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The matrix-valued spherical functions for the pair (K x K, K), K =SU(2), are studied.
By restriction to the subgroup A, the matrix-valued spherical functions are diagonal.
For suitable set of spherical functions, we take these diagonals as a matrix-valued func-
tion, which are the full spherical functions. Their orthogonality is a consequence of
the Schur orthogonality relations. From the full spherical functions, we obtain matrix-
valued orthogonal polynomials of arbitrary size, and they satisfy a three-term recur-
rence relation which follows by considering tensor product decompositions. An explicit
expression for the weight and the complete block-diagonalization of the matrix-valued
orthogonal polynomials is obtained. From the explicit expression, we obtain right-
hand-sided differential operators of first and second order for which the matrix-valued
orthogonal polynomials are eigenfunctions. We study the low-dimensional cases explic-
itly, and for these cases additional results, such as the Rodrigues’ formula and being
eigenfunctions to first-order differential-difference and second-order differential oper-

ators, are obtained.
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1 Introduction

The connection between special functions and representation theory of Lie groups is a
very fruitful one, see, for example, [34, 35]. For the special case of the group SU(2), we
know that the matrix elements of the irreducible finite-dimensional representations are
explicitly expressible in terms of Jacobi polynomials, and in this way many of the prop-
erties of the Jacobi polynomials can be obtained from the group theoretic interpretation.
In particular, the spherical functions with respect to the subgroup S(U(1) x U(1)) are
the Legendre polynomials, and using this interpretation one obtains product formula,
addition formula, integral formula, etc. for the Legendre polynomials, see, for example,
[11, 19, 20, 34, 35] for more information on spherical functions.

In the development of spherical functions for a symmetric pair (G, K) the empha-
sis has been on spherical functions with respect to one-dimensional representations
of K, and in particular, the trivial representation of K. Godement [12] considered the
case of higher-dimensional representations of K, see also [11, 33] for the general theory.
Examples studied are [2, 5, 15, 23, 31]. However, the focus is usually not on obtain-
ing explicit expressions for the matrix-valued spherical functions, see Section 2 for the
definition, except for [15, 23, 32]. In [15] the matrix-valued spherical functions are stud-
ied for the case (U, K) = (SU(3), U(2)), and the calculations revolve around the study of
the algebra of differential operators for which these matrix-valued orthogonal polyno-
mials are eigenfunctions. The approach in this paper is different.

In our case, the paper [23] by Koornwinder is relevant. Koornwinder studies the
case of the compact symmetric pair (U, K) = (SU(2) x SU(2), SU(2)), where the subgroup
is diagonally embedded, and he calculates explicitly vector-valued orthogonal polyno-
mials. The goal of this paper is to study this example in more detail and to study the
matrix-valued orthogonal polynomials arising from this example. The spherical func-
tions in this case are the characters of SU(2), which are the Chebyshev polynomials
of the second kind corresponding to the Weyl character formula. So the matrix-valued
orthogonal polynomials can be considered as analogues of the Chebyshev polynomi-
als. Koornwinder [23] introduces the vector-valued orthogonal polynomials which coin-
cide with rows in the matrix of the matrix-valued orthogonal polynomials in this paper.
We provide some of Koornwinder's results with new proofs. The matrix-valued spher-
ical functions can be given explicitly in terms of the Clebsch-Gordan coefficients, or
3 — j-symbols, of SU(2). Moreover, we find many more properties of these matrix-valued
orthogonal polynomials. In particular, we give an explicit expression for the weight,
that is, the matrix-valued orthogonality measure, in terms of Chebyshev polynomi-

als by using an expansion in terms of spherical functions of the matrix elements and
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explicit knowledge of Clebsch-Gordan coefficient. This gives some strange identities
for sums of hypergeometric functions in Appendix 1. Another important result is the
explicit three-term recurrence relation which is obtained by considering tensor prod-
uct decompositions. Also, using the explicit expression for the weight function we can
obtain differential operators for which these matrix-valued orthogonal polynomials are
eigenfunctions.

Matrix-valued orthogonal polynomials arose in the work of Krein [26, 27] and
have been studied from an analytic point of view by Duran and others, see [6-10, 13,
14, 16, 17] and references given there. As far as we know, the matrix-valued orthogonal
polynomials that we obtain have not been considered before. Also 2 x 2-matrix-valued
orthogonal polynomials occur in the approach of the noncommutative oscillator, see [22]
for more references. A group theoretic interpretation of this oscillator in general seems
to be lacking.

The results of this paper can be generalized in various ways. First of all, the
approach can be generalized to pairs (U, K) with the centralizer (Ug)* abelian, but this
is rather restrictive [25]. Given a pair (U, K) and a representation § of K such that [7|K :
8] <1 for all representations 7 of G and 8|7 is multiplicity free, we can perform the same
construction to get matrix-valued orthogonal polynomials. Needless to say, in general, it
might be difficult to be able to give an explicit expression of the weight function. Another
option is to generalize to (K x K, K) to obtain matrix-valued orthogonal polynomials
generalizing Weyl's character formula for other root systems, see, for example, [19].

We now discuss the contents of the paper. In Section 2, we introduce the matrix-
valued spherical functions for the pair (SU(2) x SU(2), diag) taking values in the matri-
ces of size (2¢+ 1) x (2¢0+1), L€ %N. In Section 3, we prove the recurrence relation for
the matrix-valued spherical functions using a tensor product decomposition. This result
gives us the opportunity to introduce polynomials, and this coincides with results of
Koornwinder [23]. In Section 4, we introduce the full spherical functions on the subgroup
A,, corresponding to the Cartan decomposition U = K, A,K,, by putting the restriction
to A, of the matrix-valued spherical function into a suitable matrix. In Section 5, we
discuss the explicit form and the symmetries of the weight. Moreover, we calculate the
commutant explicitly and this gives rise to a decomposition of the full spherical func-
tions, the matrix-valued orthogonal polynomials and the weight function in a 2 x 2-
block diagonal matrix, which cannot be reduced further. After a brief review of gener-
alities of matrix-valued orthogonal polynomials in Section 6, we discuss the even- and
odd-dimensional cases separately. In the even-dimensional case an interesting relation

between the two blocks occurs. In Section 7, we discuss the right-hand-sided differential
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operators, and we show that the matrix-valued orthogonal polynomials associated to the
full spherical function are eigenfunctions to a first-order differential operator as well
as to a second-order differential operator. Section 8 discusses explicit low-dimensional
examples, and gives some additional information such as the Rodrigues’ formula for
these matrix-valued orthogonal polynomials and more differential operators. Finally, in

the appendices we give somewhat more technical proofs of two results.

2 Spherical Functions of the Pair (SU(2) x SU(2), diag)

Let K=SU(2), U=K x K and K, CU the diagonal subgroup. An element in K is of

the form

k(a,ﬂ):(a_ ﬂ) l)? +181%=1, a BeC. (2.1)
B @

Let m; :=k(e'¥/?, 0) and let T C K be the subgroup consisting of the m,. T is the (standard)

maximal torus of K. The subgroup T x T C U is a maximal torus of U. Define
A.={(my,m_y):0<t<4n} and M={(m; m;):0<t<4n}.

We write @ = (m¢, m_;) and b; = (m, m;). We have M = Zg (A,) and the decomposition
U=K,A.K,. Note that M is the standard maximal torus of K.
The equivalence classes of the unitary irreducible representations of K are

parametrized by K = IN. An element ¢ € 1N determines the space
H':=ClIx, yl,

the space of homogeneous polynomials of degree 2¢ in the variables x and y. We view
this space as a subspace of the function space C(C?, C) and as such, K acts naturally on
it via

k:pr pokt,

where k' is the transposed. Let

1
20 \? ,_ i .
wf:mw»( )x‘—fy“f, j=—0,—C0+1,...,0—1,¢. (2.2)

t—j
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Fig. 1. Plot of the parametrization of the pairs (¢1, £2) that contain ¢ upon restriction.

We stipulate that this is an orthonormal basis with respect to a Hermitian inner product
that is linear in the first variable. The representation T*: K — GL(H?") is irreducible and
unitary.

The equivalence classes of the unitary irreducible representations of U are para-
matrized by U =K x K = N x #N. An element ({1, £2) € 3N x 1N gives rise to the Hilbert
space H"%:= HY @ H" and in turn to the irreducible unitary representation on this

space, given by the outer tensor product
T (k. k) (W @ ¥i2) =T (k) (W) ® T (ko) (¥ }2).

The restriction of (T* %, H%+%2) to K, decomposes multiplicity free in summands

of type £ € ;N with
[61 — Ly <l<l;+4, and £+ —LEZ. (2.3)
Conversely, the representations of U that contain a given ¢ € ;N are the pairs (¢;, £;) €
7N x IN that satisfy (2.3). We have pictured this parametrization in Figure 1 for ¢ = 3.
The following theorem is standard, see [24].

Theorem 2.1. The space H* has a basis

{¢;" : £ satisfies (2.3) and || <€}
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such that, for every ¢, the map g;"** : H — H"> defined by wf — ¢>f}}£2 is a K-intertwiner.

The base change with respect to the standard basis {Wfll ® Wiz} of H% % is given by

by l1,42,0 1 lo
¢lit= Y Y Ciivi ev

where the ijfjf are the Clebsch-Gordan coefficients, normalized in the standard way.

The Clebsch-Gordan coefficient satisfies Cfllfjf =0,if L+ jo#]J. O
Definition 2.2 (Spherical Function). Fix a K-type ¢ € ;N and let (¢1,¢;) € ;N x ;N be a
representation that contains ¢ upon restriction to K,. The spherical function of type
¢ € 1N associated to (¢1, £2) € $N x 1N is defined by

f, U = End(HY) x> (B) 0 T 0 . (2.4)
O

If qf)flyzz is a spherical function of type ¢, then it satisfies the following

properties:

(i) <Pfl’£2(e) =1, where e is the identity element in the group U and I is the
identity transformation of H,
(i) qﬁflygz(klxkz) =T (k)@ (x)T (k) for all k;, k, € K, and xe U,
(i) @ ,, (0D ., (V) =[g xe(k )P} , (xky)dk, for all x, ye U. Here & denotes
the character of T* and yx, = (2¢ + 1)&,.

