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Abstract: In this recent work, the continuous dependence of double diffusive convection was studied
theoretically in a porous medium of the Forchheimer model along with a variable viscosity. The
analysis depicts that the density of saturating fluid under consideration shows a linear relationship
with its concentration and a cubic dependence on the temperature. In this model, the equations
for convection fluid motion were examined when viscosity changed with temperature linearly.
This problem allowed the possibility of resonance between internal layers in thermal convection.
Furthermore, we investigated the continuous dependence of this solution based on the changes
in viscosity. Throughout the paper, we found an “a priori estimate” with coefficients that relied
only on initial values, boundary data, and the geometry of the problem that demonstrated the
continuous dependence of the solution on changes in the viscosity, which also helped us to state
the relationship between the continuous dependence of the solution and the changes in viscosity.
Moreover, we deduced a convergence result based on the Forchheimer model at the stage when
the variable viscosity trends toward a constant value by assuming a couple of solutions to the
boundary-initial-value problems and defining a difference solution of variables that satisfy a given
boundary-initial-value problem.

Keywords: Forchheimer model; double diffusive; salinization; stability; variable viscosity; convergence

1. Introduction

The structural stability of porous media or the study of the continuous dependence of a
model itself is considered a prime and challenging problem. As a result, many authors have
started intensively studying the subject of double diffusive convection in many different
aspects, such as the horizontal layer of porous material saturated with a fluid whose density
or volume does not change with pressure, see [1]. Generally, in the domain of partial
differential equations, the structural stability and continuum mechanics are noticeable in
many areas, see [2]. The reliance of the elasticity field on modeling began with a major
publication by Knops and Payne [3,4]. An extensive research of Payene [5-7] in the area of
structural stability enhanced it, and, since then, numerous papers have been published in
this direction. Resources of this direction can be obtained in an intensive study that was first
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conducted by Straughan [1]. In addition, new elaborations of this study were conducted by
Aulisa et al. [8], Ciarletta et al. [9], Hoang and Ibragimov [10], Liu [11], Liu et al. [12,13],
and Ghazi and Ali [14-17]. Our current paper is an advancement of the work conducted by
Straughan [18] and Gentile and Straughan [19] who studied the continuous dependence
and the structural stability of the supplier of heat in a penetrating convection type and in
the porous medium of Forchheimer, such that the density relies quadratically or cubically
on the temperature field. In most of the applications, cubic dependence is obligatory, while
quadratic dependence has been observed to be insufficient, see McKay and Straughan [20]
and Straughan ([21], pp. 143-144). In case where the fluid flow is not small, we can
introduce Forchheimer coefficients in the Darcy Equations (see [22,23]) because the pressure
gradient is no longer proportional to velocity, see Straughan ([1], p. 12) and Néel [24]. In
our present paper, we are dealing with the Forchheimer model of quadratic degree, where
we first took into consideration the changes on the supplier of the heat, so we had the
ability to obtain the solution of its continuous dependence, and then we analyzed it on
the coefficients of the presented Forchheimer model. In fact, each of the parameters were
analyzed separately because the bounds that resulted in every stage were different. Usually,
in case of liquids, viscosity varies significantly in comparison with other thermo-physical
properties. Most of the real liquids are highly viscous, and, consequently, they can be
affected functionally by temperature. The variability of viscosity can be easily observed
from the tabulated data included in [25-27]. Rossby ([26], p. 334) created a table with the
viscosity values of water as well as a 20 centistoke silicone oil at temperatures ranging
from 20 to 25 °C. While doing so, the authors observed that, in case of water, the kinematic
viscosity varies from 0.01008 cm? /s at 20 °C to 0.00896 cm? /s at 25 °C, which is almost a
10% change. On the other hand, its thermal conductivity varies by only around 1.5% over
the same range of temperatures. Moreover, in the case of 20 ¢St silicone oil, the kinematic
viscosity decreases from 0.2137 cm? /s to 0.1904 cm? /s from 20 degrees to 25 degrees, which
is almost a 20% variation, while the thermal conductivity remains constant over the same
interval of temperatures. Over a wide range of temperatures, the viscosity variation may
be extremely large. For instance, Weast [27] stated that the viscosity of olive oil varies from
138.0 cP at 10 °C to 12.4 cP at 70 °C. Tippelskirch [28], Palm [29], and Palm et al. [30] started
the study of thermal convection in temperature-based viscosity fluids. Generally, there
is a non-linear relationship between viscosity and temperature in numerous convection
problems, but the linear relationship was adopted in [30]. In another expression, Palm
stated that when y(T) is the kinetic viscosity, we have

#(T) = po(1 — 7o(T — To)), 1

where g and g are constants (yg, yo > 0).

