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Abstract

This article presents a new Carleman inequality for a linear Schrodinger equation
which is suitable for both bounded and unbounded domains. We characterize the
conditions on the auxiliary function necessary to obtain the global inequality. The
novelty of this result is the construction of the auxiliary function on some unbounded
domains and for a corresponding valid control region @. As a consequence, we prove
some results on the controllability of a linear Schrodinger equation on unbounded
domains.
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1 Introduction

Given T > 0, @ C R” a connected open set with boundary 9<2 at least of class C%!
uniformly. For @ a nonempty open subset we will consider the linear Schrodinger
equation
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iw; =—Aw+h, in Q=0x(0,T)
w =0 in ¥=02x(0,7T) (P)
w(x,0) = wp(x) in

with initial datum wo(x) € H~'(€) and a control function &, € L%(0, T; H~'(Q))
to be determined. Here £, denotes a functional with support in @ x (0, 7') in the sense
of distributions.

In this paper we give sufficient conditions on w and €2 such that problem (P) is
exactly controllable in H —1(Q). We recall that (P) is exactly controllable in H -LQ)
at time 7 > O if for every pair wg, w; € H ~1(Q) there exists a control h, €
L2(0, T; H~'(R)) such that the corresponding solution to (P) satisfies w(T) = w'.
From the reversibility of Schrodinger equation, exact controllability is reduced to null
controllability. We prove the following controllability result

Theorem 1 (Theorem 5 of Sect. 4) Assume that w and Q2 are open sets such that the
existence of a function satisfying (2) is warrantied. Then, given wy € H~'(Q), there
exists a control hy, € L*(0, T; H=Y(Q)) with supp hy, C @ x (0, T) such that the
corresponding solution to problem ( P) satisfies w(T) = 0.

Remark 1 The examples given in Sect. 3 imply the existence of unbounded sets €2
and o that satisfy the assumptions on the auxiliar function, (2), and in particular,
Schrodinger equation is exactly controllable on these unbounded domains, with the
control acting on w x (0, T').

In order to obtain the controllability result, we follow the standard controllability—
observability duality, that reduces it to prove an observability inequality for the
solutions of the adjoint system, given by the homogeneous linear Schrodinger equation
iuy =—Au in Q "
{ u =0 in X (P%)

with initial datum u(x, T) = u7(x) in Q.

Carleman inequalities are a very powerfull tool widely used in the last years to prove
null controllability using distributed or boundary controls. Following the ideas of [1],
concerning Schrodinger equations, these inequalities have been used with positive
results on a coupled kdV-Schrédinger system with internal control in [2] and on a
Schrddinger equation with a bounded potential and boundary observations in [3]. In
both of theses articles, the domain €2 is assumed to be bounded.

The null controllability of linear and semilinear parabolic problems when 2 is a
bounded domain has been analyzed in several recent papers, among others, let us
mention [4-6]. When the domain €2 is unbounded, the firsts results were negative (see
[7, 8]). For parabolic problems, there are not general positive results of the existence of
a Carleman weight in the case of an unbounded domain 2. Nevertheless, for the heat
equation, it was possible to obtain positive results assuming technical considerations
on the control region w. See for instance [9] where they assume 2 — w bounded, [10]
where 2 = (0, +00) and w is an unbounded open set of the form w = U, enw, With
some technical assumptions on w, and [11] where they give sufficient conditions on
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the auxiliar Carleman function, that include the sets in [10] for unbounded domains
QCRN.

The main results of this article are a global Carleman inequality given in Sect. 2 and
the examples of domains w, 2 (which can be unbounded) and the auxiliary function
@(x), given in Sect. 3, that satisfies the assumptions needed to prove the Carleman
inequality

Theorem 2 (Theorem 3 of Sect. 2) Let Q2 be an open connected set with boundary 02
at least of class C% uniformly and w a nonempty subset. Let W(x, 1) = ¢(x)¢(t)
where ¢ is given by (3) and ¢ satisfies conditions (2). Then there exist two constants
s0 =S(Q,w, T) > 0and C = C(R2, w) > 0 such that, for any s > sg the following
inequality holds:

/e—m (|E(u)|2+|§2(u)|2)dxdz+s3/ 2V 1o P luPdxdr
0 0
+s/ e Y p||Vu>dxdt < C(/ e >Yiu, + Aul*dxdt
0 0

+s3/ efzsw|¢|3|u|2dxdl+s/

Qw

e Y |¢>||ReVu|2dxdt>

Jorallu € C([0, T1, Hy () such that Bu := iu; + Au € L*(0, T; L*(R)), where
Biu := Bi(e*Yu), Bou := Br(e*Yu) and By, B> are defined later in (7).