Remark 2.1. Definition 2.2 is not the definition of a spherical function given by
Godement [12], Gangolli and Varadarajan [11], or Tirao [33], but it follows from prop-
erty (iii) that it is equivalent in this situation. The point where our definition differs
is essentially that we choose one space, namely End(H"), in which all the spheri-
cal functions take their values, instead of different endomorphism rings for every
U-representation. We can do this because of the multiplicity free splitting of the irre-

ducible representations. O

Proposition 2.3. Let Endy(H') be the algebra of elements Y e End(H’) such that
T‘(m)Y =YT*(m) for all m € M. Then & , (A,) C Endy(H"). The restriction of ®; , to
A, is diagonalizable. O
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Proof. This is observation [23, (2.6)]. Another proof, similar to [15, Proposition 5.11],

uses ma=am for all a € A, and m € M so that by (ii)
P, (@ =T (M}, @T (M)~

The second statement follows from the fact that the restriction of any irreducible repre-

sentation of K, =SU(2) to M=TU(1) decomposes multiplicity free. [ |

The standard weight basis (2.2) is a weight basis in which ¢>£122IA* is diagonal.

The restricted spherical functions are given by

4 12
(@, @)= Y Y eEiCiEn?, (2.5)

Ji=—L1 o=—12

which follows from Definition 2.2 and Theorem 2.1.

3 Recurrence Relation for the Spherical Functions

A zonal spherical function is a spherical function ‘pé,ez for the trivial K-type £ =0. We
have a diffeomorphism U/K, — K : (k;, k») K, — k1k2_1 and the left K,-action on U/K, cor-
responds to the action of K on itself by conjugation. The zonal spherical functions are,
up to a scalar, the characters on K [34] which are parametrized by pairs (¢;, £2) with
£y =1, and we write ¢, = ®{,. Note that ¢, = (—1)"/"(2¢ 4+ 1)7"/2Uy(cos t) by (2.5) and
Cﬁjf?o = (—1)"/*(2¢ + 1)"'/2, where U, is the Chebyshev polynomial of the second kind
of degree n. The zonal spherical function 91 plays an important role and we denote it by
¢ =g¢. Any other zonal spherical function ¢, can be expressed as a polynomial in ¢, see,
for example, [34, 36]. For the spherical functions, we obtain a similar result. Namely, the
product of ¢ and a spherical function of type ¢ can be written as a linear combination

of at most four spherical functions of type <.

Proposition 3.1. We have as functions on U

O+3 lo+3
0 _ (£1,€2) 2 50
0Dl = ) Y 1 Py (3.1)

1 1
my=[l— 7| ma=[lz—3
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where the coefficients a((,,ll ZfT)L ). are given by

11 1 1
(€1,€2) _ b.lat~30ge b 3.mu Sl 3. M2 amy my L
a(ml my),0 Z le Jo.t C i1,12,0 le-ihm Cjz,iz.,nz Cnl,na,f ’ (3.2)
Ji.J2.0.02, 1,1
where the sum is taken over
. . . 1 . 1
Il <, |pl<t, |ul<3 li2l<3, Iml<m; and |mp|<m,. (3.3)

(1,62)
Moreover, a,’12.¢,+1/2).¢

Theorem 2.1. O

#0. Note that the sum in (3.2) is a double sum because of

Proposition 3.1 should be compared with [29, Theorem 5.2], where a similar cal-

culation is given for the case (SU(3), U(2)), see also [30].

Proof. On the one hand, the representation T % @ T2 can be written as a sum of
at most four irreducible U-representations that contain the representation T‘ upon
restriction to K,. On the other hand we can find a ‘natural’ copy #* of H’ in the space
H'% @ H:: that is invariant under the K,-action. Projection onto this space transfers
via o, defined below, to a linear combination of projections on the spaces H’ in the
irreducible summands. The coefficients can be calculated in terms of Clebsch-Gordan
coefficients and these in turn give rise to the recurrence relation. The details are as
follows.

Consider the U-representation T2 ® T:: in the space H2® Hz:. By

Theorem 2.1, we have

043 lo+3

w:H " @H > @ H Hm™

mi=|l1—3| mp=|t2—3
which is a U-intertwiner given by

E1+2 €2+2

o () w)@(l/fh@whm 3 Z 3 Z cf;;,’;“ ‘;;,’;zw ® Y.

my=[— 1| =" my=|(,— | Te=""2
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Let ##* C HY+2 @ Hz2 be the space that is spanned by the vectors

11

6 @iy :—L<j<l)

The element qﬁl“ez ® ¢ maps to

3 Lo 3 3 bty bty my+my
hi==t p=—t2jy=—1 j=—1 my=[6; L | M="T m,=|¢,— }| Te=—M2 p=|m)—my| U=—p
0 fl,z,ml ly,5.my

01,4 >
x Ctv 2,¢ Cz 2 C C leastpd)mlamz

JiJ2sJ 7 i1,12,0™ Jiiinm Jo.iz, . Y ,mpu

Note that u=n; + ny, = j; +1i; + j» + i = j, so the last sum can be omitted. Also, since «

is a K,-intertwiner, we must have p= ¢. For every pair (m;, m,), we have a projection

O+3 l+3 O+3 Lo+
P @@ e @@
my=|01—%| ma=|t—}| my=|t1—%| my=|t— 3|

onto the ¢-isotypical summand in the summand H™ ™2, Hence

R Y )

NIE

1
1
01020 550 Al 3.my Al 5 my ml,mz, my.my
Z Z Z Z Z Z C]lv]Zs ClleZxOC]lxllxnl C]'Z,izynz n,ng,j ¢ .

Ji=—41 jo=—43 11_—% iz:—% m=—m; p=—my

my.mz

The map P, o« is a K,-intertwiner so Schur’'s lemma implies that

N

£y
1
0,05, 530 Al 5 Ll 5 M2 my my €
> Z Z Y Y cppkeimesirem

h==b ==Lz ij=—1 i{p=—1 M=—T Tp=—"n,

. . - (t1.02)
is independent of j. Hence it is equal to a;, 7., ¢

taking j ={. We have

£1,€ ’ (£1,€2) s
«O* @ o) = Y a1

miy,my
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Moreover, the map

01+1/2 l2+1/2 O+3 Lo+
11
P= > . pM™oa:H"@@H:—> H G H™™
my=[t1—1/2| ma=|t;—1/2| my=[t1— | my=[t,—}

is a K,-intertwiner. To show that it is not the trivial map we note that a((fll fZ) Py is

nonzero. Indeed, the equalities

ctutat _ (CDTRE 6 — ) [<ze+1)(z1+jl)!(zz+z—jl>!}”2
HBE T 4 Ly + €+ DA, £, 0) £y — jOlz — £+ jp)! '

A e e and c‘” wr [b—jp+17"
uphts T 20,41 Tl 20, +1 ’

J1s —5 ]1_’

where A(¢,, £3,¢) is a positive function, can be found in [34, Chapter 8] and plugging

these into the formula for g

PRy shows that it is the sum of positive numbers,

hence it is nonzero.

We conclude that P is nontrivial, so its restriction to #* is an isomorphism
and it intertwines the K,-action. It maps K,-isotypical summands to K,-isotypical sum-
mands. Hence, «|7#° = P|#*. Define

yflfz HK_)H5152®H%% 1// '_)¢ @2®¢0%%
This is a K-intertwiner. It follows that

(my,mz),£

51 b _ Z a(fl A2) ml ma (3.4)

my,my

Define the End(H?!)-valued function
W, 4, U—End(H') : x> (1) o (T"1 @ T22)(x) 0 .

Note that lI/flj2 (x) = (X)cbg1 ,,(¥. On the other hand, we have Tl @ T33 =g o
(DB, .m, T™ ™) o a. Together with (3.4) this yields

l (£1,€2) 2 pl1,lo\x m,.m my,m
WEI,L’Z Z la rrlll m2)€| (1381 2)% o ™M 20,3(51 2

mp,my

Hence the result. |
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12

= :
0 ?
T

1
2

13l

Fig. 2. Plot of how the tensor product T33@ T2 splits into irreducible summands.

In Figure 2, we have depicted the representations (3, 1) and (3, 3) with black
nodes. The tensor product decomposes into the four types (% + % 3+ %) which are indi-

cated with the white nodes.

Corollary 3.2. Given a spherical function @ , there exist 2¢+ 1 elements g, 7, , je
{—=¢,—¢+1,...,¢}in Clg] such that

4
¢ _ 1% Y
Dl =D APl iz (3.5)
j=—t

The degree of Qf{,jzz is ) + ¢, — ¢. O

Proof. We prove this by induction on ¢; + ¢,. If ¢; + £, = ¢, then the statement is true
with the polynomials q(lézk)/z,(uk)/z =08j . Suppose £; + {3 > £ and that the statement holds

. . 06-1/2,6,-1/2
for (¢;.¢,) with € < ¢} + ¢, < €1 + €. We can write |a,' /77?20, , as
1 1 1 1 1 1
¢ Gi—g.l2=3,2 50 bi—g.l2=3 2 5¢ Gi—g.le—3 12 50
2 Qll—%,lz—% - |a’((1—1,£2),€ | ¢51—1,52 - |a(151,€2—1),5| (pzl,ez—l - |a’(€1—1,52—1),€| (pzl—l,fz—l

by means of Proposition 3.1. The result follows from the induction hypothesis and

(61—=1/2,6,—1/2)
(€1,€2),¢ #0. u
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Remark 3.1. The fact that these functions Qfljez are polynomials in cos(t) has also been

shown by Koornwinder in [23, Theorem 3.4] using different methods. O

4 Restricted Spherical Functions

For the restricted spherical functions dﬁfly 0, - A« — End(H ), we define a pairing:
2 *
(@, W) =—tr <J 2@ (a)(¥(a)"|Ds(a) da) : (4.1)

where D, (a;) = sin®(t), see [21]. In [23, Proposition 2.2], it is shown that on A, the follow-

ing orthogonality relations hold for the restricted spherical functions.

Proposition 4.1. The spherical functions on U of type ¢, when restricted to A,, are

orthogonal with respect to (4.1). In fact, we have

(20 + 1)

@Z ) qu/ ! =
( £1,€2 e1s£2)A* (20, +1)(2¢,+ 1)

8e,.0,86,.0,- (4.2)
O

This is a direct consequence of the Schur orthogonality relations and the integral
formula corresponding to the U = K, A, K, decomposition.

