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Abstract. A theoretical study of the ionization of hydrogen atoms by short external half-cycle pulses
(HCPs) as a function of the pulse duration, using different quantum and classical approaches, is presented.
Total ionization probability and energy distributions of ejected electrons are calculated in the framework of
the singly-distorted Coulomb-Volkov (SDCV) and the doubly-distorted Coulomb-Volkov (DDCV) approxi-
mations. We also performed quasiclassical calculations based on a classical trajectory Monte Carlo method
which includes the possibility of tunneling (CTMC-T). Quantum and classical results are compared to
the numerical solution of the time-dependent Schrodinger equation (TDSE). We find that for high mo-
mentum transfers the DDCV shows an improvement compared to the SDCV, especially in the low-energy
region of the electron emission spectra, where SDCV fails. In addition, DDCV reproduces successfully the
TDSE electron energy distributions at weak momentum transfers. CTMC-T results reveal the importance
of tunneling in the ionization process for relative long pulses and strong momentum transfers but fails to

overcome the well-known classical suppression observed for weak electric fields.

1 Introduction

In the last decade short unidirectional electric pulses,
called half-cycle pulses (HCPs), have had several applica-
tions like focusing of Rydberg wave packets, production of
one-dimensional Rydberg atoms, and generation of quasi-
classical Bohr-alike atoms [1,2]. The aim of this work is to
investigate the applicability of several quantum distorted-
wave and classical methods to describe the action of such
HCP on atomic targets. Time-dependent distorted wave
theory has been widely used to describe ionization pro-
cesses of various atomic targets interacting with short laser
pulses [3-10]. In this way, the collision dynamics due to the
effects of the core potential on the released electron can be
directly probed. Time-dependent distorted-wave methods
gain importance in those cases where the time-dependent
Schrédinger equation becomes impractical, for instance, at
high intensities and long pulse durations. Atomic ioniza-
tion was previously studied within the Coulomb-Volkov
approximation using the velocity gauge [11] and com-
pared to the length-gauge results [12-14]. Here, we will
analyze two different distorted-wave approaches — singly-
distorted Coulomb-Volkov (SDCV) and doubly-distorted
Coulomb-Volkov approximations (DDCV) — which differ
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according to what channels are distorted. Whereas the
SDCYV is a single distorted method [15-20] that includes
the effect of the remaining core only on the final state, in
the DDCV both final and initial channels are distorted
and, consequently, its computation involves two-center
Coulomb integrals [16].

Besides the recent developments of quantum approxi-
mations, classical and quasi-classical approaches have also
attracted considerable interest. Especially, the classical
trajectory Monte Carlo (CTMC) method has been suc-
cessfully applied to atomic collisions for more than forty
years [21]. This method is based on the numerical inte-
gration of the classical equations of motion of the parti-
cles attending in the scattering system. For the cases of
atomic collisions at intermediate energies, where the quan-
tum mechanical calculations become very complicated
or intractable, CTMC becomes a powerful tool [22,23].
However, for short electric fields interacting with atoms,
quantum effects such as tunneling and multiphoton pro-
cesses might become important, leading to the failure of
a pure classical approach. In order to include some of the
quantum effects in the classical calculation, a modifica-
tion of the CTMC considering the possibility of ioniza-
tion by tunneling (CTMC-T) was developed [24-26]. The
CTMC-T method has been quite successful in dealing with
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atomic photoionization processes when infrared electro-
magnetic fields are strong enough to allow tunneling ion-
ization of the atomic target [24-27].

In our previous works [28,29] we have studied the ion-
ization of hydrogen atoms by a sudden momentum trans-
fer or kick, approximated by a delta function in the time
domain. In the present work we extend these studies for
short half-cycle pulses (HCP) of finite (non-zero) duration,
where the pulse can be longer than the classical orbital
period of the electron in the initial state and, therefore,
the sudden approximation — when the effect of a short
pulse on one atom can be treated within the framework
of a sudden momentum transfer [2,30,31] — is no longer
valid. We analyze the efficiency of the SDCV and the
CTMC method without tunneling to describe ejected elec-
tron emission spectra following the ionization of a hydro-
gen atom by HCPs. The results are compared with their
respective improved methods: DDCV and CTMC-T. We
also analyze the effect of the time duration of the pulse
on the ionization yield, determining the validity range of
the sudden approximation. In addition, results of the dif-
ferent approximations are compared to those obtained by
numerical calculations of the time dependent Schrodinger
equation (TDSE).