We will use the following well posedness for linear Schrodinger equations that is
well known (see e.g. [12]).

Proposition 1 Let X be either H(} (Q), L2() or H (). Given vy € X and f €
LY(0, T; X), there exists a unique solution v € C([0, T1, X) of equation (1)

ey

ivy=—Av+f in Q
v =0 in X

such that v(x, 0) = vy(x) in Q.

Moreover, from the reversibility of the linear Schrodinger equation, given vr € X,
there exists a unique solution v € C([0, T], X)) of equation (1) such that v(x,T) =
vr(x)in Q.

This paper is organized as follows: In Sect. 2 we first establish a global Carleman
estimate for a linear Schrédinger equation under general assumptions on the domains
w and 2 for which we assume the existence of an auxiliary weight function. In Sect. 3
we provide examples of unbounded domains with its corresponding auxiliary function.
Finally, in Sect. 4 we use the Carleman estimate to prove the observability inequality
(4) and deduce the controllability result given in Theorem 5.
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2 A Global Carleman Inequality

This section is devoted to the proof of an appropriate Carleman estimate which will
be useful in Sect. 4 to prove the observability inequality and then the controllability
result for the linear Schrodinger equation. Let @ be a nonempty open subset of €2 and
define the set O, = @ x [0, T]. To begin with, we will assume there exists a real
function ¢ satisfying the following conditions (2a)—(2e):

There exist constants K = K (2, w) > 0, > 0 and 8 > 0 such that

¢ e C3(Q). (2a)

0<g@ <K, |IVoll <K, ||Hpl| <K, |[VAg|| < K, forallx € Q,  (2b)

9

8—('0()6) >0 forall xedQ, (2c)
n

IVo(P)||> >« forall PeQ\o, (2d)

X' [-Ho(P)]X > BIX|? forall PeQ\w, XeC". (2e)

Here the expression H ¢ denotes the Hessian matrix of the function ¢.
Let¢ : (0, T) — R be the function given by

o0 = Ty ?3)
which has the properties:
lp ()] < C(TH)|p ()] (4a)
¢’ (1)| < C(T)|p (1) (4b)
19" (1) < C(THp ). (4c)

Then we define on Q2 x (0, T) the function W (x, 1) = ¢(x)¢(¢).

Theorem 3 Let Q be an open connected set with boundary 92 at least of class C°!
uniformly and @ a nonempty subset of Q. Let W (x, t) = @(x)¢ (t) where ¢ is given by
(3) and ¢ satisfies conditions (2). Then there exist two constants so = S(R2, w, T) > 0
and C = C(R, ) > 0 such that, for any s > sq the following inequality holds:

/ e Y (|E(u>|2+|§z(u)|2)dxdt+s3 f e Y9 [ul*dxdr
[¢) 0
+s/ e Y)p||Vu>dxdt < c(/ e 2Yiu, + AulPdxdt
0 0

+s3/ e Y@ ulPdxdt —i—s/ e—2~Y‘P|¢||ReW|2dxdt> (5)
O

[

Jorallu € C([0, T], Hy () such that Bu := iu; + Au € L*(0, T; L*(R)), where
Biu = Bi(e~*Yu), Bou := Ba(e—*Yu) and By, B are defined later in (7).
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Proof In what follows, C (2, w) will denote a generic constant depending only on 2
and w that may change from line to line. The classic first step in this kind of inequality
is to change the variable of the function u by its multiplication with an appropriate
weight function.