The phenomenon of double-diffusive convection, in which scalar fields are involved,
such as the heat and concentration of a solute, affects the density distribution in a fluid-
saturated porous medium and has a wide range of applications, including processes arising
in chemical engineering, energy technology, geophysics, and oceanography. In particular,
some applications include groundwater systems in “karst aquifers”, chemical processing,
the convective flow of carbon nanotubes, the propagation of biological fluids, and the
simulation of bacterial bio-convection and thermohaline circulation problems; see [31-35].

In this regard, the goal of the present paper was to develop and analyze the double
diffusive convection problem in a porous medium layer using a Forchheimer model where
viscosity depends linearly on temperature. Furthermore, we took into consideration the
density of fluid in such a manner that it depended linearly on the concentration and cubi-
cally on the temperature. A priori estimates were derived for a solution to the governing
partial differential equations, and these were employed in an analysis of continuous depen-
dence and of convergence. We also proved a convergence result by demonstrating that the
solution converges appropriately as the coupling coefficient vanishes.

The structure of this work is organized as follows. In Section 2, we present the basic
governing equations. In Section 3, we develop a priori estimates by introducing some given
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functions as solutions to a group of boundary value problems and continue the process with
the aid of the mathematical analysis. In Section 4, we analyze the continuous dependence
of a solution to our presented model and check the effective viscosity coefficient, vy. Finally,
we deal with the convergence of the solution to the same presented model and check how
its system affects the viscosity coefficient.

2. Governing Equations

In this section, similar to [18,36], we study double-diffusive convection by considering
a porous medium that fills the three-dimensional region and is governed by the following
Forchheimer equations:

auilu| + bu;|ul®> + (1 +9Tu; = —p,; + &T + LT> + LT + L,C,

uj; =0,
(2)
Ti+u;T; = AT,
Ci+u;C; = AC.

For an explanation of the nomenclature, see Table 1.

Table 1. Nomenclature used in this study.

Symbol Definition

Velocity
Temperature
Pressure
Concentration
A constant
A positive constant (viscosity coefficient)
A positive integer
aand b Forchheimer coefficients
gi hi, Zi, and L; Vectors for incorporating the gravity field

SN2 = 0O0< 98

n
h, k, To, and CO
1%
u(T)
to and g

PAdge qy & = —

—2
=

=

A unit outward vector
Maps
A bounded domain in R®
A Kkinetic viscosity
Positive constants
A boundary of the domain V
A non-zero eigenvalue
A solution to the Neumann problem with data

A space of admissible functions
The volume of the domain V
The gradient
The surface gradient over the boundary I
Laplace operator
The surface measure of T
L"(Q)) norm
L%(Q) norm
Inner product
8 / Bxl-
d/dt

The balance of mass equation

We assume, without loss of generality for the present discussion, that

gl <1,

|IZ| <1 and |£]<1.
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Let V be a bounded domain in R? with the boundary I'. Then, system (2) is defined on
V x (0,7), for T < oo, the boundary, and the initial conditions

un; = f(x,t), on T'x(0,7), 3)
T(x,t) = h(x,t), C(x,t) =k(x,t), x on T, t € (0,7), 4)

and
T(x,0) = To(x), C(x,0) =Co(x), x €V, (5)

where n is defined as a unit outward vector that is perpendicular to I, and &, k, Tj, and
Cp are given maps. A collection of many different models with their presentations can be
obtained from [1].

3. A Priori Estimates

To drive the a priori estimates for T and C, we introduce the functions G(x, t), K(x, ),
I(x,t), F(x,t), H(x,t),and M(x, t) as a means of resolving the following boundary value problems:

AG(x,t) =0, in V, 6
G(x,t) =h(x,t), on T, (©)
AK(x,t) =0, in V,

@)

K(x,t) =k(x,t), on T,

3 (8)

{Al(x,t) =0, in V,

I(x,t) =h°(x,t), on T,
AF(x,t) =0, in V, o
F(x,t) = k°(x,t), on T,
AH(x,t) =0, in V,
o1 (10)
H(x,t) =h"""(x,t), on T,
AM(x,t) =0, in V,
o1 (11)
M(x,t) = k77 (x,t), on T,

where r is a positive integer to be determined later. Multiplying Equation (2) by u; and
integrating over V, we obtain

allul} +bllulif+ [ (1+T)]ufdx (12)
== 7{r p,ifdA +gi(T, up) + hi(T? ui) + Ti(T°, u;) + Li(C, u;)
<~ f pfaa glul+ 4 (U7 + ITIE + TS + ICIP).

