−2.

higher surface grafting density or the OSC case. Upon insert-

ing a typical value of 1 µs for the relaxation time of a polymer

chain, and using values from Table I, this gives ∆P/Lpore < 1.5
bar/µm.

To make a further example about the conversion to real

units, before presenting results in dimensionless form, con-

sider a modest applied pressure16 (∆P = 1 bar) in a nanopore

with longitudinal length Lpore = 1 µm. For this example, the

conversion factors become E0 = 18.75 V/m, I0 = 536 nA,

B0 = 5360 nT, and G0 = 5.36 pA/bar. Such values fall within

the range of experimentally accessible magnitudes for nano-

porous systems.

The presentation of the results starts with a comparison

between the predictions of the molecular theory and PB-DB

(Poisson-Boltzmann with Debye-Hückel) approximation, see

Fig. 2. The parameters were selected to satisfy the condition

of low surface potential (required for Debye-Hückel approx-

imation) as it is evidenced in panels (a) and (c). These pan-

els show an excellent agreement between the two models. A

comparison of panels (a) and (c) reveals that increasing CKCl

results in a faster decay of the electrostatic potential because

the Debye length gets shorter. It is further visible from panels

(b) and (d) that for the ESC case, the strength of the magnetic

field increases with increasing distance to the central axis and

reaches its maximum near the solid interface. This result is

rooted in the fact that the induced magnetic field at radial lo-

cation R arises from the integral of the flux of the ions passing

through a closed circular loop with the radius of that location.

In the ESC mode, there is no streaming potential inside the

pore because the reservoirs have the same voltage, and thus

the only contributing term to the ionic flux is convection from

purely pressure-driven flow. That flux integral is maximum

close to the wall, leading to a maximum of B∗ in that region.

Moreover, for the case of CKCl = 0.1 M (panel b) counteri-

ons are gathered in a thin layer close to the nanopore surface

because of the small Debye length, and the net mobile ion

concentration and, accordingly, the ionic fluxes almost vanish

in the central region of the pore, which leads to a very small

B∗ in this area.
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FIG. 3. Variation of mean degree of ionization 〈 f 〉 versus (a) pH at

σs = 0.05 e.nm−2 with σ = 0.1 chains/nm2 (black lines) or σ = 0.6
chains/nm2 (blue lines), (b) CKCl at σ = 0.1 chains/nm2 with σs =
0.05 e.nm−2 (black lines) or σs = 1 e.nm−2 (blue lines).

However, for the OEC case the situation is different. In this

case, due to the induced streaming potential inside the pore,

the conduction term as well as the advection term from back

electroosmosys play important roles in determining the value

of B∗. For CKCl = 0.1 M (panel b), these terms are dominant

making the value of B∗ negative, which means that the mag-

netic field is in the negative direction of θ -axis all over the

pore while for CKCl = 0.01 M (panel d) the convection trans-

port overcomes near the interface and makes the value of B∗

positive in this regime. Note that there is no net flux of ions in

the OEC case, therefore, B∗ = 0 at the wall of the channel and

outside it.

We mention here that all the results reported in the upcom-

ing Figs. 3-12 are obtained by the full numerical calculation of

the molecular theory approach elaborated in section II. More-

over, the values N = 10 and Rpore = 20 nm are considered

in all the results, unless otherwise stated. The influence of

pH and bulk salt concentration on the mean degree of ioniza-

tion, 〈 f 〉, is presented in Fig. 3. A decrease in the solution

pH leads to an increase in 〈 f 〉. The reason of this behavior is

that by decreasing pH, the concentration of hydroxyl ions de-

creases, which shifts the equilibrium reaction, Eq. (1), toward

the charged species to compensate the lack of hydroxyl ions

in the solution according to the Le Chatelier principle. It is

also visible that by increasing the surface grafting density of

polyelectrolyte chains, 〈 f 〉 is decreased. This effect is a conse-

quence of charge regulation.63,73 The electrostatic repulsions

between the charged segments within the brush layer increases

the free-energy cost of creating a new charged segment by

protonation of a neutral one, thus the 〈 f 〉 of the segments in

the brush is smaller than that expected for the same chemical

species free in solution. This effect explains why 〈 f 〉 < 0.5

for pH = pKa, in 3. Increasing the surface coverage of the

PEL augments the electrostatic repulsions in the system and,

therefore, decreases the average degree of protonation,〈 f 〉.

In Fig. 3(b) the effect of CKCl on 〈 f 〉 is illustrated.

As can be seen, increasing the bulk salt concentration in-

creases 〈 f 〉. This effect results from the fact that added

salt screens the electrostatic interactions between the poly-

electrolyte segments, therefore decreasing the magnitude the

charge-regulation effect. As a consequence, 〈 f 〉 increases

as it approaches the value expected for the free species in

solution.74 Moreover, panel (b) shows that increasing the sur-

face charge density, decreases 〈 f 〉, which can be also at-

tributed to the electrostatic repulsions between the surface

charges and the charged polyelectrolyte segments, in accor-

dance to the charge-regulation mechanism described above. It

is also worthwhile to observe that 〈 f 〉 ≈ 0 (〈 f 〉 ≈ 1) for pH =

8 (pH = 1), as expected from the concentration of protons in

solution.

The effect of pH on the electrical field, streaming conduc-

FIG. 4. (a) dimensionless streaming electrical field E∗str = Estr/E0,

(b) dimensionless streaming conductance G∗str = Gstr/G0, (c) effec-

tive viscosity ratio ηeff/η , and (d) efficiency ε (%) versus pH of the

solution for different values of CKCl. The remaining parameters are

σ = 0.1 chains/nm2, σs = 0.05 e.nm−2 and lslip = 0.

tance, effective viscosity ratio and efficiency for the OEC sys-

tem is shown in Fig. 4. With increasing pH, the amplitude

of induced electrical field Estr = E∗strE0 (Eq. (29)) is first in-

creased and then decreased (panel a). The increasing trend

of Estr for acidic pH values can be attributed to the fact that

when pH gets increased to values close to the neutral solu-

tion, the concentration of protons is considerably diminished.

Therefore, the thickness of the electric double layer increases,

which enhances the advection of the charge density gradient,

and consequently enhances the SP. As expected, this effect is

more obvious for low values of background salt concentration

(CKCl = 0.001 M and 0.01 M) than for large salt concentra-

tions. For high pH values the reverse trend of SP is rooted in

two main factors; first there is the decrement of 〈 f 〉 that leads

to a depletion of mobile ionic charges within the PEL, ρe, and

consequently lower the advection of the charged species in-

side the pore. The second factor is the increment of the con-

centration of OH− ions, which reduces the Debye length and

increases the conductivity, Xcon, because of the high value of

λOH− , thus lowering Estr.