The paper is organized as follows: in Section 2.1
we briefly describe the employed time-dependent dis-
torted wave theories: (i) the sudden Coulomb-Volkov
(SCV) approximation, (ii) the singly-distorted Coulomb-
Volkov approximation (SDCV), and (iii) the doubly-
distorted Coulomb-Volkov approximation (DDCV). In
Section 2.2 we shortly introduce the quasiclassical trajec-
tory Monte Carlo (CTMC-T) method where the Hamilton
equations of motion of the electron are solved includ-
ing the possibility of tunnel ionization. In Section 3.1 we
present the results of our calculations of the total ion-
ization probability as a function of the pulse duration.
In Section 3.2 results of the energy distribution of the
ejected electrons are illustrated and discussed. Finally, in
Section 4 we present the conclusions of the theoretical
studies developed in this paper. Atomic units are used
throughout the paper.

2 Theory

The total Hamiltonian of a hydrogen atom interacting
with an external electric pulse in the dipole approxima-
tion is

H(t) =Ho+ V(t), (1)
where Hy = p?/2—Z/r is the atomic Hamiltonian, Z is the
atomic charge (Z =1 for the case of the hydrogen atom),
p and r are the momentum and position of the electron,
respectively, and V(t) = r-F(¢) is the interaction term
with the external electric field F(¢) in the length gauge.
For convenience, we model the external electric field as

Fy(1) cos? (") cos(wt) 2z, —7/2<t<71/2

0 elsewhere

(2)
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where 7 is the total pulse duration, Fy(7) is the
7T-dependent peak field, and the linearly polarized electric
field is along the Z direction. Equation (2) can describe ei-
ther the electric field of a laser of carrier frequency w when
7> w™! or a half-cycle pulse (HCP) when 7 < w™!. In
the latter, in order to assure the total momentum transfer
Ap = [T2dt F(t) to be r-invariant, we must use the
following expression for the peak field,

w272

e
The minus sign stems from the electron charge and
Ap = |Ap|. In the sudden limit, i.e., 7 — 0, the field
becomes a sudden momentum transfer or “kick”, i.e.,
F(t) = —Apd(t) (see Eq. (3)).

Our study is confined to a hydrogen atom initially in
its ground state subject to a short HCP, i.e., 7 < 7w~
We calculate the ionization yield by solving the quantum

and classical equations of motion as explained in the next
sections.

—wAp

Folr) = sin(wT/2)

2.1 Time-dependent distorted-wave theories

The electron, initially bound to the atomic nucleus in the
state |¢;) with energy e;, is emitted with momentum k
and energy £ = k?/2 due to the interaction with the
external field F(t), ending in the final state ¢, . Energy
distributions of ejected electrons can be calculated from
the transition matrix as

AP )
—V2E [ d0 |Tif|?, 4
(p=V2E [ a2 1] (4)

where T;; is the T-matrix element corresponding to the
transition ¢; — ¢, and (2 is the solid angle of the electron
momentum k.

