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The industrial production of two styrene-butadiene rubber (SBR) grades is optimized by means of a
representative mathematical model. The emulsion process involves a train of seven continuously stirred-tank
reactors. In the simulations, intermediate feeds of comonomers and chain transfer agent (CTA) are admitted.
The steady-state (SS) productions can be increased by∼8%, while maintaining the required final values of
conversion, particle diameter, and molecular characteristics (Mh n, Mh w, and the average number of branches
per molecule). For the same rubber grade, the polymer production can be changed with negligible generation
of intermediate off-specs, by regulating the global calorimetric conversion. For changes of grade at a fixed
polymer production, transient profiles of the intermediate CTA feeds are proposed. For changes of production
and grade, a sequential (rather than a simultaneous) transition seems preferable.

Introduction

Styrene-butadiene rubber (SBR) is a general-purpose com-
modity that is mainly used in the tire industry. It is produced
by copolymerizing styrene (S) and butadiene (B) in emulsion
processes that are performed in up to 15 continuously stirred
tank reactors (CSTRs) in series. Compared to the batch or semi-
batch processes, continuous processes offer improved efficiency
and better product consistency.1-3 The reagents are continuously
fed into the first reactor, and the product (a synthetic latex) is
removed from the last reactor. The unreacted monomer then is
recuperated from the latex, and the rubber is precipitated and
dried.

“Hot” SBR grades are produced at∼50 °C with persulfate
initiators, whereas “cold” grades are synthesized at 5-10 °C,
using redox couples. The rubber quality is determined by the
molecular weights, chemical composition, and degree of branch-
ing. Cold grades are preferable to hot grades, for their reduced
levels of branching, cross-linking, and low-molecular-weight
material.2 In industry, the rubber quality is measured by the
Mooney viscosity (ASTM D 1646), which is indirectly related
to the molecular characteristics and the possible incorporation
of (low-molecular-weight) additives.4,5

In the investigated cold copolymerizations, the reactivity ratios
are relatively similar to unity (rB ) 1.7 andrS ) 0.44), and
this determines a moderate compositional drift, that slightly
increases the mass fraction of S in the copolymer. The most
common cold SBR grades are known as 1712 and 1502, with
the former exhibiting higher molecular weights. Also, grade
1712 includes a mineral oil, whereas no oil is added onto grade
1502. For both grades, the mass fraction of S is∼23.5%.
Molecular branching is due to reactions between the growing
free radicals and B repeating units. The molecular weights and
branching are controlled by the addition of a chain transfer agent
(CTA) or “modifier”, and by limiting conversion to∼70%. The
limitation of conversion also limits the gel formation and the
compositional drift.2

The mathematical modeling of emulsion copolymerizations
has been reviewed by Saldı´var et al.6 Emulsion models have
been classified according to the way in which they treat the

free-radical compartmentalization.7 The simplest (pseudo-bulk)
models estimate the molecular weight distribution (MWD) as
in a bulk process,8 calculating the total number of free radicals
from the product between the total number of particles (Np) and
the average number of radicals per particle (nj). If most of the
dead polymer is generated by chain transfer to the modifier,
then pseudo-bulk models have proven adequate for predicting
the produced MWDs.7,9-17

The steady-state (SS) control of continuous emulsion pro-
cesses has been investigated by Poehlein and Dougherty,3 who
intended to increase the polymer production of a single CSTR,
by finding the optimal mean residence time (θ) that maximizes
Np. At low θ values,Np is mainly determined by the initiation
rate (RI), and it is essentially unaffected by the emulsifier
concentration. At highθ values, the polymer particles grow to
larger sizes, which reduces the total number of soap micelles,
and the Np results are strongly affected by the emulsifier
concentration, but unaffected byRI. The Np-θ relationship
presents a maximum for systems exhibiting Case II kinetics.18,19

Since practically no polymerization occurs in the monomer
droplets phase, it is possible to increase the polymer production
by reducing the (almost inert) monomer phase in the first re-
actors of the train. The total monomer phase in the first reactors
can be reduced by splitting the feed of comonomer mixture into
two or more reactors.20-23 Thus, Hamielec and MacGregor20

proposed to split the (unemulsified) monomer feed between the
first and fourth reactor in an emulsion copolymerization of S
and B that was conducted in a six-reactor train. For splitting
ratios 90/10 and 80/20, the polymer production was increased
by 3% and 6%, respectively. Also, the branching frequency was
practically unaffected, but the average molecular weights were
slightly augmented.20 In addition to splitting the comonomers
feed, Penlidis et al.21 suggested to simultaneously control molec-
ular weights and branching by also splitting the total CTA feed.
Furthermore, the copolymer composition could be made more
uniform, via intermediate addition of the most reactive comono-
mer (B).21 Kanetakis et al.22 also investigated the increase of
productivity by splitting the comonomers feed, showing that
the degrees of branching could be reduced when increasing the
total inlet flow rate at a fixed monomer conversion.

In industrial practice, the changes of grade and/or of the level
of production are rather frequent, for which reason a large
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amount of off-spec product is generated during the transients.
For reducing the intermediate off-specs, “bang-bang” profiles
of the initiator and/or of the CTA feeds into the first reactor
are applied.

Calorimetric measurements have been proposed for monitor-
ing and controlling (batch and semibatch) emulsion polymeriza-
tions. For example, calorimetric measurements have been used
in an industrial copolymerization of acrylonitrile and B, to
control conversion and monitor copolymer composition and
molecular weights.24 As far as the authors are aware, this is the
first article where calorimetric measurements are proposed for
controlling the transients between SSs in a continuous emulsion
polymerization.

The present theoretical work is an extension of our previous
publications on the same continuous process.23,25Our intentions
here are (i) to increase the SS production without deteriorating
the rubber quality and (ii) to reduce the off-specs that are
generated during changes of production and/or of grade.
Consider first the investigated plant together with some of our
previous developments.

Industrial Process and Our Previous Investigations

Simulated Plant. We have investigated a continuous plant
for the production of SBR (grades 1712 and 1502), involving a
train of seven identical CSTRs (each of which are the property
of Petrobras Energı´a S. A., Pto. Gral. San Martı´n, Santa Fe,
Argentina). Each reactor exhibits a reaction volume of 17 473
L and operates at a temperature of 10°C. Their cooling system
is described elsewhere.24,26 It uses a propane-propylene refrig-
erant that circulates through a set of internal vertical tubes that
are arranged to operate as reactor baffles. The reaction heat is
removed by evaporation of the refrigerant mixture. The industrial
plant does not include intermediate feeds along the train, and
the rubber quality is determined from off-line measurements
of conversion, copolymer composition, and Mooney viscosity.
For any given grade, the final conversion is fixed, irrespective
of the level of production. The normal final conversions are
limited to 70%, to ensure a negligible production of gel.

Mathematical Model and Normal Plant Operation. Taken
from Gugliotta et al.,17 Table 1 presents the recipes and final
properties of grades 1712 and 1502; Figure 1 reproduces some
final measurements and simulated profiles of the conversion
(x), the polymer production per unit time (G), and the molecular
properties. (In Figures 1-4, note that only the points at integer
reactor numbers have a physical meaning.) The monomer
conversion and the polymer production both grow more or less
linearly along the train. In contrast, chain branching exhibits
an exponential growth in the last reactors. This is a consequence
of two combined effects: a reduced concentration of CTA and
an increased concentration of polymer in the polymer particles,
after the disappearance of the monomer droplets phase.