To treat the pressure term in (12), we assume that ¢ is the solution to the Neumann

problem with data f, i.e.,
Ap=0, in V,

d

%Zﬁ on I, (13)
pdA = 0.

fo

Employing (13) in a pressure term, we obtain
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_ 99 14 _ .
—fpran=—§pslaa=— [ pigx (14)

= /V @i {aui|u| +bu;lu? + (14 yT)u; — T — i, T> — T,T® — £iC] dx

1/3 2/3 1/4
3 3 4 4
ga</v|vq) dx> (/V|u dx> —I—b(/v|V(p| dx> </V|u dx>
. 1/2 1/2
+(./V(1+7T)u,'uidx> (/V(l—V—'yT)q),i(p,idx)

where the Cauchy-Schwarz and Holder’s inequalities are employed. From the Stekloff
inequality, we obtain

3/4

+ Vel (IITI +ITI? + ITII3 + IICII),

1
§9?da < |vgl?, (15)
r q
where g is the first non-zero eigenvalue, such that
Vel
= ) 16

Here, F is the space of admissible functions. Since Ap = 0in V, it follows that

0
2 ¢
Vol® = frfP*an dA.

Adopting (15) and using the Cauchy-Schwarz inequality, we have

Vol < 2 £ (22) 0 7
4 ~qJr\on ’

Then, inserting (13) and (17) in (3), with the further use of the Cauchy-Schwarz
inequality, we have

—frpfdA

IN

av'®|V gpllsllull3 + b ® Vo sul3 (18)

1/2 1/2
+ (L muax) (1992 42171 [ 1Vottax)

;q( f fsz>l/2<|T| + [T+ I8 + 1),

where v is the volume of V. We next use the Sobolev inequalities

_|_

lwlle < Clglly,  I¢lE < ClYlawy  19lls < CllYlm),

with (17), to obtain
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IN

1/2
av1/66|u||§< /V {IWF + Go,ijq’,i]'] dx) (19)

1/2
+ bv”f*cnunz< [ [1v0R + 00 dx)
1/2 1 _
(e x) {q § da+q0)T] ( [ [Ivot+ ei0s] d)}

. ;ﬁ(f}deA)l/z(wu|T|2+||T|§+||cn).

Now, let dq1,d>, and d3 be the data terms, see [37],

- ﬁ pfdA

1/2

/Vq’,i]'(P,ijdx = di(t) +da(t),
1 f{ PAA = ds(t). 20)
q.Jr
Then, we have
IVel* < ds(t). (21)

Next, by (19), (20), and (21), we obtain

1/2
~ fpfaa < VIVl + st del T2 1 rTuix)
/A (T4 171 + 1T + I, @)

where
dy = av'/°C(dy + dy + d3),
ds = bv'/8C(dy + dy + d3),
de = vC(dy +dy +d3).
Hence, using (22) in (12), together with Young’s inequality, we obtain

allul} + bjuf + / (1+9T)|uldx

a 64 1
-z 7,13/2 e < 2

+4(||T||2+ T+ 716 + HCIIZ) +d|T]|
1
+ 1 [ @+ T uPax+ 25 + | T2+ | T+ | TS + I

|\3+—d3/2 —|| 13+ d2+ d +2ds5

< u
-2 81a2 32b3

1
w5/ (1+7T>|u|2dx+6||T||2+5(||T||3+ I+ 1), @)
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and so
6
ol + Sl + | (@ 9T luPix < d 10 ST+ ITIE + ITIS + CI?), 2

where the data term dy is given by

128 52 1

d = ——— d .
7= 2T 16b3 do + 4d3

Due to (24), we obtain

1 6
Jul3 < § |a + 10 ST+ TS+ TS+ ||C|2)],

1 6
Iull < 5 |7+ 10( GITIE + I + T+ ||C|2)], 25)

6
J ATy uax < dy-+ 10( ZITIR + ITIE + TS + 2.

Now, we form the following expressions:

/Ot /V(T — G)(Ts + u;T; — AT)dxds = 0, (26)
/ t / (C— K)(Cs + 1;,C; — AC)dxds = 0, 27)
/ / )(Ts + u;T; — AT)dxds = 0, (28)
/ / )(Ts +u;T; — AT)dxds = 0, (29)

where t is a number, such that0 <t < 7.
Next, integrating by part in (29) and employing the boundary condition (6), we obtain

t
ITI? +2 IV TIPds < [0l +2(G, )+ 2|(Go, To

t
+ 2‘ / (G, T)ds
0

t t t r
+2/ / Gui:r,idxds+2/ fh(aC;)dAder/ f |f|H2d Ads.
0.Jv 0o.Jr \\on o Jr

Using the Cauchy-Schwarz and arithmetic-geometric mean inequalities on the right,
we obtain