Here we evaluate the transition matrix within the
framework of the time-dependent distorted-wave theory
by using different Coulomb-Volkov-type approximations:
the SCV, the SDCV, and the DDCV. All of them use the
usual Coulomb-Volkov distorted-wave function X?V_(t)

to represent the final channel. It reads as [18,19)
X5V (r,t) = ¢y (r,t) exp(iD™ (k, 1, 1)), ()
where ¢, is the unperturbed final state given by

_ir?exp(ik - r)

¢l:(r,t) =e (27T)3/2 DC(Zakur)v (6)
and Do (Z,k,r) = N (k) 1Fi(—iZ/k,1,—ikr—ik-r) is
the Coulomb distortion factor, with N (k) = exp(nZ/2k)
I'(1+1iZ/k) and 1 F} the confluent hypergeometric func-

tion. The Volkov phase D~ in equation (5) is given by [32]

D¥(k,r,t) = A*(t) -r—k-at(t) - fF(1), (7)
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where AT(t) = — f;oo dt’ F(t') is the vector potential

divided by the speed of light, a(t) = [1__ dt’ A% (') rep-
resents the classical displacement of the free electron from

. t 2.

the atomic nucleus, and §*(t) = 5 [-_ dt' (A*(t'))" is

related to the ponderomotive shift of the energy.
Transition matrix derived from the different distorted-

wave methods are summarized below.

(i) Sudden Coulomb-Volkov approximation:
In the prior form SCV T-matrix element is expressed
as [16,18,19]

TSCV —

= dm OGTO16:0), (8)

t
where |¢;(t)) = |¢i)exp(—ie;t) is the initial unper-
turbed state.

In particular, when the external field is reduced to
a sudden momentum transfer of strength Ap, i.e.,
lim, o F(t) = —Ap §(t), the absolute value of the
SCV transition matrix for HCPs becomes [28,29]

TV = [{dic| 2P |di(=7/2))] (9)

which coincides with the exact quantum transition ma-
trix in the sudden limit. Hence, the SCV reckons the
interaction between the electron and the external field
of finite duration as a sudden momentum transfer, be-
ing strictly valid as 7 — 0 [28,29].

Singly-distorted Coulomb-Volkov approximation:

The post form of the transition amplitude within the
SDCV is given by [16]

/2

TSPOV — / dt (xS~ (0)[V (1) 6(1))
—7/2

(10)

Again, it reduces to equation (9) for sudden momen-
tum transfers [28,29].

Doubly-distorted Coulomb-Volkov approximation:

In the DDCV the transition amplitude is evaluated by
distorting both initial and final states on equal footing.

(iii)

It reads [16]
T/2
TPV =T i [ ar YO ),
—7/2

(11)

where Tisfcv is the transition amplitude in the SCV
approximation given in equation (8) and the initial
Coulomb-Volkov distorted wave function x&VT(t) is
expressed as [16]

XV ) = dilr — at ()T O e (12)

In equation (11) the operator Wy (t) acts on the final
distorted state in the following way
WfX?V_ (I‘, t) =—1 [V_Zk] d)l: (I‘, t) AT (t)

x exp[iD ™ (k,r,t)]. (13)
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Notice that previous calculations of the time-dependent
doubly distorted-wave transition probabilities [16] neglect
the term o () in the argument of ¢; of equation (12). It
is a reasonable approximation when the classical electron
maximum displacement g is smaller than the Bohr ra-
dius, i.e., g < 1. Unfortunately, this is not the case for
most of the experiments and, therefore, the consideration
of a*(t) into equation (12) leads to two-center Coulomb
integrals which need to be solved numerically. For a short
HCP the maximum displacement occurs at the end of
the perturbation, i.e., t = 7/2, and can be estimated as
ap = at(1/2) ~ 7Ap, which is strictly valid in the sud-
den limit. It can be easily seen that the DDCV transition
amplitude also collapses to the SCV in the limit of sudden
momentum transfers [28,29], i.e., lim,_,o Ti]?cDCV = Tisfcv
since the second term of equation (11) goes to zero as
T — 0.

