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1. Introduction

Non-parametric regression models suffer from the curse of dimensionality when the dimension of the covariates increases.
Therefore, introducing some structure in the regression function the statistical analysis may become more efficient. Partially
linear models (PLM) provide a solution to a large number of covariates by assuming that the regression function has two
components: one depending linearly on some of the covariates, while the other one is non-parametric. In particular, PLM
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came to be more popular in the last years due to their flexibility, since the two components allow them to adapt to a wide
class of situations. Sometimes, little is known about the relation among the response and some of the independent variables
and hence, when the form of functional relation is unspecified, the use of a non-parametric component is recommended. In
these situations, PLM are an appealing choice.

More formally, under a PLM, it is assumed that the response y; € R and the covariates (X[, t;), X; € R, t; € R, are such
that

yi=XB+gt)+oe 1<i<n, W

where the errors ¢; are ii.d., independent of (x], t;) with symmetric distribution Fy(-). That is, we assume that the error’s
scale equals 1 so as to identify the scale parameter as o. We will not require any moment conditions on the errors distri-
bution, but we only assume that the scale parameter for the errors equals 1. When the existence of seconds moments is
assumed, as it is the case of the classical approach, these conditions imply that E(¢;) = 0 and VAR (¢;) = 1, which entails
that, in this situation, o represents the standard deviation of the responses conditional to the covariates.

Hardle et al. (2000, 2004) give an extensive description of different results obtained in pLM. In particular, in the context
of hypothesis testing, Gao (1997) considers asymptotic test statistics for the problem Hy : 8 = 0, while Gonzalez Manteiga
and Aneiros Pérez (2003) studied the case of dependent errors. Classical procedures based on local polynomials and least
squares estimation can be seriously damaged by a small fraction of anomalous observations. Robust estimates under the
partly linear model were considered in He et al. (2002), where M-type estimates for repeated measurements using B-splines
are introduced. On the other hand, Bhattacharya and Zhao (1997) define a /n-consistent estimator of 8 by taking differences
of the observations and combining a bandwidth-matched M-estimation procedure with kernel weights, whenp = 1and the
carriers X lie in a compact set. Bianco and Boente (2004) introduce a kernel-based three-step procedure in order to achieve
robustness against anomalous data including high leverage points in x.

Nevertheless, in practice, not all the responses may be available, this may be planned or unplanned. The methods de-
scribed above are designed for complete data sets and problems arise when missing observations are present. In some cases,
people may refuse to provide some kind of information, in others, the response variable may be very expensive or difficult
to measure. Also, sometimes there may be loss of information in the registration process or the researcher may fail to col-
lect the full information. There are many situations in which both the response and the explanatory variables have missing
values, however we will focus our attention on those cases where missing data occur only in the responses.

Wang et al. (2004) considered regression imputation of missing responses based on partly linear regression model
in order to make inference on the mean of y. The estimator of B8, introduced by Wang et al. (2004), is a least squares
regression estimator defined by considering preliminary kernel estimators, of the quantities E(61X1|t; = t)/E(51]t; = t)
and E(81y4|t; = t)/E(S1]t1 = t), where §; = 1ify; is observed and §; = 0 ify; is missing. Estimators of the marginal mean of
the response y based on the obtained estimator of the regression parameter are defined using an imputation estimator and
also propensity score weighting estimators. Wang and Sun (2007) studied estimators of the regression coefficients and the
nonparametric function using either imputation, semiparametric regression surrogate or an inverse marginal probability
weighted approach. Since these estimators are based on weighted means of the response variables, they are highly sensitive
to outliers. The lack of robustness of weighted means procedures pushed on the search of procedures resistant to outliers
as those given in Bianco et al. (2010), who introduced robust estimators based on bounded score functions together with
algorithms to compute them. In this paper, we go further and we focus our attention on inference regarding the parametric
component, when the response variable has missing observations, but the covariates (X, t) are totally observed.

The rest of the paper is organized as follows. Section 2 reviews the definition of the robust semiparametric estimators
defined in Bianco et al. (2010) and recalls some previous results. In Section 3, the Wald test statistics are introduced, while
their asymptotic distribution is derived under the null hypothesis and under contiguous alternatives in Section 3.1. The
results of a simulation study are reported in Section 4, while some final comments are given in Section 5. Technical proofs
are left to the Appendix.

2. Preliminaries

Consider a random sample of incomplete data (y,-, Xt 8,-), 1 < i < n, of a partially linear model where §; = 1 ify; is
observed, §; = 0 if y; is missing, and the responses y; satisfy model (1).

As mentioned above, our goal is to introduce robust tests to check hypotheses that engage the regression parameter
in the case where responses are possibly missing, in particular when they are missing at random (MAR). This means that if
(y, X", t, 8) has the same distribution as (yi, X, ti, (Si), § is conditionally independent of the response y given (X", t). In other
words, we assume an ignorable mechanism such that P (§ = 1|(y, X", t)) =P (8 = 1|(X", t)) = p (X, t).