As shown in Fig. 4(b) there is a decreasing trend for the re-

duced streaming conductance G∗str = Gstr/G0 (Eq. (45)) with

increasing pH. The streaming conductance inside the pore

is affected by the advection of the ions due to both purely

pressure-driven flow and back eletroosmotic transport. The

advection from back electroosmotic transport happens be-

cause of the induced SP, which is always in the opposite direc-

tion of that from purely pressure-driven flow. For increasing

pH, 〈 f 〉 decreases, and the concentration of net mobile ionic

charges reduces. Thus, as the pH increases from highly acidic

to closely neutral values, the streaming potential is enhanced

(see panel a), which strengthens the opposite convection trans-

port. These two effects result in the decreasing trend of Gstr.

We see furthermore that for high pH values, as CKCl increases,

the streaming conductance decreases. This effect is due to the

reason that at high pH values, the concentration of net mobile

ionic charges near the wall is low. Increasing CKCl reduces the

Debye-length, so charges get confined to an area close to the

walls, where velocity is small, thereby causing the advection

of the ions to vanish.

The plot of effective viscosity ratio, defined in Eq. (46), ver-

sus pH is shown in Fig. 4(c). Generally speaking, increasing

the pH has three consequences: (1) because of the reduction of

〈 f 〉, the net mobile charge density decreases, decreasing volu-

metric body forces and, consequently, the back electroosmotic

velocity, (2) Estr is amplified for low to medium pH ranges, as

shown in panel (a), and (3) the concentration of the ions con-

siderably decreases with increasing pHs, thus increasing the

thickness of the EDL, which is then not limited to the area

close to the wall (where the resistive frictional force is max-
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FIG. 5. (a) Dimensionless streaming electrical field, (b) dimension-

less streaming conductance, (c) effective viscosity ratio, and (d) effi-

ciency (%) versus CKCl of the solution for different values of pH. The

remaining parameters are σ = 0.1 chains/nm2, σs = 0.05 e.nm−2 and

lslip = 0.

imum). The latter two effects (occuring for low to moderate

pH) decreases the overall fluid motion, u, which results in an

ascending variation of ηeff/η with pH. On the other hand, for

pH >∼ 4, the first factor plays the most important role, which

results in a high total velocity magnitude and consequently a

reverse trend for ηeff/η .

The variation of the energy-conversion efficiency ε (42)

with pH results from the variations of Estr and G∗str with pH

shown in panels Fig. 4(a) and (b), respectively. Since the

input energy is fixed and does not change for different val-

ues of pH and CKCl, the variation of ε is only determined by

the multiplication of these two quantities, resulting in the plot

shown in panel (c). As can be seen, by controlling the pH

and background salt concentration, we can reach efficiencies

higher than 4%, which is a relatively high value. Actually,

this condition happens by adjusting pH to medium values (pH

≈ 4) and using low bulk salt concentrations, CKCl = 0.001 M

(which produce a large overlap of the EDL).

The effect of CKCl on the streaming potential is shown in

Fig. 5(a). Two important consequences arise from increasing

the bulk salt concentration: (1) the thickness of the EDL de-

creases and this layer is confined to a region near the solid

interface, where the velocity is small and (2) there is an en-

hacement of the degree of ionization of the PEL (as pointed

out in Fig. 3(b)), as well as of the concentration of the net

mobile ionic charges. While the first effect leads to a suppres-

sion of the advection of the charged species and the streaming

potential, the second effect amplifies these variables. The in-

terplay between these two effects determines the trend of E∗str

with CKCl. As seen in panel (a), the first effect is dominant,

resulting in a SP that monotonically decreases with the bulk

salt concentration.

Figure 5(b) shows that G∗str increases with CKCl at pH = 1–5,

while the trend is reversed at pH = 8. As CKCl increases, Estr

is diminished (as shown in panel a), resulting in lower back

electroosmotic velocity; however, at the same time, it leads

to the enhancement of ρe due to the increase of 〈 f 〉. These

two effects cause the amplification of the streaming current

for acidic pH values (pH = 1,3,5). However, for pH = 8 the

concentration of net mobile ionic charges (i.e., the concentra-

tion of the counterions minus the concentration of the coions)

is very low because the degree of ionization almost vanishes

(see Fig. 3b). Under these conditions, increasing CKCl con-

fines this small concentration of net charges to the area close

to the wall where velocity is insignificant, causing G∗str to de-

crease.

The variation of the effective viscosity ratio ηeff/η with

CKCl is shown in Fig. 5(c). Increasing CKCl leads to a higher

degree of ionization, lowering the streaming potential and lim-

iting the electric body forces to the soft layer region where the

FIG. 6. (a) Dimensionless streaming electrical field, (b) dimension-

less streaming conductance, (c) effective viscosity ratio, and (d) ef-

ficiency (%) versus dimensionless PEL hydrodynamic frictional co-

efficient ζ for different values of pH, σ (in chains/nm2), and CKCl

(in d). Lines with symbol corresponds to CKCl = 0.1 M and without

symbols to CKCl = 0.01 M. The remaining parameters are σs = 0.05

e.nm−2 and lslip = 0.

resistive force is highest. The balance between these effects

determines the resulting trend. For pH = 3 and 5, where 〈 f 〉
strongly increases with increasing CKCl, c.f., Fig. 4(b), the for-

mer effect is dominant at low CKCl , resulting in an initial in-

crease of ηeff/η . However, at pH = 1 and pH = 8, the other two

effects are influential, causing an enhancement of the overall

velocity and consequently, a decrease of the viscosity ratio for

all CKCl values.

As explained before, the trend of ε is determined by the

variation of the two quantities Estr and Gstr plotted in Fig. 5(a)

and (b). It is noteworthy that at pH = 1, although 〈 f 〉 has its

maximum value, ε is even smaller than that at pH = 8 where

〈 f 〉 is almost zero. This result can be attributed to the high

value of Estr at pH 8 that results from a thick electric double

layer and a low 〈 f 〉 at that pH. Once again, the highest effi-

ciency occurs here at moderate pHs values (pH = 5) and the

lowest CKCl studied (where EDL overlap is highest).

The effect of dimensionless PEL hydrodynamic frictional

coefficient ζ defined in Eq. (19) is shown in Fig. 6. Increas-

ing ζ , increases the resistive frictional force, which leads to

a lower advection-driven accumulation of the charge density

gradient, and so lowers Estr (panel a). In fact, increasing the

hydrodynamic frictional coefficient causes two effects: (1)

lowers Estr and, accordingly, the electrosmotic velocity in the

opposite direction to the pressure-driven flow, and (2) hinders

the motion of the fluid and ionic advection due to higher re-

sistive forces. While the former effect enhances the streaming

conductance, the latter one decreases it, so the interplay be-

tween these two effects determines the overall trend of Gstr.

