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Abstract

In this paper, we present several representations of the W-weighted WG inverse. These repre-
sentations are expressed in terms of matrix powers as well as in terms of matrix products involving
only the Moore-Penrose inverse. In addition, a new characterization of the W-weighted WG inverse

is presented by using a rank equation.
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1 Introduction

The theory of generalized inverses seems to be maturing very fastly over the last century. It all started
with the Moore-Penrose inverse and grew hand in hand of several contributors. In fact, recently several
new generalized inverses were introduced [1, 2, 3, 4]. Roughly speaking, they are defined either by
using the Moore-Penrose inverse and/or Drazin inverse, or by using projectors. From the viewpoint
of the applications, generalized inverses appear as a useful tool in areas such as Markov chains [5, 6],
Chemical equations [7], Robotics [8], Coding theory [9], etc.

While the Moore-Penrose inverse was introduced for rectangular matrices, Drazin inverse was
firstly considered for square matrices. In 1980, Cline and Greville [10] extended the Drazin inverse
to rectangular matrices and it was called the W-weighted Drazin inverse. This weighted generalized
inverse has attracted great interest for mathematician researchers in the area of generalized inverse
theory [11, 12, 13]. The W-weighted Drazin inverse is useful in various applications (for instance, in

singular equations [14], numerical analysis [15], neural computing [16], partial orders [17, 18], etc.).
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Recently, the core-EP inverse has caught the attention of many authors. The core-EP inverse of
a square matrix was defined in [3], and generalized to a rectangular matrix in [19]. Recently, several
weighted generalized inverses such as weighted DMP inverses [20], weighted CMP inverses [21, 22],
and weighted WG inverses [23] have been introduced as well.

We denote by C™*” the set of all m x n complex matrices. For A € C™*", the symbols A*, A~1,
rk(A), N(A), and R(A) will denote the conjugate transpose, the inverse (whenever it exists), the rank,
the kernel, and the range space of A, respectively. Moreover, I,, will refer to the n x n identity matrix.

Let A € C™*™. The Moore-Penrose inverse of A is the unique matrix AT € C"*™ satisfying the

following four equations [5]
AATA=A, ATAAT = AT, (AAT)* = AAT, (ATA)* = ATA.

The Moore-Penrose inverse is used to represent the orthogonal projectors Py := AA" and Q4 := ATA
onto R(A) and R(A*), respectively.

For a given complex square matrix A, the index of A, denoted by Ind(A), is the smallest nonnegative
integer k such that R(A¥) = R(AFF1).

Let W € C™*™ be a fixed nonzero matrix. We recall that the W-weighted Drazin inverse of
A € C™*" is the unique matrix A%" € C™*" satisfying the three equations [10]

AW AW ALY = AW AW ALY = AW A, ASV W (AW )R = (AW)F,

where k = max{Ind(AW), Ind(WA)}.

For the particular £ = 1 case, the W-weighted Drazin inverse of A is called the weighted group
inverse of A and is denoted by A#W. When m = n and W = I,,, we recover the Drazin inverse, that
is, A%W = A Moreover, if Ind(A4) = 1, then the Drazin inverse is called the group inverse of A and
denoted by A#.

Several representations and properties of the W-weighted Drazin inverse can be found in [10, 12,

13, 15]. The W-weighted Drazin inverse satisfies the following two dual representations
AT = A[(W AT = [(AW))? A, (1)
and the following two important properties
AV = (AW)? WALW = (WA (2)

The core inverse was introduced by O. Baksalary and G. Trenkler in [1]. For a given matrix

A € C™ ™, the core inverse of A is the unique matrix A® € C**" defined by the conditions
AAB =P, R(A®) CR(A).

It is well known that A is core invertible if and only if Ind(A) < 1. Some more characterizations were

given in [24] and numerical aspects were investigated in [25].



K. Manjunatha Prasad and K.S. Mohana extended this concept for n x n complex matrices of arbi-
trary index [3]. They defined the core EP inverse as the (unique) matrix AD = AF((A*)F AF+1)T(A%)k
where k = Ind(A).

Later, the core EP inverse was extended from square matrices to rectangular matrices in [19]
and was called the weighted core EP inverse and denoted by ADW. We recall that it is given by
ADW — (WAW P gy ).