One may wonder if, ignoring the vectors with missing responses, we will still obtain robust and consistent procedures.
That is, if the robust estimators given in Bianco and Boente (2004) applied to the observations {z;,, ..., zy} = {i, X],
ti)"}s;=1, where N = Z?:l i, lead to asymptotically unbiased estimators so that, the tests defined through them in Bianco
et al. (2006), turn out to be consistent. This is one of the conditions needed to successfully apply the transfer principle de-
scribed in Koul et al. (2012). However, as mentioned in Bianco et al. (2010), a profile-likelihood procedure is needed to
obtain consistent estimators for a wide class of situations when dealing with missing responses. Indeed, the robust estima-
tors proposed in Bianco and Boente (2004) are not Fisher-consistent, unless the probability of missing responses is of the
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form p (x, t) = p (t). This excludes interesting situations that may appear in practice. For that reason, since the transfer
principle cannot be applied to the robust test defined in Bianco et al. (2006), we will consider the estimators addressed in
Bianco et al. (2010) based on a profile-likelihood approach which combines the M-smoothers defined in Boente et al. (2009)
with robust regression estimators. For the sake of clarity, we shortly remind the definition of these estimators.

2.1. Estimators of the regression parameter and regression function

Let 1 be an odd and bounded score function and p be a rho-function as defined in Maronna et al. (2006, Chapter 2),i.e., a
function p such that p(x) is a nondecreasing function of |x|, o(0) = 0, p(x) is increasing for x > 0 when p(X) < [|pllcc =
sup, |p(x)|.If p is bounded, it is also assumed that || p|l.c = 1. We will consider kernel smoothers weights for the nonpara-
metric component which are given by w;(, hy) = 8 K ((t — 7)/ha) {31, 8 K ((t — t)/h,,)}_l, with K a kernel function,
i.e., a nonnegative integrable function on R and h, the bandwidth parameter.

To define a robust estimator, Bianco et al. (2010) proceed as follows:

Step 1. For each 7 and b, define g,(7) and its related estimate gy(t) as the solutions of SV (gy(t),b,7) = 0 and
S,(,U@b(r), b, ) = 0, respectively, where
—x'b—a
5(1)((17 b7 T) =E [8‘(/[] (y7> v (X) |t = t} s (2)
Op

SV, b, ) = Zwl(r ha) ¥4 (%’)v(xo,
b

with's, a preliminary robust consistent scale estimator of oy, the scale of y — X"b — g, (7), and v a weight function.
Step 2. The functional B(F), where F is the distribution of (y, X", t,d), is defined as B(F) = argmin,H(b), with
H() = E[5p ((y —X'"b — gp(t)) /o) v (X)]. Its related estimate is defined as ﬂ = argminyH,(b), where H,(b) =
Zl 16ip ((y, xib — gb(t,))/o) v (X;) /n, with & a preliminary estimate of the scale o, i.e., a robust M-scale
computed using an initial (possibly inefficient) estimate of 8 with high breakdown point.
Step 3. Then, the functional g(z, F) is defined as g(t, F) = gg(r)(7), while the estimate of the nonparametric component is
8 (1) = g3(0).

Let ¢ = p’ be the derivative of the loss function p. It is worth noticing that the regression estimator defined in Step 2 is the

solution of
PO L yi—X'B —&3(t) 3
M (B — 2: RN A L hie MMx + Zs(t _
H, B = E - Sy ( = v(X) | xi+ abgh(tz) vj =0. (3)

As is well-known, leverage points in the covariates x may cause breakdown in regression models. For this reason, GM-, S-
and MM-estimators have been introduced (see for instance, Maronna et al., 2006). By means of a score function p combined
with a weight v in Step 2, we include these robust families of estimators. Hence, the proposal is resistant against outliers in
the residuals and in the carriers X, as well. Usually, when computing MM -estimators, since they already control high-leverage
points, the practitioner takes v (x) = 1. Bianco etal.(2010) described an algorithm to compute these estimators, where MM-
estimators with initial LMS-estimators combined with S-estimators adapted to the partly linear setting are considered. If
Y1 is chosen as the identity function, p is taken as the square function and v = 1, this procedure will lead to the estimators
introduced in Wang et al. (2004), which are non resistant to the presence of outlying observations. If in addition, p = 1,
i.e., when there are no missing responses, these estimators correspond to those defined in Speckman (1988) and studied in
Robinson (1988).

2.2. Asymptotic distribution

In this section, we state the asymptotic behavior of the estimator E defined above, which was derived in Bianco et al.
(2011). This result will be helpful to obtain the asymptotic distribution of the test statistic under the null hypothesis.

Assume that (yi, X, t, Si), 1 <i<nareasabove,ie,y; =x]B + g (tj) + o€ for 1 <i < n.Denote ¥’ and " the first
and second derivatives of . Moreover, let z = z(B) with z(by) = X + (3gp(t)/9b) |b=p,, Z = zi(B) with z;(by) = x; +
(0gn(t)/9b) [b=n, and

Pb.1) =80 —g(1)  P@) =P(B.7) (4)

_ 87 (b, IR

Bi(b, 7) = % Bi(7) = (B, 7). (5)
J

Furthermore, for any function m : 7 — R denote ||m||o = sup;cs |m(t)|. The first condition below states a MAR assump-
tion, the second one is a condition on the preliminary estimate of g, (7), while the other ones state requirements to the score
and weight functions and to the underlying model distributions.
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NO. § and y are conditionally independent given (X", t), thatis, P (6 = 1|(y, X", t)) =P (5 = 1|(X", t)) = p (X, t).