In Fig. 6(b), the latter is dominant leading to a descending

functionality of Gstr with ζ . Moreover, by paying attention to

the definition of the effective viscosity ratio, Eq. (46) , one

can infer that the two mentioned factors affect ηeff/η in the

same way. The first one increases the denominator of the ratio

(46) by decreasing the induced electroosmotic velocity, and

the second effect reduces the numerator because it reduces

the fluid motion. Both effects cause ηeff/η to decrease with

ζ , Fig. 6(c). In panel (d) of the same figure, we can see that

the efficiency non-monotonically varies with ζ . For example

for pH = 1 and σ = 0.6 chains/nm2 there is an ascending-

descending variation with ζ , while for the other cases a de-

scending functionality is observed. This is rooted in the fact

that increasing ζ decreases both the streaming potential and

the streaming conductance (panels a and b), which causes the

output energy Pout to decline as well, in line with Eq. (43).

The same is true for the input energy Pin due to the increment

of the resistive frictional force, so, the interplay between Pin

and Pout leads to the various overall trends seen in Fig. 6(d).

Increasing surface coverage of the polyelectrolye, σ , en-
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FIG. 7. Plots of (a) dimensionless streaming electrical field, (b)

dimensionless streaming conductance, (c) effective viscosity ratio,

and (d) efficiency (%) versus pH at different values of CKCl, σ (in

chains/nm2), and lslip. Lines with symbol correspond to lslip = 0.1
and without symbols to lslip = 0. The value of σs was fixed to 0.05

e.nm−2.

hances both the resistive forces and the density of PEL electric

charges. The former suppresses the fluid motion by increas-

ing the resistive mechanical force. The latter effect, increased

density of PEL charges, causes two effects: it increases the re-

sistive electrical force due to the term (ρeE∗str) and it increases

the advection-driven accumulation of the charge density gra-

dient. The interplay between them determines how the ul-

timate fluid velocity varies with the surface grafting density.

When ζ is high and the degree of ionization is small (which

corresponds to pH = 8), the first effect (increase of resistive

forces) becomes dominant, which leads to the decrease of the

advection of charge density and fluid motion due to high me-

chanical resistive forces and consequently Estr, Gstr, ηeff/η ,

and ε are lower for σ = 0.6 chains/nm2 than for σ = 0.1
chains/nm2. However, at pH = 1, where 〈 f 〉 is large, the op-

posite trend is observed for the energy-conversion efficiency.

It is noteworthy to recall that the efficiency is a parameter

that depends on the combination of all the independent pa-

rameters, for example Fig. 6(d) shows that for pH = 1 and

σ = 0.1 chains/nm2, ε is higher at CKCl = 0.01 M than at

CKCl = 0.1 M, while the reverse is true for pH = 1 and σ = 0.6
chains/nm2.

The effect of lslip is inspected in Fig. 7. As shown, Estr

increases with increasing lslip. Generally, increasing the slip

coefficient leads to a decrease of the frictional force at the

solid interface, which enhances the fluid velocity and aug-

ments the advection of charged species and the accumulation

of counterions in the lower end of the nanopore. Therefore,

the streaming potential increases. At CKCl = 0.1 M the ad-

vection is weaker and the streaming potential is lower than

at CKCl = 0.1 M because at CKCl = 0.1 M the EDL is thin-

ner and more limited to the region close to the wall than at

CKCl = 0.001 M. Fig. 7(b) shows that increasing lslip has two

major opposite effects: firstly, it enhances uP leading to an

increment of istr,P, and consequently of istr. Secondly, it in-

creases Estr, so istr,E is magnified, which decreases istr. There-

fore, the interplay between these two opposite effects deter-

mines the ultimate trend of Gstr at different conditions. In Fig.

7(c) it is visible that by increasing lslip, the viscosity ratio is

enhanced due to the amplification of the pressure-driven flow

and the back electroosmotic velocity. Moreover it is seen that

at pH > 6 and CKCl = 0.1 M, ηeff/η becomes almost unity,

which is due to the insignificant back electroosmotic trans-

port because of the very thin Debye length, and a negligible

〈 f 〉. The efficiency ε in Fig. 7(d) depends on the variation of

Estr and istr, as well as Pin. The behavior of Estr is shown in

panel (a) and the variation of istr is exactly the same as that

of Gstr, shown in panel (b). Noteworthily, increasing lslip en-

hances Pin because of the decrease of the resistive force at the

solid wall. Therefore, the interplay between all these parame-

FIG. 8. Plots of (a) dimensionless streaming electrical field, (b) di-

mensionless streaming conductance, (c) effective viscosity ratio, and

(d) energy-conversion efficiency (%) versus pH at different values of

CKCl, σ , and degree of polymerization N. Lines with symbol belong

to σ = 0.6 chains/nm2 and without symbols to σ = 0.1 chains/nm2.

The value of σs is equal to 0.05 e.nm−2.

ters determine the trend of ε . Interestingly, increasing the slip

coefficient in some conditions leads to a decrease in the effi-

ciency of energy conversion. Moreover, it is noteworthy that

increasing the polyelectrolyte grafting density can also lead to

a decrease in efficiency in some conditions. The highest effi-

ciency occurs for σ = 0.1 chains/nm2, pH ≈ 4–5 and low salt

concentration (CKCl = 0.001 M).

The effect of the degree of polymerization is analyzed in

Fig. 8. Increasing N both increases ρe and extends the resistive

mechanical forces to central areas. For σ = 0.1 chains.nm−2

and CKCl = 0.1 M, the EDL is confined to a region close

to the wall, thus the increase of ρe is more important than

the enhancement of the mechanical forces. Therefore, un-

der these conditions, the advection of the ions and, conse-

quently, Estr are higher for N = 20 than for N = 5. However,

at CKCl = 0.001 M, since the EDL is thick and expands into

the central regions, frictional forces also become significant,

leading to a decrease of the advection of the ions. Therefore,

Estr for N = 20 is smaller than for N = 5. Furthermore, this

trend also depends on σ because increasing σ affects both the

frictional forces and the charge density of the brush. In this

way, at low pHs and σ = 0.6 chains.nm−2, Estr is higher for

N = 20 than for N = 5. Fig. 8(c) shows that enhancing N

increases the effective viscosity ratio, which is equivalent to

the decrement of overall velocity (see Eq. (46)) and it is ex-

plained by the increase of the electrical body forces and, sub-

sequently, the back electroosmotic velocity. Moreover, at ba-

sic pHs there is no significant difference between ρe for N = 5

and N = 20 and, thus, the electrical body forces are similar

too, which causes ηeff/η to be almost the same for both N = 5

and N = 20. The value of the dimensionless streaming con-

ductance depends on both ρe and the velocity. Increasing N

leads to the decrement of the velocity (panel c) and, simultane-

ously, increases ρe. The balance between these effects deter-

mines the final trend of Gstr. As can be seen, Gstr is higher for

N = 20 than for N = 20 for σ = 0.1 chains.nm−2 and acidic

pHs, while for σ = 0.6 and CKCl = 0.1 M, the opposite trend

is observed. Furthermore, at pH > 6, there is no significant

difference between velocities (see panel c) and the net charge

densities (〈 f 〉 ≈ 0), hence, Gstr is almost the same for N = 5

and N = 20. The variation of ε is shown in Fig. 8(d), which

shows a maximum (relatively high) efficiency of ≈ 5%.