H. Wang and J. Chen [4] defined other generalized inverse for square matrices by using the core
EP inverse, given by the matrix A® = (A®)2A, and called the weak group inverse of A. Recently, in
[23] the authors extended the weak group inverse from square to rectangular matrices and it is known
as the TW-weighted WG inverse. For A € C™*", it is given by the unique matrix A®:W ¢ Ccm*»

satisfying the two conditions
AWARW W AOW — AOW A ADW — AD Wy 4, (3)

Moreover, this new weighted inverse admits the following representation in terms of the weighted core
EP inverse: A®W = AOWWADW A = [ADWW]2A.

Another generalized inverse, named the CMP inverse and considered for rectangular matrices, was
investigated by D. Mosi¢ in [21] and generalized to invertible bounded linear operator between two
Hilbert spaces in [22].

The main aim of this paper is to present several new representations of the W-weighted WG
inverse. These representations are expressed in terms of different matrix powers as well as in terms of
matrix products involving only the Moore-Penrose inverse. The importance of these representations
is that Moore-Penrose inverse can be automatically computed in different computational packages. In
addition, a new characterization of the W-weighted WG inverse is introduced by using a rank equation.

The paper is organized as follows. Section 2 presents some preliminaries. Section 3 provides some
representations for the W-weighted WG inverse in terms of purely Moore-Penrose inverses and other
by means of only weighted WG inverse of square matrices. Section 4 gives a new characterization for
W-weighted WG inverses by studying an adequate rank equation and some consequences are derived.
full-rank decompositions are investigated for computing weighted core EP inverses and weighted WG
inverses. Finally, Section 5 derives an additional representation for W-weighted WG inverses by using

full-rank decompositions.

2 Preliminary results

In [26], H. Wang introduced the core EP decomposition. It was proved that for every nonzero matrix
A € C™" with Ind(A) = k, there exist unique matrices Ay, Ay € C™*™ such that A = A; + A
satifying Ind(A4;) < 1, A = 0, and A}Ay = A3A; = 0 ([26, Theorem 2.1, Theorem 2.4]). Moreover,



there exists a unitary matrix U € C™*"™ such that A can be represented as the sum of

T S
0

0 0

A =U
N

U* and Ay =U U, 4)

where T is nonsingular, rk(7) = rk(A¥), and N is nilpotent of index k. This representation of A is
called the core EP decomposition of A.

Based on decomposition (4) for A, H. Wang proved that the core EP inverse of A has the form

T-1 0
0

A® =U U*. (5)

Similarly, in [4] it was proved that the weak group inverse can be factorized as

T T8
0 0

A® =U U*, (6

~—

provided that A = A; + Ay be written as in (4).

Throughout this paper, a nonzero matrix W € C™*™ will be fixed and used as a weight. In
what follows, this weight matrix W will be not explicitly mentioned. For A € C"™*", we notice that
AW € C™*™ and WA € C™*™ are both square matrices.

In [19] the authors introduced a new decomposition, called weighted core EP decomposition, ex-
tending the core EP decomposition from square to rectangular matrices. This result establishes a

simultaneous unitary block upper triangularization of a pair of rectangular matrices.

Theorem 2.1. Let A € C™*" and k = max{Ind(AW),Ind(WA)}. Then there exist two unitary
matrices U € C™*™ V¢ C" ", two nonsingular matrices Ay, W1 € C***, and two matrices Ay €
Clm=0x(=) gnd Wy € C=9xm=1) sych that AoWy and WoAs are nilpotent of indices Ind(AW)
and Ind(W A), respectively, with

Al A12

Ao

Wi Wia
Wo

A=U V* and W=V U~ (7)

The expressions for A and W provided in Theorem 2.1 give the so called weighted core EP decom-
position of the pair {A, W}.

The weighted core EP inverse of a rectangular matrix can be represented by using the weighted
core EP decomposition [19, Theorem 5.2]. More precisely, the weighted core EP inverse of A € C"™*"

has the form
(W A Wy)~t 0

0 0

ADW — U V. (8)

In the same paper, the authors also gave the following useful representations:

(A1W1)_1 0

® _
(AW)® =U .

U, wA®=v . .

(WA~ 0 ] v



Remark 2.2. When m = n and W = [, from the representations given in (5) and (8), it is easy to

verify that the weighted core EP inverse and the core EP inverse coincide.

In [23], the authors introduced a new canonical form for the W-weighted Drazin inverse of a

rectangular matrix by using the weighted core EP decomposition of the pair {A, W}.