N1. The functions g, (t) and gy, (t) are continuously differentiable with respect to (b, 7), twice continuously differentiable
with respect to b and such that (82gb(r)/8bj8bg)|b:,g is bounded. Furthermore, forany 1 < j, £ < p, Bng(r)/abji)bg
satisfies the following equicontinuity condition:

2

abjob,

82

Ve >0,36 >0:|by —by| <6 = -8
b:b1 8bjab(

< €.

b=by || o

N2. The functions v and 7" (X) = Xv(x) are bounded and continuous. The function y» = o’ is an odd, bounded and twice con-
tinuously differentiable function with bounded derivatives y" and v+”, such that ¢ (s) = sy¥’(s) and ¢, (s) = syr”(s) are
bounded. Moreover, the function v; is a bounded and continuously differentiable function with bounded derivative ;.

N3. The matrix A(8) = E¥’ (¢) E (v(X)p(x, t)z(B)z(B)") is non-singular.

N4. The matrix B(B) = Ey/% (¢) E (v2(x)p(x, 1)z(B)z(B)") is positive definite.

N5. E (p(x, o) [1z(B)[|*) < oo.

N6. E(y; (¢)) # 0and E(Y’ (¢)) # 0.

N7. (a) | g3 —g”oO -2, 0,forany g -2 B.

(b) Foreacht € 7 and b, (b, T) — 0. Moreover, n'/4 ||, — 0 and n'/4 (e L, 0forall1 <j<p.

(c) There exists a neighborhood of B with closure X such that forany 1 <j, £ < p,

suppesc (5D, )lloo + 18T5(b, -)/8b¢ [log) — 0.
(d) 197/t )l + | 85/87 |, —> Oforany 1 <j <p.

Remark 2.1. Using that SV (gy(t), b, T) = 0 for any b € R” and that the errors have a symmetric distribution and are
independent of the covariates, we obtain that N6 implies

ad
E |:(X + %gb(‘[)

which ensures that g, and its first derivative with respect to b can be replaced by the true functions.

The convergence requirements in N7 are similar to those stated in Severini and Staniswalis (1994) and are needed to
obtain root-n regression estimators. In particular, the continuity of gy (7) with respect to (b, t) and Theorem 3.1 in Bianco
et al. (2011) entail N7(a). For a discussion on the validity of N7(b)-(d), see Remark 6.2 of the above mentioned paper, where
more comments on the remaining assumptions can be found.

) vX)pX, )|t = r:| =0, (6)
b=p

Proposition 2.1. Assume that t; is a random variable with distribution on a compact set and that the errors have a symmetric dis-
tribution and are independent of the covariates. If NO to N7 hold and & SN o, then for any consistent solution E of (3), we have
that /n (ﬁ — ﬁ) 2N (c, o2A~1(B)B(B)A"'(B)), where the symmetric matrices A(B) and B(B) are defined in N3 and N4,
respectively.

Proposition 2.1 is used in Section 3 to define the Wald test statistic for the simple null hypothesis Hy : 8 = B, and to
derive its asymptotic distribution when Hy holds.

3. Robust testing

In this Section, we mainly focus on testing hypotheses of the form Hy : B = B, vs. H : B # B, through a Wald-type test
statistic based on the robust estimator 8 defined in Section 2.1. R
In order to construct the Wald-type test statistic, we need to estimate the asymptotic covariance matrix of . Let

(yi, X, ti, 8,~) , 1 <i < n, be arandom sample satisfying (1). Define
A(b) =E (¢ (e(b)) v(®)p(x, H)z(b)z(b)") and B(b) =E (¥ (¢(b)) v’ X)p(x, 1)z(b)z(b)") (7)
with e(b) = (y — x"b — g, (t))/o. Note that €(B) = ¢, thus we obtain the matrices defined in N3 and N4. These matrices

involve the quantity (9gp(t)/db) [p=g, SO its estimation is required. Since SD(gy(1), b, ) = 0, forallb € RP, differentiating
with respect to b we get that
30'1,
Og——
b=p ob

-1 —X'"B—gg(t agu(t
0= E|px 0] <y—ﬁ 8! )) v | (x4 220

o4 o db
As the observations satisfy (1), we have that gg = g and o = o, so we obtain that
9gn(7)
ob

(v—x'B —gﬁ(r))} It = r:| .

b=8

0=E |:1ﬁ{ (€)p(x, HHv (%) <X+ b

JowmJselsimonn S|
olt=1t|+E|ey] () pX, v (X) — t=r1|. (8)
b= b=p
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Using the independence between the errors and the covariates, the symmetry of Fy and the fact that the oddness of v,
entails that uy/{ (u) is an odd function, we get that E [61//{ (e)] = 0 implying that the right hand side term in (8) equals 0.
Thus,

98n(7)
db

B [ (20 su x|t = 7|
bp B[y (RO ) sy o= 7]
Itis worth noting that (6) entails that (9gp(t) /0b) [p—g = —E[6v X) X|t = T]{E [dv X) |t = 7]}~ 1. Hence, (3gy(t)/db) lb=p

does not depend on the score function ;. However, in the estimation procedure we will use the score function v, in order
to bound the effect of bad leverage points. Effectively, (3gy(t)/9b) [pb—g will be estimated as

n

Z wi(T, hper) ¥ (M) U (X)) X
g =-= : (9)

> wi(r, o) vy (P25 ) v ()
i=1

where w;(t, h) = § K ((t; —t)/h) {31, § K ((tj — ) /h)}” and the bandwidth hyp; used to estimate the partial deriva-
tive (dgw(t)/0b) |pb—g may be different from that used in the estimation of g. Note that when computing the estimator

Eg’), we bound the effect of large residuals through the score function ;. We may also control bad leverage points, even

without using a weight function v, choosing ¥; = p1, with p; a redescending loss function. The estimator fg\g’) relies on

the assumption that E[§v (X) [t = 7] = E [p(X, T)v (X) |t = 7] # 0, which means that there are enough responses at each
neighborhood of ¢, since we already require that Eyr; (€) # 0 to obtain the correct rate of convergence.