With that in mind we take ¥ € C*(Q) with u = 0in ¥, set v = ¢ *¥Yu and
compute:

Byv:=e Y B('Yv) = isW,v +iv, + Av + s2||[V¥|[*v + svAY + 25V - Vy

A “classical” approach of this problem consist in representing this operator as the sum
of an adjoint and a skew-adjoint operators By and B;:

Byv = Biv + Byv 6)
where
Biv =2sVV¥ - Vv 4+ svAW + isWv (7a)
Byv = iv, + Av + 52| |[VV||?v. (7b)
i

To simplify the notation, we will denote by B;.v 1=<j<2 1<i<3)the
ith term in the expression of B;v given in (7) and ¢;; the L? real inner product in Q
between the i-th term of Bjv and the conjugate j-th term of B,v. Using this notation
we get from (6)

/|B1v|2dxdt+/ |Bzv|2dxdt+2Re/ Blvmdxdtzf |Byv|>dxdt. (8)
0 0 0 0

Remark2 The term Bl3v = is\W,v does not contribute with something significant in
the development of the inequality and can be put substracting in the left hand side to
obtain another decomposition somehow easier to compute:

Byv —isW,v = Bjv+ Byv.

Nevertheless we will keep it on the right hand side in order to follow the classical
approach.

The goal is to find lower bounds of the term:

Re/ BivBav dxdt = Z Qij- 9
0

i,j=1,2,3
We multiply each term of Bjv = isW,v by each term of B,v and develop the nine

terms appearing in BjvBjv. For this, we will integrate by parts with respect to the
time and space variables and make use of the properties of v.
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First, we have
On = Reszs(vw-Vv)dedz =2slm/Q(V\Il-Vv)v_tdxdt
= —2sIm/Q(V\IJ, -Vv)vdxdt —2sIm /Q(V\IJ - Vu,)v dxdt
= A1 + As.
We also have
Qo1 = Re/QsA\Ilvm dxdt :s[m/Q AV, dxdt

= —slm/ VWV . V(vvy) dxdt
0

—slm/ (VW - Vu)v, dxdt — sIm/ (VW - Vv))v dxdt.
0 0

Integrating by parts in time in the first term and using the identity —Im(z) = Im(2)
for z € C, we get

Qo1 = sIm/ (VV¥, - Vu)v dxdt + 2s1m/ (VW - Vu,)v dxdt
Q0 0

=21 _ 4,
) 2

On the other hand, we have
Q3p = Re/ isW, VAV dxdt = —sIm/ W, vAD dxdt
0 0
= —sIm/ V¥, v)Vv dxdt
0

= —slm/ (VY, - VO)u dxdt—slm/ W, |Vo|? dxdt.
o o
Since W is a real valued function we have sIm fQ W, |Vv|? dxdt = 0 and conse-
quently:

Aj

O30 = >

Adding up this first three terms, we get

011+ 021+ 0% = Al
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Now, using the conditions (2b) and (4b) we obtain

IVW,| < Clp|* forall (x,7) € Q@ x (0, T)

and therefore using Young’s inequality we can estimate the term A in the following

way

Al = —2slm/ (VY - Vv)v dxdt
0

< 25/ [V, - Vul|v| dxdt
0

< C/Q (191"2191) (s16[*?101) dxdi

< c[ |¢||Vv|2dxdt+Cs2/ lp3|v|* dxdt.
0 0
In conclusion:

O11 4 021 + 032 > —Cf |¢||Vv|2dxdr—Cs2f 912 |v|* dxdt.
0 [¢)

For the next inequality we notice that if v = 0 in 92 x (0, T') then:

v
Vv —

A x(0,T) an

with n denoting the outward unit vector. Therefore

Q12 = Re/ 2s(VW - Vu)Av dxdt

—2sRe/ / —
2 O

= D + D».

det - 2sRe[ V (VW .- V) - Vv dxdt
o)

(10)

Note that from condition (2c¢), it follows that D1 > 0. Now, we expand the term D;

D, = —2sRe/ V (VW - V) - Vu dxdt
)

= —2s/ W.H\y.vvdxdt—zsRe/ VU . Hv-Vvdxdt.
0 0
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here HW denotes the Hessian matrix , with respect to the space variables, of W. We
use Green formula on the second term

—s/ VW' .2Re (Hv - V) dxdt
0]