The polymerization model is described elsewhere.17 The
model hypotheses are as follows: (a) the polymer particles are
generated by micellar nucleation; (b) the comonomers, the
initiator (p-menthane hydroperoxide), and the CTA (tert-dodecyl
mercaptane) are distributed between the phases, according to
thermodynamic equilibrium, with constant partition coefficients;
(c) the moments of the MWD are calculated by assuming a
pseudo-bulk homopolymerization, and the molecular weights
are determined by chain transfer reactions; (d) trifunctional
branches are produced by chain transfer to the polymer, which,
in turn, is caused by hydrogen abstraction from B repetitive
units; (e) tetrafunctional branches are produced by the reaction

Table 1. Normal SSs Recipes and Final Properties of the Two
Investigated Styrene-Butadiene Rubber (SBR) Gradesa

parameter SBR grade 1712 SBR grade 1502

qT [L/min] 423.9 302.8
B [pphm]b 70.5 71.2
S [pphm] 29.5 28.8
water [pphm] 180.0 200.0
emulsifierc [pphm] 4.41 5.36
redox initiatord [pphm] 0.067 0.040
CTAe [pphm] 0.089 0.182
G [kg/min] 73.9 57.9
xsol [%] 21.2 (21.3) 22.6 (22.8)
x [%] 56.4 (56.8) 65.7 (64.6)
Np/Vw [1/L] 2.396× 1018 1.940× 1018

dhp [nm] 64.5 (66.3) 70.3 (72.5)
pjS [%] 23.1 (22.9) 23.1 (23.1)
Mh n [g/mol] 215900 (211000) 105000 (105000)
Mh w [g/mol] 996000 (937000) 307200 (282000)
(Mh w/Mh n) 4.61 (4.44) 2.93 (2.69)
Bhn3 [molecule-1] 0.249 0.149
Bhn4 [molecule-1] 0.094 0.056

a Data taken from Gugliotta et al.17 The predicted values are in normal
font, whereas the measured values are presented in parentheses and bold
font.17 b Parts per hundred monomer.c Sodium soap mixture.d p-Menthane
hydroperoxide.e tert-Dodecyl mercaptan.

Figure 1. Measurements and model predictions for the normal steady states (SSs) of grades 1712 and 1502 (that do not include intermediate additions of
comonomers and a chain transfer agent (CTA)): (a) monomer conversion and polymer production for grade 1712; (b) number- and weight-average molar
masses, and average number of trifunctional branches per molecule, for grade 1712; (c) monomer conversion and polymer production, grade 1502; and (d)
number- and weight-average molar masses, and average number of trifunctional branches per molecule, for grade 1502. [After Gugliotta et al.17]
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between growing free radicals and internal double bonds of B
units; and (f) there is a negligible generation of gel.

The model was subdivided into two modules in series: a
Basic Module, which predicts conversionx, number-average
particle diameterdjp, and the average weight fraction of S in
the copolymer (pjS); and a Molecular Weights Module, which
predicts average molecular weights (Mh n and Mh w) and the average
number of trifunctional and tetrafunctional branches per mol-
ecule (Bhn3 andBhn4, respectively).17 The Basic Module is based
on a kinetic scheme that considers (a) in the aqueous phase,
redox initiation and deactivation of free radicals by O2; and (b)
in the polymer phase, propagation and termination. The Mo-
lecular Weights Module considers the following reactions in
the polymer phase: propagation, chain transfer (to the comono-
mers, to the CTA, and to the polymer), and reactions involving
impurities and internal B double bonds.

The model was validated with SS and transient measurements
of grades 1502 and 1712. The SS experiments included
measurements of conversion, copolymer composition, particle
diameter, and average molecular weights along the reactor
train.17 The transient experiment involved final product mea-
surements of the solids content and average molecular weights
during a change of grade from 1712 into 1502.17

Other model predictions were as follows:17 (i) all the polymer
particles are generated in the first reactor, and for this reason
the (unswollen) number-average particle diameterdjp increases
monotonically along the train; (ii) the investigated process
exhibits a Case II kinetics, withnj = 0.5; (iii) the mass fraction
of S in the copolymer (pjS), moderately increases along the train;
(iv) in the SS of grade 1502, the total volume of monomer phase
was 8118 L, distributed among the first two reactors, whereas
in the SS of grade 1712, the total volume of monomer phase
volume was 12 140 L, distributed among the first three reactors;
and (v) the number of tetrafunctional branches per molecule
Bhn4 is considerably lower thanBhn3 (the last two rows of Table
1).

As a consequence of the model prediction that the polymer
particles are only generated in the first reactor, then the particle
concentration is constant along the train when expressed in the
format (Np/Vw), whereVw is the volume of the aqueous phase.
The constant particle concentration was indirectly validated from
measurements of the average particle diameter and the conver-
sion along the train. The Case II kinetics withnj = 0.5 is a
consequence of the following: (a) the small particle diameters
observed in the investigated process; (b) the negligible desorp-
tion of hydrophobic radicals; (c) the high rate of termination in
the polymer phase; and (d) the redox couple is only soluble in
the water phase, and, therefore, there is a negligible decomposi-
tion of initiator in the polymer particles.17 The evolutions
involving Bhn4 are calculated by our model. However, because
of the relationBhn3 > Bhn4, only the results involvingBhn3 will be
discussed in all that follows.

To solve the Molecular Weights Module, the outputs from
the Basic Module are required, but the Basic Module does not
require of the outputs from the Molecular Weights Module. The
reasons for this are as follows: (a) the molecular weights are
mainly determined by chain transfer to the CTA, and chain
transfer reactions do not affect the concentration or reactivity
of the free radicals contained in the polymer particles; and (b)
CTA radicals do not desorb from the polymer particles. This
decoupling of the Basic Module results, with respect to the
Molecular Weights Module, makes it possible to adjust conver-
sion and particle size independently from the molecular
characteristics.

Vega et al.25 described the plant policies for changes of
production and grade. The plant policy for changes of production
is as follows: (a) att ) 0, modify the initiator feed to its new
value; and (b) after a time equal to one-half the residence time
of the reactor train, change all the other feeds into their new
values. The plant policy for changes of grade is as follows: (a)
modify the initiator feed att ) 0; ((b) apply a bang-bang profile
to the CTA feed flow, with an intermediate period at a maximum
(when the change of grade involves reducing the molecular
weights), and at a minimum value (when it involves increasing
the molecular weights); and (c) modify all the other feeds after
two residence times of any individual CSTR. For the changes
of production, no intermediate off-specs are recollected. For the
changes of grade, the intermediate off-specs are recollected
between the moment when the Mooney viscosity measurement
is out of specification of the initial grade, and the moment when
the Mooney viscosity measurement is within specification of
the final grade. Through this procedure, the off-specs accumula-
tion periods were typically around 8 h of continuous plant
operation.

Improved Operations with Intermediate Additions of
Comonomers Mixture and CTA. The aims of this paper are
as follows: (1) to maximize the SS production without affecting
the normal SS values of conversion, the latex properties, and
the molecular characteristics; and (2) to minimize the off-spec
transient that is produced after changes of grade and/or changes
in the level of production. The final conversion is fixed in all
cases, because of the large influence of this variable on the
product characteristics. Also, the final particle diameter (and
the final particle concentration) are imposed fixed at their normal
SS values, to avoid affecting the final latex stability.