The parametrization of the U-types that contain a fixed K-type ¢ is given by (2.3).

For later purposes, we reparamatrize (2.3) by the function ¢ :N x {—¢, ..., ¢} — %N X %N
given by
d+t¢+k d+t¢—k
c(d,k>=< ks )

This new parametrization is pictured in Figure 3. For each degree d, we have 2/ + 1
spherical functions. By Proposition 2.3, the restricted spherical functions take their val-
ues in the vector space Endy(H?) which is 2¢ 4+ 1-dimensional. The appearance of the

spherical functions in 2¢ + 1-tuples gives rise to the following definition.

Definition 4.2. Fix a K-type ¢ € ;N and a degree d € N. The function @§: A, — End(H")
is defined by associating to each point a € A, a matrix ®5(a) whose jth row is the vector
qﬁf(d‘j) (a). More precisely, we have

(Py(@)pqg = (P;(g(@)gq forallac A, (4.3)

The function @} is called the full spherical function of type ¢ and degree d. O
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Fig. 3. Another parametrization of the pairs (¢;, £2) containing ¢; the steps of the ladder are

paramatrized by d, the position on a given step by k.

The construction of a full spherical function from the spherical functions
restricted to A, has been previously employed by Griinbaum et al. [15] for the pair
(SU(3),U(2)), see also Pacharoni and Tirao [29, 30] and Pacharoni and Roman [28] for
other cases.

Let A, be the open subset {a; € A,:t¢nZ}. This is the regular part of A.. The
following proposition is shown in [23, Proposition 3.2]. In Proposition 5.7, we prove this

result independently for general points in A, in a different way.

Proposition 4.3. The full spherical function @ of type ¢ and degree 0 has the property

that its restriction to A, is invertible. O
Definition 4.4. Fix a K-type ¢ € ;N and a degree d € N. Define the function
Q4: A, — End(HY :a+> d5(a)(®f(a) . (4.4)

The jth row is denoted by Of,(d’j) (a). QY is called the full spherical polynomial of type ¢

and degree d. O

The functions Qj; and Qg 4, are polynomials because (Ofl)p,qzqugyp)(rp). The
degree of each row of Q is d which justifies the name we have given these functions

in Definition 4.4. Also Theorem 4.8 implies that Q) is indeed a matrix-valued polynomial
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of degree din ¢(a) with a nonsingular leading coefficient, cf. Vretare [36]. In contrast, ¢}
is not polynomial in ¢ (a) since these are Fourier polynomials which are not symmetric
under the Weyl group S, for the reduced root system.

We shall show that the functions @] and QY satisfy orthogonality relations that
come from (4.1). We start with the @j. This function encodes 2¢ + 1 restricted spherical
functions and to capture the orthogonality relations of (4.1), we need a matrix-valued

inner product.
Definition 4.5. Let @ and ¥ be End(H")-valued functions on A,. Define

2
(D, W) = ;J @ (a)(¥ (2))*|D.(@)| da. (4.5)

e

Proposition 4.6. The pairing defined by (4.5) is a matrix-valued inner product. The

functions @j with d e N form an orthogonal family with respect to this inner product. [J

Proof. The pairing satisfies all the linearity conditions of a matrix-valued inner prod-
uct. Moreover, we have @ (a)(®(a))*|D.(a)| >0, for all ac A,. If (&, ®)=0, then ®P*=0
from which it follows that @ = 0. Hence the pairing is an inner product. The orthogonal-

ity follows from the formula

(2¢ + 1)?

by, Vg =(®f, o, =848
(@a taDpa=Peap: Paaala =0adva gy @r = pr 1)

and Proposition 4.1. |

Define
V(@) = &5(a) (P (@)*| D.(a)], (4.6)

with D, (a;) = sin® t. This is a weight matrix and we have the following corollary.

Corollary 4.7. Let Q and R be End(H")-valued functions on A, and define the matrix-
valued paring with respect to the weight V¢ by

(Q. Ry =J Q@7 (@ (R@)* da. @7)
A,
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This pairing is a matrix-valued inner product and the functions Q4 form an orthogonal

family for this inner product. O

The functions d’fz and sz being defined, we can now transfer the recurrence rela-
tions of Proposition 3.1 to these functions. Let E; ; be the elementary matrix with zeros
everywhere except for the (7, j)th spot, where it has a one. If we write E; j with [i| > £ or

|jl > £, then we mean the zero matrix.

Theorem 4.8. Fix { e %N and define the matrices Ay, By, and Cg4 by

l
_ s(dk) 2
Ag= Z @ @1 1).)” Exks

k=—¢
4
dk), dk
By= Y _ (|a§§d,kln,e|2Ek,k+l + |a§§d,k>_1),g|2Ek,k_1), (4.8)
k=—t
4
d.k
Ca= Z Iagéd_I,k),glek,k-
k=—¢
For a e A, we have
9(@) - i) = Aa®f,, (@) + Ba® (@) + Ca®y_, (@) (4.9)
and similarly
9(a) - Q4(a) = AgQf,, (@) + B4Q4(a) + CaQY_, (a). (4.10)
Note Age GLyyy1(R). O

Proof. It is clear that (4.10) follows from (4.9) by multiplying on the right with the
inverse of q§£. To prove (4.9), we look at the rows. Let pe {—¢, —¢ + 1, ..., ¢} and multiply
(4.9) on the left by E, , to pick out the pth row. The left-hand side gives (@) E, ,®5(a)
while the right-hand side gives

£(d,p) 2 ¢ $(d,p) 2 1 £(d,p) 2 ¢
1@ @1, p) el " EppPa1(@ + 1@ (g pi1) o|“Ep pr1Pg(@) + |G (g 1) 0| " Ep p-1Pg(@)

{(d,p) 2 ¢
+ 185 p).e| " EppPg 1 (@)-
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Now observe that these are equal by Proposition 3.1 and (4.3). This proves the result

since p is arbitrary. |

Finally, we discuss some symmetries of the full spherical functions. The Cartan
involution corresponding to the pair (U, K,) is the map 0 (ky, k;) = (k, k1). The represen-
tation T“% and T*" 06 are equivalent via the map @lffll ® wf; > wf; ® wfll. It follows
that 0*®; , =&, , . This has the following effect on the full spherical functions ®§ from
Definition 4.2:

0*dL = Jo, (4.11)

where J € End(H") is given by wf > tpfj. The Weyl group W(U, K,) = {1, s} consists of the
identity and the reflection s in O € a,. The group W(U, K,) acts on A, and on the functions
on A, by pull-back.

Lemma 4.9. We have s*®; , (a) = J®; , (a) for all ac A,. The effect on the full spherical

functions of type ¢ is

S*PL = b4 (4.12)

a

Proof. This follows from (2.5) and the fact that Cfllf;f = (—1)“*‘32*‘30@]’-1{2;@]-2!7].. [ ]
Proposition 4.10. The functions @ commute with J. O

Proof. The action of # and s, on A, is just taking the inverse. Formulas (4.11) and (4.12)

now yield the result. [ |

5 The Weight Matrix
We study the weight function V*: A, — End(H*) defined in (4.6), in particular, its symme-
tries and explicit expressions for its matrix elements. First note that V¢ is real valued.
Indeed, V¢ commutes with J,

JV (@) J = JP5(a) J(JPy(a) )| Du(a)| = Dg(a)Pg(a)* | Du(@)]| = V(a), (5.1)

since J* = J and J? = 1. This also shows that V is real valued,

Via) =Vi(a ) = IV (a)J =V (a). (5.2)
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Lemma 5.1. The weight has the symmetries v, =V, =V, =V’  for pqe
(—t,.... . 0

Proof. The first equality follows since V¢(a) is self-adjoint by (4.6) and real valued by

(6.2). Since V*(a) commutes with J we see that V, , =V* . [ |
Set

vi(a) = Pi(@) (@) (5.3)

so that V'(a)=v'(a)|D.(a)| =v'(a)sin’t. Note that, for —¢ <p,g<¢, the matrix

coefficient

V(@) pg =tr(@L,, o, (a) (DL,

2 2 2

%q(at))*) (5.4)

is a linear combination of zonal spherical functions by the following lemma.

Lemma 5.2. The function U — C: x> tr(®; , (X)(Ph, .. (¥)) is a bi-K-invariant func-

m;,m;
tion and
min(¢;+my,l2+my)
(P, 1, (@) (P, my (@) = > CaUzn(COS 1) (5.5)
n=max(|[t; —m|,|[t2—mz2|)
if ¢ +mq — (ly + my) € Z and tr((lﬁfl,[2 (cq)((lﬁfnl’m2 (a))*) =0, otherwise. O

Proof. It follows from Property (2) that the function is bi-K-invariant, so it is natural
to expand the function in terms of the zonal spherical functions U,, corresponding to
the spherical representations T™", ne %N. Since T““ is equivalent to its contragredient
representation, we see that the only spherical functions occurring in the expansion of
tr(@y, ,, (X)(PL, ,,(x)*) are the ones for which (n,n) € A={(m.m) € ;N x ;N:¢; +m; —

neZ, |ty —my| <m <€ +my, |l — my| <y <€y + my} since the right-hand side corre-

sponds to the tensor product decomposition T % @ T"™ ™ = D, T™-™ see Propo-

m)eA

sition 3.1 and Figure 4. |

Given d,ecNand —¢ < p, q < ¢, we write ¢(d, p) = (¢1, £2), {(e, @) = (my, my). Then

we have

(D5(@) (@) ()) pg = (P 4 (@) (Pl g (@) = Y (CRiziCImet)? elhmith-i)t,

JoJueJastn i
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ly

81 Pl

7 _

6 o 0 0 O e
5 O O O e O
4 O @ 0 O
3 ®e O O O
3 .T4,g

1 23 456 784

Fig. 4. Plot of the decomposition of the tensor product T%% ® T%7 into irreducible representa-
tions. The big nodes indicate the irreducible summands, the big black nodes the ones that contain

the trivial K,-type upon restricting.
where the sum is taken over

<t Ihl<t, |jl<lz, [|il<my, iz <my,
satisfying j; + j» =1; + iz = j. This equals

(D5(a)(PL(a))) pg = > Al ooy mas €55 (5.6)

|s|<min(¢,4+my,Lo+my)

where

4 _ el,ZZA[ ml.M2,€ 2
& s = Y, (CoiCIT, (5.7)

JiJ1sJ2st1,i2

where the sum is taken over
JI<¢€ |nl<t, |pl<t, |al<m, liz]<m;,

satisfying j1 + jo=1i1 +i,=j and j, — j1 +1; — iz =s. Since Uy(cost) = e it 4 g-in=20t
...+ €™, it follows from (5.6) and Lemma 5.2 that we have the following summation

result.