1 t t
SITIE+ [LIVTIPas < 21Toll2+2GI2 + Gl + [ 11G)1%ds 0)

t t t
Gl [ ulPds+ [ ITIPds + [ § weaads
0 0 0 JI

t (3G’ !
+/ 7{ () dAds+/ f|f|h2dAds.
0o Jr\on o Jr

By (25)3 and (30), we have
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t t
ITIZ + 2 [ IVT|Pds < 4| Toll2+ 46| + 20 Gol? +2 [ |Gs[1%ds
t t
+ 2(1+1263) [ |T|Pds +262 | [d7+1o<|T|1+\|T|g+||cu2)}ds

t G\ 2 t )
+ 2/0 ﬁ(an> dAds+2/O ﬁ(1+|f|)h dAds. (31)

Now, by (27) and by performing an integration by parts along with using the inequali-
ties of the Cauchy-Schwarz and arithmetic-geometric mean, we obtain

1 2 3 2 2 1 2 2 1t 2
Z e < Z Z
FICI2+ 5 [ 19CIPds < 1ol + 3 1Kol + K2+ 5 [ liClds (32)

K2/ 24 f/fl kszdf/sz f/]{f .
4G, [ipas+ 2 [ s peanast [N+ L [ (Y das

Using (25)3, we obtain

t t
ICIP + 3 [ IVCIds < 411Coll>+21|Kol[* + 4]K|[> +2(1+20K2) [ |c]Pds

t 6 t
w4, [ a0 ST+ T+ 1T ) a2 [ f o irpidas

't 't (K2
+2/ ||1<,s|\2ds+2/ }( () dAds. (33)
Jo o Jr\on
Furthermore, employing the same previous procedure on (28) and (29), respectively,
we obtain

¢ 1
Tl + 3/0 ||VT2||2615§HT0||241+2H10H2+2HT0||2+16||I||2+;LHTH2 (34)
t t t
+ z/ ||1,s\|2ds+/ f|f|h4dAds+z(1 +241,%1)/ 1T |12ds
0 0 JI 0

t t
+ [rorias+ag [ ar+a0(irig+ iig+ ci?) o

¢ ¢ oI\ 2
n 2/ fhszderz/ f () dAds,
o Jr o Jr \on

5 rt 1
ITlE + 3/0 ||VT3||2dS§HT0||2+3||F0H2+3HT0||2+36||F||2Jr;LHTH2 (35)
t t t
+ 3/ ||Es\|2ds+/ ]{|f|h6dAds+3(1+72F31)/ T |2ds
0 0 JI 0

1 t t
+ g [IvTias s [ [d7+10<||T||ﬁ§+||T||2+!|C||2>}ds

t t oF \ 2
+ 3/ ]{hszderB/ f () dAds,
0o Jr o Jr \on

where Gy;, Ky, Iy, and F;, are the maximum values of G, K, I, and F, respectively, on I' x
(0, 7).
Next, by (31)—(35), we obtain
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1 1t t t
SITIZ + T+ ITIE+ I+ 5 [ IVTIPds+3 [ |VC]ds+3 [ VT
t t
+ g/ VT3 2ds < <7+24G,%1+48K%1+48131+216F31>/ 1T 2ds
0 0
t
+(2+ZOG,%1+40K%1+401,%1+180F§1> / 1|1 %ds (36)
0
t
+ <20G,%1 +40K2, + 4012 + 180F31) / IT|4ds
0
t
+ (zoc,i +40K2, + 4012 + 180F,31> / IT\6ds + &(t)
0
‘(1
< B [ (GITIR+ 1T+ 171 + ICIP )ds + €2,

where

B=2 <7 + 24G2, + 48K2, + 4812, + 216F,31>

and £(t) is a term that is bounded by data and is given by

Et) = INToll*+ I Tollz + I Toll§ +2[Goll* + 4/ Coll* + 2I| Ko |* + 2| Io|* + 3| Fol|>
t
+ 4||G||2+4||1<|2+16||1||2+36|F||2+(2G3,1+4K51+41,31+18P31)/ dyds
0
! 2 t 2 f 2 ! 2
42 [ 1GalPds 2 [ 1K lPds +2 [ 125 +3 [ [Es s @)

t t t
+/ f(7+z|f|)h2dAds+z/ 74(1+|f|)k2dAds+/ fmh‘*dAds
0 JI 0 JT 0 JT
t t 2 t 2
+/ j[|f\h6dAds+2/ ]4 <8G> dAds+2/ f (M> dAds
0.Jr o Jr \ on o Jr \on
42 / 7{ N ads + 3 / ]f 9Ny ads.
o Jr \on o Jr \on