= /V\If V|Vl

= —sRe/ f —
a0 01

:——+ /A\D|Vv| dxdt.
2 0

det+s/ AV |Vv|? dxdt
0

Thus, we get
Dl t — 2
Qrp=——=2s | VV'-HWY .Vvdxdt+s | AV|Vv|° dxd:. (11)
2 0 0
Moreover,

Oop = sRe/ AVVAYD dxdt
(0]

= —sRef (V[Aw]-w)wxdt—s/ AV |Vv|? dxdt.
0 0

The last equality shows why we need ¢ € C3(2). Adding up the last two terms that
we developed we obtain

D
<>12+<>22=71+2s/

Vo' - [-HWV]- VU dxdt —sRe/ (VIAW] - Vv)U dxdt.
0 0

12)

Using conditions (2b) and (4a) and Young’s inequality we can estimate the last term
appearing in the right hand side of (12) as follows

‘—sRe |:/ (V[AY] - Vv)ii| dxdt
0

< cf 1911 21(V[A@] - V)| |p|*/*s|0] dxdt
0

< c/ |¢||Vv|2dxdt+Cs2/ 193 |v|* dxdt.
0 0
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We obtain
—sRe [/ (VIAW] - vm} dxdt
0
> —c/ 1P| Vv|? dxdt—CSQ/ |1 |v|? dxdt. (13)
0 0

To finish the estimations of this terms we need to provide lower bounds for the term
2s fQ Vo' - [-HW] - V¥ dxdt. Using conditions (2b) and (2¢) we have:

2s f Vo' - [-HWY]- VU dxdt
0

ZZS/ Vv’~[—HlIJ]-Vidxdt+C(,B)s/ |p||Vv|* dxdt
w 0

w

> —Cs/ |¢||Vv|2dxdt+C(ﬂ)s/ |p||Vv|* dxdt. (14)
v 0

Qw

Therefore, from (12), using that D1 > 0, (13) and (14) we have

012+ 022
> —c/ ||| Vv|? dxdt—CsZ/ |¢|3|v|2dxdt—Cs/ |||V v|? dxdt
0 0 Qu
+ C(ﬂ)s/ |||V v|? dxdt. (15)
0\ 00
The term

C(B)s / 1811Vo[? dxdr
O\Quw

plays an important role in the development of the inequality since it is positive and
has order 1 in s. In order to obtain estimates on Q and absorb the terms with less order
on s, from (10) and (15) we get that

O+ 021+ 032+012+02+ C(ﬂ)S/ 91| Vv|? dxdt

Qo

> —c/ |¢||Vv|2dxdt—Cs2/ |¢|3|v|2dxdt+C(ﬂ)s/ |p||Vv|* dxdt.
0 0 0
(16)

Moving forward to the last part of the estimations, we have

O13 =2s3Re/ VWU - Vv ||VV||?T dxdt =s3f [|[VU[?[VW - 2Re(TVV)] dxdt
0 0
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=s3/<vqﬂ-[—Hw]-vw)|v|2dxdt—s3f IVWIPAW]v|? dxd.
0 0
Also
O :s3/ VW2 AW|v|? dxdt
Q

and

Q31 = Re/ isW,viv, dxdt =/ sW; Re(vv;) dxdt.
0 0
1
= ——S/ \Ilt,|v|2 dxdt.
2 Jo
Finally, again since W is real valued we get
033 = —s31m/ W, ||VW|||v)? dxdt = 0.
0
Adding up the last four terms that we have developed
O13 + 023 + 031 + 033 = 53/ (VW' - [~HW] - VW)|v|* dxdt
0
2

1
— —s/ W, |v|? dxdt. (17)
0

Using (2b), (4a), (4c), the second term appearing in the right hand side of (17) can be
estimated as follows

‘—s/ W, [v|? dxdt
0

< Csf |13 |v|* dxdt
0
to get
1
- —s/ W, v)? dxdt > —Cs/ 19 °|v|* dxdt. (18)
2 Jo 0

For the first term in the right hand side of (17) we use hypothesis (2d), (2e) and (2b)
to obtain

s3/ (VW' . [—HWY] - VW)|v|?> dxdt
0

> —Cs3/ 193 |v|* dxdt + C(a, ,6)s3/ lp3|v|* dxdt.
O 0\Qu
(19)
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Then, from (17), using (18) and (19)