In regard to aim (1), Vega et al.23 proposed the following
calculation procedure: (i) increase the SS production by
reducing the inert monomer droplets phase in the first reactors
through splitting the comonomers feed and increasing the total
feed flow, while maintaining the normal SS values of the
emulsifier feed concentration, conversion, and average particle
diameter; (ii) inject intermediate feeds of CTA along the reaction
train to produce a constant profile ofMh n; (iii) except for the
CTA (where no restrictions were imposed), all the other global
input concentrations were maintained at their normal SS values;
and (iv) the composition of the comonomer mixture feeds was
also fixed at its Normal SS value. The procedure yielded an
increased production, but at the cost of deteriorating some of
the molecular properties.

In the SS, all the polymer particles are generated in the first
reactor, and the ratioNp/Vw is constant along the train.17 This
suggests the following calculation method for step (i) above:23

(a) in the first reactor, produce the requiredNp/Vw by ap-
propriately increasing the total feed rate while simultaneously
reducing the feed of comonomers mixture; (b) in reactors 2, 3,
etc., feed the remaining flow rate of comonomers mixture, to
produce an almost negligible volume of monomer droplets phase
Vm (however, a minor amount of monomer droplets phase is
necessary, to ensure saturation of the polymer particles by the
comonomers, thus maximizing the polymerization rate); and (c)
check the final monomer conversion and iterate until conver-
gence.

In regard to aim (2), Vega et al.25 theoretically investigated
the reduction of off-specs generated between SSs. For changes
in production at a given grade, the off-specs could be almost
eliminated by first changing the initiator feed att ) 0 and then
manipulating the total feed flow into the first reactor with a
virtual closed-loop controller, with the intention of regulating
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a constant global conversion.25 For changes of grade at a given
production, and by introducing an independent (and transient)
feed of CTA into the last reactor, rapid transitions into the final
Mh n values could be achieved. However, the other molecular
properties (Mh w andBhn3) remained out of specification for longer
periods, with the result of an almost negligible reduction of the
off-specs with respect to the plant policy.

Improved Steady States

Increase of Production while Maintaining Conversion and
All the Other Quality Properties as in Their Normal SSs.
Consider intermediate additions of comonomers mixture and
CTA along the train. The SS optimizations exhibit the following
common features: (a) the increase of production is restricted
to maintaining the same final values forx, Np/Vw, anddjp of the
normal SS operation; and (b) except for the CTA (where no
consumption restrictions were imposed), the inlet concentrations
of all the other reagents were maintained at the normal SS values
of Table 1. The following two-step procedure was applied. First,
following Vega et al.,23 increase the total feed rateqT and
simultaneously split the mass flow of comonomers mixture into
the first reactors of the train [we call thisFM

(r) with (r ) 1, 2, ...)
the mass flow rate of comonomers mixture into reactors 1, 2,...].
Second, manipulate the CTA feedsFX

(r) (r ) 1, 2, ...) to
reproduce the (normal SS) profiles of eitherMh n, Mh w, or Bhn3 of
Figures 1b and 1d, while observing the final values of the other
two molecular characteristics. Instead of requiring predetermined
profiles ofMh n, Mh w, or Bhn3, we would really want to produce all

three of the final molecular characteristics of the normal SSs.
However, this is impossible to obtain by only modifying the
SS concentrations of CTA along the train. Also, the comonomer
feedsFM

(r) must be maintained fixed, to ensure the required
final conversion and particle size. In relation to the second step,
the numerical algorithms that have been applied to calculate
the CTA feeds are presented in Appendix A. More specifically,
eq A.13 was used in combination with eqs A.10, A.11, or A.12,
to produce controlled profiles of eitherMh n

(r), Mh w
(r), or Bhn3

(r). The
SS results are presented in Figures 2-4 and Table 2 under SS1a,
SS2a, SS3a, SS5b, SS6b, and SS7b. The intention of the steady
states indicated by SS1a and SS5b is to reproduce theMh n profiles
of the normal SSs (Figure 2). The intention of the steady states
indicated by SS2a and SS6b is to reproduce theMh w profiles of
the normal SSs (Figure 3). The intention of the steady states
indicated by SS3a and SS7b is to reproduce theBhn3 profiles of
the normal SSs (Figure 4).

Through application of the first step, it resulted that the
comonomer mixture must be injected into the first four reactors,
with the largest SS feed applied onto the second reactor (see
Figure 2a and d, Figure 3a and d, and Figure 4a and d). As
required, the final values ofx, Np/Vw, anddjp almost coincide
with the normal SS values (also reproduced in the second
column of Table 2). The total feedqT was increased from 423.9
to 465.5 L/min for grade 1712, and from 302.8 to 321.7 L/min
for grade 1502. Correspondingly, the polymer productions were
increased by 10% and 6.3%, respectively (shown in the upper
rows of Table 2a and b). The comonomer feed profiles of

Table 2. Operating Conditions and Final Properties for the Investigated Steady States

(a) Grade 1712

normal SSa

SS1a
(7 reactors)

Mh n
(r) b

SS2a
(7 reactors)

Mh w
(r) b

SS3a
(7 reactors)

Bhn3
(r) b

SS4a
(8 reactors)

Bhn3
(r) b

SS2b
(7 reactors)

Mh w
(r) b

qT [L/min] 423.9 465.5 465.5 465.5 465.5 321.7
initiator [pphm]c 0.067 0.067 0.067 0.067 0.067 0.028
G(7) [kg/min] 73.916 81.283 81.283 81.283 88.900 56.160
∑r FX

(r)/G(7) 1.55× 10-3 1.54× 10-3 1.62× 10-3 1.69× 10-3 1.55× 10-3 d 1.58× 10-3

x(7) [%] 56.4b 56.5 56.5 56.5 61.8d 56.5
(Np/Vw)(7) [× 10-18 L-1] 2.396b 2.398 2.398 2.398 2.398d 1.670
dhp

(7) [nm] 64.5b 64.5 64.5 64.5 66.5d 72.8
Mh n

(7) [g/mol] 215900 215700 203900 194000 199800d 210800
Mh w

(7) [g/mol] 996000 1505100 951400 813900 953200d 947600
(Mh w

(7))/(Mh n
(7)) 4.61 6.98 4.67 4.19 4.77d 4.49

Bhn3
(7) [molecule-1] 0.249 0.260 0.246 0.234 0.265d 0.244

pjS
(7) [%] 23.1 23.2 23.2 23.2 23.5c 23.1

∆pjS [%]e 0.91 0.68 0.68 0.68 0.99d 0.79

(b) Grade 1502

Normal SSa

SS5b
(7 reactors)

Mhh n
(r) b

SS6b
(7 reactors)

Mh w
(r) b

SS7b
(7 reactors)

Bhn3
(r) b

SS8b
(8 reactors)

Bhn3
(r) b

SS6a
(7 reactors)

Mh w
(r) b

qT [L/min] 302.8 321.7 321.7 321.7 321.7 465.5
initiator [pphm]c 0.040 0.040 0.040 0.040 0.040 0.097
G(7) [kg/min] 57.900 61.566 61.566 61.566 66.583 89.25
∑r FX

(r)/G(7) 2.78× 10-3 2.78× 10-3 2.81× 10-3 3.10× 10-3 2.87× 10-3 d 2.83× 10-3

x(7) [%] 65.7b 65.5 65.5 65.5 70.9d 65.6
(Np/Vw)(7) [× 10-18 L-1] 1.940b 1.934 1.934 1.934 1.934d 2.793
dhp