The effects of pH and CKCl on the distribution of internal

and external magnetic fields are shown in Fig. 9. As men-

tioned earlier, the induced magnetic field at location r is de-

termined by the integral of the flux of the ions passing through

a circle with the radius at that location. Panels a and b corre-

spond to the ESC case. Panel a shows that by increasing CKCl,

the value of B∗ near the solid interface (r ≈ 1, corresponds to

the maximum B∗) is increased, while the reverse trend is true
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FIG. 9. Variation of B∗(r) as a function of radial coordinate r for

(a,c) different values of CKCl at pH = 5 and (b,d) different values of

pH at CKCl = 0.01 M. Panels (a,b) belong to the ESC case and (c,d)

belong to the OEC case. The remaining parameters are lslip = 0,

σs = 0.05 e.nm−2. Black and magenta lines correspond to σ = 0.1
chains/nm2 (PEL-modified nanopore) and σ = 0 chains/nm2 (bare

nanopore), respectively.

FIG. 10. Variation of the mean dimensionless magnetic field 〈B∗〉
versus (a) CKCl and (b) pH for OEC (black lines) and ESC (blue

lines) cases for fixed σ = 0.1 chains/nm2, σs = 0.05 e.nm−2 and

lslip = 0.

in the rest of the pore (r < ≈ 0.8). This behavior is due to the

fact that increasing CKCl increases the net charge density and,

at the same time, the EDL gets limited to an area close to the

wall. Therefore, although the enhancement of ρe increases the

flux of the ions, the thinning of the EDL and the lack of excess

counterions in the central area of the nanopore leads to a de-

crease in the flux in the central areas, causing B∗ to decrease

in this region. In Fig. 9(b), the effect of pH on the magnetic

field distribution is shown for the ESC case. By increasing

pH from 1 to 3 the net flux of the ions is decreased due to the

decrement of 〈 f 〉 and, consequently, of ρe. The decrease of

the net flux of ions leads to decrease of B∗ near the nanopore

surface. However, because of the significant reduction in pro-

ton concentration, the thickness of the EDL increases, lead-

ing to higher B∗ values away from the pore wall for pH = 3

than for pH = 1. This effect is more important when CKCl is

low. This is the main reason of the increasing trend of 〈B∗〉 at

CKCl = 0.001, 0.01 and 0.1 M for low pH values for the ESC

case shown in Fig. 10b, as well. On the other hand, by increas-

ing the pH above 3, B∗ decreases everywhere inside the pore

because 〈 f 〉 decreases without any significant variation of the

EDL thickness. The decreasing variation of 〈B∗〉 at high pH

values shown in Fig. 10b for the ESC case follows the same

explanation.

The radial distribution of magnetic field for different values

of background salt concentration is shown in Fig. 9(c) for the

OEC case. In this case, unlike the ESC mode, the reservoirs

have different voltages and a streaming potential is induced

due to the imbalance of the counterion concentrations at both

ends of the nanochannel. The figure shows that increasing

CKCl, leads to negative B∗ values. This behavior can be ex-

plained by the increase of the net charge density by increasing

CKCl. Although this effect may lead to a higher advection of

the counterions in the positive z direction, it also enhances

the electroosmotic advection and migration of counterions in

the opposite direction, and, consequently, the interplay be-

tween both mechanisms determines the final trend. In this

case, by increasing the salt concentration, the latter mecha-

nism becomes dominant, which leads to the shift of B∗ toward

negative values. The decrease of 〈B∗〉 with CKCl for the OSC

case shown in Fig. 10(a) is also rooted in this fact. This con-

clusion is suported by Fig. 11(a), which shows that increas-

ing CKCl increases the contribution of the net ionic advection

FIG. 11. Advection and conduction contributions to the mean mag-

netic field, 〈B∗str〉 and 〈B∗con〉 (Eq. (41) with Eq. (48)) versus (a) CKCl

and (b) pH for OEC case while keeping the other parameters as

σ = 0.1 chains/nm2, σs = 0.05 e.nm−2 and lslip = 0.

FIG. 12. Radial dependency of the dimensionless magnetic field

B∗(r) for (a,b) OEC case and (c,d) ESC case upon variation of (a,c)

PEL grafting density at pH = 5, CKCl = 0.01 M and σs = 0.05 e.nm−2

and (b,d) surface charge density pH = 1, CKCl = 0.01 M and σ = 0.1
chains/nm2 for fixed lslip = 0. Black and magenta lines correspond to

σ = 0.1 chains/nm2 (PEL-modified nanopore) and σ = 0 chains/nm2

(bare nanopore), respectively. The blue line in panel (d) corresponds

to pH = 1, CKCl = 1 M, σ = 0.6 chains/nm2, σs = 0.05 e.nm−2, and

lslip = 0 for degree of polymerization N = 20.

(superposition of the ionic advections due to purely pressure-

driven flow and back electroomsotic flow) and enhances the

contribution of the ionic migration.

In Fig. 9(d), the effect of pH on the distribution of B∗ is

presented. B∗ turns positive when increasing the pH from 1 to

3. Increasing the pH above 3 leads to a decrease in the magni-

tude of B∗. This behavior can be interpreted as follows: when

the pH varies from 1 to 3, the proton concentration is signif-

icantly decreased. Since protons have the highest electrical

conductivity of all ions, the ionic migration in the negative di-

rection is considerably diminished (especially at low CKCl)),

leading to the dominance of ionic advection in the positive di-

rection. This mechanism is backed by the contributions to the

mean magnetic field shown in Fig. 11(b). This argument is

also the reason of 〈B∗〉 becoming positive at low pH values at

CKCl = 0.001 and 0.01 M in Fig. 10(b). Increasing the pH re-

duces ρe and, thus, decreases the contributions of the net ionic

advection and migration (as shown in Fig. 11(b)). This effect

leads to a reduction of B∗ at pH = 5 and 8, see Fig. 9(d). De-

creasing 〈B∗〉with solution pH at pH > 3 in Fig. 10(b) is rooted

in the mentioned reason as well. Moreover, the internal and

external magnetic fields for a bare nanopore (nanopore hav-

ing only surface charges) are shown in magenta lines in Fig.