2102 ‘9 lequesad uo A1seAlun pnogpey 12 /610 euInolpio o uiw 1//:dny Wwo.j papeo lumod


http://imrn.oxfordjournals.org/

Matrix Valued Orthogonal Polynomials 5691

4

Corollary 5.3. Let |s| <max(|{; —my], [€2 — m2]). Thend, ,, ,, m,s 1S independent of s. [J

Note that the sum in (5.7) is a double sum of four Clebsch-Gordan coefficients,
which in general are 3F,-series [35].

We now turn to the case ¢; = “Tp, by = E_Tp, m; = “Tq, My = Z_Tq. Because of
Lemma 5.1 the next theorem gives an explicit expression for the weight matrix.

Theorem 5.4. Let g— p<0 and g+ p<0. For n=0,...,¢+ q, there are coefficients
c.(p, @) € Q. such that

l+q
(V (@) p.g =sin*(®) ) cu(D, PUses prg-2n(cos (1)), (5.8)

n=0
where the coefficients are given by

2041 =@+ (P=Oisgn 1 iagn2L+2= 1

(5.9)
{+p+1 (20)! L+ p+2)1q-n n!

ci(p.q@ =

BY Cutprq(D, @) = Ca(—q, —p) the expansion (5.8) with (5.9) remains valid for g < p.

Proof. Since min(¢; +mq, ¢y + my) =€ + pT“Lq and max(|{; — my|, |€z — mz|) = £52 in this
case we find the expansion of the form as stated in (5.8). It remains to calculate the

coefficients. Specializing (5.6) and writing

(s cermy2) G temy2)
2,(t-m)/2, -
(C;ﬁ;n])/ -zt g SiEm 2/2+( m/2) (5.10)
()
we find
tp g
2 2
vpg(costy= D > Fli(p. @ expi(-2( + j)v)
s tip . g
J=mg ET
£+ B4 min(%2,r+542)
= Z Ff,_i(p@ | 72", (5.11)

r=—(t+2%) \i=max(- 5% r—52)
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with
min(—j+52,i+59) {—p t—q
Fiip q)_( L+p )( L+gq ) Zz ’ (—k—j+(£—p)/2)(k—i+(€—Q)/2)
A R O T 2 3 £ 2 2¢)? .
jtetrp2)\itero2) ()

2

(5.12)
From this, we can obtain the explicit expression of v(a)p 4 in Chebyshev polynomials.

The details are presented in Appendix 1. [ |

Proposition 5.5. The commutant
(Vi) :aec A} :={YeEnd(H") : V(@)Y =YV%a) forallac A,}={v'(a):ac A}
is spanned by the matrices I and J. 0

Proof. By Proposition 4.10, we have J € {V%(a) :a € A,}. It suffices to show that the com-
mutant contains no other elements than those spanned by I and J.

Let v¥(a) = fo:o U,(cost) A, with A, € Maty,1(C) by Theorem 5.4. Then for B
in the commutant it is necessary and sufficient that A,B = BA, for all n. First, put
C = Ay. Then by Theorem 5.4 C, 4= (ﬁp)_lﬁp,,q. The equation BC = CB leads to By, =

— Cq.— Cq,—qC- . . . . .
(C'BC)pq= B opq=gi it Bpg by iteration. Since C4 4 =Cp, _pif and onlyif p=gq

or p=—q we find By, 4, =0 for p# q or p# —q. Moreover, B, ,=B_,_,and B, _,=B_p .
Secondly, put C’ = Ay,_;. Then, by Theorem 5.4, we have

, 20 \7'/ 20 \7!
Cpq=90prq1 (2t +1) t—p t+q)

so the nonzero entries are different up to the symmetries C,,=C", ,=C; ,=
C',_p- Now BC'=C'B implies by the previous result By ,C),, + Bp_pC., , =C} Bqq+
C;quq,q. Take g=1—p to find B, ,=Bi_p1-p=Bp-1,p-1 unless p=0 or p=1, and
take g=p—1 to find B, _,=Bi_pp 1 =Bp 11-p unless p=0 or p=1. In particular,
for ¢ € % + N this proves the result. In case £ € N we obtain one more equation: By o=

Bi1 + Bj.—1. This shows that B is in the span of I and J. [ |

The matrix J has eigenvalues +1 and two eigenspaces H' and H{. The dimen-

sions are |£ + %J and [¢ + %] . A choice of (ordered) bases of the eigenspaces is given by

{i—v';i—t<j<0t—jeZ} and {yj+y';:0<j<t,L—jeZ}) (5.13)
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Let Y, be the matrix whose columns are the normalized basis vectors of (5.13). Conju-
gating V* with Y, yields a matrix with two blocks, one block of size [£ 4+ 1/2] x [¢ + 1/2]
and one of size [¢ + 1/2] x [£+ 1/2].

Corollary 5.6. The family (Q%)q4-0 and the weight V¢ are conjugate to a family and a

weight in block form. More precisely

L 4
Y, ' Qy(an Y = (ad"(at) 0 ) . YV Y = (V—(“f) 0 ) _
0 Qg (a) 0 Vi

The families (Oé 4)a=o are orthogonal with respect to the weight V{. Moreover, there is

no further possible reduction. |

Proof. The functions QY can be conjugated by ¥;. Since the QY commute with .J, we see
that the ¥, ' Q4Y; has the same block structure as Y; ' V'Y;. The blocks of the ¥, ' QLY
are orthogonal with respect to the corresponding block of Y[IVEYZ. The polynomials
QY _ take their values in the (—1)-eigenspace H' of J, the polynomials QY , in the (+1)-
eigenspace H! of J. The dimensions are [£ + %J and [¢ + %1, respectively.

A further reduction would require an element in the commutant {V‘(a):ac A,)

not in the span of I and J. This is not possible by Proposition 5.5. |

The entries of the weight v’ with the Chebyshev polynomials of the highest
degree 2¢ occur only on the antidiagonal by Theorem 5.4. This shows that the deter-
minant of v’(a;) is a polynomial in cost of degree 2£(2¢ + 1) with leading coefficient
(—1)t@e+D ]_[iyz_e co(p, —p)22%¢ #£0. Hence v' is invertible on A, away from the zeros of its
determinant, of which there are only finitely many. We have proved the following propo-

sition which should be compared with Proposition 4.3.

Proposition 5.7. The full spherical function &§ is invertible on A, except for a
finite set. 0

In particular, Og is well defined in Definition 4.2, except for a finite set. Since Ofi
is polynomial, it is well defined on A.

Calculations in Mathematica lead to the following conjecture.

Conjecture 5.8. det(v’(a)) = (1 — cos? t)"®*+D ] __,(2%*ch(p. —p)). 0
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Conjecture 5.8 is supported by Koornwinder [23, Proposition 3.2], see Proposi-

tion 4.3. Conjecture 5.8 has been verified for ¢ < 16.

6 The Matrix Orthogonal Polynomials Associated to (SU(2) x SU(2), diag)

The main goal of Sections 3-5 was to study the properties of the matrix-valued spher-
ical functions of any K-type associated to the pair (SU(2) x SU(2), diag). These func-
tions, introduced in Definition 2.2, are the building blocks of the full spherical functions
described in Definition 4.2. We have exploited the fact that the spherical functions diag-
onalize when restricted to the subgroup A. This allows us to identify each spherical
function with a row vector and arrange them in a square matrix.

The goal of this section is to translate the properties of the full spherical func-
tions obtained in the previous sections at the group level to the corresponding family of

matrix-valued orthogonal polynomials.

6.1 Matrix-valued orthogonal polynomials

Let W be a complex N x N matrix-valued integrable function on the interval (a,b)
such that W is positive definite almost everywhere and with finite moments of all
orders. Let Maty(C) be the algebra of all N x N complex matrices. The algebra over
C of all polynomials in the indeterminate x with coefficients in Maty(C) denoted by
Maty(C)[x]. Let (-, -) be the following Hermitian sesquilinear form in the linear space

Maty (C)[x]: ,

(P, Q) :J P(x)W(x)Q(x)* dx. (6.1)

a

The following properties are satisfied:

e (aP +bQ,R) =a(P,R) +b(Q, R), forall P, Q, Re Maty(C)[x], a,beC;
TP, Q)=T(P, Q), forall P, Q € Maty(C)[x], T € Maty(C);
P, O) =(Q, P), for all P, Q € Maty(C)[x];

P,P)>0 for all P € Maty(C)[x]. Moreover if (P, P) =0 then P =0.

(
LI
e (
LI

Given a weight matrix W one constructs a sequence of matrix-valued orthogonal
polynomials, which is a sequence {Ry},-0, where R, is a polynomial of degree n with
nonsingular leading coefficient and (R, Ry,) =0, if n# m.

It is worth noting that there exists a unique sequence of monic orthogonal poly-
nomials {P,},>0 in Maty(C)[x]. Any other sequence of {R,},-¢ of orthogonal polynomials
in Maty(C)[x] is of the form R,(x) = A, P,(x) for some A, € GLy(C).
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By following a well-known argument, see, for instance [26, 27], one shows that

the monic orthogonal polynomials { Py}, > ¢ satisfy a three-term recurrence relation
XPp(X) = Ppi1(X) + BpPp(x) + CpnPn1(x), n=0,

where P_; =0 and B, C, are matrices depending on n and not on x.

There is a notion of similarity between two weight matrices that was pointed out
in [8]. The weights W and W are said to be similar if there exists a nonsingular matrix
M, which does not depend on x, such that W(x) = MW(x)M* for all x € (a, b).