(7) [nm] 70.3b 70.4 70.4 70.4 72.3d 62.3
Mh n

(7) [g/mol] 105000 104900 103100 93400 95500d 101800
Mh w

(7) [g/mol] 307200 310600 302900 264200 286100d 303000
(Mh w

(7))/(Mh n
(7)) 2.93 2.95 2.94 2.83 3.00d 2.98

Bhn3
(7) [molecule-1] 0.149 0.152 0.149 0.135 0.156d 0.152

pjS
(7) [%] 23.1 22.9 22.9 22.9 23.3d 23.2

∆pjS [%]e 1.56 1.30 1.30 1.30 1.71d 1.22

a It does not include intermediate feeds of comonomer and/or CTA.b Restriction imposed when calculating the CTA feeds.c All of the other reagents
maintain the pphm values of the normal SS (see Table 1).d Eighth reactor value.e Compositional drift (total variation along the train of the mass fraction
of S in the copolymer).
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Figures 2a, 3a, and 4a all coincide; the same also is true for the
comonomer profiles of Figures 2d, 3d, and 4d. The reason is
that conversion and particle density are fixed for any given
grade. In the first reactor, the total feed flowqT and feed of
comonomer mixtureFM

(1) were adjusted to provide the desired
final value ofNp/Vw. In reactors 2, 3, etc., the comonomer feeds
FM

(r) (r ) 2, 3, 4) were adjusted to minimize (but not eliminate)
their monomer phase volumes.

The required CTA feeds were obtained through application
of the second step, with the result of decreasing CTA profiles
for all the simulated examples (see Figure 2a and d, Figure 3a
and d, and Figure 4a and d). Note that a perfect solution was
only possible for the SS control ofMh n

(r) (see Figure 2c and f).
For the controls ofMh w

(r) or Bhn3
(r), the desired values were only

achieved in the first reactors but could not be met in the last
reactors, where the CTA concentrations were higher than
required (see Figures 3c, 3f, 4c, and 4f). As mentioned
previously, this problem cannot be solved by feeding additional
comonomers mixture into the last reactors, because this would
affect the final conversion and the particle diameters. We have
defined the CTA efficiency as the ratio between the total CTA
mass flow and the polymer production (∑r FX

(r)/G). For the
control of Mh n

(r), ∑r FX
(r)/G almost coincides with the normal SS

value, but it is somewhat higher for the control ofMh w
(r) andBhn3

(r)

(see Table 2).
Despite the perfectMh n

(r) control, the other final molecular
qualities are deteriorated as follows: the final values ofMh w and
Bhn3 are well above their normal SS values, and the final
polydispersity of SS1a is almost 7 (see Figure 2 and Table 2).

The results of imposingMh w
(r) are presented in Figure 3 and

Table 2. TheMh w
(r) values are as required in the first five

reactors, but are below the normal SS values in the last two
reactors. However, the final polydispersities andBhn3 values are
close to their desired values (see Table 2 and Figures 3c and f).
Thus, except for the deviations in the molecular weights, the
products are within specification, with respect to their polydis-
persities and levels of branching.

The results of imposingBhn3
(r) are shown in Figure 4 and Table

2. As noted previously, the desired profiles are only met in the
first reactors, whereas, in the last reactors, the molecular weights
and branching are below their normal SS values. Note however
that it is desirable to produce a less-branched final rubber.

In summary, the following can be noted:
(1) In all three cases, the polymer production is increased

between 6% and 10%, with respect to the normal SS, while
simultaneously reducing the compositional drift∆pjS (see the
last rows of Table 2a and 2b).

(2) The Mh n
(r) control strategy meets with the profile objec-

tives; however, it does produce a deteriorated polymer, from
the points of view of the final polydispersity and branching.

(3) TheMh w
(r) strategy is the best for reproducing the required

final molecular properties, and for this reason, the SS operations
indicated with SS2a and SS6b in Table 2 were adopted as the
base conditions for the dynamic optimizations, which are
presented below.

(4) The Bhn3
(r) strategy reduces the levels of branching, with

respect to the normal SS, but at the cost of reducing the molec-
ular weights. Through theBhn3

(r) strategy, the desired final mol-
ecular characteristics of the normal SS could be produced by
operating at higher conversions. This is discussed in what follows.

Increase of the Final Conversion without Deterioration
of the Molecular Properties. The low levels of branching

Figure 2. Optimal SSs obtained by imposing theMh n
(r) profile of the normal SS operation (shown as a continuous trace). For comparison, the normal SS

profiles are also presented (shown as a dashed trace). For SS1a, grade 1712: (a) monomer and CTA feed profiles, (b) monomer conversion and polymer
production, and (c) number- and weight-average molecular weights and average number of trifunctional branches per molecule. For SS5b, grade 1502: (d)
monomer and CTA feed profiles, (e) monomer conversion and polymer production, and (f) number- and weight-average molecular weights and average
number of trifunctional branches per molecule.
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observed in SS3a and SS7b suggest an increase in the final
conversion, with respect to the normal SSs. To this effect, we
considered incorporating an extra (eighth) reactor into the train.

Even though this modification increases the total reaction
volume, it is a practical possibility in industry, where only a
fraction of the total available reactors are normally in use. For

Figure 3. Optimal SSs obtained by imposing theMh w
(r) profile of the normal SS operation (shown as a continuous trace). For comparison, the normal SS

profiles are also presented (shown as a dashed trace). For SS2a, grade 1712: (a) monomer and CTA feed profiles, (b) monomer conversion and polymer
production, and (c) number- and weight-average molecular weights and average number of trifunctional branches per molecule. For SS6b, grade 1502: (d)
monomer and CTA feed profiles, (e) monomer conversion and polymer production, and (f) number- and weight-average molecular weights and average
number of trifunctional branches per molecule.

Figure 4. Optimal SSs obtained by imposing theBhn3
(r) profile of the normal SS operation (shown as a continuous trace). For comparison, the normal SS

profiles are also presented (shown as a dashed trace). For SS3a, grade 1712: (a) monomer and CTA feed profiles, (b) monomer conversion and polymer
production, and (c) number- and weight-average molecular weights and average number of trifunctional branches per molecule. For SS7b, grade 1502: (d)
monomer and CTA feed profiles, (e) monomer conversion and polymer production, and (f) number- and weight-average molecular weights and average
number of trifunctional branches per molecule.
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an eight-reactor train, the SS simulations with control of the
Bhn3 profile are presented in Table 2, under SS4a and SS8b.
Compared with the normal SSs of the seven-reactor train, the
following is observed: (a) the final conversions are increased
by more than 5%, and the products exhibit almost perfect
specifications with respect toMh n, Mh w, and Bhn3; (b) the
productions increase by∼20% for the 1712 grade, and by∼15%
for the 1502 grade; and (c) the consumption of CTA per unit
polymer mass is practically identical (see Table 2).

Reduction of Transients between Optimal Steady States

Consider reduction of the transients between optimal SSs
during changes of (1) production at a fixed grade, (2) grade at
a fixed production; and (3) production and grade. The selected
base optimal SSs are SS2a, SS6a, SS2b, and SS6b of Table 2,
and the investigated transitions are schematized in Figure 5.
All four base SSs are optimal in the sense of increasing
production while imposing theMh w

(r) profile of their normal SSs.
The SSs indicated by SS2a and SS2b both produce grade 1712,
but at different total flow rates and at different productions (since
the conversion is fixed); and similarly, grade 1502 is produced
from SS6a and SS6b. The new SSs indicated by SS2b and SS6a
were obtained based on SS2a and SS6b, by first adjustingqT,
then adjusting the required initiator feed (to produce a constant
conversion), and finally applying the previously describedMh w

(r)

strategies in an iterative fashion.
To quantify the intermediate off-specs, we considered that

the final product is out of specification of the initial grade when
any of its molecular properties (Mh n, Mh w, Mh w/Mh n, or Bhn3) fall
outside of(10% of their desired values. Similarly, the outlet
product is within specifications of the final grade when all of
its molecular properties are within(10% of their desired values.