9. When the degree of ionization of the polyelectrolyte layer

is high, e.g., at low pHs and high background salt concentra-

tion, there is a drastic difference between the induced inter-

nal and external magnetic fields of a bare solid-state nanopore

and a PEL-modified nanopore. This figure shows an important

conclusion of this work: it is possible to enhance the internal

magnetic fields by a factor > 10 by grafting polyelectrolyte

brushes inside solid-state nanochannels. However, it should

be noted that for alkaline pHs, e.g. pH = 8, where the degree

of ionization is almost zero, there is no significative difference

in the internal magnetic field between the PEL-modified and

the bare nanochannels, see Fig. 9(b).

The effect of increasing σ and σs is shown in Fig. 12. The

surface charge density was varied between zero charge and

the typical surface charges observed for thiol self-assembled

monolayers and metal oxide surfaces.75 Increasing σ or σs in-

creases ρe. This leads to the amplification of the ionic advec-

tion due to pressure-driven flow, and consequently, strengths

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
0
1
7
3
8



Accepted to Phys. Fluids 10.1063/5.0101738

13

the internal and external magnetic fields. Furthermore, as it is

visible in the Figure, there is a significant improvement in the

induced internal and external magnetic fields inside a PEL-

modified nanopore compared with the bare one.

Two prospective applications can be envisioned from the

significant amplification of the magnetic field through the use

of PE brushes. First, magnetic fields can be used as a sec-

ondary signature (in addition to the blockage of electric cur-

rents) to enhance the readout process in nanopore sensing

technique. By applying a moderate pressure difference of 1

bar16 between two ends of a pore with 1 µm length, we cal-

culate a magnetic filed strength of ≈ 0.375 nT near the solid-

surface under the conditions of the dashed-dotted line in Fig.

12(d). Upon increasing the surface grafting density, degree of

polymerization, surface charge density, pressure gradient or

reducing the pore legth, it is possible to obtain significantly

higher magnetic field strengths. For example, the magnetic

field distribution for a degree of polymerization N = 20 and

a surface grafting density σ = 0.6 chains/nm2 is shown (blue

line) in Fig. 12(d). This curve exhibits a strong improvement

of the magnetic field strength compared to the other results

discussed so far (note, however, that those previous results

used the values listed in Table I, for which we showed that the

assumptions our theoretical framework are valid, see discus-

sion above)

It was shown that magnetic fields as small as pico Tesla,

which is less than the values reported here, can be sensed

and measured in voltage/pressure driven electrokinetic flow

in nanopores.76–78 The sensitivity can be further extended to

the order of femto Tesla in superconducting quantum interfer-

ence device for detecting magnetic activity in the brain and

heart of humans.79,80

An even more interesting application would be the detec-

tion of analyte translocation through nanopores in the ab-

sence of electrodes. In such type of non-invasive "wireless"

nanochannel detectors, external magnetic fields can provide

information on pressure-driven streaming currents and reveal

translocation events without the need of placing external elec-

trodes. A second application that can be envisaged is using

PEL-modified nanochannels as management tools for displac-

ing and adjusting the route of transport of biomolecules and

particles that have an induced magnetic dipole in the work-

ing environment. In fact, due to the inhomogeneous magnetic

field induced by the ionic flow, a magnetic force will be ex-

erted on a translocating magnetic particle. Depending on the

particle’s trajectory in the nanochannel, this force can be used

to displace the particle to a preferred radial location and make

it subjected to the local axial flow velocity.81

IV. Conclusions

Despite the extensive use of ionic current measurements in

nanopores functionalized with polymer brushes, it is still nec-

essary to improve the theoretical frameworks for modeling the

polymer brushes in these applications. A major opportunity

for improvement stems from the fact that in most previous

studies the electrostatic interactions were not obtained from

minimizing the free energy of the system, and hence they

did not reflect the effect of the brush configuration and ex-

cluded volume interactions. As a consequence, these previous

studies needed to rely on simplified assumptions of constant

height and uniform monomer distribution (or equivalently, a

uniform charge distribution) within the polymer brushes.82–88

The molecular approach we adopted here does not require

such assumptions and, thus, captures the configurational pref-

erences of the grafted polyeletrolyte brushes.

In this paper we explored a purely pressure-driven flow in-

side a pH-tunable polyelectrolyte grafted nanopore. The equi-

librium structure of the system was determined with a mean

field approach (molecular theory) and used as an input to de-

termine non-equilibrium transport properties. The molecular

theory is based on writing the total free energy of the system

and then finding its extremum in the presence of the proper

constraints. The extremum of the free energy obtained in this

way corresponds to the equilibrium state of the system. This

theory is a more rigorous description of the PE brushes than

those used in previous works and provides us with molecu-

lar details that cannot be captured using the PNP and PB ap-

proaches, which were extensively used in previous studies.

For example the molecular theory predicts the local distri-

bution and state of ionization of the PE monomers and the

local hydrodynamic frictional coefficient without assuming a

priori a constant thickness of the PEL. Our results show that

the highest electrokinetic-energy conversion efficiency occurs

at mildly acidic pHs (pH = 4-5, for the value of pKa = 5.2

used in this work) and low salt concentrations. Moreover, it is

shown that increasing the slip coefficient or the polymer graft-

ing density does not necessarily lead to a higher efficiency.

We showed that grafting pH-tunable polyelectrolyte brushes

inside solid-state nanopores allows the induced magnetic field

to be tuned by the environmental properties and can also dras-

tically increase it even by multi ten factors. This strategy may

enable in the future the application of magnetic fields for ei-

ther enhancing the readout process in nanopore sensing tech-

niques or as a management tool for controlling the route of

translocation of magnetic analytes. Our approach can be also

applied in the future to investigate nanopores coated by semi-

flexible polymers by giving the bending and torsion potentials

under different tethering and confinement conditions, and also

to longer polymers than those studied here at a moderately in-

creased computational cost.
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A. Special analytical solutions

In this section, four analytical solutions at low values of

electrical potential field using the mean-field approach of

Poisson-Boltzmann are obtained. The equations involve the

Debye length, λD = (kBT ε f /2e2q2
ENACbulk

0 )1/2, a parameter

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
0
1
7
3
8



Accepted to Phys. Fluids 10.1063/5.0101738

14

FIG. 13. Variation of the modified Bessel functions of the first kind,

In(x), and the second kind, Kn(x), versus x for n ∈ {0,1}. These

functions control the asymptotic behaviors of analytic results such as

Eqs. (A11), (A15) and (A16) i.e., I0(x) = 1+ x2/4+O(x2), I1(x) =
x/2+O(x2), K0(x) = (8x− 1+O(x2))Ξ(x) and K1(x) = (3+ 8x+