O3 + 023 + O3t + O3 z—Cs/ |¢|3|v|2dxdr—0s3/ 161 v]? dxdr
0

2}

+ C(a, ,3)s3/ |13 |v|? dxdt. (20)
0

\Qo

In this case, the positive term

Cla, B)s’ / 613 vl? dxds
0

\Qo

plays an important role since it can be used to absorb the terms with less order in s. In
the same way as before, in order to obtain estimates on Q and absorb the terms with
less order on s. We get

013 4 023 + 031 + 033 + C(a, B)s° f ¢ |v|* dxdt

Qo

> —Cs/ 113 |v|* dxdt + C(a, ,6)53] |13 |v|* dxdt. 1)
0 0
Altogether, the two positive terms
C(,B)s/ |p||Vv|? dxdt and C(a, ,8)53/ |13 |v|? dxdt
0 0

are the dominant ones since the negative terms on the right hand sides of equations
(16) and (21) have lower order in s and thus can be absorbed. Therefore, from (8) and
(9), we conclude that there exist constants D = D(«, 8, T) > 0,C =C(«, 8, T) > 0
and sg = so(«, B, T') such that for all s > sq:

/|B\pv|2dxdt+Ds3/ |¢|3|v|2dxdt+Ds/ |¢||Vv|2dxdtz/ |Byv|?dxdt
0 Q0 0

2}

+/ |Bzv|2dxdt+Csf |¢||Vv|2dxdt+Cs3/ o3 |v]? dxdt. (22)
0 0 0

To obtain the desired inequality in u since v = ¢~5'¥ i we have the identities

2 = e 2% |2
and

16112512y = $3/29 01013 2 + 511210/ 2V
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from where, together with the properties of W, we get the estimations

Csf e‘“’|¢||w|2+cs3/ e—2~“"|¢|3|u|zzs/ p11Vv)? (23)
Qw

[} 2}

and
s3 /Qe‘2~””|¢>|3|u|2+/Qs|¢>|2|Vv|2 >sC er—z-“”wnwF. (24)

Using both estimations (23), (24) and the fact that By (v) = e‘“’(iu, + Au) we arrive to an
inequality similar to (5) with the difference that the last term in the right hand side depends on
|Vu|? and not on |ReVu|2. To get the sharper inequality we can follow the technique developed
in [2] and conclude the proof of (5). O

3 Examples

This section is devoted to give some examples of unbounded sets €2 and w for which we can
exhibit an auxiliary weight function ¢ satisfying conditions (2). We begin with an example in
R and then we prove a general lemma that will let us built a family of examples in R”.

Example 1 In this first example we follow the ideas of [11]. For Q = [0, co) we take a family
of disjoint intervals in the following way

w = U wy, o = lap, by
neN

with some technical assumptions on the intervals w,, = [ay, by]. More precisely we need the
existence of constants m > 0 and L > 0 and the existence of ng € N such

For all n > ny we have b, —a, > m (25)
Forall n > ng we have a,1| —b, < L. (26)

Without lost of generality we can assume that conditions (25) and (26) are satisfied for all
n € N since if this is not the case then the same function ¢ that we define bellow works in the
interval [0, ap,]. We will show that there exists a function ¢ defined on € satisfying conditions
(2). We define (see Figure 1)

@o(x)in [0, c; —m/4]
@(x) =1 Ly(x)in[cy, —m/4,¢cp —m/8]n > 1
op(x)in[cp —m/8,cpy1 —m/4ln > 1

Here the centers {cp },cN are defined as ¢, = b, —m /8 and the functions {¢p },>( as follows:

po(x) =1— ekx—en?, on(x)=1- emk—a® > 27
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Yy
1 | N
Lo P2
@x
ay c1p, a2 c2py a3z ba