Straughan and Payne proved in [38] that for a given function ¢ that satisfies

Ap=0, inV,

¢=M, onT, (38)

one may use a Rellich identity [39] to determine c; and ¢, such that
IVe|* + ¢ 74 %% ZdA < czjl{ |VsM[*dA (39)

1 T an — T S 7

where V; represents the surface gradient over the boundary I'. Furthermore, they showed that

29V, V) + 912 < 1 f M4, (40)

where

— max
LT 5

9y
on
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with the boundary value condition

Ap=—1, inV,

=0, onTI. (41)
Thus, (39) and (40) result in bounds for £(t) represented by data. We now can directly
state that
E(t) <D(t) (42)
such that
t
D) = SIToIP + [Tall + IToll +41Co|? + (265 + 486, + 483 + 1885 ) [ s
2y ]{ 2dA + 2y f KZdA + 2¢p, ]f HSdA + 3y, ﬁ 04 A + 4y, jé 2dA 43)
T T T

Sy, fr KdA + 16y, fr HdA + 364, é 104 A + 29, /0 t ﬁ[r 2, dAdn

2y /0 t 7{_ K2 dAdn + 24 /O t fr W2 dAdy + 3¢ /O t 7% W2, d Adn

+/tf(7+2|f|)h2dAd;7+2/t7§(1+ |f|)k2dAd;7+/tf |fhtd Ady

+/ f17lmedady +2€2/ f1vhpaady +2€2/ 19y
262/ 7{|v 13 2d Ady +3Cz/ f|vsh5|2dAd;7

and then, from (36), we may have

—BU < D(t), (44)

where U is a function defined by

tr1
) = [ (GITIE+ 1T+ 1T + IR Jas
Next, setting
t
Dl(t):/ D(s) exp(Blt — s])ds, (45)
0

and integrating (44) to show
U(t) < Dy(1). (46)

Furthermore, taking D, = BD; + D and using (44), we have

1
SITIE+ITIS + TS + I < Dae). @)
By (36), (46), and (47), we obtain
t 2 t 4 t 6 t 2
| ITiPas <2pi, [CTldas <D, [ TISds <Dy, [ CIPds < Di(e),

IT||> < 2Dy, ||T(|3 < Do, [IT|IE < Do, [ICII* < Da(t), (48)
t t 1 t 1 t 3

/ IV T|%ds < 2D,, / IVC|[2ds < =D, / IVT2|2ds < mz,/ IV T3|2ds < 2Dy,

Jo Jo 3 0 3 Jo 5
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We could now start the way of deriving a bound for supy,, (g 1) |T|, such that

t
/ / (T21 — H)(Ts + w;T; — AT)dxds = 0. (49)
0 JV

By integration by parts, we obtain

/TZ’d x+ 0 //VT’VT’dxds /Tzrdx+2r(T H) — 2r(To, Ho)

—or / / TH gdxds + 2r / / T Hudxds + 2 / 7{ 0o qads — / jf FTYdAds
0 Jv 0 Jv o.Jr on 0o.Jr

t t 1/2
< [ a2 T + ool + 2 ( [ NS 7R ) )

t t 172
w2y ([ |12 m 10 (Tl + TS+ I ) |as [T 19 TIRas)

t t 2 1/2 t
+2r</ thdAds/ ?{ (aH> dAds) +/ j[|f\h2fdAds.
0.Jr 0 Jr\on 0.Jr

Hence, using the arithmetic-geometric mean inequality and the inequalities (39)
and (40) together with (48), we obtain

1/2
/V Tix < /V Tgrdx+2r(\/2D2+|To||)(1p1 7§r h4’2dA> (51)

; 2 1/2 ;
v 2r<2Dllp1 /O jfr {hﬁ;‘l] dAdn) +rh%;—1( /O d7d17+54D1+2D2>

2 1/2
¢ [t Eros t )
2 /f[Vh]dAd/fhdAd) /74 W2 dAd.
+r(610r 7 ”or T +0 r|f| T

Using the Cauchy-Schwarz inequality again, we obtain

1/2 12 o
( f h4’—2dA) < h%{‘l( f dA) = T Sim(m)], (52)
T T hm
bl ar—ap2 V2ot 1/2
W42 4 Ad </j§hdAd) ) 53
(/ofr & 77) _h%1<0 i 3)