Denote Z;(B8) = x; + Efgb)(ti) and €(b) = (y; — xib — 2,(t;))/7, then estimators of A(8) and B(f8) can be defined as
A= K(ﬁ) andB = ﬁ(ﬁ), where

-~ 1< e~ ~ 1< PN
Ab) = -3 6y @®) vx)ZBZM' and Bb) = 3 8y @b) v X)ZbBIZD)" (10)
i=1 i=1

Lemma 6.1 in Bianco et al. (2011) entails that, for any fixed 8, under NO, N1, N2, N5 and N7(a) the matrices A\(ﬁ) and ﬁ(ﬁ)
provide consistent estimators of A(f8) and B(f), respectively. This result together with Proposition 2.1 suggests the following
Wald test statistic to test Hy : B = B,

F - n (ﬁ - By)" @ﬁ_ﬁ\) (:E - Bo)
n — 6"\2 .

Lemma A.1 generalizes theAalzove m/gngioned Lemma to deal with contiguous alternatives, since it allows to derive the
consistency of the matrices A(8) and B(8) to A(8,) and B(8,), respectively, when model (1) holds for 8 = 8, = B,+cn~1/2
and 8 LN Bo-

When there are no missing responses in the sample, Bianco et al. (2006) also considered a score type test. In our setting,

a score type test can also be considered, but based on the profile estimators 8. However, this approach is beyond the scope
of this paper.

3.1. Asymptotic behavior of the test statistics

The asymptotic behavior under the null and local alternatives of the Wald statistic is derived in this Section. As mentioned
above,underHy : 8 = ﬁ,(\,, the asymptotic distribution of the test statistic, given in Theorem 3.1, follows from Proposition 2.1

and the convergence of A and B to A(,) and B(8,), given in Lemma 6.1 of Bianco et al. (2011).

Theorem 3.1. Assume that t; is a random variable with distribution on a compact set 7 and that (y;, X;, t;, 8;) satisfy model (1)
for B = By, ie,yi =X By + g (t;)) + o€, where ¢; are independent of (X[, t;) and have symmetric distribution. If NO-N7 hold

for B = B, andG —> &, we have that ‘W, LN X
Note that the test statistic is asymptotically sz distributed under the null hypothesis, which is the same asymptotic

distribution of the classical test based on local means and least squares estimation.
In order to state the asymptotic behavior under local alternatives, we must generalize assumption N7 to the case of

: . 1
contiguous alternatives of the form 8, = B, + cn™2.
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N8. Wheny; = x'8, + g(t;) + &, 1 <i < n,with B, = B, + en~2,if P(t) = Y(B,, T) and 0 » () = Vj(B,, 7), it holds
that

||’g\ﬁ —g|| -2, 0, forany g 2> Bo.
(b) Foreacht € 7 and b,y (b, 1) 0. Moreover, n

() There exists a neighborhood of B, with closure X such that supyey (|[0(b, -)llco + |130j(b, -)/3belloo) LN 0, for
any1<j,¢ <p.

(d) 1970/ llog + [8%n/37 |, = Oforany 1 <j <p.

1/4 1/4

Pully, —= Oand n [Bnl L2, oforall1 <j<p.

It is worth noticing that N8 is analogous to N7, but under a sequence of contiguous models. Hence, the validity of N8 follows
under similar conditions to those considered for N7.

Theorem 3.2 gives the asymptotic distribution of the test statistic under contiguous alternatives. Its proof is an immediate
consequence of Lemmas A.1 and A.2 in the Appendix. Note that the non-centrality parameter depends on the loss function
p used through its derivative v, so that some loss of power may be expected due to the balance between robustness and
efficiency.

Theorem 3.2. Let t; be a random variable with distribution on a compact set 7. Assume that (y;, X], t;, 6;), 1 < i < n, satisfy
model (1) with B, = ﬁ0+cn‘%,i.e.,yi = X B, +g (tj)+o0€;, where ¢; are independent of (X], t;) and have symmetric distribution.
Assume that NO-N6 hold for B = B,. If in addition, N8 holds and ¢ SN o, we have that under HY : B = B, Wn 2 Xg(e),
where § = "2, '¢c/a? with T = A, 'BoA, ", for Ay = A(B,) and By = B(B,) defined in (7).

Similar results to those given in Theorem 3.1 can be obtained when the null hypothesis involves only a subset of g com-
ponents of the regression parameter, by adapting assumptions N3-N5 and also N7 or N8 to the actual null hypothesis. This is

one of the most frequent hypothesis testing problems in regression. Let § = (ﬁ“), ﬂ(z))T E (ﬁu)» ﬂ<2)) where 8, € R%.