Change of Production at a Fixed Rubber Grade.Consider
minimizing the off-specs generated during changes of produc-
tion, at a fixed rubber grade, from SS2a to SS2b. Att ) 0,
only the initiator feed is modified into its final value (Table
2a). The desired values of the initial and final monomer
conversion are identical, which suggests that the off-specs can
be reduced through a transient closed-loop regulation of the
global monomer conversion. We choose the total feed rate (qT)
as the manipulated variable, for its rapid effect on the overall
residence time (and, therefore, on conversion). Simultaneously,
we propose to modify all the intermediate comonomer and CTA
feeds, by applying the same fractional variations ofqT. Instead
of the global gravimetric conversion, we propose to regulate
the global calorimetric conversionxc; because this last variable
is easily calculated from on-line estimations of the total heating
rateQR

T [eq B.2]. The total heating rate is estimated by simple
addition of the heating rates into each of the reactors; and these,
in turn, are obtained from on-line measurements of their
evaporated refrigerant flows, the inlet and outlet temperatures,
etc. [see the energy balance of eq B.1.a]. However, to simplify

the simulation process, we have estimated the total heating rate
directly from eqs B.1b-e. The finalQR

T estimates include a
2-min “measurement” lag, and an (additive and zero-mean)
“measurement” noise.26 The applied P+I algorithm is repre-
sented by eq B.3. The manipulated feeds (qT, FM

(r), and FX
(r))

were readjusted every 10 min., from averaged “measurements”
of QR

T.
The results of the transition SS2af SS2b are shown in Figure

6. The desired calorimetric conversionxc,d ) 58.5% corresponds
to a gravimetric conversion ofx ) 56.4%. The controller settings
were adjusted to provide a fast response, yieldingKP,1 ) 3.0
L/min; and τI,1 ) 0.15 min. Figure 6a presents theQR

T

estimates and the derived calorimetric conversion. The total feed
rateqT and the intermediate feeds of comonomer and CTA are
represented in Figures 6b, c, and d, respectively. In the last
reactor, the profiles ofxsol

(7) (Figure 6b),Mh n
(7) andMh w

(7) (Figure
6e), andBhn3

(7) andMh w
(7)/Mh n

(7) (Figure 6f) are all smooth, although
the feed flowsqT, FM

(r), andFX
(r) are somewhat oscillating. From

the evolution of the final molecular variables, the maximum
deviation of a quality variable with respect to its (constant) SS
value was∼9% for Mh w. Thus, none of the quality variables
have fallen outside their(10% limits, and, therefore (according
to our criterion), no off-spec rubber has been produced during
the transition.

Finally, an adaptation of the (bang-bang and open-loop) plant
policies were simulated. The plant policies were adapted to
include the intermediate SS feeds of comonomers and CTA.
The initiator recipe was changed att ) 0, whereas all the other
feeds were changed in a step fashion after one-half residence
time of the complete train. The results are presented in Figure
7. The transitions are quite rapid, and comparable to the feed-
back results of Figure 6. Also, the evolution ofQR

T in Figure 7a
is similar to that ofQR

T in Figure 6a, even though a step change
(rather than a smooth transition) was applied toqT. From the
evolution of the final molecular variables, the maximum
observed deviation was 6% forMh w. Thus, again no off-spec

Figure 5. Schematic representation of the investigated transitions between
optimal SSs.

Figure 6. Change of production for grade 1712 with regulation of the
calorimetric conversion: (a) simulatedQR

T “measurement” and regulated
xc; (b) resultingqT and evolution ofxsol

(7); (c and d) monomer and CTA
feeds profiles into reactors 1, 2, 3, and 4; (e and f) evolutions of the final
Mh n

(7), Mh w
(7), Mh n

(7)/Mh w
(7), andBhn3

(7). The initiator step change is applied att1 ) 0
min.
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product has been produced according to the adopted criterion.
The adapted bang-bang strategy produces similar results to those
of the closed-loop strategy. However, the closed-loop control
exhibits the potential advantage of compensating for unknown
perturbations in the reagents and/or in the process variables.

Change of Grade at a Fixed Polymer Production.The
different grades exhibit variations in the molecular characteristics
Mh n, Mh w, andBhn3. We propose to reduce the transitions during
changes of grade (at a fixed polymer production), by sequential
manipulation of the CTA feeds into reactors 1, 2, 3, 4, and 7.
Reactors 1-4 were selected because they already receive CTA
feeds in their SS operations. The additional (and transient) feed
of CTA into the last reactor is aimed at accelerating the change
into the final SS. The CTA feeds can be added but not extracted;
and for this reason, the changes of grade that involve a reduction
of the average molecular weights are simpler to perform a priori,
with respect to those that involve an increase.

To calculate the required CTA feeds, five virtual controllers
were implemented. The controlled variables were eitherMh n

(r) or
Mh w

(r) (r ) 1, 2, 3, 4, 7). The additions of CTA affectMh n more
thanMh w, whereas the contrary occurs for CTA reductions. Thus,
the control ofMh n

(r) (r )1, 2, 3, 4, 7) was proposed for the
transitions involving a molecular weights reduction while the
control of Mh w

(r) (r ) 1, 2, 3, 4, 7) was proposed for the
transitions involving a molecular weights increase. Finally, note
that the proposed strategy is only developed as a mathematical
tool for calculating the required transient feed profiles, with the
idea of eventually applying such profiles in an open-loop
manner.

Consider the transitions SS2bf SS6b, and vice versa
(Figures 8 and 9). The simulation procedure was as follows:
(a) att ) 0, the initial recipe was modified into the final recipe
in a step change; (b) the controlled variables wereMh n

(r) for the
transition SS2bf SS6b, andMh w

(r) for the transition SS6bf
SS2b; (c) along the transients, independent P+I controllers were
sequentially connected onto reactors 1, 2, 3, 4, and 7, when the
relative error between the (Mh n

(r) or Mh w
(r)) measurement and its

initial SS value was greater than(5% [see eqs B.4 and B.5];
and (d) the control loops were deactivated whenFX

(r)(k) =
FX,SS

(r) .
For the direct transition SS2bf SS6b, all the feeds were

changed att1 ) 0 (Figure 8a). The set point changes forMh n
(r) (r

) 1, 2, 3, 4, 7) were sequentially introduced, as indicated by
the step changes in Figs. 8c,d. Figure 8b shows the manipulated
CTA feeds. The CTA feeds into reactors 1, 2, 3, and 4 start at
their SS2b values and finish at their SS6b values. In contrast,
the CTA feed into reactor 7 was only applied during the transient
and was otherwise zero. The controllers were adjusted to
produce rapid responses and small overshoots or undershoots.
Figure 8c and d compares the controlledMh n

(r) variables with
their corresponding set points. In all cases, small undershoots
are observed inMh n

(r), because of the relatively large values of
FX

(r) at the beginning of their control actions. Figure 8e-h
shows the smoother (and longer) transitions ofMh w

(r) and x(7),
and the moderate overshoots and undershoots of the final
polydispersity andBhn3

(7). The off-specs are accumulated be-
tween t2 ) 152 min (whenMh n

(7) becomes 10% lower than its
initial SS value) andt3 ) 594 min (when{Mh w

(7)}/{Mh n
(7)} is the

last variable to enter into the(10% specification bands of the
final grade).