Theorem 2.3. Let A € C™*", with k = max{Ind(AW),Ind(W A)}, be written as in (7). Then

ALV (W1 AiW1)~™' A1Rwa v, (10)
0 0
where
Rwa = Z(W1A1)J7k72(W1A12 + WigAg) (WoAg)k=17,
j=0

In particular, if kK =1 we have

(Wi AyWq)~t (A W) "2(Aga + Wl_1W12A2)
0 0

ARV =U v (11)

Based on the weighted core-EP decomposition (7), the weighted weak group inverse A®W is

expressed by [23]

(Wi AiW) =1 (A W) 72(Age + Wf1W12A2)
0 0

AW — 1y V*. (12)

Remark 2.4. When k = 1, it is easy to verify that the W-weighted Drazin (group) inverse and the

weighted weak group inverse coincide, i.e., AW = A# W
We finish this section by presenting two propositions that will be useful in the rest of the paper.

Proposition 2.5. [5] Let A € C"*" with Ind(A) = k. Then for each integer £ > k we have,
Ad — gt (A2Z+1)T AL (13)

Proposition 2.6. [19] Let A € C™*"™ be written as in (4) such that Ind(A) = k. Then, for each integer
>k,
ITk(Ak) O

Py =U
A 0 0

U, (14)

Proposition 2.7. [27] Let A € C™*™ be written as in (4) such that Ind(A) = k. Then, for each integer
0>k,
AD = Adp,,. (15)



3 Representations of the W-weighted WG inverse

As we mentioned in the introduction, in [23, Theorem 6] the authors gave the following representation
for the W-weighted WG inverse of A € C"™*™:

A®W — [AOW )24, (16)

On the other hand, in [19] the authors gave the following representation for the weighted core EP

inverse of A € C™*™:
AP = (W AW PLayye)! = [W(aw)s+ ((aw))]' (17)

where k = max{Ind(AW),Ind(WA)}. We can use the expression in (17) to obtain a new representation
of the inverse W-weighted WG inverse, that is,

ADW _ HW(AW)’CH ((AW)k)TWrA. (18)

A computational disadvantage of the representation (18) arises from the need of computing the
Moore-Penrose inverse of two different matrices. In [11], the authors obtained some representations
for the weighted core EP inverse which involve only one Moore-Penrose inverse. In the same way, the
following results give new representations for the W-weighted WG inverse involving only one Moore-
Penrose inverse.

Firstly, we recall that the weighted core EP inverse can be represented as ADW = Ad’WP(W A)F
[11, Theorem 4.1]. By using Proposition 2.6, it immediately follows the following theorem.

Theorem 3.1. If A € C™*™ with k = max{Ind(AW),Ind(W A)} then, for each integer £ > k,
ADW = AW P e = ATV (WA (WA (19)

By applying above theorem and some properties of the core EP inverse of a square matrix we obtain
the following interesting representation of the W-weighted WG inverse in terms of the Drazin inverse

and the core EP inverse of a square matrix.
Theorem 3.2. If A € C™*" with k = max{Ind(AW),Ind(WA)} then, for each integer ¢ >k,
A®W — A[(WA)2(WA)OW A. (20)
Proof. From (16), (19), (2), and Theorem 2.7, respectively, we have
ADW = [ADW24

= Ad’WP(WA)Z (WAd’W)P(WA)EWA

= Ad’WP(WA)e [(WA)dP(WA)é]WA

= AW Py 4 (WA)PWA

= AMW(WA)OW A,



where the last equality is due to the fact that R(WA)PWA) = R(WA)D) = R((W A)Y)).
Now, (20) follows directly from (1). O

Corollary 3.3. If A € C"™*" with k = max{Ind(AW),Ind(W A)} then, for each integer £ >k,
A®W — A[(W A Py aye W A. (21)
Proof. Follows from Theorem 3.2 and Proposition 2.7. O
Corollary 3.4. If A € C™*" with k = max{Ind(AW),Ind(W A)} then, for each integer £ > k,
A®W — A[(W A (WA (wa) 3w a) (wa)h) wa. (22)
Proof. Follows from Corollary 3.3 and Proposition 2.5. O

In above corollary we need to compute the Moore-Penrose inverse of two matrices. Next, we

presents a more symmetrical result that requires the computation of only one Moore-Penrose inverse.