In order to test Ho : By = B(1).0 » B(2) unspecified, one > may use the statistic Wl n= n(ﬂ(l) By ):11 (B(U ﬂ(]) 0)/0’
where )311 denotes the g x g submatrix of the matrix T € RP*P, corresponding to the coordinates of 8;, S =A" 1BA*

A= A(ﬂ) and B = B(ﬁ) defined in (10).
The following theorem states the asymptotic distribution of the Wald-type statistic W, - Its proof is similar to that of
Theorem 3.1, so it is omitted.

Theorem 3.3. Let t; be arandom variable with distribution on a compact set 7 and (y;, X}, t;, §;), 1 < i < n, bei.i.d. observations

satisfying (1) and NO, where the errors are independent of the covariates and have symmetric distribution. Assume that o L5

and that, for any B,), N1-N7 hold when B = (B(;, o, B(2))"- Then, we have that

~ D
(a) Under Ho : B(1y = B1y.00 Win —> X;-

o~ D . _ e a1 s
(b) Under HY : By = Bayo + cyn /% Wiy —> qu(el), with 6; = c{l)Zojlc(l)/az, where X, = A;'BoA, ", if in
addition N8 holds taking By = (B{) o. B(5)"-

4. Monte Carlo study

A simulation study was carried out in order to assess the performance of the proposed test and also to compare its behav-
ior with that of the classical one under contamination and under normal samples, for different missing probability schemes.

For both, the classical and robust smoothing procedures, we use the Gaussian kernel. For the robust smoothing procedure,
we compute the robust local M-estimates with the bisquare function as score function v, with bandwidth h. For the
computation of’g\lgb) (7), we consider its derivative y; with bandwidth hpg, as described in (9). We choose as tuning constant
for the bisquare function the value 4.685, which gives a 95% efficiency with respect to its linear relative. To compute the
local M-estimates, local medians are selected as initial estimates in the iterative procedure.

The robust estimator of the regression parameter § is computed as described in Section 3 of Bianco et al. (2010) using
as rho-function the bisquare function, that is, choosing p(x) = oy« (X/co) and p(x) = prk (x/c1), with ¢ = 1.56,¢1 > ¢
and prye(®) = min(1, 1 — (1 — x?)3). The value selected for ¢y ensures Fisher-consistency of the scale when the errors are
Gaussian, while c; = 4.68 guarantees that under a regression model the resulting estimates will achieve 95% efficiency.

In a first step, we generate observations (z;, x;, t;) according to the model z; = Bx; + sin(2mw (t; — 0.5)) + o¢;, 1 <i <n,
where 8 = 2 and 62 = 0.25 in the non-contaminated case, which we identify as Cy. Besides, the covariates (x;, t;) are such
thatx; ~ N(0, 1) and t; ~ U(0, 1) independent of each other, while the errors are ¢; ~ N(0, 1). Then, missing responses are
introduced using different missing schemes to be described below, that is, we define y; = z; if §; = 1 and missing otherwise.

For each of the situations to be considered below, we perform 1000 replications generating independent samples. For
each replication, we test the null hypothesis Hy : 8 = 2 through the test statistic ‘W, and the classical Wald-type statistics
Wy..s based on the least squares estimator, that is the estimator defined in Wang et al. (2004).
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Table 1
Observed frequencies of rejection at 8 = 2, for nominal levels « = 0.05 and « = 0.10, when n = 100, 200 and 500 under Co.
a = 0.05 a=0.10
r‘/VH.LS wﬂ WH.LS wﬂ
hDER hDER
n h 0.04 0.075 0.1 0.04 0.075 0.1
0.05 0.060 0.062 0.077 0.082 0.108 0.103 0.129 0.136
100 0.075 0.057 0.044 0.055 0.058 0.099 0.081 0.103 0.109
0.10 0.052 0.046 0.056 0.058 0.091 0.075 0.09 0.093
0.20 0.040 0.039 0.048 0.051 0.087 0.068 0.089 0.094
0.05 0.062 0.059 0.069 0.070 0.105 0.109 0.119 0.120
200 0.075 0.053 0.048 0.055 0.055 0.097 0.093 0.100 0.100
0.10 0.043 0.044 0.050 0.053 0.090 0.086 0.095 0.097
0.20 0.041 0.042 0.046 0.049 0.078 0.075 0.088 0.089
0.05 0.049 0.060 0.061 0.061 0.111 0.114 0.119 0.119
500 0.075 0.044 0.060 0.060 0.061 0.108 0.108 0.117 0.118
0.10 0.035 0.042 0.047 0.048 0.095 0.097 0.099 0.101
0.20 0.036 0.048 0.050 0.051 0.083 0.105 0.108 0.113

Even if a full study on the level dependence on the bandwidths h and hpg is beyond the scope of the paper, in a first
stage, our concern is the level of the tests and how it may be influenced by the choice of the smoothing parameters. For that
purpose, we consider three sample sizes n = 100, 200 and 500 and different values of the bandwidths, more precisely, we
choose h = 0.05, 0.075, 0.10 and 0.20 and hpg; = 0.04, 0.075 and 0.1.