For the inverse transition SS6bf SS2b, all the reagents suffer
a step change att1 ) 0 (Figure 9a). Figure 9c and d compare
the controlled Mh w

(r) variables with their corresponding set

Figure 7. Change of production for grade 1712 with the adopted plant
policy: (a) simulatedQR

T “measurement” and evolution ofxc; (b) resulting
qT and evolution ofxsol

(7); (c and d) monomer and CTA feeds profiles into
reactors 1, 2, 3, and 4; (e and f) evolutions of the finalMh n

(7), Mh w
(7), Mh n

(7)/
Mh w

(7), andBhn3
(7). The initiator step change is applied att1 ) 0 min.

Figure 8. Change of grade from SS2b (grade 1712) into SS6b (grade 1502),
with Mh n

(r) control in reactors 1, 2, 3, 4, and 7. The off-spec product is
accumulated betweent2 ) 152 andt3 ) 594 min: (a) step change att )
0 of the comonomers feed into reactors 1, 2, 3, and 4; (b) CTA feed profiles
into reactors 1, 2, 3, 4, and 7; (c and d) sequential set points changes of
Mh n,d

(r) , and evolution ofMh n
(r) in reactors 1, 2, 3, 4, and 7; (e-g) evolution of

Mh w, Mh w
(r)/Mh n

(r), andBhn3
(r) in reactors 1, 2, 3, 4, and 7; and (h) evolution of the

final monomer conversion. Att1 ) 0 min, a step change in the recipe is
introduced.
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points. The required CTA feeds are given in Figure 9b. As
previously mentioned, the CTA feed profiles into reactors 1, 2,
3, and 4 exhibit transients between their initial and final SSs.
However, no CTA feed into reactor 7 is required in this case.
The evolutions of the quality variables are qualitatively similar
to those of Figure 8. In the first reactors, the molecular weights
rapidly respond to their CTA feeds, producing some oscillations
in the average molecular properties. In the last reactors, such
oscillations are smeared off, and, for example, the final
conversion exhibits a slow transition into the final product (see
Figure 9h). The off-spec product is accumulated betweent2 )
198 min (whenMh w

(7) is the first variable to emerge from the
specifications of SS6b); andt3 ) 510 min (whenMh n

(7) is the
last variable to enter into specifications of SS2b). Note that the
molecular-weight oscillations in the first reactor are completely
smeared off in the final product. The oscillations in the first
reactor could have been attenuated by reducing the controller

gains; however, this was discarded because it increased the
amount of off-specs.

The presented simulations were also compared with adapted
versions of the (open-loop and bang-bang) plant policies that
include the intermediate feeds. The time evolutions are not
presented here, for reasons of space, but Table 3 shows the final
off-spec masses and CTA consumptions. The off-specs were
estimated with the criterion that all the quality variables should
remain inside the(10% bands around their desired SS values.
This criterion provides a mass of intermediate off-specs that is
practically coincident with that of industry. Compared with the
adapted plant policies for changes of grade, the strategies of
Figures 8 and 9 reduce the off-specs by 12% for SS2bf SS6b;
and by 38.5% for SS6bf SS2b. However, the proposed closed-
loop strategies require increased CTA consumption (see Table
3).

Simultaneous Changes of Production and Grade.Consider
the transitions SS2af SS6b and vice versa. As illustrated in
Figure 5, the operations can be performed either in a single
step (diagonal paths), or in two steps. In the two-step case, the
possible alternatives are as follows: SS2af SS2bf SS6b, or
SS2af SS6af SS6b. The single-step transitions can be
calculated by simultaneous application of the proposed algo-
rithms (i.e., a closed-loop control for the global calorimetric
conversion, and a set of sequential controllers for eitherMh n

(r) or
Mh w

(r) in reactors 1, 2, 3, 4, and 7). These calculations are
straightforward, because of the dynamic decoupling between
conversion and the molecular properties. However, sequential
transitions are preferable to simultaneous transitions. To see this,
remember that the changes in production at a given grade can
be implemented with negligible generation of off-specs; and
that the off-specs generated during changes of grade requiring
a constant production are proportional to the level of production.
This suggests that the best strategy is SS2af SS2bf SS6b
and backward; i.e., with the changes of grade performed at the
lower level of production. Table 4 compares the off-spec mass
and CTA consumption for the four investigated transitions. The
sequential strategies are simpler to calculate and apply, and also
exhibit lower off-spec masses and CTA consumptions.

Conclusions

In the investigated industrial process, all the reagents are fed
into the first reactor. However, there are clear advantages when
admitting intermediate feeds of the comonomers mixture and
the chain transfer agent (CTA). A two-step calculation procedure
was developed to increase the steady-state (SS) production. First,

Table 3. Changes of Grade between Optimal Steady States: Total Off-Spec Mass and CTA Consumption during the Transient

SS2bf SS6b SS6bf SS2b

transition
off-spec rubber

(kg)
CTA consumption

(kg)
off-spec rubber

(kg)
CTA consumption

(kg)

proposed strategy 25800 36.8 18900 14.0
“bang-bang” plant policya 29300 15.1 30700 9.0

a Modified by admitting intermediate feeds of comonomers and CTA. Also, the off-specs are calculated with the criterion that all the molecular variables
must fall inside(10% around their desired SS values.

Figure 9. Change of grade from SS6b (grade 1502) to SS2b (grade 1712),
with Mh w

(r) control into reactors 1, 2, 3, 4, and 7. The off-spec product is
accumulated betweent2 ) 198 andt3 ) 510 min: (a) step change att )
0 of monomer feed into reactors 1, 2, 3, 4, and 7; (b) CTA feed profiles
into reactors 1, 2, 3, 4, and 7; (c and d) sequential step changes in the set
points ofMw,d

(r) and the evolution ofMh w
(r) in reactors 1, 2, 3, 4, and 7; (e-g)

evolution of Mh w
(r), Mh w

(r)/Mh n
(r) and Bhn3

(r) in reactors 1, 2, 3, 4, and 7; and (h)
evolution of the final monomer conversion. Att1 ) 0 min, a step change
in the recipe is introduced.

Table 4. Off- Spec Mass and CTA Consumption in the Investigated
Transitions from SS2a to SS6b and Vice Versa (see Figure 5)

transition paths
off-spec rubber

(kg)
CTA consumption

(kg)

SS2af SS2bf SS6b 25800 36.8
SS2af SS6b 32100 53.5
SS6bf SS2bf SS2a 18900 14.0
SS6bf SS2a 20600 18.9
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the total feed rate and the feed flow of comonomer mixture
into the first reactors were simultaneously adjusted for reproduc-
ing the required final values of conversion and particle diameter.
The molecular properties then were adjusted by intermediate
addition of CTA. Three control strategies were tested, which
involved reproducing the normal SS profiles of eitherMh n, Mh w,
or Bhn3. The SS control ofMh w

(r) proved preferable for reproduc-
ing a final molecular characteristics of the normal SS. The SS
control ofBhn3

(r) reduces the final average molecular weights and
degree of branching, which makes it possible to increase the
number of continuously stirred tank reactors (CSTRs) in the
train (and, therefore, conversion) without deteriorating the rubber
quality.

To calculate the SS optimizations, we have taken advantage
of the fact that conversion and particle size are practically
unaffected by the molecular weights. This allows us to first (i)
calculate the comonomer feeds required to increase production,
while maintaining fixed values of conversion and particle
density, and then (ii) calculate the CTA feeds required to control
the molecular characteristics. Alternatively, a more general (but
also more complex) calculation procedure is also feasible,
involving a simultaneous adjustment of the intermediate feeds
of comonomers and CTA, to produce the required values of
conversion, particle density, and molecular characteristics.