Wr=4|v,nl dAd <m/j§{Vh]dAd> ) 54
(/oﬁ [ "} 77) - %1<0 r| 7 1 G

where m(T) is the surface measure of T.
Employing (53) and (54) in (51), we obtain

T¥ix < / T2ax + 20 (/3D 4+ T 55
[, ¥ax < 2+ [Tol)y/r[m(r) (55)
_ 2r 1/2
+2r(2r,171)h’" <2D1¢1 / %h?ndAd;o

m

thr t
(/ dydy + 54D, +zz>2) +h§{/ fmdAdq
0 Jr

_ 2r ¢ 1/2
+2r( r— Dhi < / 74 {vﬂh} dAdy / 74 hszdn> .
0 JI

=

+
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Taking the power 1/2r of (55), we obtain

5 1/2r
1Tl < (|To||%:+h%: Zai) , (56)

i=1

where «; can be obtained from (55) and

hy = max |kl
I'x[0,7]

Taking the limit as ¥ — oo, we obtain the a priori bound

sup |T| < max{|To|m, sup fm}, (57)
Vx[0,T] [0,7]

where
| To|m :m‘?x|T0|.

Finally, we have to find a bound for supy, 1 1 |C|. Now, we form the expression

t
/ /V (€21 — M)(Cs + 1;,C; — AC)dxds = 0. (58)
0

Following the same procedure in (49)—(57), we have that

sup |C| < max{|Col|m, sup km}, (59)
Vx[0,7] 0,7]

where
[Colm :m‘?x|Co|.

4. Continuous Dependence on v

In order to study the continuous dependence on the coefficient y of the viscosity in
the Forchheimer equations that govern the fluid flow defined in (2), we first assume that
(u;, T,C1,and p) and (v;, S, Cy, and q) are solutions of (2)—(5) for the identical data functions
f, h, and Ty but for not the same coefficients of the viscosity, 1 and ;. Next, we introduce
the definition of the difference solution (wj;, 6, ¢, and 77) as

w,=u;—v;, 8=T-85, gb:Cl—Cz, T=p—4q, Y=71—"72 (60)

Moreover, by using (2)—(5), it is obvious that this solution holds for the following
boundary-initial-value problem

al[ulu; — [v|v;] + bllu|*u; — |v[*0i] + w; + yTu; + 720u; + 725w
= —70;+ g0+ hO(T+S) +Z0(T> + TS + S?) + Lo,
wi; =0,
0+ w;S,;+uf; = A8, (61)
¢ +wiCyi +uip; = Ag,
wnj=0=¢=0 on I'x(0,7),
6(x,0) = ¢(x,0) =0, xeV.

Obviously, (61); can be rearranged as

al[ulu; — |v[oi] + bllu|*u; — |v|*0i] + w; + yTo; + 7200 + 71 Tw;
= —71;+ g0+ hO(T +S) + Z,0(T> + TS + S?) + L;¢. (62)
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To achieve this, multiplying (61); by w; and integrating over V, we obtain
@ [ lalu; = [vlodwidx+b [ [l — vPolwdx+ [ (1+7S)wwdx  (63)

—y /V Tu;w;dx — v, /V Ou;w;dx + ¢; (0, w;) + hi| Ty + Sm) (6, w;)
+I1[T,2n + TmSm + S%q] (9, wi) + Ei(cp, ZUZ'),

where T), and S, are the maximum values of T and S, respectively.
Now, we observe, with the aid of the triangle inequality, that

o [ lulu = lodwx = 3 [ fjul + vz -+ 5 [ [l = vI(ul + V)
a
> 2 [Tl + vl (64)

Similarly,

b [ 1w~ IvPojudx = 3 [ [+ vPlods+ 5 [ [jaf = [vPR(ul + v)dx
b b
> o [P+ Pl > 7 [ [l + P
b b
> 3 [l ol = wl (65)