We first describe the results for the situation in which there are no missing responses which corresponds to the complete
data case, that is, p(x, t) = 1and y; = z. Table 1 gives, in this situation for the non-contaminated case Cy, the observed
frequencies of rejection under the null hypothesis for the different sample sizes and bandwidths and for two nominal levels
a = 0.05 and 0.10. In most cases, for the bandwidth choices h = hpgz = 0.075 and h = 0.10, hpgg = 0.075, the robust test
based on W reaches the closest values to the nominal levels. Besides, the classical test based on Wn 1s also attains observed
frequencies of rejection very close to the nominal values of « for these smoothing parameters. Hence, from now on we
consider these bandwidth parameters. On the other hand, since we consider below missing schemes with at least 30% of
missing responses, a sample size of n = 100 may be not large enough. Besides, n = 200 seems a good compromise between
a moderate sample size and the required number of observations to achieve the desired level «. For these reasons, from now
on we only report the results when n = 200 and & = 0.05. Similar results were obtained for the nominal level « = 0.10.

In a second stage, we take into account four contamination schemes in order to evaluate their impact on the level and
power of the classical and robust tests. The considered contaminations are

e C;:€q,...,6€yareiid. 0.9N(0, 1) + 0.1N(0, 25). In this contamination only the errors are inflated and it is expected
that it will affect moderately both level and power.
e (5:€q,...,6pareiid. 0.9N(0, 1)+0.1N(0, 25) and artificially 20 observations of the response z;, but not of the carriers

x;, are modified to be equal to 20 at equally spaced values of t. This contamination introduces 10% of outliers with high-
residuals, so that it will have influence on the test power.

e (C3:€q,...,€yareiid.0.9N(0, 1)+0.1N(0, 25) and artificially 20 observations of the carriers x;, but not of the response
z;, are modified to be equal to 20 at equally spaced values of t. In this case, high-leverage points are introduced to assess
how the bias of the regression parameter estimates affects the level of the test.

e Cy:€q,...,€yareiid.0.9N(0, 1) +0.1N(0, 25) and artificially 10 observations of the carriers x; and 10 of the response
z;, are modified to be equal to 20 and —20, respectively at equally spaced values of t. The outlying responses are not
allocated at the same ¢t than the outlying carriers. This case corresponds to introduce both high-leverage points and
high-residuals.

We compute the observed frequencies of rejection at 8 = 2 + An~2,n = 200 for A = 0, 0.25, 0.5, 0.75, 1, 1.5 and 2
and we summarize the obtained results in Table 2.

As expected, under C; and Gy, the classical test Wn s becomes non-informative since its estimated power function equals
1. Besides, under C, the test Wn 1s leads to a power function which decreases with A, leading to wrong conclusions. Contam-
ination C; seems to be the less harmful for Wn 1s since both its level and power are only slightly modified. Its major effect is
a loss of power. Only the scenario without contamination, Cy, is favorable to the classical test 'W,, s- On the other hand, the
robust test Wn is stable under all contaminations, leading to reliable results for both choices h = hp;z = 0.075and h = 0.10
combined with hpz,; = 0.075.

In a third stage, we introduce missing at random responses according to different patterns. As mentioned above, we
define y; = z;, if §; = 1, and missing otherwise, where §; are generated as Bernoulli random variables using the following
missing data models: (i) P; : p(x, t) = 0.4 + 0.5(cos(2(x + 0.2)))?, (i) P : p(x, t) = 0.4 + 0.5(cos(2(t + 0.2)))?, (iii) P; :
p(x, t) = 0.440.5(cos(2(xt +0.2)))? and (iv) P4 : p(x, t) = 1/(14exp(—2x—12(t —0.5))), which lead to an approximated
proportion of missing responses of 0.3494, 0.4572, 0.2951 and 0.5006, respectively.
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Table 2
Observed frequencies of rejection at 8 = 2 + An~'/2, for n = 200, with nominal level @ = 0.05, hyz; = 0.075 and h = 0.075 and 0.1 when p(x, y) = 1.
h =0.075 h=0.10
A A
0 0.25 0.5 0.75 1 1.5 2 0 0.25 0.5 0.75 1 15 2
Go
Wi 0.053 0.088 0.165 0.305 0.516 0.861 0.984 0.043 0.082 0.157 0.290 0.482 0.845 0.976
Wa 0.055 0.090 0.154 0.294 0.485 0.824 0.972 0.050 0.078 0.173 0.280 0.455 0.796 0.970
G
'W\,L,_S 0.047 0.063 0.086 0.147 0.220 0.417 0.617 0.044 0.061 0.087 0.138 0.218 0.413 0.611
W 0.062 0.086 0.155 0.253 0.408 0.746 0.918 0.054 0.082 0.141 0.237 0.394 0.709 0.909
G
1:43\,,,5 0.069 0.065 0.060 0.060 0.061 0.059 0.062 0.068 0.065 0.064 0.062 0.059 0.058 0.056
W 0.065 0.081 0.141 0.244 0.380 0.686 0.882 0.050 0.069 0.132 0.228 0.367 0.670 0.878
G
"/EH.LS 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Wy 0.059 0.074 0.147 0.246 0.377 0.687 0.893 0.057 0.069 0.136 0.226 0.356 0.674 0.877
Cy
WEALS 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Wa 0.059 0.074 0.147 0.246 0.377 0.687 0.893 0.057 0.069 0.136 0.226 0.356 0.674 0.877
Table 3