For changes in production at a fixed rubber grade, the off-
specs can be almost eliminated through a regulatory closed-
loop control of the global conversion, with manipulation of the
total feed flow. In the presented simulations, on-line estimations
of the calorimetric conversion were assumed. Calorimetric
conversion calculations are feasible in practice, because they
can be produced from on-line measurements of the temperatures
and evaporated refrigerant flows.

For changes of grade at a given production, the required CTA
feeds into reactors 1, 2, 3, 4, and 7 were calculated through a
set of virtual controllers, whereas all the other reagents were
changed in a step fashion att ) 0. The controlled variables
were eitherMh n or Mh w, according to whether the molecular
weights had to be reduced or increased. The proposed algorithm
was simply a mathematical tool for calculating the necessary
CTA feed profiles, with the idea of then applying such profiles
in an open-loop fashion. The quality of open-loop strategies
are totally dependent on the accuracy of the simulation model.
In our case, a representative mathematical model was used that
was previously verified with SS and dynamic measurements.17

The readapted (open-loop and “bang-bang”) plant policies for
changes of production and grade are extremely simple to apply,
and also provide quite reasonable results. For changes of
production and grade, the best strategy is a sequential transition,
with the change of grade being performed at the lower level of
production.
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Appendix A. Required Chain Transfer Agent Additions
for Producing Prespecified Steady-State Profiles of Mh n

(r ),
Mh w

(r ), and Bh n3
(r )

Molecular Properties Model. For any generic reactorr, the
Molecular Weights Module of Gugliotta et al.17 is reproduced
in eqs A.1-A.8:

with

whereFX
(r) is the inlet mass flow of CTA into reactorr; qj

(r) is
the total outlet volume flow rate of phasej into reactorr; qX

(r) is
the outlet volume flow rate of CTA in reactorr; NX

(r) is the total
number of moles of CTA; [i]p

(r) is the molar concentration ofi
(i ) X, M, Im1) in the polymer phase of reactorr; nj(r) is the
average number of free radicals per particle in reactorr; Np

(r) is
the total number of polymer particles in the reactorr; Y0

(r) is the
concentration of free radicals in the polymer phase in reactorr;
Vj

(r) are the volumes of phasej in reactorr; Qn
(r) (n ) 0, 1, 2) is

the nth moment of the number chain length distribution in
reactorr; Bhn3

(r) is the number-average number of trifunctional
branches per molecule in reactorr; kp, kfM, kfX, kfP, kfIm1, andkp

/

are the pseudo-rate constants associated to propagation, chain
transfer to the monomer, chain transfer to the CTA, chain
transfer to the polymer, chain transfer to the organic deactivating
impurity, and propagation with the internal double bonds,
respectively;Kimw, Kiwp are the partition coefficients ofi between
phases; andNAv is the Avogadro’s constant.

The number- and weight-average molecular weights in reactor
r (Mh n

(r),Mh w
(r)) are calculated from

dNX
(r)

dt
)

FX
(r)

MX
+ qX

(r-1)[X]p
(r-1) - qX

(r)[X]p
(r) - kfX[X]p

(r) Y0
(r) Vp

(r) (A.1)

d(Vp
(r) Q0

(r))

dt
) [kfM[M]p

(r) + kfX[X]p
(r) + kfIm1

[Im1]p
(r) -

kp
/ Q1

(r)]Y0
(r) Vp

(r) + qp
(r-1) Q0

(r-1) - qp
(r) Q0

(r) (A.2)

d(Vp
(r) Q1

(r))

dt
)kp[M]p

(r) Y0
(r) Vp

(r) + qp
(r-1) Q1

(r-1) - qp
(r) Q1

(r) (A.3)

d(Vp
(r) Q2

(r))

dt
)

kp[M]p
(r) + kfX[X]p

(r) + (kfP + kp
/)Q2

(r)

kfM[M]p
(r) + kfX[X]p

(r) + kfPQ1
(r)

Y0
(r) Vp

(r)2(kp[M]p
(r) + kp

/ Q2
(r)) + qp

(r-1) Q2
(r-1) - qp

(r) Q2
(r) (A.4)

d(Vp
(r) Q0

(r) Bhn3
(r))

dt
)

kfPQ1
(r) Y0

(r) Vp
(r) + qp

(r-1) Q0
(r-1) Bhn3

(r-1) - qp
(r) Q0

(r) Bhn3
(r) (A.5)

qX
(r) ) KXmwKXwpqm

(r) + KXwpqw
(r) + qp

(r) (A.6)

[i]p
(r) )

Ni
(r)

KimwKiwpVm
(r) + KiwpVw

(r) + Vp
(r)

(for i ) B, S, X, Im1) (A.7)

Y0
(r) )

nj(r)Np
(r)

Vp
(r)NAv

(A.8)

Mh n
(r) ) Meff

Q1
(r)

Q0
(r)

(A.9a)

Mh w
(r) ) Meff

Q2
(r)

Q1
(r)

. (A.9b)
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where Meff is the effective molar mass of a (hypothetical)
average monomer.

Required CTA Feeds.In the SS, the derivatives of eqs A.1-
A.5 are zero. To calculate the required feeds of CTA for the
SS optimizations involving the control of eitherMh n

(r), Mh w
(r), or

Bhn3
(r), we determined the desired CTA concentration in the

polymer phase and in reactorr [X]p,d
(r) , for the three possible

controls. First, consider reproducing the prespecified SS profile
of Mh n

(r), defined byMh n,d
(r) . After introducing eqs A.2 and A.3

into eq A.9a, one obtains

Now, consider reproducing the prespecified SS profile ofMh w
(r)

given byMh w,d
(r) . The required [X]p,d

(r) profile is obtained from eqs
A.4, A.3, and A.9b, yielding

Finally, consider reproducing the prespecified SS profile of
Bhn3

(r) given by Bhn3,d
(r) . The required [X]p,d

(r) is obtained from eqs
A.2, A.3, and A.5, yielding

From [X]p,d
(r) calculated through eqs A.10, A.11, or A.12, the

required SS feeds of CTA into reactorr are finally given by

Appendix B. Reduction of Off-Specs

Changes in Production by Manipulation of the Total Feed
Flow. At any discrete timek, the reaction heat rate in reactorr,
QR

(r)(k), is calculated through the following discrete energy
balance:26

whereCp,if
(r) is the heat capacity of the internal fittings;mi

(r) is
the mass of speciesi (i ) B, S, water, copolymer);cp

i is the
specific heat of speciesi; TR

(r) is the reaction temperature;Fl
(r) is

the latex density;cp
l is the specific heat of latex;Tin

(r) is the inlet
flow temperature;λ is the “effective” latent heat of evaporation
of the refrigerant mixture;Fref

(r) is the mass flow of refrigerant;
Fi

(r) is the intermediate mass flow of speciesi; Ti
(r) is the

temperature of the intermediate feed flow of speciesi; R is the
global heat transfer coefficient for the heat loss into the
environment;â is the stirring heat coefficient;Ta is the ambient
temperature; andWs

(r) is the stirring power. In our simulated
examples, the calorimetric “measurements”QR

(r)(k) along the
train were estimated from

with

where∆HS and∆HB are the molar polymerization enthalpies
of S and B, respectively;RpS andRpB are the consumption rates
of S and B, respectively;ε is the measurement noise;kpSSand
kpBB are the homopropagation rate constants for S and B,
respectively;rS and rB are the reactivity ratios of S and B,
respectively; and [S]p and [B]p are the monomer concentrations
in the polymer particles.