Corollary 3.5. If A € C"™*"™ with k = max{Ind(AW),Ind(W A)} then, for each integer £ > k,
AR — A[(WAY (WA (WA PW AP (WA ) wa, (23)

Proof. Follows from Corollary 3.4 and Proposition 2.6. O

Now, we give several new representations and properties of A®:W .

Theorem 3.6. For each integer £ > k = max{Ind(AW),Ind(W A)}, the W-weighted WG inverse of
A € C™*"™ can be represented as follows:

(a) A®W = 4 H(WA)f (W A2+ (WA)"T (WA (WA)H)T WA} 2

(b) ADW = 4 H(WA)Z ((WA)%“)T (WA)ZF (W A)2+1 ((WA)%“)T WA] 2'

Proof. (a) From (16), (19), and (1), respectively, we have

AW —  [AD W24
= AW Py 4y WAYW Py 4y WA
= A((WA)")? Py ay WA(W A2 Py aye W A
= A[[(WA)YPPayayeWA]”.

Now, the assertion follows directly from Proposition 2.5.
(b) It follows from part (a) and Proposition 2.6. O

Some well-known representations of the weak group inverse can be derived as particular cases by

setting W = I, in the above theorem.



Corollary 3.7. For each integer £ > k = Ind(A), the weak group inverse of A € C"*™ can be

represented as follows:
(a) A® = A[A* (A2E+1)TAZ]3A2Z+1 (A%“)TA,

(b) A@:A“Ae (A2€+1)TA5}2A5 (AZ)TA:|2.

(c) A® = A HA@ (A2é+l)TA€}2A2E+1 (Aze+1)TA]2

Before the study of some properties of A®:W | we present an auxiliary lemma.

Lemma 3.8. Let A € C™*™ and consider the weighted core EP decomposition of the pair {A, W} as
in (7). It then results that

(i) (AW)® =U (Amofl)l (A1W1)2(Algvlz + AW |
(ZZ) (WA)@ =V (WIAI)_l (WlAl)_Q(WlAlg + W12A2) Ve

0 0

Proof. (i) From Theorem 2.1 we obtain

AWy AiWhg + A1oWy
0 A Wo

AW =U U*. (24)

So, a core EP decomposition of AW is given by AW = (AW); + (AW),, where

AW, AW AW 0 0

(Aw), —u | AT At ARt U*. (25)
0 0 0 AWs
Now, by applying (6) we get
AW ™ (AW) 72 (A Whg + AW
(AW)® =T (A W7) (A W) 72 (A Wi + A1 W) v
0 0

Part (ii) can be proved in a similar way. O

Next, some new properties of AW are given.

Theorem 3.9. Let A € C™*" and consider the weighted core EP decomposition of the pair {A, W}
as in (7). It then results that

(i) WASW — (]WA)®,
(ii) AW = A[(WA)P)2.

(i4i) AOW = (AW)PA(WA)D.



(iv) ADWW AW ADW = A@W
(v) AOW = A[(WA)DPEW A.
Proof. Ttems (i)-(v) can be easily derived from (7), (9), (12) and Lemma 3.8. O

Remark 3.10. We note that parts (i) and (ii) in Theorem 3.9 give two interesting properties of the
W-weighted WG inverse similar to that satisfied by the W-weighted Drazin inverse (See Egs. (1) and
(2)). However, the equalities A%"W = [(AW)9]2A and AW = (AW)? do not remain valid for the
W-weighted WG inverse, provided that k¥ = max{Ind(AW),Ind(W A)} > 2, as we can check with the

following examples.

Example 3.11. Let

1
1 0 1

A= and W=10 0
0 1 0

0 1

It is easy to check that k = max{Ind(AW),Ind(WA)} = max{1,2} = 2.

11 1 21
00 0]

AW —
00

! ] and [(AW)®2A =

Example 3.12. Let
bl 1 01
A=1[10 0 and W = .
0 1 0
0 1

It is easy to check that k = max{Ind(AW),Ind(WA)} = max{1,2} = 2.

AWy — and (AW)® =

S O =
o O =
o O =
o O =

2
0
0

o O =

4 Characterization of the W-weighted WG inverse

In this section we give a new characterization of the W-weighted WG inverse by using a rank equation.
It is well known that if A is a nonsingular matrix of size n x n, then the inverse A~! of A is the

unique matrix X that satisfies the rank equation

A In

rk e ] =rk(A).

n

The following two results are needed in what follows.