Substituting (64) and (65) in (63) and applying the arithmetic-geometric mean and the
Holder’s and Cauchy-Schwarz inequalities, we have

a b
5 | [ul + WDwiidx+ ZIwlid+ | (1 4+ 728)wjwidx (66)
1 392T2 2 3
< WP+ 22 )P e [ Julwidx+ 32 [ e+ RYo]wll + 5 gl
1 3~2T2 ¥ 1/3 2/3
< S lIwlP+ =52 a2+ a [ Julw wldx+42</ |u3dx> (/V|9|3dx>
3R
- lol* + H<P||2,
where R = 1+ Ty + S + T2 + TuSm + S2,. Using the Sobolev inequality together with
the Cauchy-Schwarz inequality in (66), we obtain
a b 4 1
5/ [(Juf + |V|)wiwz’dx+*||WH4+/ (5 + 725)witwidx (67)
3,)/ 72C2/3
< m\|u||2+ﬂ/ |ufwiwdx + lulslelive] + 2~ (||9H2+||<PH )-
Repeating the same argument starting from (63) to obtain
a b 4 1
Py iWi n 4 Y 1 iWi
2/[(|u|+|v|)wwdx+4||w|\ + [ (G +mT)wwidx (68)

3 ZCZ /3
’Y ||v||2+a/ |v|w;w;dx + 72

Ivliallenve) + 2 (||9||2+ 1911%)-

Combining (67) and (68), we have
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b

EHwHi—i-/V(l+')/25—|—71T)wiwidx (69)
3,),2'1"2 ’)’2C2/3

< Tm(HuH2 + VI3 + 2 —(lallz + [IvlIs) 10V + 3R>(|0]1* + l|¢]|*).

4q

For A > 0, dropping the first terms on the left hand side, we conclude

/V (1+ 725 + 71 T)w;w;dx (70)
,)/2164/3
64)\a?

,)/2164/3

16Aa8/3
< Av* + B(||6]1* + [l911*) + A V6%,

392T2
< Tm(”

ul? +[|v]?) + (lulls + [Ivlis) 116117 + Al Vell? + 3R2(|6]1* + l#]1?)

< 37Ty (d7 +54D,) + (d7 +54D2)* |10 + A VO||> +3R*([|6]1* + 1 ¢1?)

where A = 3T2(dy, .. +54D,) and B = a=8/3¢34C*/3(d;,_ +54D,)%/3/16A + 3R2.

Furthermore, multiplying (61)3 and (61)4 by 0 and ¢, respectively, and integrating over
V, we obtain

d
EIIGII2 +[VOI* < Shlwll?, (71)
d
EH(PH2 +IVe[? < G llwl (72)
Collecting (71) and (72) and integrating the result, we have
t t
1012 + 112 + [ (1V012 + [ VgIP)ds < (53 + ) [ Ilwlds, 73)

which implies
IV6[? < (S, + G5 I wll?, (74)

where C,,, is the maximum value of C,.
Next, we assume that K = 2B(S2, + C3,), A = 2A(S2,+C3,,), and A = 1/2(S% +
C3,.)- Then, from (70) and (73), we obtain

t
[w]? < A2 +zc/0 lw|2ds. (75)
By (75), we have
t ot
/ lw|2ds < A72t+IC/O (t — o)||w]|ds (76)
0
and, thus, from (76), we obtain
t
| =) lwlPds < Ka(t)? 77)
0

and so ;
[ lwlPds < ics(6)7% 78)
0

where

KCo(t) = /O "Kou(s) exp (K[t — s])ds, Ki(t) = At and Ka(t) = Ky + K.



Symmetry 2022, 14, 682 15 of 18

Moreover, employing (78) in (73) we can have

t
161> + llgpl|* + /0 (IVOI* + IV el*)ds < v*Ka (S, + CE,)- (79)

The continuous dependence on the coefficient y of the viscosity is shown by (79), and
it is clearly an a priori bound, such that 42 only relies on the initial data and boundary data.

5. Convergence to the Constant Viscosity Solution

Let (u;, T,Cy,and p) and (v;, S, Cy, and g) be solutions satisfying the following boundary-
initial-value problems:

auj|u| + buj|u> + (1 +9T)u; = —p,; + T + K T> + LT + L£,Cy,
uj; =0,
Ti+u;T; = AT,
Crp +uiCpi = ACy,

} in Vx(0,7) (80)

and

un; = f(x,t), on I'x(0,7), @)
T(x,t) = h(x,t), Ci(x,t) =k(x,t), x on T, te (0,7),
aviv| + bo;|v|* +0; = —q,; + &S + 1;S* + I;S° + L;Cy,
pp— 0/
Vi inVx(07T) (82
St+0S;=AS,
Cot +0iCai = ACy,
and

vini = f(x,t), on I'x(0,7), 83
S(JC, t) = h(x/ t), CZ(xr t) = k(xf t)’ X on r’ te (0’ T) ( )