)

2.2 Quasiclassical simulation

The classical trajectory Monte Carlo method (CTMC) is a
non-perturbative method where classical equations of mo-
tion are solved numerically. The microcanonical ensemble
that characterizes the initial state of the target is assumed
to be
15, Z
pe;(r,p) = C1d(e; — E) = C16 (Ei — P T) , (14)
where C is a normalization constant and ¢; is the bind-
ing energy of the active electron. In the present CTMC
approach, Hamilton’s classical nonrelativistic equations of
motion are solved numerically for a large set of electron
initial conditions [22,33,34]. We include the tunnel effect
in the classical method (CTMC-T) by allowing the elec-
tron to pass through the potential barrier whenever cer-
tain conditions are satisfied [24-26], namely each time the
electron reaches the outer turning point, where p, = 0
and z F(t) < 0, the tunneling probability is calculated
according to the WKB approximation [35-37]. At that
time, the trajectory bifurcates: it either tunnels through
the potential barrier or continues inside the potential bar-
rier. This procedure is repeated each time the electron
encounters the outer turning point until the end of the
pulse for a given set of the electron initial conditions [38].
We note that since the WKB formula is strictly valid for
one-dimensional systems, application to the 3D system re-
quires the choice of an appropriate tunneling path. For
the calculation of the tunneling probability, we choose the
path across the potential barrier which ends up on the
same energy manifold and maximizes the tunneling prob-
ability [24-26]. Tunneling of the electron from the contin-
uum back to the interior of the Coulomb well has a neg-
ligible probability [24,25] and it is therefore not included
in the present model.
For the ionization channel the final energy of the
ejected electron was recorded. The differential ionization
probability (P;) was computed with the following formula:

dpP N;

Pi= g = NAE

(15)
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where N is the total number of classical trajectories cal-
culated for the given collision system, NV; is the number of
trajectories that satisfy the criteria for ionization under
consideration in the energy interval (or box dimension)
AFE of the electron. Equation (15) is directly applicable
in the CTMC calculations. However, in the CTMC-T cal-
culations the number of trajectories N; has to be prop-
erly weighted according to the bifurcation procedure. The
standard deviation for a differential probability is defined
through

(16)

N - N;1Y?
NNZ-} '

AH-ZH-[

2.3 TDSE calculations

The time-dependent Schrédinger equation is solved by
means of the generalized pseudo-spectral method [39].
Briefly, the method combines a discretization of the radial
coordinate optimized for the Coulomb singularity with
quadrature methods to achieve stable long-time evolution
using a split-operator method. It allows for an accurate de-
scription of both the unbound as well as the bound parts
of the total wave function [¢(t)). Details of the calcula-
tions can be found for example in references [39,40]. The
process of detecting an electron of momentum k can then
be viewed as a projection of the wave function onto the
Coulomb waves after the laser pulse is turned off [41-43].
Therefore, the energy distributions are obtained as

= Itk () a7)
l

where |k,l) is the eigenstate of the free atomic
Hamiltonian with positive eigenenergy E = k?/2 and or-
bital quantum number [. Cylindrical symmetry reduces
the dynamics into a two-dimensional problem. The pro-
jection of the angular momentum on the polarization di-
rection of the laser is a constant of motion (the magnetic
quantum number m is unaffected during the time evolu-
tion). As the initial state of the system we consider the
ground state of the hydrogen atom, i.e. m = 0. The numer-
ical solution of the time-dependent Schrédinger equation
can be considered as exact because it does not have any
physical approximation, i.e., errors are only of numerical
nature. This is the reason why we use it as benchmark for
assessing the reliability of the quasiclassical (CTMC-T)
and quantum (DDCV, SDCV) approximations described
above.

3 Results and discussion
3.1 Total ionization probability

The total ionization probability was derived from energy
distributions by integrating over all positive energies, i.e.
Pon = fooo dE (dP/dE). It is known that at high momen-
tum transfers, i.e., Ap > 1 a.u., both classical and quan-
tum mechanics predict almost full ionization in the sudden

The European Physical Journal D
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Fig. 1. (Color online) Total ionization probability as a function
of the pulse duration after a pulse of momentum transfer Ap =
2.5 a.u. Dotted (blue) line: CTMC, dashed (blue) line: CTMC-
T, thin short-dashed line: SCV, thin black solid line: SDCV,
and (green) gray thick solid line: DDCV. (Red) dots correspond
to TDSE calculations.

limit (7 — 0) [28,29]. For example, for Ap = 2.5 a.u. the
total classical ionization probability is 96.1%, while the
quantum one is 96.8%. Hereafter, we intend to reveal how
the total ionization probability depends on the duration
of the HCP and the strength of the momentum transfer.
In all our calculations we have used HCPs with an elec-
tric field given by equation (2) with w = 0.05 a.u. and a
7-dependent peak field Fy given by equation (3). Similar
HCPs occur during the ionization of atomic systems by
charged particle impact [44,45].