Lemma 4.1. (28, Lemma 1]) Let A € C™*™ and M be a 2n X 2n matriz partitioned as

A AQ
PA B

)

for P, @, and B being matrices of adequate sizes. Then rk(M) = rk(A) + rk(B — PAQ).
Now, we present the main result of this section.

Theorem 4.2. Let A € C™*" and consider the weighted core EP decomposition of the pair {A, W}
as in (7) with k = max{Ind(AW),Ind(WA)} and t = rk(A;) = rk(W1). Then there exist a unique

matriz X such that
XWAk =0 X?’=X, (WA'WAX =0, 1k(X)=n—t, (26)
a unique matriz Y such that
YAW) =0, Y2=Y, (WA)*WA?WY =0, 1k(Y)=m—t, (27)
and o unique matriz Z such that

WAW [-X

Ly, | =roram), (28)

The matriz Z is the weighted weak group inverse AQW of A. Furthermore, we have
X=1,-WAWA®W vy =1 — A®WyAw. (29)

Proof. We assume that the pair {A, W} is written as in (7) in the weighted core EP decomposition.
It is straightforward to see that

Wi1A; WA Wi A
WA=V 141 1A12 + Wi2A2 v (30)
0 Wy A,
and _
WiA)E T
way =y | VA" Twa |0 (31)
0 0
~ k—1
where Ty a = Z (WlAl)J k— 1(W1A12 + ngAg)(WgAg)k 1-7,
By Lemma 3. 8 and Theorem 3.9, it is easy to check that
X = I,—WAWA®Y — [, —WAWA)®
0 —(WA)" Y (WA Wi A
_ v (W141) 7 (Widie + Wizda) | L,

0 Inft

satisfies conditions X(WA)* = 0, X2 = X, and (WA)*)*WAX = 0. Moreover, it is clear that
k(X)) =n—t.

10



In order to show uniqueness, let Xy be a matrix which satisfies (26). Let X; = V* XV, and let X; be
partitioned as
E F

X =
G H

)

with E and H of sizes t x t and (n —t) x (n — t), respectively.
From XO(WA)’C = 0 and the fact that W7 A; is nonsingular we obtain £ = 0 and G = 0. Since X
satisfies X2 = X and rk(Xo) = n — t, it follows that H is nonsingular, and so H = I,,_;. Therefore,

[o F
X, =

0 In—t

Finally, from ((WA)*)*WAXy = 0, we have (W, A))")* (W1 A1 F + Wi A + WiaAs) = 0 which is
equivalent to F' = — (W7 A;) (W1 A2 + Wi2Ay). Consequently, we obtain

0 —(WrAp) ' (WA + WipAs)
Inft

Xo=V Vr=X.

Now, we shall prove that there exists a unique matrix Y satisfying condition (27). It is straightforward
to see that

AW, AW AW
AW = U 1 1 Wiz + A12Wa e (32)
A2W2
and -
A W)k T
(awy=u | ! Y 1) N (33)
~ k=1 4 '
where Taw = > (A1W1)7 (A1 Wia + AlQWQ)(AQWQ)k_l_J.
j=0

From Lemma 3.8 and (32), it is not difficult to check that
Y: = I, - A9YWwaAw
0 *
U
[ 0 Im—t
where * is a matrix which will be not necessary in what follows. According to (33), it easy to see that

Y(AW)* =0, Y2 =Y, and rk(Y) = m — t. On the other hand, since BB® = BOB when B is a
square matrix, and from the fact that AW (AW)® = P4y = (Prawys)™ (see [19, Lemma 2.6]) we

*
)

11



obtain

(WA WA?WY = )V (W APW (L, — A® VW AW)
VYW AW — WADWV W AW
)W AV (L, — (WA)CW AW
VYV WAWA - WAWA)OW AW
WA WAL, — WAWA)® )W AW
VY WAL, — (WA)OW AW AW
)%)
)")
)")

The uniqueness of such a matrix Y can be similarly proved to that of X.
Finally, let A®-W be the weighted weak group inverse of A. Observe that Eq. (29) holds. For these
X and Y, we have

WAW WAW A®W
ADWW AW Z

WAW I, - X
I,-Y A

Thus, by Lemma 4.1 and the condition (28) we get
rk(Z — AQWW AW AW = 0,

which is equivalent to Z = A®W because ADWVWAWADW = A®W by Theorem 3.9 (iv). This

completes the proof of theorem. O
Consequently, we give a new characterization of the weighted group inverse A% of A.