The total rate of heat generation is given by the sum of the
individual heats:

The calorimetric conversionxc is calculated from the total heat
of reaction, as follows:

The calorimetric conversionxc is regulated by manipulation of
the total volume flow rateqT, by application of the following
P+I algorithm:

[X]p,d
(r) ) [Meff

Mh n,d
(r)

-
kfM

kp
+

kp
/

qp
(r)

Y0
(r) Vp

(r)] kp

kfX
[M]p

(r) +
kp
/

kfX

qp
(r-1) Q1

(r-1)

qp
(r)

-
kfm1

kfX
[Im1]p

(r) + [Meff
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where KP,1 and τI,1 are the controller parameters;xjc(j) is a
time-averaged calorimetric conversion in the time interval [j,
j+1]; xc,d is the desired value ofxc; and qT,SS is the total
volumetric feed flow of the initial SS (i.e., before the transition).

Changes of Grade by Manipulation of the CTA Feeds.In
reactor r, the average molecular weightsMh n

(r) and Mh w
(r) are

determined through eqs A.2, A.3, A.4, A.8, and A.10. The
necessary CTA feedsFX

(r) for controlling Mh n
(r) or Mh w

(r) were
calculated through the following “virtual” P+I controllers:

(a) To reduce the average molecular weights:

(b) To increase the average molecular weights:

whereFX,SS
(r) is the initial CTA flow estimated with eq A.13.

Nomenclature

Bhn3
(r) ) number-average number of trifunctional branches per
molecule

cp
i ) specific heat of reagenti (i ) B, S, X, copolymer, and

water) (kJ/(kg°C))
cp

l ) specific heat of the latex (kJ/(kg°C))

Cp,if
(r) ) heat capacity of the internal fittings of reactorr (kJ/°C)

Cp
i ) heat capacity of reagenti (i ) B, S, X, copolymer, and
water) (kJ/°C)

djp
(r) ) unswollen number-average particle diameter (nm)

Fi
(r) ) mass flow of reagenti (i ) B, S, X) (kg/min)

FM
(r) ) additional mass flow of the comonomers mixture into
reactorr (kg/min)

Fref
(r) ) mass flow of refrigerant (kg/min)

G ) polymer production (kg/min)

[i]p
(r) ) molar concentration of speciesi (i ) B, S, X, Im1) in
the polymer phase (mol/L)

Im1 ) deactivating organic impurity
k ) (t/∆t) ) discrete time
kfIm1 ) pseudo-rate constant of chain transfer toIm1

kfM ) pseudo-rate constant of transfer to the monomer (L/(mol
min))

kfp ) pseudo-rate constant of transfer to the polymer (L/(mol
min))

kfX ) pseudo-rate constant of transfer to the CTA (L/(mol min))
Kimp ) partition coefficient of reagenti (i ) S, B, X) between

the monomer phase and the polymer phase
Kiwp ) partition coefficient of reagenti (i ) S, B) between the

aqueous phase and the polymer phase

KP,1 ) proportional gain of the P+I controller in eq B.3 (L/
min)

KP,2
(r) ) proportional gain of the P+I controllers in reactorr in
eqs B.4 and B.5 (mol/min)

kp ) pseudo-rate constant of propagation in the polymer phase
(L/(mol min))

kp
/ ) pseudo-rate constant of reaction with internal double

bonds (L/(mol min))
kpSS, kpBB ) homopropagation rate constants in the polymer

phase (L/(mol min))
M ) monomers B and S
MB ) molecular weight of B; MB ) 54.09 (g/mol)
Meff ) effective molecular weight of an average repeating unit

(g/mol)
MS ) molecular weight of S; MS ) 104.15 (g/mol)

mi
(r) ) mass of reagenti (i ) B, S, copolymer, water, and
initiator) in reactorr (kg)

Mh n
(r), Mh w

(r) ) number- and weight-average molar masses in
reactorr (g/mol)

[M]p
(r) ) total monomer concentration in the polymer phase

([B]p
(r) + [S]p

(r)) in reactorr (mol/L)
MX ) molecular weight of the CTA (tert-dodecylmercaptan);

) 202.4 g/mol
NAv ) Avogadro’s constant (mol-1)

Ni
(r) ) moles of reagenti (i ) B, S, X) in reactorr (mol)

Np
(r) ) total number of polymer particles in reactorr

nj(r) ) average number of free radicals per latex particle
in reactorr

pjS ) average mass fraction of polymerized S in the copolymer

qi
(r) ) outlet volume flow rate of reagenti (i ) B, S, X) (L/
min)

qj
(r) ) outlet volume flow rate of phasej (j ) m, p, w) (L/min)

qT ) total volume flow in the train (L/min)

Qn
(r) ) nth (n ) 0, 1, 2) moment of the number chain-length
distribution in reactorr (mol/ L)

QR
(r) ) reaction heat rate in reactorr (kJ/min)

QR
T ) total reaction heat (kJ/min)

rB, rS ) reactivity ratios of B and S

RpB
(r) , RpS

(r) ) consumption rates of B and S in reactorr (mol/
min)

t ) time (min)
Ta ) ambient temperature (°C)

Ti
(r) ) temperature of inlet flow of reagenti into reactorr (i )
B, S, X) (°C)

Tin
(r) ) inlet flow temperature into reactorr (°C)

TR
(r) ) reaction temperature in reactorr (°C)

Vj
(r) ) phase volumej (j ) m, p, w) in reactorr (L)

Ws
(r) ) stirring power in reactorr (kJ/min)

xc ) calorimetric conversion
x ) gravimetric conversion
xsol ) solid contents
X ) chain transfer agent, CTA

[X]p,d
(r) ) desired molar concentration of CTA in polymer
phase, for producing a prespecified average molecular
property in reactor r (mol/L)

Y0
(r) ) concentration of free radicals in the polymer phase of
reactor r (mol)

qT(k) ) qT,SS+ KP,1[(xjc(k) - xc,d) +
1

τI,1
∑
j)1

k

(xjc(j) - xc,d)∆t]
(B.3)

FX
(r)(k) )

FX,SS
(r) +KP,2

(r) {[Mh n
(r)(k) - Mh n,d

(r) ] +
1

τI,2
(r)
∑
z)1

k

[Mh n
(r)(z) - Mh n,d

(r) ]∆t}
(B.4)

FX
(r)(k) )

FX,SS
(r) + KP,2

(r) {[Mh w
(r)(k) - Mh w,d

(r) ] +
1

τI,2
(r)
∑
z)1

k

[Mh w
(r)(z) - Mh w,d

(r) ]∆t}
(B.5)
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Greek Symbols

R ) global heat-transfer coefficient for the heat loss into the
environment (J/(K min))

â ) stirring heat coefficient
ε ) additive measurement noise (kJ/min)
Fl

(r) ) latex density in reactor r (kg/m3)
æS ) fraction of S-terminated radicals
λ ) “effective” latent heat of vaporization of the refrigerant (a

propane-propylene mixture) (J/g)
τI,1 ) integral time of the P+I controller in eq B.3 (min)
τI,2

(r) ) integral time of the P+I controllers in reactorr in eqs
B.4 and B.5 (min)

∆t ) time interval between consecutive measurements (min)
∆HB ∆HS ) respective molar polymerization enthalpies of B

and S (J/mol)

Superscripts

r ) reactor number

Subscripts

d ) indicates desired value (or set point)
m ) indicates monomer droplets phase
p ) indicates particles phase
w ) indicates aqueous phase
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