In Figure 1, the total ionization probability P,y is dis-
played for Ap = 2.5 a.u. as a function of the pulse dura-
tion. Quantum SDCV and DDCV results converge to the
sudden limit as 7 — 0, which is a necessary condition for
a good quantum approximation. But SDCV grows reach-
ing a maximum value and then starts a steep fall as 7
increases. This anomalous behavior of the SDCV leads to
absurd results, i.e., Py, > 1 in a wide range of pulse du-
rations: 2 < 7 < 15 a.u. This deficiency of the SDCV is
solved by the DDCV, which exhibits a monotonically de-
creasing ionization probability as a function of the pulse
duration. Nevertheless, DDCV underestimates the total
ionization probability for more than one order of magni-
tude for very long pulses, compared with the numerical
results of TDSE. The fail of the SDCV and DDCYV is due
to the fact that both approaches are based on perturba-
tive theories and, therefore, they are not expected to work
properly when Ap > 1 a.u. On the other side, CTMC and
CTMC-T are not perturbative approaches in the sense
that the external field of the HCP and the Coulomb inter-
action are fully taken into account. This is the reason why
the most accurate approximation for long pulses 7 > 30
a.u. and high momentum transfers Ap = 2.5 a.u., is the
quasiclassical CTMC-T approach.

The essential agreement between classical and quan-
tum results in the sudden limit can be also observed
for very short pulses, i.e., 7 < 2 a.u. Both CTMC and
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Fig. 2. (Color online) Total ionization probability as a function
of the pulse duration after a pulse of momentum transfer Ap =
1 a.u. Dotted (blue) line: CTMC, dashed (blue) line: CTMC-T,
thin short-dashed line: SCV, thin black solid line: SDCV, and
(green) gray thick solid line: DDCV. (Red) dots correspond to
TDSE calculations.

CTMC-T probabilities converge as 7 — 0, which means
that, as expected, the inclusion of the tunnel effect is ir-
relevant in the sudden limit due to the very strong electric
field of the HCP. However, the tunnel effect plays an im-
portant role for longer pulses where the peak field (Eq. (3))
does not suffice to lower the potential barrier to allow over-
the-barrier ionization. As it can be seen in Figure 1, for
long pulses the ionization probabilities calculated within
the CTMC-T method are considerably higher than those
obtained with the CTMC method. There is a critical pulse
duration 7. at which the two curves split. According to
case of Figure 1, the classical critical pulse duration is at
7. =~ 30 a.u., which corresponds to Fy. ~ 0.2 a.u. For
T > T, over the barrier ionization decreases abruptly and
tunneling becomes important, rather the exclusive mech-
anism of ionization. In this regime of the parameters, the
electron completes several orbits around the nucleus dur-
ing its interaction with the HCP and eventually will be
emitted to the continuum through tunneling.

For the momentum transfer Ap = 1 a.u., in the sudden
limit the quantum ionization probability is 44.6%, while
the classical one is 50%. According to Figure 2, the classi-
cal critical duration at which CTMC and CTMC-T start
to run separately is 7. ~ 8 a.u., which corresponds to
Fy. ~ 0.4 a.u. In this case, CTMC-T underestimates the
numerical TDSE results for 7 > 7. due to the high varia-
tion of the envelope of the electric field as a function of in-
teraction time, in combination with the limited number of
orbits that the electron occurs around the nucleus. On the
other hand, the DDCV reproduces the TDSE calculations
very well in the entire range of 7. We note that however
SDCV underestimates the TDSE ionization probability
for 7 2 10 a.u. In this case it does not show the anoma-
lous behavior observed before in Figure 1. The agreement
between SDCV and CTMC-T in Figure 2 is only circum-
stantial. The fact that Fy. depends on the value of Ap
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Fig. 3. (Color online) Total ionization probability as a function
of the pulse duration after a pulse of momentum transfer Ap =
0.5 a.u. Dotted (blue) line: CTMC, dashed (blue) line: CTMC-
T, thin short-dashed line: SCV, thin black solid line: SDCV,
and (green) gray thick solid line: DDCV. (Red) dots correspond
to TDSE calculations.