Corollary 4.3. Let A € C™*", with max{Ind(AW),Ind(WA)} =1 and t = rk(A;) = rk(W7), be

written as in (7). Then there exist a unique matriz X such that
XWA=0, X*’=X, (WA*WAX =0, rk(X)=n—t, (34)

a unique matriz'Y such that

YAW =0, Y?=Y, (WA*(WA?*WY =0, 1k(Y)=m—t, (35)
and a unique Z such that
WAW I-X
rk =rk(WAW). (36)
1-Y Z

12



The matriz Z is the weighted group inverse A%W of A. Furthermore, we have

X =1, -WAWA*W Y =1, — AHWWAW. (37)
Remark 4.4. From (2), we observe that (37) is equivalent to

X =1,-WAWA#*, Y =1, — (AW)* AW.

A well-known characterization of the group inverse [29, 30] can be derived by setting W = I,, and

A € C"™" of index 1 in corollary above.

Corollary 4.5. Let A € C"*"™ be a matriz of index 1 such that t = rk(A). Then, there exist a unique
matriz Y such that
YA=0, AY =0, Y?’=Y, 1k(Y)=n—t, (38)

and a unique matriz X such that

A IL,-Y
I,-Y X

rk =rk(A). (39)

The matriz X is the group inverse A% of A. Furthermore, we have Y = I, — AA¥.

5 Algorithm and numerical example

In this section, we derive one more representation for the generalized inverse A®W based on the
procedure of Cline [31]. In addition, we present an algorithm for computing it.

In view of the representations obtained in Section 3, if max{Ind(AW),Ind(WA)} > 1, it appears
greater than one powers of WA or AW when calculating the W-weighted WG inverse of A € C™*".
Specifically, if WA (or AW) is ill-conditioned, the best method is probably the sequential procedure
of Cline [31], which involves full-rank decomposition of matrices of successively smaller sizes until a
nonsingular matrix is reached. Thus, by [5, p. 166], if we take WA = P1Q1, Q:P; = Pi11Qiy1 is a
full-rank decomposition of Q;P;, i =1,2,...,k — 1, and QP nonsingular, then

(WA = P(QrP) "' Q. (40)

Next, by using Corollary 3.3, we derive a new representation for computing the W-weighted WG

inverse by means of the sequential procedure of Cline.

Theorem 5.1. Let A € C™*" and k = max{Ind(AW),Ind(W A)}. Let P\Q1 be a full-rank decompo-
sition of WA, Piy1Qi+1 a full-rank decomposition of Q;P;, i =1,2,...,k—1, and QP nonsingular.
Then the following hold:

A®W = A[P(QPy) FTQIPP(P*P) T P*P1Q, (41)

where P = P Py--- P, and Q = Qp - - - Q2Q1.

13



Proof. As WA = PyQ; is assumed to be a full-rank factorization, from (40) we have (WA)4 =
P(QpPr) *1Q, where P = PiPy--- P, and Q = Qp - - - Q2Q;.

Assuming that P;11Q;41 is a full-rank decomposition of Q;P;, for ¢ = 1,2,...,k — 1, and QP
is nonsingular, we can see that PQ is a full-rank decomposition of (WA)*. In fact, the equality
(WA)* = PQ is clear; in particular (WA)? = P P,Q2Q;. Since tk(WA) = 1k(P;) = tk(Q1), we
get that P, admits a left inverse Pl(e) and @1 admits a right inverse QY). If P, € C*"*°, from
tk(P2Q2) > 1k(P2) + 1k(Q2) — s = rk(Ps) = rk(Q2), we get

tk(Py) = 1k(Q2) = rk(P2Q2) = tk(P{? (W A)2Q"”) < rk((WA)?) < 1k(PyQs).
Following a similar argument we arrive at rk((WA)*) = rk(P) = rk(Q). Now, for £ > k we have
Pway = Pway = WAHWANT = PQQ*(QQ*) ™ (P*P)™'P* = P(P*P)"'P*.  (42)
Now, expression (41) follows from Corollary 3.3, (40), and (42). O

Following the same notation as in Theorem 5.1, we derive a procedure for computing the W-

weighted WG inverse inverse A®-W in the following algorithm.