O(x2))Ξ(x) with Ξ(x) =
√

π/2e−x/(4x)3/2.

that characterizes the EDL thickness. Here, qE = |q∗i | = 1

because all the ions considered have the same |q∗i | = 1, and

Cbulk
0 =Cbulk

K+ +Cbulk
H+ =Cbulk

Cl−
+Cbulk

OH−
. Results will be charac-

terized by the dimensionless Debye–Hückel parameter

K =
Rpore

λD

(A1)

which depends on the concentration of the ions and should

vary over a limited range beyond K > 1 for the physically

relevant situations we are addressing in this work. Upon vary-

ing either pH (which is equivalent to changing the H+ ions

concentration) or CKCl, K consequently changes. The relation

between pH, CKCl and K is a combination of λD and the values

of Cbulk
0 reported below Eq. (16) in terms of pH and CKCl.

1. Solid-State nanopore

By considering the Boltzmann distribution of the ions

and using the Debye–Hückel approximation, the linearized

Poisson-Boltzmann equation is reached as

1

R

d

dR

(

R
dΨ

dR

)

= λ−2
D Ψ (A2)

Introducing additional dimensionless parameters

ψ0 =
kBT

eqE

, ψ =
Ψ

ψ0
(A3)

Eq. (A2) simplifies to

1

r

d

dr

(

r
dψ

dr

)

= K2ψ (A4)

The solution of Eq. (A4) subject to the boundary conditions

brought in Eq. (17), which involve the surface charge density

σ∗s , is given by

ψ(r) =
σ∗s

Kε f I1(K)
I0(Kr) (A5)

where In is the nth modified Bessel function of the first kind

(Fig. 13) and K is the dimensionless Debye–Hückel parame-

ter. As mentioned previously, to evaluate the streaming cur-

rent as well as the induced magnetic field, we need to find

the velocity distribution. First, we start with the case of ESC

model.

a. External short-circuited (ESC) mode

In this case, the momentum equation can be written as

µ

R

∂

∂R

(

R
∂Uz

∂R

)

−
dP

dZ
= 0 (A6)

or alternatively, in dimensionless form using Eqs. (10) and

(19), as

1

r

∂

∂ r

(

r
∂u

∂ r

)

= 1 (A7)

Through applying the boundary conditions (21) involving the

dimensionless slip length lslip, the resulting velocity field is

obtained,

u(r) =−

(

1− r2

4
+

lslip

2

)

(A8)

With the velocity field at hand, the streaming current is calcu-

lated via

Istr =
∫ Rpore

0
ρe(R)Uz(R)2πRdR = I0,stristr (A9)

where the previously defined ρe(r) and I0,str are now expressed

in terms of ρbulk
0 instead of vw, more specifically, ρe(r) =

∑i∈{ions}ρi = −2ρbulk
0 ψ(r), and I0,str = −4πρbulk

0 eU0R2
pore.

The dimensionless streaming current istr inferred from Eq.

(A9) can be evaluated analytically,

istr =
∫ 1

0
u(r)ψ(r)rdr =

A(K)

4

[

4I1(K)−2KI0(K)

K3
−

2lslipI1(K)

K

]

(A10)

with a positive coefficient

A(K) =
σ∗s

Kε f I1(K)
(A11)

because we have considered positive surface charges, and the

dimensionless magnetic field evaluates to

B∗(r) =
B(r)

B0
=

∫ r
0 u(r)ψ(r)rdr

r
(A12)

=
A(K)

4

[

4I1(Kr)−2KrI0(Kr)

K3
−

(2lslip+1− r2)I1(Kr)

K

]

inside the nanopore (0 < r ≤ 1) and

B∗(r) =
istr

r
=

A(K)

4r

[

4I1(K)−2KI0(K)

K3
−

2lslipI1(K)

K

]

(A13)

outside the nanopore (r ≥ 1), where B0 =−2µpρbulk
0 eU0Rpore

now also expressed in terms of ρbulk
0 . B∗(r) can both increase

or decrease with r and exhibit either sign. There is a wide

discussion on the behavior of B∗(r) for different values of en-

vironment properties in section III.

b. Open external circuit (OEC) mode

In this case, through using the previous defined dimension-

less parameters and applying the Debye-Hückel approxima-

tion, the momentum equation can be simplified as the follow-

ing

1

r

∂

∂ r

(

r
∂u

∂ r

)

= 1−ψE∗str (A14)
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where E∗str = Estr/E0 and E0 = −(dP/dZ)/2ρbulk
0 e in terms

of ρbulk
0 . One can obtain the general solutions of Eq. (A14)

satisfying the boundary conditions (21) as below

u(r)=−

(

1− r2

4
+

lslip

2

)

+
AE∗str

K

[

I0(K)− I0(Kr)

K
+ lslipI1(K)

]

(A15)

with A = A(K) from Eq. (A11). The streaming current Istr =
Istr,P + Istr,E through the nanopore is evaluated using (33) with

the definition of ρe(r) = −2ρbulk
0 ψ(r) and the contributions

uP and uE to the velocity field contained in Eq. (A15). The

exact analytic result is istr,P = XP and istr,E = XEE∗str, with XP

and XE defined by Eqs. (34) and (35),

XP =
A

4K3

[

4I1(K)−2KI0(K)−2lslipK2I1(K)
]

, (A16)

XE =
A2

2K3

{

[2I1(K)−KI0(K)]I0(K)+(1+2lslip)KI2
1 (K)

}

(A17)

The streaming potential also induces a dimensionless con-

duction current icon = XconE∗str through the nanochannel,

which can be calculated analytically using Eq. (36) and Ci =
Cbulk

i exp(−q∗i ψ) =Cbulk
i (1−q∗i ψ). We obtain

Xcon =
2πE0R2

pore

I0,str
∑

i∈{ions}

(

1

2
−q∗i

∫ 1

0
ψrdr

)

λiC
bulk
i

=
2πE0R2

pore

I0,str
∑

i∈{ions}

(

1

2
−

AI1(K)q∗i
K

)

λiC
bulk
i (A18)

In the steady-state, the net ionic current vanishes, that is

Istr,P+ Istr,E + Icon = 0. Therefore, the streaming potential, E∗str

as function of K is given by Eq. (38) with XP, XE and Xcon now

available from Eqs. (A16)–(A18). Having evaluated E∗str, the

velocity profile is explicitly given by Eq. (A15) and the dimen-

sionless streaming current is determined by istr = XEE∗str+XP.