Fig. 1 Graphic of the function ¢

where k is a constant that satisfies
32
m

The functions L, (x) are lines that connects the points P, and Q, given by P, = (¢ —
m/4, on—1(cn —m/4)) and Qy, = (¢ — m/8, ¢n(cp — m/8)). With these definitions we find
that 0 < ¢ < 1, ¢ is continuous in [0, +00) and C3 in [0, 00) — {cn — m/4; cp — m/8},eN-
Finally we take a cutoff function p(x) € c3 (R) that satisfies

0 in (—o0, —m/8]

11in [0, ¢y —3m/8]

Oin [cy —m/4,cp —m/8], n > 1
1in [by, cpg1 —3m/8], n > 1

p(x) =

and such that | o’| < C(m), |p”| < C(m), |p""| < C(m) where C(m) is a constant that depends
only of m.
Then the weight function

V(x, 1) = )¢p(t) with ¢(x) =px)p(x) (29)

is C3() and satisfies properties 2b—2e. To see this we use the fact that for x > 0 there is a
constant N such that e *x/ < N for j =0, 1, 2, 3; and we obtain that for x € Dom(¢,) and
foralln >0

lgn| < C(L,m); lgy| < C(L,m) |¢)| <C(L,m).

Moreover, if we define the sets K, = Dom(gy) N (R — w) = [bp, ap41] forn > 1; Ko =
[0, a1], then for x € K,

|mwuz%=cmx (30)

|x_cn|f|an+l_Cn|§L+%:C(L7m) (31)
which together with (28) implies that for x € K, and for alln > 0
lop| = D(L,m); —g, = D(L,m)
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where all the constants appearing here depends only on L and m.
Analogously, if we consider now

= U [an, by U U [a—pn, b—p]

neN neN

with a_,, > b_,,_1 and the same assumptions as (25)—(26), we can set up an example in R.
In order to produce new examples in RY, we will use the following lemma.

Lemma 1 Assume that we have Q2 = Ay X Ap X -+ X Ay,

j=l..n

witha)A/. C Aj, Qw = w x [0, T];Xj e Aj c R whereAjforj = 1,...,nareC1.Iff0r
all j there is a function f; € C3(Aj) n W3'°°(Aj) satisfying the following conditions

1. Forall j=1...n,

aifj > ().
an laa; —

2. There are constants Cj > 0 and E > 0 such that
zj! [-Hf(P)]Z; = Cj1Z;f?
forallZj € C"J and Pj € A \wa;.
3. Additionally for some jo there is a constant D j, > 0 such that for all P;, € Aj; \ WA,
we have ‘

IV £ (P> = Djy.

Then the function
n
eX1..... Xn) = Y f5(X))
j=1

is a weight function for the Carleman estimate 5 (satisfies conditions (2)).

Proof We begin by noting that
Q-—w=A1\wg, X Ap\wg, - X Ap\wy,.

From the definition, it is clear that ¢ € C3(Q) N W3’°°(Q) and therefore conditions (2a)-(2b)
are satisfied. To finish the proof we check the rest of the properties. For (2¢) since

BQ=UA1X~--><8Aj---XAn
j
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we find that
i =iy
M ArxcxdAj Ay ONA; T
For (2e) we compute the Hessian for P = (Py, ..., Py, Q):
—Hf1(P1) O 0
0
—Hg(P) = : D —Hfj(P)) ...
wo. —Hfn(Py)
and therefore for Z = (Zy, ..., Zy) we obtain

Z'-HelZ = (0....Z;...0)'[-Hf;j(P)]O....Z;...0)
j

> >0, . Z;..0)|* = (mjian> 1ZI|2.

J

Finally, for (2d) if we take P = (Py, ..., Py) we see that

V(P> =Y IV £ (PHIF = IV £y (PI* = Dy,
J

We now exhibit a family of examples in RY .

Example 2 Using the first example in R and the lemma below, we can show the existence of a
weight function ¢ satisfying conditions (2) for 2 = [0, c0)/ and 2 = R/ where

w=|Jlay. byl x - x | Jlan. ;]
neN neN

and

o= Jlay. 01U | Jlal, . b1 1% | Jla. bh10 | Jlal,,. 07,1
neN neN neN neN

repectively, with ¢ = Z,j: 1 9i-

Example 3 We can combine the first example with any bounded set that have an auxiliary
Carleman function. For instance for any C ! bounded set with control region around the whole
boundary we can take an auxiliary function of the form ¢(x) = p(x)f(x) with f an strict
concave function without critical points in 2 and p a suitable cut-off function of a neighbourhood
on the boundary. For example for 2 a disk we can obtain examples in infinite cylinders and so
forth.
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4 Observability and Controllability

We are now in conditions to prove the controllability inequality for domains w, 2 for which
there exists an auxiliary function ¢ satisfying conditions (2), (for instance, the domains given
in Sect. 3).