Proposition 6.1. Let {R,1}n-0 be a sequence of orthogonal polynomials with respect
to W and M € GLy(C). Then the sequence {R,2(x) = Ry,1(X) M '},=0 is orthogonal with
respect to W= MWM*. Moreover, if {P,,} is the sequence of monic orthogonal polyno-
mials orthogonal with respect to W then {P,, »(x) = M P, (x) M~} is the sequence of monic

orthogonal polynomials with respect to W. O
Proof. It follows directly by observing that
J Ry 2(X) W(X) Ry 2(%)* dx = J Ro1 (X) M W(x)(M )" Ry 1 (%) dx
- J Rui(X)W(X) Ry 1 (x)*dx=0, ifn#tm.

The second statement follows by looking at the leading coefficient of P, ; and the unicity

of the sequence of monic orthogonal polynomials with respect to W. |

A weight matrix W reduces to a smaller size if there exists a matrix M such that

mx 0

W) =M (
0 W (x)

) M* for all xe(a,b),

where W, and W, are matrix weights of smaller size. In this case, the monic polynomials

{Pp}n=0 with respect to the weight W are given by

(Pn,1<x> 0 ) .
Pux)=M M, n>o0,
0 Py 2(x)
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where {P,1}n=0 and {P,2}n-0 are the monic orthogonal polynomials with respect to W,

and W, respectively.

6.2 Polynomials associated to SU(2) x SU(2)

In the rest of the paper, we will be concerned with the properties of the matrix orthogo-
nal polynomials Qg. For this purpose, we find it convenient to introduce a new labeling
in the rows and columns of the weight V. More precisely, for any ¢ %Z, let W be the
(2¢ 4+ 1) x (2¢ + 1) matrix given by

V1-—x? W(X)nm = V(Garccos x)—t4n—t+m» M me{0,1,...,2¢} (6.2)
It then follows from Theorem 5.4 that

W(X)nm—(l—x) (1+x ),(Z—i— ) (26 —m)!m

n+1 20)!
m— (n 20)m—t (20 4+ 2 — t);
x Z( D g Um0, 6.3)

if n<m and W(x)m = W(x)m.» otherwise.

We also consider the sequence of monic polynomials {Pg}4-0 given by
Pa(®nm =T Qd(Garccos x)—e+n—t+m: M ME{0,1,...,2¢), (6.4)
where 7y is the leading coefficient of the polynomial Qg(Garccosx), Which is nonsingular
by Theorem 4.8. Now we can rewrite the results on Section 5 in terms of the weight W

and the polynomials Pg.

Corollary 6.2. The sequence of matrix polynomials {P4(x)}4-0 is orthogonal with

respect to the matrix-valued inner product
1
(P, Q) =J P(x)W(x)Q(x)* dx. O
-1

Theorem 4.8 states that there is a three-term recurrence relation defining the
matrix polynomials Qg4 These polynomials are functions on the group A. We can use

(6.4) to derive a three-term recurrence relation for the polynomials Pg.
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Corollary 6.3. Forany/{ e %N, the matrix-valued orthogonal polynomials P, are defined

by the following three-term recurrence relation:
XPg(%) = Pa:1(X0) + Yy ' BaYaPa(X) + Yy ' Ca¥a1Pa1 (%), (6.5)

where the matrices Ag, By, and C4 are given in Theorem 4.8 and taking into account the

relabeling as in the beginning of this subsection. O

6.3 Symmetries of the weight and the matrix polynomials

In this section, we shall use the symmetries satisfied by the full spherical functions to
derive symmetry properties for the matrix weight W and the polynomials Py.
For any neN, let I,, be the n x nidentity matrix and let J, and F, be the following

n x nmatrices:

n—1 n—1
=) Eini1i. Fp=)» (-1)E. (6.6)
i=0 i=0

For any n x nmatrix X the transpose X' is defined by (X*);; = Xj; (reflection in the diago-
nal) and we define the reflection in the antidiagonal by (X%);; = X,,_j ;. Note that taking

transpose and taking antidiagonal transpose commute, and that
(XHe= (X' = XU = J,X .

Moreover, (XZ)%= Z9X? for arbitrary matrices X and Z. We also need to consider the
(2¢ +1) x (2¢ + 1) matrix Y defined by

1 I, J.:1 2 1
Y:—( b ”2> if ¢ = n2+ , neN,

V2 _Je+§ IH%
1 I, 0 J (6.7)
Yy=—]0 V2 0 if ¢ eN.
V2
-5 0 I

Proposition 6.4. The weight matrix W(x) satisfies the following symmetries:

i) W'= W(x) and W(x)%= W(x), for all xe[—1, 1]. Thus,
J20 1 W(X) Jop 1 = W(X),

forall xe[-1,1].
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(ll) W(—X) = F2Z+1 W(X)Fzg.H forall xe [—]., 1]

Here, Fy,.; is the (2¢ + 1) x (2¢ + 1) matrix given in (6.6). O

Proof. The symmetry properties of W in (i) follow directly from Lemma 5.1.

The proof of (ii) follows from (6.3) by using the fact that U,(—x) = (—1)"Uy(x)
for any Chebyshev polynomial of the second kind U,(x), so that W(—x),, = (—1)""™
Whm (%). |

The weight matrix W can be conjugated into a 2 x 2 block diagonal matrix. In
Corollary 5.6, we have pointed out this phenomenon for the weight V. The following

theorem translates Corollary 5.6 to the weight matrix W.

Theorem 6.5. For any £ € %N, the matrix W satisfies
- W (x 0
W) = yw vt = ¢ ) :

0 Wa(x)

where Y is a matrix given by (6.7). Moreover, if {Pg1}4-0 (resp. {Pi2}d=0) iS a sequence

of monic matrix orthogonal polynomials with respect to the weight Wj (x) (resp. Wh(x)),

then
Pa(x) = (Pd‘l(x) 0 ) d=0 6.8)
0 Pgo

is a sequence of matrix orthogonal polynomials with respect to W. There is no further

reduction. 0

The case £ =(2n+1)/2, ne N, leads to weight matrices W of even size. In this
case, W splits into two blocks of size ¢+ % In Corollary 6.6, we prove that these
two blocks are equivalent, hence the corresponding matrix orthogonal polynomials are
equivalent.

It follows from Proposition 6.4(1) that there exist (n+ 1) x (n+ 1) matrices A(x)
and B(x) such that A(x)'! = A(x) and

A(x) B(x)
W(x) = , 6.9
(X) <B(X)dt A(X)dt> ( )

forall xe[-1, 1].
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Corollary 6.6. Let¢{=(2n+1)/2, ne Z. Then

YW(X)Yt:(Wl(X) 0 )

(U 1/16.9)

where
M (x) = A(X) + B(X)Jny1, Wa(X) = Jny1 Frpt Wi (—=%) Fpy1Jnga

Here, A(x) and B(x) are the matrices described in (6.3) and (6.9). Moreover, if {Pg1}4s0 is

the sequence of monic orthogonal polynomials with respect to W;(x) then
Pa2(x) = (—1) %1 Fr1 Pa (—X) Fryr Jnin (6.10)
is the sequence of monic orthogonal polynomials with respect to W;(x). O

Proof. In this proof, we will drop the subindex in the matrices J,;; and Fy,,; and we
will use J and F instead. It is a straightforward calculation that, for (n+ 1) x (n+ 1)-
matrices 4, B, C, and D, the following holds:

v[2 B\l A+ D%+ J(C +B%) B-C¥+ (D% - A4)J
¢ D) 2\JD*-A+C—-B* D+ A% (C+BE)J)’

In particular, for the weight function W, we get

YW(X)Yt _ Y( A(x) B(x) ) vt— <A(X) + B(x)J 0 ) .

B(x)® A(x)® 0 J(A(x) — B(x)J)J
This proves that
W (x)=AX) + B(x)J, Wy(x)=J(Ax) — B(x)J)J.

It follows from Proposition 6.4 (2) that A(—x) = FA(x)F and B(—x) = FB(x)F. Therefore,

we have
JFW(—x)FJ=JFA(—x)FJ+ FJB(—x)FJ = JA(x)J — JB(x) = W, (x).

This proves the first assertion of the theorem.

The last statement follows from Proposition 6.1 |
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7 Matrix-Valued Differential Operators

In the study of matrix-valued orthogonal polynomials, an important ingredient is the
study of differential operators which have these matrix-valued orthogonal polynomials
as eigenfunctions. In this section, we discuss some of the differential operators that
have the matrix-valued orthogonal polynomials of the previous section as eigenfunc-

tions. The calculations rest on the explicit form of the weight function (6.3).

7.1 Symmetric differential operators
We consider right-hand side differential operators

S d
D:Z&lFi(x), 0= —, (7.1)
=0 dX

in such a way that the action of D on the polynomial P(x) is

PD= Z 91 (P)(x) F; (x).

i=0

In [18, Propositions 2.6 and 2.7], one can find a proof of the following proposition.

Proposition 7.1. Let W= W(x) be a weight matrix of size N and let {P,},-0 be the
sequence of monic orthogonal polynomials in Maty(C)[x]. If D is a right-hand side ordi-

nary differential operator as in (7.1) of order s such that
P,D=A,P, foralln>0,

with A, € A, then

i
F;=F(x)=) x'Fi, FleMaty(C)
Jj=0

is a polynomial of degree less than or equal to i. Moreover, D is determined by the

sequence {Ap}ns0 and

N
Ap= Z[n]iFii(D) foralln>0,
i=0

where [n; =n(n—1)---(n—i+ 1), [no=1. O
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We consider the following algebra of right-hand side differential operators with
coefficients in Maty (C)[x].

D= D:ZBiFi : F; e Maty(C)[x], deg F; <i; .

13

Given any sequence of matrix-valued orthogonal polynomials {R,},-0 with respect to W,

we define
D(W)={D €D : R,D=1I%(D)R,, I,(D)eMaty(C), for all n> 0}.

We observe that the definition of D(W) does not depend on the sequence of orthogonal

polynomials {Ry}ns0.