evidences the non-stationary (dynamical) aspect of the
ionization process.

Figure 3 shows the total ionization probability as a
function of the pulse duration for a lower momentum
transfer Ap = 0.5 a.u. According to Figure 3, for weak
momentum transfers both the SDCV and DDCV repro-
duce the TDSE results reasonably well. More particularly,
whereas the SDCV underestimates the TDSE ionization
probability, the DDCV overestimates it slightly in the long
pulse regime, i.e., 7 2 10 a.u. On the contrary, CTMC and
CTMC-T approaches predict extremely small ionization
probabilities, especially for long pulses, where they under-
estimate considerably the TDSE results. But also for short
pulses classical results do not provide proper values of the
total ionization probability (see inset of Fig. 3). For pulse
durations 7 > 7. ~ 3 a.u., tunneling ionization becomes
important in the quasiclassical approach but its contribu-
tion does not suffice to reproduce the quantum results. It
is well known that in the case of weak pulses (dipole or per-
turbative regime), classical dynamics underestimates the
atomic ionization yield [28-31,46]. This effect is referred
in the literature as classical suppression [30,31].

3.2 Energy distribution

Figure 4 shows the electron energy distributions for pulses
of kick strength Ap = 2.5 a.u. and different durations.
According to Figure 4a, for 7 = 1 a.u. the SDCV differs
from the TDSE at low electron energies overestimating the
near threshold electron yield. This anomalous behavior is
overcome by the more elaborated DDCV, which repro-
duces perfectly the TDSE energy distribution for these
field parameters. In the sudden limit quantum-classical
correspondence is observed not only in the total ionization
yield but also in the energy distribution [28,29], as shown
in Figure 4a. However, due to the nonzero temporal width
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Fig. 4. (Color online) Electron energy distribution after a
pulse of momentum transfer Ap = 2.5 a.u. and duration (a)
7=1au, (b) 7 =5 au., and (c) 7 = 10 a.u. (Blue) dashed
line: CTMC, thin black solid line: SDCV, (green) squared line:
DDCYV, and (red) thick solid line: TDSE. For this momen-
tum transfer the CTMC-T result is indistinguishable from the
CTMC one.

of the HCP, the classical energy distribution departs from
the quantum one at high energies, i.e., E 2 6 a.u. The
breakdown of the quantum-classical correspondence be-
havior becomes more pronounced as the duration of the
pulse is increased.

As the pulse duration is increased (7 = 5 a.u.), the
SDCV behaves properly in the intermediate and high en-
ergy regions but fails in the low energy region (see Fig. 4b).
The near-threshold anomalous behavior, which is stressed
for long pulses, is responsible for the total ionization prob-
ability to be higher than one for pulses with intermediate
durations in Figure 1. DDCYV fixes this problem but under-
estimates the TDSE energy distribution near the thresh-
old. In addition, the agreement between CTMC and TDSE
results deteriorates exhibiting an abrupt decay of the clas-
sical curve at £ 2 4 a.u.