Theorem 4 Let w and 2 be such that there exists an auxiliary function satisfying conditions
(2). Givenug € H& (RQ), let Qpy =wx (0, T)andu € C([0, T], H(} (R2)) be the solution of the
dual problem (P*) given by Proposition 1, then

(-, O)||§_10|(Q) <C (/Q lu(x, t)|2 + | Vu(x, ):)|2 dxdt) . (32)

[

Proof We define
E(t):/ lu(x, % + |Vu(x, 1)) dx. (33)
Q

Using the estimations:

my <slple™>Y: my < s31pPe Y forall (x,1) € Q@ x (T/4,3T/4)
slple Y < My s1gPe Y < My forall (x,1) € 2 x (0, T)

and Carleman inequality (5), we find that there exists a constant C (m, mo, M1, M>, sg) such
that:

3T /4
Et)<C ( f e3P ) + se Y ||| Vul? dxdt)
Q

T/4

IA

C (/ 3¢ 3Y 0P 1u)? + se Y || Re(Vu) |? dxdt)
wx(0,T)

c(/ lul? + |Vul? dxdt).
wx(0,T)

Moreover, since E’(t) = 0 we obtain the observability inequality in HO] (2):

IA

llue (-, 0)“201(9) <C (/Q Ju(x, t)|2 + |[Vu(x, z)|2 dxdt) . (34)

2}
O

In order to prove null controllability, we begin by characterizing a control that drives the
system to zero at time 7. We recall that & € L2(0, T; H! (£2)) has support in w x (0, T)
if for almost every t+ € (0,7) and every 0 € Hé(Q) such that |, = 0 we have that

(h(1).0) 11 () 1} (@ = O Note that every h € L*(0, T; (H' ())") can be identified with

h e L*(0, T; H~1()) with support in w x (0, T). In fact, let & € HJ () such that 0|, = 0,
then

(h, Q)LZ(O,T;H—l(Q))xL2(0,T;H(§(Q))) = (1. 0lw) 1200, 7;(H' (@)))x L2(0.T; H' (w))) = 0-
(35)
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Lemma2 A control hy, € L2(0, T; H_I(Q)) drives system (P) from w(0) = wq to w(T) =0
if and only if

(=iwo. ) y-1(@)x i) @) = o- U200, 7 H-1(2)) < L2(0.T: H} (@))) (36)

for all u solution of (P*).

Proof The proof follows using integration by parts for regular solutions and using usual density
arguments. ]

Theorem 5 Assume that w and Q2 are open sets such that the existence of a function satisfying (2)
is warrantied. Then, given wq € H™! (R2), there exists a control h,, € LZ(O, T;H! (2)) with
supp hey C w x (0, T) such that the corresponding solution to problem ( P) satisfies w(T) = 0.

Proof We define A : H 1(a)) — (H l(w))’ the usual isomorphism given by Riesz’s Theorem
and the application (HUM)

r:H Q) — H'(Q), Tug) =—iw) (37)

defined as follows: given ug, we consider u the solution of system (P*) with initial data u(0) =
ug, then w is the solution backwards in time of equation (P) with w(7) = 0 and h, () =
A(u(t)|y) where hy, € L2(O, T; H_I(Q)) has support in w x (0, T') from (35). From lemma
2 we have that

(T (up), “O)Hfl (Q)XHUI @ = (—iw(0), uO)H*l(Q)XHOl (Q)
= (Alo), ulw) 1200,7; (11 @))) % L20,T; H' (@)
=320 7+ 11 @y = Clluoll 1
where we have used the observability inequality (34). Thus, from Lax Milgram’s Theorem we

deduce that I' is an isomorphism and therefore, we obtain the existence of the sought control
he. ]
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