Remark 7.1. The mapping D+ I,(D) is a representation of D(W) in CV for each n> 0.
Moreover, the family of representations {/3}n-0 separates the points of D(W). Note that
D(W) is an algebra. O

Definition 7.2. A differential operator D €D is said to be symmetric if (PD, Q)=
(P, QD) for all P, Q € Maty(C)[x]. O

Proposition 7.3 ([18]). If D € D is symmetric, then D € D(W). O

The main theorem in [18] says that, for any D € D, there exists a unique dif-
ferential operator D* € D(W), the adjoint of D, such that (PD, Q)= (P, QD*) for all
P, Q e Maty(C)[x]. The map D+ D* is a x-operation in the algebra D(W) . Moreover,
we have D(W) =S(W) & iS(W), where S(W) denotes the set of all symmetric operators.
Therefore it suffices, in order to determine all the algebra D(W), to determine the space
of symmetric operators S(W).

The condition of symmetry in Definition 7.2 can be translated into a set of differ-
ential equations involving the weight W and the coefficients of the differential operator

D. For differential operators of order 2 this was proved in [7, Theorem 3.1].

Theorem 7.4. Let W(x) be a weight matrix supported on (a, b). Let D € D be the differ-
ential operator
D =0*Fy(x) + 0Fy(x) + FY,
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Then D is symmetric with respect to W if and only if

FyW=WEF,, (7.2)
2(F, W) = WF; + F, W, (7.3)
(F, W) — (F\W)' + FoW = WFy, (7.4)
with the boundary conditions
limb Fy(x)W(x) =0, limb(Fz (X)W(x)) — F1(x)W(x) =0. (7.5)
X—a, X—a,
O

7.2 Matrix-valued differential operators for the polynomials P,

As in the previous section, we will denote by {P,}, > o the sequence of monic orthogonal

polynomials with respect to the weight matrix W. We can write the weight as W(x) =

p(x)Z(x), where p(x)=(1 — X)%(l —i—X)% and Z(x) is the (2¢ + 1) x (2¢ + 1) matrix whose

(n, m)-entry is given by

(2¢+ 1) (2¢ — m)!m! i et (=20t (2042 — 1),
n+1 (2¢)! M+ 2)m—¢ t!

Z(X)n,m = Un+m72t' (76)

t=0

m
= Z c(n, m, t)Upim-2:(X),
=0

if m<nand Z(X)nm = Z(X)m.n, otherwise.
Once we have an explicit expression for the weight matrix W, we can use the
symmetry equations in Theorem 7.4 to find symmetric differential operators. If we start

with a generic second-order differential operator

2 i
D=) 9Fi(x). F(x)=Y x/Fi. FleMaty(C)
i=0 j=0

then Equations (7.2)—(7.4) lead to linear equations in the coefficients F]’ It is easy to
solve these equations for small values of N using any software tool such as Maple.
We have used the general expressions for small values of N to make an ansatz for the

expressions of a first-order and a second-order differential operator. Then we prove that
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these operators are symmetric for all N by showing that they satisfy the conditions in
Theorem 7.4.

In the following theorem, we show the matrix polynomials P, satisfy a matrix-
valued first-order differential equation. This phenomenon, which does not appear in the

scalar case, has recently been studied in the literature, see, for instance [3, 4].

Theorem 7.5. Let E be the first-order matrix-valued differential operator

E= (i) Ay (%) + Ao,
dx

where the matrices A;(x) and Ay are given by

2¢ 2¢

20— -1 e
A (x) = Z < 20 ) Eij1— ZX(T) E;; — Z (2—£> Ei; 1,

i=0 1=0

20+2)@—2¢)
A=)y T Eus.

Then E is symmetric with respect to the weight W; hence, E € D(W). Moreover, for every
integer n>0,
Pp(X)E = Ap(E) Pp(x),

where

2¢ . .
_ n—1i  (2+2)@-20\
An(E) = ; (— —+ X ) E.. _

Proof. The proof of the theorem is performed by showing that the differential operator
E is symmetric with respect to the weight W. It follows from Theorem 7.4, with F, =0,

that E is symmetric if and only if
W(x) A1 (x)" + A1 (x) W(x) =0, (7.7)

— (A W(x)) + AW(x) = W(x) Aj, (7.8)

with the boundary condition
lilill A (x)W(x) =0. (7.9)

The second statement will then follow from Propositions 7.1 and 7.3.
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The verification of (7.7) and (7.8) involves elaborate computations, see

Appendix 2. |

Theorem 7.6. Let D be the second-order matrix-valued differential operator

D=(1-x% d + d Bi(x)+ B
= @ & 1(X 0,

where the matrices B; (x) and By are given by

2¢ 2¢

40+ 3)1—2¢ 204+3)(@ —2¢ 3i
Bl =-) %Ei,iﬂ + ZX%EM -3 <—L) Eij,
i=0 i=0 i=0

20 . .
—20)(@{f — 20> —-50—-3
Bpm— 3 (2206 )

1 i,i-

1=0

Then D is symmetric with respect to the weight W(x); hence, D € D(W). Moreover, for

every integer n> 0,

Py(x)D = Ap(D) Pp(x),

where

2¢

Ap(D) = Z (—n(n— +n

i=0

(20 +3)@—20) (i —20)(if — 20> — 5L — 3)) .
¢ [ bt

Proof. The proof of the theorem is similar to that of Theorem 7.5, see Appendix2. H

Corollary 7.7. The differential operators D and E commute. O

Proof. To seethat D and E commute it is enough to verify that the corresponding eigen-

values commute. The eigenvalues commute because they are diagonal matrices. [ |

As we pointed out in Theorem 6.5, for any ¢ € N the matrix weight W and the

polynomials P, are (2¢ + 1) x (2¢ + 1) matrices that can be conjugated into 2 x 2 block
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matrices. More precisely,

YW(x) Yt — Wi (x) 0 YP,(x) — Pp1(x) 0
0 W (x) 0 Ppa(x)

where Y is the orthogonal matrix introduced in (6.7) and W, W, are the square matri-

ces described in Corollary 6.6. Here {P,1}n-0 and {P,2}n-0 are the sequences of monic

orthogonal polynomials with respect to the weights W; and W, respectively.

Proposition 7.8. Suppose ¢ =(2n+ 1)/2, for some integer n, then E splits in (n+ 1) x
(n+ 1) blocks in the following way:

- 4+ 1)I E
VEYV — F— <(+)n+1 1 )

E, -+ 1)
where
d - -
E; = (d—> A1 (%) + Ao,
X

d ~ -
E;= (&) Fri1Jni1 AL(—=X) Jnp1 Frl + FrrrJdne1 Aodnr Fog

Here, F, 1, Jyy1 are the matrices introduced in (6.6). The matrices 4; and Ay are given by

; i) = (¢ — 1) : (2¢+1)
A == Binin XY = Fini+ ) o L — Bnnet,
1=0 1=0 i=1
"+ 1)(6 —1)
Z El,n7i~ O
i=0
Proof. The proposition follows by a straightforward computation. |

Proposition 7.9. Suppose £ € N, then we have

A (%) Ay(x)
- d 0] -+ 1I
YEV' =F=(— e+ |+ e Vot ,

FA(0F, v2 O F A x)F, v, —{+DI
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where A; and Aj are n x nmatrices given by

-2 . -1 . -1 .
i (2t -1 () i
A== Eipint+xy. Eiei+ ) —-Eit-it1,
g P it 2¢
— €+ D —i)
A=) —  Eii,

“
Il
=}

and the vectors vy, v, v; € Cf are

Moo> ,,F(_M,o,...,o). 0

—(0.0,....0), v =
vo = ( ). v ( 40 400+ 1)

Proof. The proposition follows by a straightforward computation. |

Let us assume that ¢ =(2n+ 1)/2 for some ne N so that the weight W and the

polynomials P, are matrices of even dimension. Proposition 7.8 says that
Pyx)E=YA,Y'Py(x), n>0. (7.10)

A simple computation shows that

. 0  Ans
YATLY = _(Z + 1)12n+2 + ,
Ays O
where A, isa (n+ 1) x (n+ 1) matrix (depending on n) and
An,z = Fn+1Jn+1ArL1Jn+1Fn+1'

It follows from (7.10) that the following matrix equation is satisfied

(—(€+1)Pn1(X) Po1(0E )_(—(ZJrl)Pn,l(X) An,an.z<x))

Pr2(X)E; @+ DPu2(®)  \ An2Puai(®  —C+ D P

Therefore, the polynomials P,; and P, satisfy the following differential equations

Pn,lEl _AnIPn,2:01 (7.11)

Py2E; — Ap2Pp1 =0. (7.12)
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Finally, it follows from (7.11), (7.12), and (6.10) that, for every n> 0, the polynomial P,

is a solution of the following second-order matrix-valued differential equation

Py E1Ey — Ay ApoPp1 =0.

We can also obtain a second order differential equation for Py ;.

8 Examples

The purpose of this section is to study the properties of the monic orthogonal polynomi-
113
9 2 b b 2 9
these polynomials are solutions of certain matrix-valued differential equations. We will

als { P}, > o presented in Section 6 for small dimension. For £ =0 2, we show that

show that the polynomials can be defined by means of Rodrigues’ formulas and we will

give explicit expressions for the three-term recurrence relations.

8.1 The case £ =0; the scalar weight

In this case, the polynomials {P,}, - o are scalar-valued. The weight W reduces to the

real function

Wx=~0-x2(1+x2, xel-1,1]

Therefore, the polynomials P, are a multiple of the Chebyshev polynomials of the second
kind: P,(x) =2 "U,(x), n€ N.

8.2 The case £ = % ; weight of dimension 2

In this case, the polynomials {P,}, > ¢ are 2 x 2 matrices. The weight W is given by
1 1 2 2x
Wx)=(1-x72(1+x)? , xel[-1,1].
2x 2

It is a straightforward computation that

1-x:(1+x):? 0 1 (1 1
YW(x)Y =2 . Y=— .
0 < 0 (1—x)3(1+x)é> ﬁ(—1 1)
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Observe that W (x)=(1 —X)%(l +X)% and Mr(x)=(1 —X)%(l +X)% are Jacobi weights

and therefore we have

_ 2"i(n+ 2)!