In Figure 4c we can see that for 7 = 10 a.u. both quan-
tum approximations follow the TDSE energy distribution
at high energies, but they fail in the low energy region.
Whereas SDCV overestimates the TDSE energy distribu-
tion near the threshold by an order of magnitude, DDCV
underestimates it in the same way. Nevertheless, in the in-
termediate region DDCV exhibits a substantial improve-
ment with respect to SDCV. Additionally, the CTMC de-
creases steeply for energies higher than £ ~ 3 a.u. but
behaves properly just near threshold. In the energy region
1 < E < 3aau., CTMC overestimates the numerical TDSE
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Fig. 5. (Color online) Electron energy distribution after a
pulse of momentum transfer Ap = 1 a.u. and duration (a)
7=1au., (b) 7 =10 a.u., and (c) 7 = 20 a.u. (Blue) dashed
line: CTMC, thin black solid line: SDCV, (green) squared line:
DDCV, and (red) thick solid line: TDSE. CTMC-T result co-
incides with CTMC in (a). In (¢) CTMC is negligible.

energy distribution compensating the underestimation in
the high energy region F 2 3 a.u., providing, in this way,
an appropriate total ionization probability as observed in
Figure 1.

The value Ap = 1 corresponds to the intermedi-
ate momentum transfer region where classical methods
start to fail for short pulses. In both Figures 5b and 5c,
whereas the DDCV provides a very good agreement com-
pared to the TDSE results, SDCV underestimates the nu-
merical TDSE energy distribution for a kick strength of
Ap =1 a.u. On the other hand, for the very short pulse of
Figure 5a with 7 = 1, all quantum calculations agree. In
this case, all classical and quantum approximations agree
very well with the TDSE energy distribution showing that
quantum-classical correspondence is valid in the sudden
limit [28,29]. However, CTMC-T (with the same outcome
of CTMO) is slightly higher than the quantum energy dis-
tributions, as also observed in the total ionization proba-
bility of Figure 2. This behavior was also found for kicks of
strength in the range 0.6 < Ap < 2 a.u. [46]. The situation
dramatically deteriorates for longer pulses (7 > 10 a.u.),
where the classical approach is unable to reproduce the
ionization probabilities (see Figs. 5b and 5¢). Even if tun-
neling is incorporated, CTMC-T underestimates largely
the quantum energy distribution almost in the entire en-
ergy range.
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Fig. 6. (Color online) Electron energy distribution after a
pulse of momentum transfer Ap = 0.5 a.u. and duration (a)
7=1au, (b) 7 =5 au., and (c) 7 = 10 a.u. (Blue) dashed
line: CTMC, thin black solid line: SDCV, (green) squared line:
DDCV, and (red) thick solid line: TDSE. CTMC-T result co-
incides with CTMC in (a). In (b) and (c) CTMC is negligible.

For a kick of Ap = 0.5 a.u., all quantum approxima-
tions studied here reproduce the numerical TDSE values,
except for 7 = 10 a.u., where SDCV departs slightly
from TDSE energy distribution by defect (see Fig. 6c¢).
As mentioned before, the accuracy of the time-dependent
distorted wave theories is a direct result of their perturba-
tive nature. In turn, DDCV reproduces the TDSE energy
distribution accurately for all the pulse durations. The
agreement of the quantum and classical approaches in the
sudden limit takes place for high kick strengths [28,29] and
deteriorates as Ap decreases. In Figure 6a the CTMC-T
results follow the TDSE energy distribution near the
threshold but departs from the TDSE curve at F ~
0.3 a.u. In addition, classical suppression starts to be evi-
dent with increasing pulse durations (Figs. 6b and 6c¢).

4 Conclusions

We conclude that the region of validity of the differ-
ent quantum and classical approximations studied in this
paper depends on the kick strength Ap and the pulse
duration 7. The CTMC-T method is able to reproduce
the quantum ionization probabilities for large Ap values,
even for long pulse durations. For small Ap values quan-
tum approaches are preferable compared to the quasi-
classical one, as we depart from the sudden limit. It is in
the intermediate limit, i.e., Ap &~ 1, where known quan-
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tum and classical approximations fail. Precisely in this re-
gion, DDCV becomes a better alternative than the SDCV,
although a deficiency arises at small electron ejection en-
ergy for high values of Ap. Summarizing, our DDCV
presents a reliable approximation where the CTMC and
CTMC-T fails.
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