Observed frequencies of rejection at 8 = 2 + An~%2, forn = 200, with nominal level @ = 0.05, hy;z = 0.075 and h = 0.075 and 0.1 when
p(x,t) = 0.4+ 0.5(cos(2(x + 0.2)))%

h =0.075 h=0.10
A A
0 0.25 0.5 0.75 1 1.5 2 0 0.25 0.5 0.75 1 15 2
Co
'an_,_s 0.058 0.083 0.145 0.242 0.375 0.698 0.904 0.048 0.077 0.135 0.232 0.355 0.678 0.895
Wy 0.062 0.091 0.165 0.243 0.355 0.648 0.861 0.055 0.077 0.150 0.222 0.333 0.628 0.852
G
Wn.Ls 0.063 0.074 0.100 0.136 0.190 0.311 0.506 0.064 0.067 0.100 0.139 0.187 0.302 0.496
Wy 0.074 0.088 0.125 0.214 0.303 0.552 0.796 0.060 0.079 0.122 0.186 0.269 0.528 0.759
G
WH,LS 0.067 0.062 0.061 0.060 0.059 0.055 0.057 0.069 0.063 0.060 0.058 0.055 0.058 0.056
Wy 0.066 0.096 0.137 0.195 0.273 0.506 0.739 0.061 0.069 0.114 0.180 0.271 0.473 0.719
G
'XV’},,,_S 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Wy 0.062 0.083 0.131 0.196 0.284 0.514 0.739 0.052 0.067 0.114 0.178 0.266 0.483 0.710
Cy
'an‘,_s 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Wy 0.066 0.091 0.135 0.195 0.279 0.511 0.739 0.053 0.071 0.116 0.179 0.277 0.494 0.712

Table 3 summarizes the results corresponding to the missing probability P;. Besides, in the supplementary file available
online (see Appendix B), Table S.1 corresponds to P,, Table S.2 to P, while the results from the logistic missing probability
P, are given in Table S.3.

With respect to the effect of the missing schemes, a loss of power is observed for both the classical and robust tests, under
Co. In particular, Tables S.1 and S.3 in the supplementary file (see Appendix B) show that the largest loss of power is attained
for the missing probability schemes P, and P,4. This behavior can be explained by the fact that, in average, almost half of the
observations are lost in these two cases. R

When analyzing the effect of the contaminations on the classical test Wy, ;s, the same conclusions obtained for the com-
plete case remain valid for all the missing schemes. On the other hand, for the robust procedure W,, some loss of level is
observed for the considered missing schemes in particular, when p(x, t) = 0.440.5(cos(2(t +0.2)))? and p(x, t) = 1/(1+
exp(—2x — 12(t — 0.5))) (see the supplementary file, Appendix B).

We also observe some loss of power under the missing data model P4, where the percentage of missing observations is
close to 50%. However, the proposed test is stable and still informative in all the contaminated situations.

5. Final comments

In this paper, we have introduced a Wald type test statistic, based on a robust three step estimation procedure, for linear
hypotheses related to the regression parameter. The robust test statistic involves the selection of tuning constants for the
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rho-functions allowing to compute the regression parameter estimate and for the score function used in Step 1. As in our
simulation study, in most cases, these constants are selected by the user to attain a desired efficiency for Gaussian errors.

On the other hand, the test statistic depends on the bandwidth parameters used to estimate the nonparametric compo-
nent and its derivative. As shown in Section 4, for both the classical and robust Wald statistics, the choice of the smoothing
parameters is important to study the performance in terms of power and level. However, this relevant topic is beyond the
scope of this paper and is still an open problem even for goodness of fit tests based on linear estimators. Some interesting
discussions regarding the choice of the regularization parameters for the classical estimators can be found in Gonzalez-
Manteiga and Crujeiras (2013) and Sperlich (2014).
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Appendix A

Using similar arguments to those considered in Lemma 6.1 from Bianco et al. (2011) we obtain the following result. Recall
that A(b) and B(b) are defined in (10), while A = A(f) and B = B() are given in (7). Let Ag = A(B,) and By = B(f,).

Lemma A.1. Let t; be a random variable with distribution on a compact set 7. Moreover, assume that, for 1 < i < n,y; =
Xi B,+g (t)+oe;, where B, = /30+cn‘% and €; are independent of (X{, t;) and have symmetric distribution. Assume that NO,N1,
N2 and N5 hold for B = B,. If in addition, N8(a) holds, & L5 o and B LN B, then we have that A(B) L5 Ay and
ﬁ(ﬂ) LN Bo. Moreover, we have that [N Ay where

c=amy” (w (@®)2Bz@" +v (aB ) {978 /0bob7) ) siv(x)
i=1 b=p

with&(B) = (i — X! — &5(t)) /5.
Proof. We wiu only show that C 2> Ay, since similar arguments lead to the consistency of K(E) and ﬁ(ﬁ). ~

Denote byB = [~3 - cn‘”z,yw = X By + g(t;) + €; and by & an intermediate point between ¢; 4+ X] (8, — B) and?(ﬁ) =
€+ X (By— E) + (g(t;) —fg\ﬁ(t,-)), z; = X; + (0gp(t;)/9b) |b—p,. As in Lemma 6.1 of Bianco et al. (2011), we have that a Taylor
expansion of first order and some algebra lead us toC = Zle E,(,i) with'C\,ﬂl) =Y, &Y (Vio —XI-TE —g(t)1/o)ziz]v(x)/n,
T = S0 60 (Iyio — XIB — £11/6)Wo(t)22 v (%) /(16), €0 = Y1 819/ (io — XTB — 83(t)1/5) V(t)Tv(x)/n and

o A (vio—xB-zgt)) '
co — V. 0 & i t. X;
; nZ ,w( = o &0 () b:ﬂov( )
~ 11 Vio—X'B—& 92 '
Y= :wa (02) Wo(ti) =8 (6) - v (xi)
=Po