Py, 39 2'nl(n+2)! .1
1=

( -

where {P,&“’ﬂ)}nzo are the classical Jacobi polynomials

8.2.1 Differential equations

By Theorem 7.5, we have

d (—X 1) (—3 0) (—n——3 o)
—— Pyp(x) + Pp(x) = Py(x).
dx -1 x 0 O 0 n

We can conjugate the differential operator E by the matrix Y to obtain

. . [ d 0 1+4+x\ 3(-1 1
E=YEY =|— + - .
dx x—1 0 2 1 —1
The monic polynomials

B =vPovi=[Tm® 0 ) N
0 Py 2(x)

satisfy

~ ~ ~ o~ ~ — § n + §
P (x)E = A P, (x) where Ap(x) = 2 . 32 )
nt; —2

Now the fact that P,(x) is an eigenfunction of E is equivalent to the following relations

between Jacobi polynomials:

d 13 3 (1 31
(1+x)—P22(x) + =Py (x) — (TH— —) Pp?? (%) =0,
dx 2

3
é.

d ) 3 3.h :
(1 —=%x)——Py (X)) + P (x) — | n+ o ) Py’
dx 2

N
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8.3 Case £ =1; weight of dimension 3

Here, we consider the simplest example of nontrivial matrix orthogonal polynomials for

the weight W. The weight matrix W of size 3 x 3 is obtained by setting £ = 1. We have

1 . 3 3x 4x* -1
Wx=(01-x2(1+x)2 3x  x2+42 3x . (8.1)
4x2 -1  3x 3

We know from Theorem 6.5 that the weight W(x) splits into a block of size 2 x 2 and

a block of size 1 x 1, namely

 (wm@ 0 ; 1 4x>+2 342x 0
YW(x)Y = =1-x214+x2| 3J2x x*2+2 0
0 Wy (x)
0 0 4(1 — x?)

From Theorem 6.5 the monic orthogonal polynomials P,(x) with respect to W(x)

ﬁn:(Pm(x) 0 )
0 P 2(x)

where {P, 2}, > 0 are the monic polynomials with respect to Wj(x) and {P, 2}, > o are the

reduce to

monic polynomials with respect to the weight W;(x).

Remark 8.1. The weight W, is a multiple of the Jacobi weight (1 — x)%(1 + x)? corre-
sponding to « = % and g = % The monic polynomials {Py2}n-0 are then a multiple of the
Gegenbauer polynomials

2"nl(n+3)! 3.3

Ppa(x) = ml’n (x). O

8.3.1 The first-order differential operator

By Theorem 7.5, we have that the monic polynomials P, are eigenfunctions of the differ-

ential operator E. More precisely, the following equation holds:

-x 1 0 -4 0 0 -n—-4 0 0
1 1
d_ n(X) _E 0 E +Pyux)| O -2 0= 0 -2 0| Pu(x).
0 -1 x 0 0 O 0 0 n
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Now, we can conjugate the differential operator E by the matrix Y to obtain a differential
operator E =Y E Y. The fact that the polynomials P, are eigenfunctions of E says that

the polynomials P, are eigenfunctions of E. In other words,

0 0 X 2 0 2 2 0 n+2
d - V2 ~ _ -
wh®lo o e +P]l 0 -2 ol=| o -2 o |PW.
x -2 0 2 0o -2 n+2 0 -2

We can now rewrite the equation above in terms of the polynomials P,; and P, 5.

d X 2 n+ 2
d_XPn,l(X) \/_E + Pp1(X) 0 = Pp2(x) 0 s
2

%{ w2 () (x —v2)+ Pu2 (2 0)=(n+2 0)Pu.

Since P, is a Gegenbauer polynomial, we see that the elements of the first row of P,

can be written explicitly in terms of Gegenbauer polynomials.

8.3.2 Second-order differential operators

In this section, we describe a set of linearly independent differential operators that have

the polynomials P, ; as eigenfunctions.
Proposition 8.1. The matrix orthogonal polynomials {P,;},-0 satisfy
Pn.leZAn(Dj)Pn,h j=172735 nZO,

where the differential operators D; are
d? d 5x —24/2 1 0
Di=-D(Z )+ (2
= )(dX2>+<dX) (—«/5 5x >+(o 0)’
(N[ X —ﬁXer 5x —3v2) (4 0
2=\ ) | v2x _1 dx/\v/2 o0 0 o/’
2

p-(52) (2% ) @) (07 )+ (o)
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and the eigenvalues A; are given by

2
AADDZ(mn+®+J 0 >, AﬂDﬁ:<m+2) ?,
0 n(n+ 4) 0 0
An(D3)=< 0 4n+ 1)(n+ 2))_
(n+3)(n+2) 0

Moreover, the differential operators D;, Dy, and D3 satisfy

D1Dy; =D3D:, D1D3# D3D;, D3D3+# D3Ds. U

Proof. The proposition follows by proving that the differential operators D;, where
Jj=1,2,3, are symmetric with respect to the weight matrix ";. This is accomplished by
a straightforward computation, showing that the differential equations (7.2)-(7.4) and
the boundary conditions (7.5) are satisfied. As a consequence of Remark 7.1, the commu-
tativity properties of the differential operators follow by observing the commutativity

of the corresponding eigenvalues. |

8.3.3 Rodrigues’ Formula

Proposition 8.2. The matrix orthogonal polynomials {P,;(x)},-0 satisfy the Rodrigues’

formula
n)
2n V2nx
1 4x2+2 342
Pai(®) =0y | (1— x5z +2 342 ntz o nt2 W), (8.2)
3/2x X2 +2 V2nx n
n+1 n+1

where
_ (=D)"272"2(n+ 2)(n+ 3)/7

@2n+3)I(n+3)

Cn O
Proof. The proposition can be proved in a similar way to [9, Theorem 3.1]. We include a
sketch of the proof for the sake of completeness. First of all, we recall that the classical
Jacobi polynomials PP (x) satisfy the Rodrigues’ formula

(—1)

P (x) = (1= 07 (L4 071 = 0" 40/,
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Let R(x) and Y, be the matrix polynomials of degree 2 and 1

2n n2x
4x2 +2 342x n+2 n+2
R(x) = , Y(x) = ,
3V2x x2+2 V2nx n
n+1 n+1

so that the (8.2) can be rewritten as
1
Pp1(x) = cil(1 — x*)27(R(x) + Yu()I P W, (x).

Then by applying the Leibniz rule on the right-hand side of (8.2), it is not difficult to
prove that

Ppi(0) =Guin(n— DI — 201+ 30" 2(1 - %" (1 + 2 :R' (DR
+enl(1— x)2 (1 + %2 D1 = x) 72 (1 + %) 2 (R(X) + Y (0))R(x)"

+ 6l =071+ 22O 1 - 0721+ 2072 (I + V() R®) ).
Now by applying the Rodrigues’ formula for the Jacobi polynomials we obtain

Po1 (%) = 2" ml(—1)"G[ P 2 (0 (I + V(0 R()™)

.3

— 21 =x)(1+x)P,2" (0)(Y3(x) + R(0))R(x) ™"

5
2

+11 - 020 +0?P 5 R (0 Rx) . (8.3)

Now with a careful computation, we can show that the expression above is a matrix
polynomial of degree n with nonsingular leading term. Using integration by parts it is
easy to show the orthogonality of P,; and x™, m=0,1,...,n— 1, with respect to the
weight 1. [ |

8.3.4 Three-term recurrence relations

In Corollary 6.3, we show that the matrix polynomials P,(x) of any size satisfy a three
term recurrence relation. The recurrence relation for the polynomials P,; can then be
obtained by conjugating the recurrence relation for P,(x) by the matrix Y. The recurrence

coefficients (4.8) are given in terms of Clebsch-Gordan coefficients and are difficult to
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manipulate. For £ = 1, we can use the Rodrigues’ formula (8.2) to derive explicit formulas
for the three-term recurrence relation for the polynomials Py ;.
First we need to compute the norm of P,;(x). The Rodrigues’ formula (8.2) and

integration by parts lead to

(n+3)
(n+1)

0

(n+ 3)2
4(n+1)2

I Pa||? =272"

If {Pnilns0 is a sequence of orthonormal polynomials with respect to W; with leading
coefficients £2,, then it follows directly from the orthogonality relations for the monic

polynomials that || P,;|? = £2,1(£2})~!. The orthonormal polynomials P,; with leading

22n+1(n+ 1) O
Q= T(n+3)

0 2n+2(n+ 1)
JT(n+3)

coefficient

satisfy the three-term recurrence relation
XPr(x) = Any1Pnt1(X) + BpPn(x) + Ay Pn1(x),
where A, = 2, 1£2,! and
B = 2ylcoef. of x* ! in P, — coef. of x™in Py 4102, "

The coefficient of x™! in P,; can be obtained from (8.3). Now a careful computation
shows that

l n(n+ 3) 0
A,=| 2V (n+Dn+2)
n 0 n(n+ 3) ’
2(n+1H(n+2)
. V2
B.— Vin+Dn+3)(n+2)

J(n+1)(n+3)(n+ 2)
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Therefore, the monic polynomials P,; satisfy the three-term recurrence relation

XPp1(X) = Poy1.1(%) 4+ BpPp1(x) + CnPp1.1(),

where
242 n(n+ 3)
0 _ e —— 0
B,= (n+2)(n+3) ¢. = | 4n+1Dn+2) , )
2(n+1)(n+ 2) 4(n+1)2(n+2)?
8.4 Casel= %; weight of dimension 4
The weight matrix W of size 4 x 4 is obtained by setting ¢ = 3.
4 4x 2(ax* -1 4x(2x*-1)
1 4 2(4x*4+5) Ix2x*+7) 2@4x*-1
(4x*—1) $x(2x*4+7) 5(4x*+5) 4x
4x(2x* —1) 54x*-1) 4x 4

We know from Corollary 6.5 that the weight W(x) splits in two blocks of size 2 x 2,

namely
W(x) = YW(x)Y' = (Wl(X) 0 ) ’
0 s (x)
where
— 1 _
Wi (x) =41 —x"*(1+x°%? ZX;Z 2x+1 3(4x—1) ’
3@x—1)  §2x*+2x+5)

and

1 0 0 1
Wy (%) = HhFoWi(—x)FyJy, wWhere Fp = <O 1) and J, = (1 0) .