Finally, by using the Ampere’s law, the induced magnetic

field inside the nanopore can be calculated,

B∗(r) =
A

4K3

{

[4−K2(2lslip +1− r2)]I1(Kr)−2KrI0(K)
}

+
E∗strA

2

2K3

{

Kr[I2
1 (Kr)− I2

0 (Kr)]+2[KlslipI1(K)+ I0(K)]I1(Kr)
}

+
EstrµpRpore

B0
∑

i∈{ions}

(

r2

2
−

AI1(Kr)q∗i
K

)

λiC
bulk
i (A19)

where A = A(K) is given in Eq. (A11) and B0 stated after Eq.

(A13).

2. Soft nanopore

For soft nanopore, the Poisson-Boltzmann equation at low

potential values can be written as

1

R

d

dR

(

R
dΨPEL

dR

)

= 2
e2q2

ENACbulk
0

kBT ε f

ΨPEL +
eρPEL

ε f

(A20)

inside the polyelectrolyte layer (PEL), i.e., for Rpore − δs ≤
R≤ Rpore, and

1

R

d

dR

(

R
dΨE

dR

)

= 2
e2q2

ENACbulk
0

kBT ε f

Ψ (A21)

in the solution outside the PEL, 0 ≤ R ≤ Rpore − δs. Here,

ρPEL refers to the fixed PEL charge density, Rpore shows the

nanopore radius and δs represents the constant thickness of the

PEL layer. The subscripts PEL and E indicate inside and out-

side regions of the the polyelectrolyte layer, respectively. By

using the dimensionless parameters defined in previous sec-

tion and the new ones defined as

λPEL =

(

kBT ε f

ρPELe2

)1/2

, Λ=
λD

λPEL
, δ ∗s =

δs

Rpore
(A22)

as well as the dimensionless void radius,

rb = 1−δ ∗s (A23)

Equations (A20) and (A21) are non-dimensionalized as

0 =
1

r

d

dr

(

r
dψPEL

dr

)

−K2
(

ψPEL−Λ2
)

(rb ≤ r ≤ 1)

0 =
1

r

d

dr

(

r
dψE

dr

)

−K2ψE (0≤ r ≤ 1− rb) (A24)

with the pertinent boundary conditions ψ ′E(0) = 0, ψ ′E(rb) =
ψ ′PEL(rb), ψE(rb) = ψPEL(rb), and ψ ′PEL(1) = σ∗s , where the

prime denotes a derivative with respect to r. For the general

solutions of Eq. (A24) we obtain

ψPEL(r) = Λ2 + c1I0(Kr)+ c2K0(Kr), (A25)

ψE(r) = c3I0(Kr)+ c4K0(Kr) (A26)

where Kn is the nth modified Bessel function of the second

kind (Fig. 13). The coefficients c1–c4 are obtained upon satis-

fying the stated boundary conditions,

c1 =
σ∗s

ε f KI1(K)
+

c2K1(K)

I1(K)
,

c2 =−
Λ2I1(Krb)

K0(Krb)I1(Krb)+K1(Krb)I0(Krb)
,

c3 =
σ∗s

ε f KI1(K)
−

Λ2[K1(K)I1(Krb)−K1(Krb)I1(K)]

I1(K)[K0(Krb)I1(Krb)+K1(Krb)I0(Krb)]
,

c4 = 0 (A27)

To evaluate the streaming current as well as the induced

magnetic fields, we need to find the velocity distribution. We

begin with the case of the ESC mode.

a. External short-circuited (ESC) mode

By modeling PEL as a porous medium and utilizing the

Brinkman equation, the momentum equation can be simpli-

fied as the following wherein the drag force is accounted by a

volumetric resistive force proportional to the velocity, that is

µ

R

∂

∂R

(

R
∂Uz

∂R

)

−hF∗Uz−
dP

dZ
= 0 (A28)

where F∗ is the constant hydrodynamic frictional coefficient

of the PEL and h is equal to 1 inside the grafted layer and
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zero within the electrolyte. By using the previous dimension-

less variables and defining the dimensionless hydrodynamic

frictional coefficient

f∗ = Rpore

√

F∗

µ
(A29)

the momentum equation can be scaled as

1 =
1

r

∂

∂ r

(

r
∂uPEL

∂ r

)

− f 2
∗ uPEL, (rb ≤ r ≤ 1), (A30)

1 =
1

r

∂

∂ r

(

r
∂uE

∂ r

)

(0≤ r ≤ rb) (A31)

The momentum equation is subject to symmetry and con-

tinuity at the soft layer interface and slip boundary condi-

tions at the wall, these all are written in dimensionless form

as u′E(0) = 0, u′E(rb) = u′PEL(rb), uE(rb) = uPEL(rb), and

uPEL(1) = −lslipu′PEL(1). The solution of Eqs. (A30) and

(A31) satisfying these pertinent boundary conditions may be

expressed as

uPEL(r) = cvel
1 I0( f∗r)+ cvel

2 K0( f∗r)−
1

f 2
∗

, (A32)

uE(r) =
r2− r2

b

4
+ cvel

3 ln(r)+ cvel
4 −

1

f 2
∗

(A33)

where the cvel coefficients are given, with the help of abbrevi-

ations

γ1 = K0( f∗)− lslip f∗K1( f∗), (A34)

γ2 = I0( f∗)+ lslip f∗I1( f∗) (A35)

by

cvel
1 =

rb

2 f∗I1( f∗rb)
+

cvel
2 K1( f∗rb)

I1( f∗rb)
,

cvel
2 =

I1( f∗rb)/ f 2
∗ − rbγ2/2 f∗

γ1I1( f∗rb)+ γ2K1( f∗rb)

cvel
3 = 0,

cvel
4 = cvel

1 I0( f∗rb)+ cvel
2 K0( f∗rb) (A36)

Now the dimensionless streaming current is found as

istr =
∫ 1

0
u(r)ψ(r)rdr

=
∫ 1

rb

ψPEL(r)uPEL(r)rdr+
c3cvel

4 rbI1(Krb)

K

+
c3rb

4K3

[(

4+K2r2
b

)

I1(Krb)−2KrbI0(Krb)
]

(A37)

where ψPEL(r), uPEL(r) and the c coefficients are specified

by Eqs. (A25), (A27), (A32), and (A36), and we recall rb =
1−δ ∗s = 1−δs/Rpore.