- 1< Yio — XTﬂ -\ - .
€ =3 o | T | [Wwz + 2 W) + W) W) ),
i=1

where &; ; and &; , are intermediate points, z; = z;(8), Wo(t) = §l~9(t) —g(t) and

~ 0 ad ~
W(t) = —gp(t)| —=-8v(t) V() = ———2(t 1)’ —————&n(t})
ab b=F b b=B, dbob” -3 ~ 9babT =B,
As in Lemma 1 in Bianco and Boente (2002), we have that/\(l) —|—E,(12) BN Ay, since E LN Bo- Using N1, N2, the consistency

of 7, the Strong Law of Large Numbers and the fact that sup, ., |§;,(t) —g()] LN 0, we get thatfg) LN 0,3<j<6. O
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Lemma A.2. Assume that t; is a random variable with distribution on a compact set 7 and that y; = X/ B, 4+ g (t;)) + o€ for 1 <
i < n,where B8, = B, +cn‘% and €; are independent of (X{, t;) and have symmetric distribution. Moreover, assume that NO-N6
hold for B = B,. If in addition, N8 holds and & SN o, then for any consistentsolutionﬁof (3), we have that \/n (E - ﬁo) LN
N (c, %Ay 'BoAy '), with Ag = A(B,) and By = B(By).

Proof. To derive the asymptotic distribution of \/ﬁ(’[} — By) it will be enough to show that /n (B ) 2N (0, azAO’ B,

Agl). Letﬁ be a solution of H,Sl)(b) = 0 defined in (3) and denote by ¢;(b) = x; + (3gp(t;)/0b). Using a Taylor’s expansion
of order one, we get

~ 1< i — ,T n_A & T~ ~ (%
0=Hé1)(ﬁ)=525iw (y Xﬂa £ ))U(xi);i(ﬂn)_gc(ﬂ) (ﬁ_ﬂn)7
i=1

where C(B) = —(&/m) Y, 8 (3 { @&(1)) &(b)} /8b) |,_5 v(xy), so that

T
~) Siv(xi),
b=F

with 73 an intermediate point between 8, and :3 and€(b) = (yi—x;b —8»(t))/0. Using Lemma A.1, we have thatf(ﬁ) LN
Ag. Therefore, in order to obtain the asymptotic distribution of § it will be enough to derive the asymptotic behavior of

L= sy (” X g""(t")> v () (B,
i=1

n

B = ;Zl (w’ E@®) aBedr - v (@®) abangb(a)

Using that gg, = g, so thaty; — iB, — gp, (t)) = €0, we get that
n T n
_ Yi—Xi B, — 8g,(t) _ €0
L,=n 1/225,«#( S S ) v (k) 2i(B,) = 1 WZW (%) v oxozs,
i=1 o : o

=n1? iw (%) v (X)) zi(By) + 12 Z(S v ( ) ;) 08y (6) ¢
i=1

abob™ |,_g /0’

where B* is an intermediate point between 8, and B,, so thatL, = Lfll) + L,(,Z) + Lff) with
n n
1 ~1/2 €i0 2 —1 €i0 a gb(tl)
LY =23 () veazio. LY =Y () v G

obobr PFoC
v €0 3%gn(t;) a%gp(t)
LY =n ]Z:‘W (??) “(x")< ababi lo=p = ababl o ”°>
i=

The fact that v is odd and the errors have a symmetric distribution and are independent of the carriers implies that
E[v¥ (€i0/s) |(Xi, t;)] = Ey (€,0/s) = 0, for all s > 0. Then, the consistency of ¢ and standard tightness arguments entail

that L,(f) is asymptotically normally distributed with covariance matrix B. Besides, L,(f) 2, 0since E [V (ei0/s) |(xi, t)] =
Ey (0 /s) = 0, foralls > 0 and LY Lo using N1 and N2 and the fact that 8* — B,.

Therefore, it remains to show that L, — fn P 0. We have the following expansionfn —-L, = —E*ZLM + E*]Ln,z —
?T\_an,3 + 3_2Ln,4y with

i n t'
L. -1/25 Z S: ,(// (‘y Xi 'BU gﬂ”( ) Zl(ﬂn)U(xl)Vn(tl)

Lu: WZM(” Ll ’))v(xi)vnaf)

Lis=n" Z(Sﬂ#/ <J/1 —% ﬂ%_ £, (1) ) v(Xi) (n1/4Vn (fi)) ( VA (t; ))
im1

Lis= Q07 89" <A> z(B)v (%) (n47(t))”.
i=1
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where 7, (1) = gg, (1) —8g, (1), Va(1) = (01,n(2), ... ,ﬁpm(t))T = 37 (b, 7)/db|p—p, is defined in (5), ¥ is defined in (4) and
& (t;) an intermediate point between 'g}n (t;) and gg, (t;). It is easy to see that N8 and N2 entail that L, 3 . 0and | 0.
To complete the proof, it remains to show that L, L, ofor j = 1, 2 which will follow from N8(b)-(d) and the fact that

N6 implies thatE | | x + {dgp(7)/0b} vX)pX, D)t =1
b=ﬂn

0 (see (6)), using similar arguments to those considered

in Bianco et al. (2011). O

Appendix B. Supplementary data
Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/j.spl.2014.11.004.
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