Algorithm
Input: A € C™*™ and W € C™*™.
Output: A®W,
Step 1
Compute k = max{Ind(W A), Ind(AW)}.
Step 2 Perform elementary row operations on W A to get the full-rank decomposition P;@Q; of W A.
Step 3 For i = 1 to k—1 perform the product @; P; and calculate the full-rank decomposition P;1Q;+1
of Q; F;.
Step 4 Compute P = P Py--- Py and Q = Qi - - - Q2Q1.
Step 5 Compute AQW = A[P(QrPy) " 1QI*P(P*P)~'P*P,Q;.
End
Now, we give an example to demonstrate the performance of the algorithm for computing the

generalized inverse A®:W

Example 5.2. Let

1 0 100 r 7
100 0 0O
10 0 0
0 0 0 0 1 00 0 0
A= and W=|000 010
0 0 -1 0O
000 -1 00
0 0 0 0
010 001
-1 1 0 0 L J
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We use the above algorithm to compute the WW-weighted WG inverse A®:W of the matrix A with
respect to weight W.
We have

WA=

(=R el el
_ o O o O
S = O O =

o OoO o O
o O o o o

and k = max{Ind(W A),Ind(AW)} = 3 as required in Step 1. Computing a full-rank decomposition
of the product W A, we obtain WA = P;Q1, where

(10 1|

1 0 0 1 0 0 0 O
PP=]|10 00 and @Q1=[0 1 0 0 0

0 0 1 001 00

_O 1 0_

as required in Step 2. Since k = 3, from Step 3, we need to compute full-rank decomposition of Q1 P;

and Q2 P, respectively. In fact, for i =1

1 0 1
Q1P1: 1 O 0 :P2Q27
0 0 O
where
b 1 0 0
P2= 1 0 and QQZ .
0 0 1
0 0
For i = 2, we have
1 1
Q2P = = P03,
where
1
Py = ] and ng[l 1}
From Step 4, we obtain
R
1
P=PPPy={0 | and Q=QuQ:@i=[1 0 1 0 0]
0
1

15



Finally, from Step 5, we conclude that

2/3 1/3 1/3 0 0
2/3 1/3 1/3 0 0
qow_| 0 0 0 00
0 0 0 00
0 0 0 00
0O 0 0 00

Conflict of interests

No potential conflict of interest was reported by the authors.

Funding

The first author was partially supported by Universidad Nacional de Rio Cuarto (Grant PPI 18/C559),
CONICET (Grant PIP 112-201501-00433CO), Universidad Nacional de La Pampa, Facultad de Inge-
nierfa (Grant Resol. Nro. 135/19), and by ANPCyT (Grant PICT 2018-03492). The second author
was partially supported by Universidad Nacional de Rio Cuarto (Grant PPI 18/C559).

The third author was partially supported by Universidad Nacional de La Pampa, Facultad de Inge-
nierfa (Grant Resol. Nro. 135/19), by Ministerio de Economia y Competitividad of Spain (grant DGI
MTM2017-90682-REDT), and by Universidad Nacional de Rio Cuarto (Grant Res. 083/2020).

Acknowledgements

The authors would like to thank the anonymous referees for his impressive work and for many valuable

comments and suggestions that helped them to improve the readability and organization of the paper.

References

[1] Baksalary, O.M.: Trenkler, G.: Core inverse of matrices. Linear Multilinear Algebra 58 (6), 681-697
(2010)

[2] Malik, S.B., Thome N.: On a new generalized inverse for matrices of an arbitrary index. Appl.
Math. Comput. 226, 575-580 (2014)

[3] Manjunatha Prasad, K., Mohana, K.S.: Core EP inverse. Linear Multilinear Algebra 62 (3), 792-
802 (2014)

[4] Wang, H., Chen, J.: Weak group inverse. Open Math. 16, 1218-1232 (2018)

16



[5] Ben-Israel, A., Greville, T.N.E.: Generalized Inverses: Theory and Applications. Second Ed.,
Springer-Verlag, New York (2003)

[6] Kirkland, S.J., Neumann, M.: Group Inverses of M-Matrices and Their Applications. Chapman
and Hall/CRC, London (2013)

[7] Soleimani, F., Stanimirovi¢, P.S., Soleymani, F.: Some Matrix Iterations for Computing General-
ized Inverses and Balancing Chemical Equations. Algorithms 8, 982-998 (2015)