Through using the Ampere’s law in a closed circular loop

of radius r written in Eq. (24), we can find the dimensionless

magnetic field defined previously as

B∗(r)=
c3

4K3

[(

4+K2r2
)

I1(Kr)−2KrI0(Kr)
]

+
c3cvel

4 I1(Kr)

K
(A38)

for 0≤ r ≤ rb and

B∗(r) =
1

r

[

∫ r

rb

ψPEL(r)uPEL(r)rdr+ rbB∗(rb)

]

(A39)

for rb≤ r≤ 1, where B∗(rb) is the magnitude of dimensionless

magnetic field at r = rb obtained from Eq. (A38). Also, for the

outside magnetic field, one can obtain

B∗(r) =
B∗(1)

r
=

istr

r
(A40)

where B∗(1) is the value of the dimensionless magnetic field

at r = 1 evaluated from Eq. (A39).

b. Open external circuit (OEC) mode

In this case, due to the imbalance of ions distribution at the

inlet and outlet of the nanochannel, caused by the imposed

pressure gradient, an electrical potential Estr is induced. The

momentum equation is rewritten in dimensionless form as the

following

1

r

∂

∂ r

(

r
∂uPEL

∂ r

)

− f 2
∗ uPEL = 1−ψPELE∗str, (rb ≤ r ≤ 1),

1

r

∂

∂ r

(

r
∂uE

∂ r

)

= 1−ψEE∗str, (0≤ r ≤ rb)(A41)

where E∗str had been defined previously. The general solutions

of Eqs. (A41) are obtained as

uPEL(r) =
E∗strΛ

2−1

f 2
∗

+
c1E∗strI0(Kr)+ c2E∗strK0(Kr)

f 2
∗ −K2

+Cvel
1 I0( f∗r)+Cvel

2 K0( f∗r) (A42)

inside the PEL (rb ≤ r ≤ 1), and

uE(r) =
r2

4
−

c3E∗strI0(Kr)
2

+Cvel
3 ln(r)+Cvel

4 (A43)

outside the PEL (0≤ r≤ rb). By satisfying the boundary con-

ditions stated after Eq. (A31), the four yet unknown param-

eters can be found as Cvel
1 = L1 + L2E∗str, Cvel

2 = L3 + L4E∗str,

Cvel
3 = 0, and Cvel

4 = L6 +L5E∗str with

L1 =
γ1rb/2+K1( f∗rb)/ f∗

f∗[γ1I1( f∗rb)+ γ2K1( f∗rb)]
,

L2 =
γ1γ4− f∗γ3K1( f∗rb)

f∗[γ1I1( f∗rb)+ γ2K1( f∗rb)]
,

L3 =
f−2
∗ −L1γ2

γ1
,

L4 =−
γ3 +L2γ2

γ1
,

L5 =
Λ2

f 2
∗

+
c1I0(Krb)+ c2K0(Krb)

f 2
∗ −K2

+
c3I0(Krb)

K2

+L2I0( f∗rb)+L4K0( f∗rb),

L6 =−
1

f 2
∗

−
r2

b

4
+L1I0( f∗rb)+L3K0( f∗rb), (A44)
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with c1, c2, c3 defined in Eq. (A27), K, Λ, rb and f∗ in Eqs.

(A1), (A22), (A23), and (A29), and

γ3 =
Λ2

f 2
∗

+
c1I0(K)+ c2K0(K)

f 2
∗ −K2

+
Klslip[c1I1(K)− c2K1(K)]

f 2
∗ −K2

,

γ4 =−
c3I1(Krb)

K
+

c2KK1(Krb)− c1KI1(Krb)

f 2
∗ −K2

(A45)

while γ1 and γ2 had already been defined by Eqs. (A34) and

(A35). By substitution of Eqs. (A44)–(A45) into Eq. (A43),

one obtains

uPEL(r)=E
∗
str

[

Λ2

f 2
∗

+
c1I0(Kr)+ c2K0(Kr)

f 2
∗ −K2

+L2I0( f∗r)+L4K0( f∗r)

]

+L1I0( f∗r)+L3K0( f∗r)−
1

f 2
∗

(rb ≤ r ≤ 1) (A46)

uE(r)=
r2

4
+L6 +E∗str

[

L5−
c3I0(Kr)

K2

]

(0≤ r ≤ rb) (A47)

Equations (A46)-(A47) imply that the fluid velocity highly de-

pends on both the induced steaming potential as well as the

imposed pressure gradient. The streaming current through the

nanopore can be exactly evaluated using Eqs. (33)–(35) with

the following values for XP and XE

XP =
∫ 1

rb

ψPEL(r)

[

L1I0( f∗r)+L3K0( f∗r)−
1

f 2
∗

]

rdr

+
c3rb

4K3

[

(4+K2r2
b)I1(Krb)−2KrbI0(Krb)

]

+
c3L6rbI1(Krb)

K

XE =
Λ2

f 2
∗

∫ 1

rb

ψPEL(r)rdr

+
∫ 1

rb

ψPEL(r)

[

c1I0(Kr)+ c2K0(Kr)

f 2
∗ −K2

+L2I0( f∗r)+L4K0( f∗r)

]

rdr

+
c3L5rbI1(Krb)

K
−

c2
3r2

b

2K2

[

I2
0 (Krb)− I2

1 (Krb)
]

(A48)

with ψPEL(r) from Eq. (A25). The streaming potential also

induces a conduction current through the nanochannel, calcu-

lated by Eq. (36) with the below value for Xcon

Xcon =
2πE0R2

pore

I0,str
∑

i∈{ions}

(

1

2
−L7q∗i

)

λiC
bulk
i (A49)

with

L7 =
Λ2(1− r2

b)

2
+

c3rbI1(Krb)

K

+
c1[I1(K)− rbI1(Krb)]− c2[K1(K)− rbK1(Krb)]

K
(A50)

Now the values of E∗str can be evaluated using Eq. (38) and

istr = XEE∗str + XP. Finally, by using the Ampere’s law, the

induced magnetic field inside the nanopore can be calculated

as

B∗(r)=
c3

4K3

[

(4+K2r2)I1(Kr)−2KrI0(Kr)
]

+
c3L6

K
I1(Kr)

+E∗str

[

c3L5I1(Kr)

K
−

c2
3r2

2K2

{

I2
0 (Kr)− I2

1 (Kr)
}

]

+
E0µpRpore

B0
E∗str ∑

i∈{ions}

[

r

2
−

c3I1(Kr)q∗i
K

]

λiC
bulk
i (A51)

for 0≤ r ≤ rb and

B∗(r) =
1

r

[

EstrRpore

B0
∑

i∈{ions}

(

r2− r2
b

2
−q∗i

∫ r

rb

ψPEL(r)rdr

)

λiC
bulk
i

]

+rbB∗(rb)+
∫ r

rb

ψPEL(r)uPEL(r)rdr (A52)

for rb ≤ r≤ 1, while B0 =−2µpρbulk
0 eU0Rpore, ψPEL and uPEL

are given by Eqs. (A25) and (A46), respectively.
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Figure 1.  Schematic representation of the problem under consideration. The inside wall is coated with PE chains responsive to 
the pH and salt concentration of the solution. 
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