The variables w;, 8, ¢, and 7 are introduced in (60) and satisfy the boundary-initial-
value problem:

allulu; — [v|o;] + blla|*u; — |v[*0i] + w; + yTu; = —71; + ;6
+h0(T +S) +Z;6(T> + TS + S?) + Li¢,
wj; =0,
0+ w;S,;+uf; = A8, (84)
o +wiChi +uip; = Ag,
wini=0=¢=0 on I'x (0,7),
6(x,0) = ¢(x,0) =0, xeV.
The proof of the maximum principle (57) and (59) for T and C may be shown to hold

here. Multiplying (84); by w; and integrating over V, and employing the Cauchy-Schwarz
and arithmetic-geometric-mean inequalities, we obtain

allwl§ +blwlls + [lwl* < Tulwlllul+RI6[wl]l + o] ]w] (85)
1 23 22120 32002 4 3002
< = = = = )
< Slwl+ SPT3 2 + SR el + S ligl
We may drop the non-negative first and second terms in the left to obtain

lwli? < 39T [[ull? + 3R2(|0]1% + [l9]1*)- (86)
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Next, multiplying (80) by u;, and vs. integrating over V, we obtain
allul+ bl + [ (12 D)luldx )

= — ﬁ pifdA+gi(T,u;) + hi(T? u;) + (T, u;) + L£:(C, u;)

IN

' 1
- fpafaa-+ ghul+4(ITI + ITIE + TS+ I )

IN

1
—frp,ifdA+Z/V(1+7T)|u\2dx+2oz>2.

Now, one could use the Cauchy-Schwarz and Holder’s inequalities along with Young's
inequality to obtain

— 741: p,zfdA = /V (P,i |:aui|ll + bui\u|2 + (1 + ’)’T)Mi _giT — hiTz —IiTS — ,CZC:| dx

<af /V|Vgo|3dx)l/3( [ tuPix)
" ( ./\./(1 + VT)”i”idX> v < /{,(1 + 7T)§9,i(l’,idx)

4a 27b
<alluli+ 32 [ IVoPax+bluli+ 52 [ [Volx

1 1
+ZL/V(1+7Tm)\u|2dx+/v(1—i—’mi)\Vq)Fdx—O—Z||V¢||2+20D2.

2/3 3/4

+b</V|V(p|4dx)1/4</V|u|4dx> (88)

1/2
Vel (|T|| TR+ TR + ||C||)

By (87) and (88), we obtain
Ju> < M2, (89)

where M2 is the data term, such that

8a

M2 = 22 [ VgPax+ T2 [ [9gltax+2 [ (14T VgPax -+ 5| Vol + 80Dz

128
Next, multlplymg of (84)3 and (84)4 by 6 and ¢, respectively, we also obtain

1617 + NIl < (52+sz / | wl[*ds. (90)
Thus, by (86) and (90), we have
3 t
Wi <37 ToM? 4+ SRS +CB,,) [ 1wl o
By (91), we obtain

292T2 M2 exp (3R2(S,2n + C%m)t>
RA(S%+ C5,)

t
/O lwl|%ds < 92)

The above inequality (92) shows that u; is convergent to v; as v — 0. Adding (91)
and (92), one can clearly see the convergence of w; in the L%(Q) norm, and from (90), one
can obtain the convergence of 8 and ¢ in the L?(Q) norm.

6. Conclusions

The continuous dependence and structural stability in the problem of double-diffusive
convection in a porous medium of the Forchheimer model was investigated throughout this
study when the fluid density and viscosity had cubic and linear temperature dependences,
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respectively. The a priori bound was derived and obtained for both of the temperature and
the concentration using coefficients that were dependent only on the boundary and initial
data. With the aid of these a priori bounds, we were able to demonstrate the continuous
dependence of the solutions on some coefficients. We further showed that the solution
depends continuously on a change in the viscosity coefficients. In addition, we studied the
continuous dependence on the coefficient -y of the viscosity in the Forchheimer equations
that govern fluid flow by assuming a couple of solutions to our boundary-initial-value
problems and defining a difference solution to the same problem. Then, with the aid of
the Cauchy-Schwarz inequality and the integration, we used these two assumed solutions
(u;, T,Cq, and p) and (v;,S,Cy, and ¢), and we proved that u; from the first solution
converges to v; from the second solution using the difference solution (w;, 6, ¢, and 7),
which indicates the difference between the two assumed solutions. Consequently, the first
solution converges to the second solution as the difference solution converges to zero.
Finally, we reached to an inequality that ensures the convergence on the Forchheimer
system when the variable viscosity coefficients trend toward a constant viscosity.
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