[8] Doty, K.L., Melchiorri, C., Bonivento, C.: A Theory of Generalized Inverses Applied to Robotics.
Int. J. Rob. Res. 12, 1-19 (1993)

[9] Xiao, G.Z., Shen, B.Z., Wu, C.K., Wong, C.S.: Some spectral techniques in coding theory. Discrete
Math. 87, 181-186 (1991)

[10] Cline, R.E., Greville, T.N.E.: A Drazin inverse for rectangular matrices. Linear Algebra Appl.
29, 53-62 (1980)

[11] Gao, Y., Chen J., Patricio, P.: Representations and properties of the W-weighted core-EP inverse.
Linear Multilinear Algebra 68 (6), 1160-1174 (2020)

[12] Wei, Y.: A characterization for the W-weighted Drazin inverse and a Crammer rule for the
W-weighted Drazin inverse solution. Appl. Math. Comput. 125, 303-310 (2002)

[13] Wei, Y.: Integral Representation of the W-Weighted Drazin Inverse. Appl. Math. Comput. 144,
3-10 (2003)

[14] Kyrchei, I.: Determinantal representations of the W-weighted Drazin inverse over the quaternion
skew field. Appl. Math. Comput. 264, 453-465 (2015)

[15] Stanimirovié, P.S., Katsikis V.N., Ma H.: Representations and properties of the W-weighted
Drazin inverse. Linear Multilinear Algebra 65 (6), 1080-1096 (2017)

[16] Wang, X., Ma, H., Stanimirovié, P.S.: Recurrent neural network for computing the W-weighted
Drazin inverse, Appl. Math. Comput. 300, 1-20 (2017)

[17] Herndndez, A., Lattanzi, M., Thome, N.: On some new pre-orders defined by weighted Drazin
inverses. Appl. Math. Comput. 282, 108-116 (2015)

[18] Herndndez, A., Lattanzi, M., Thome, N.: Weighted binary relations involving the Drazin inverse.
Appl. Math. Comput. 253, 215-223 (2015)

[19] Ferreyra, D.E., Levis, F.E., Thome, N.: Revisiting of the core EP inverse and its extension to
rectangular matrices. Quaest. Math. 41, 265-281 (2018)

[20] Meng, L.S.: The DMP inverse for rectangular matrices. Filomat 31 (19), 6015-6019 (2017)

17



[21] Mosi¢, D.: The CMP inverse for rectangular matrices. Aequaetiones Math. 92, 649-659 (2018)

[22] Mosi¢ D., Kolundzija M.Z.: Weighted CMP inverse of an operator between Hilbert spaces. Rev.
R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math. 113, 2155-2173 (2019)

[23] Ferreyra, D.E, Orquera V., Thome, N.: A weak group inverse for rectangular matrices. Rev. R.
Acad. Cienc. Exactas Fis. Nat. Ser. A Math. 113, 3727-3740 (2019)

[24] Chen, J.L., Zhu, H.H., Patricio, P., Zhang, Y.L.: Characterizations and representations of core
and dual core inverses. Canadian Mathemathics Bulletin 60 (2), 269-282 (2017)

[25] Zhou, M., Chen, J., Stanimirovic, P.S., Katsikis, V.N., Ma H.: Complex varying-parameter Zhang
neural networks for computing core and core-EP inverse. Neural Processing Letters 51 (2), 1299-1329
(2020)

[26] Wang, H.: Core-EP decomposition and its applications. Linear Algebra Appl. 508, 289-300 (2016)

[27] Ferreyra, D.E., Levis, F.E., Thome, N.: Maximal classes of matrices determining generalized
inverses. Appl. Math. Comput. 333, 42-52 (2018)

[28] Wei, Y.: A characterization and representation of the Drazin inverse. STAM Journal on Matrix
Analysis and Applications 17 (4), 744-747 (1996)

[29] Cvetkovié-Ili¢, D.: On a problem of Thome and Wei. Appl. Math. Comput. 166 (1), 233-236
(2005)

[30] Thome N., Wei Y.: Generalized inverses and a block-rank equation, Appl. Math. Comput. 141,
471-476 (2003)

[31] Cline, R.E.: Inverses of rank invariant powers of a matrix. STAM J. Numer. Anal. 5, 182-197
(1968)

18