It follows from Corollary 6.6 that the monic orthogonal polynomials P,, with respect to
the weight W, are completely determined by the the monic orthogonal polynomials P,
with respect to P, 2(x) = J,F2 Py 1(—X)FaJz. Therefore, we only need to study the polyno-

mials Py ;.
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8.4.1 Differential operators

In this section, we describe a set of linearly independent differential operators that have

the polynomials P, ; as eigenfunctions.
Proposition 8.3. The matrix orthogonal polynomials { P, ;},-0 satisfy
Po1Dj=An(Dj)Pp1, j=1,2,3, n>0,

where the differential operators D; are
d? d 6x -3 2 0
D= -1 |55 )+ (5= + :
dx dx) \-1 6x-2 0 0

o) (55 3 ) e
DF(@ x 1T 73 *(dx)
2 4

O N ©
J’_
RS
o o
o O
S~—

3

4 2
d? —3x+3 9x%>—-9x 36x— 18 0 18

D3=\ -7 + ;
dx *+x—2 3x—3 8x+ 4 -3 12 0

and the eigenvalues A; are given by

An(D1)=<n(n+5)+2 0 ) An(Dz):<(n+3)(n+2) O>’
0 n(n+ 5) 0 0
An(D3)=< 0 I(n+2)(n+ 1>).
(n+4)(n+3) 0

Moreover, the differential operators D;, Dy, and D3 satisfy
DDy =D3D,, DiD3# D3D,, D;D3# D3D>. 0

8.4.2 Rodrigues’ formula

The monic orthogonal polynomials {P,;(x)},-0 satisfy the Rodrigues’ formula

Py (1) = Gil(1 — 0271 + 2 27(RG) + @)™ W (),
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where
277 2(—1)M(n+3)(n+4) /7

" rn+3%)

’

and

2x? —2x+1 l(4x—1)
Rx=| ; ;8 :
Z(4x—1) Z(2x*+2x+5)
3 9
o " ox+1
n+3 3t Xt
Yo(x) = n n
—(1-2x S
3(n+1) 3(n+1)

8.4.3 Three-term recurrence relations

The orthonormal polynomials Py, ;(x) = || Py |~} Py1, with leading coefficient

22n+1(n+ 1) 0
0 — T(n+4)

" 0 9+ 1)y/227 (n+ 2)
ST+ 3)(n+4)

satisfy the three-term recurrence relation

XPp(X) = Ant1Pni1(X) + ByPn(%) + A3 Pn1(X),

where

l nn—+4) 0
a— |2V @+ Dm+3)
n 0 nn+ 4) ’
2(n+2)/(n+1)(n+3)
0 3
2/(n+1(n+2)(n+3)(n+4)
Bn= 3 2
2/(n+1(n+2)(n+3)(n+4) n+2)(n+3)

Therefore, the monic polynomials P, ;(x) satisfy the three-term recurrence relation

XPy1=Pyi11 + BuPr1 + CuPyi1,
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where
0 9
5 2(n+3)(n+4)
n— 1 2 )
2(n+ H(n+2) (n+2)(n+3)
nn+4) 0
5 _ | 4n+1)(n+3)
Cn— 0 n2(n+ 4)2

4(n+ 1(n+ 2)2(n+ 3)

8.5 Case { =2; weight of dimension 5

In this section, we consider the 2 x 2 irreducible block in the case ¢ = 2, where the matrix
weight W is of dimension 5. This case completes the list of all irreducible 2 x 2 blocks
obtained by conjugating the weight W by the matrix Y.

The 2 x 2 block is given by

W (x)=(1—x)°(1+x)° .

10x 16x2+4

As before, we denote by {P,;}, the sequence of monic orthogonal polynomials with

respect to M.

8.5.1 Differential operators

In this section, we describe a set of linearly independent differential operators that have

the polynomials P, ; as eigenfunctions.
Proposition 8.4. The matrix orthogonal polynomials {P,;}n-0 satisfy
Pp1Dj= An(Dj)Pp1, j=1,2,3, n>0,

where the differential operators D; are

4z a\ [7x -1 3 0
Dl:(xz_l)<@>+<d_X> 2 7x) o o)
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d? x? —lX d 7x -3 5 0
(@) (5 3@ )0
dx 2% —1 dx/\2 o0 00

3 x> 1 1 5 5
d2 S d\ [-> =x 0o >

Dy = 8 1 16 . 4| + I« 4 8 + 4,
dx ®- —2x x) \ax —1 2 0

and the eigenvalues A; are given by

Ay(Dy) = (n(n+ 6)—3 0 )  ADy) = <(n+ 1)(n+ 5) 0) 7

0 n(n+ 6) 0 0
1
(D) — ( 0 Ln+5)(n+ 4)) '
(n+2)(n+1) 0

Moreover, the differential operators D;, Dy, and D3 satisfy

DDy =D;D,, D1D3# D3D;, D;D3# D3D5.
8.5.2 Rodrigues’ Formula
The monic orthogonal polynomials {P,;(x)},-0 satisfy the Rodrigues’ formula

Pt (0 = Gal(1 — 0371 + 02 (RG) + LGP W (0,

where

(=D *(n+3)(n+4)(n+5)J/7
N @2n+5) I (1n+3)

n )

and

3n bnx
X2 +4 10x _n+ 1 _n+ 1
R(x) = , Yu(x) =
10x 16x*+4 6nx 12n

n+4 n+4
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8.5.3 Three-term recurrence relations

The orthonormal polynomials P, ;(x) = || Pn1]~! P,1 with leading coefficient

g2nt2 Y n+2)(n+1)

O = Jr(n+4)(n+ 5)
n 0 2n*/2(”+ 1)

VT (n+5)

satisfy the three term recurrence relation

XPp(%) = Anp1Pri1(X) + BpPp(x) + A—T{Pn—l (x),

where

n(n+5) 0
A — 2/n+1D(n+2)(n+3)(n+4)
n 0 J/n(n+5) ’
Jn+1)(n+4)
0 2
B,— ) Jm+1D(n+2)(n+4)(n+5)
0

Vn+1)(n+2)(n+4)(n+5)

Therefore, the monic polynomials P, ;(x) satisfy the three-term recurrence relation

XPy1 = Pni11 4 BuPp1 + CnPr11,

where

1
0 -
B 2(n+1)(n+2)
n— 8 ’
_ 0
(n+4)(n+5)
n?(n+ 5)2 0
G — | 2+ DH(n+2)(n+3)(n+4)
" 0 n(n+ 5)

4(n+1)(n+4)

5719
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Appendix 1. Transformation Formulas

The goal of this appendix it to prove Theorem 5.4. We use the standard notation for the
Pochhammer symbols and the hypergeometric series from [1]. In the manipulations, we

only need the Chu-Vandermonde summation formula [1, Corollary 2.2.3] which reads

2F (—n, a; 1) = €= (A1)

(©n

and Sheppard'’s transformation formula for 3F,'s [1, Corollary 3.3.4] written as

n

Y e+ Bni(d+ Rni

k=0

(=M)r(@)n(D)n
k!

(—mr(@ra+b—n—d—e+ 1)

k! (A.2)

=) (d—@)n ke — Dni

k=0

Proposition A.1. Let £ € jNand p,qe€ 3Z such that |p|,|g|<¢, ¢ —p.t —q€Z,q—p=<0
and g+ p<0.Letse{0,..., ¢+ q} and define

l+qg—s
£+ {+
e(p.g)= ) ( np)<n+Z)

n=0

t—p—s (L—p\ (l—q
Z (m+s)(m) (A3)

( 2¢ )2 ’
m=0 m+n+s
Then we have

¢(p.g= 2LFD -+ eiﬂ(—l)“q” (P=Derqr(2+20 =T
T=0

~¢+p+l @ (E+ D+ 2)i1qrT!
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Proof. First we reverse the inner summation using M=¢ — p—s — m to get

t+q—s t—p—s ({=p t—q
es(p7 q): Z (ﬁ—l—p) <£+q> Z (M)(prfos)' (A5)

2
n=0 n nts) umo (Z—pil;ll-k—
We rewrite the inner summation:
%H i) (=g ¥t t D) ( 2¢ )‘1
20 2 s S\p_
e’ (prfMJr 20)! {—p+n

& (—t+ p+sul+p—n+ 1y
x )

M(—+p—ny

B(M), (A.6)

M=0

where BAM) = —p— M+ 1)p(p—q+ M+ 5+ 1)p1g-s—n is a polynomial in M of degree
¢+ q — s that depends on ¢, p,q,n, and s. The polynomial B(M) has an expansion in
(=D (=M),,

t+q

B(M) =Y A (=1)'(~=M),. (A.7)

t=0

The coefficients A; = A;(¢, p, g, n, s) can be found by repeated application of the differ-
ence operator Ay f= f(M+ 1) — f(M). Let A}, be its ith power. We have

At
- B = A, (A.8)
th m—o
In other words,
t+q At
B(M) = Z A (1Y (—M); with 4, = t—j” B. (A.9)
t=0 *IM=0

We calculate (A.6) by substituting (A.7) in it. Interchanging summations, the inner sum

can be evaluated using (A.1) (after shifting the summation parameter). We get

“fs (o) pins) _ C=D sy ( 20 )1
— (Zipgfm 2 (20)! {—p+n

(A.10)

8 i At(—ZE —Dy—ps—it(—+p+s)(l+p—n+ l)t'
(_6 + p— Tl)@,p,s
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Substituting (A.10) and (A.8) in (A.5) and simplifying gives

_ =i+ D! e
e(p.q) = ot (D TPt Pt s
l+q—s At
X D €+ p+ (=20 = Depsi(—L+ P+ —H  (P—q+S+ M+ Diggs
t=0 * IM=0

t+q—s
<y (=g =St =Pt —p— M+ D)n

(=l —p—tpn(—f —p— My

(A.11)

n=0

The inner sum over nis a 3F,-series, which can be transformed using (A.2). Note that the
t-order difference operator can now be evaluated yielding only one nonzero term in the

sum over n. This gives

S T S Gl L (R “ijs(_l)_s_t(—z + Dot +£—q+5+Derg st
S t+p+1 (20)! pars U+ p+2):(L+qg—s—1)!
(A.12)
Reversing the order of summation using T=¢ + q — s — t yields
¢ (p.q) = 2t+1) (L—'L+q)! ei_s(—l)”q” (P—O¢iq-1(2+20 —T)r (A.13)
s ¢+p+1) (20! = 4+ p+2)4qrT! '
as was to be shown. [ |

Proof of Theorem 5.4. We already argued that there is an expansion in Chebyshev
polynomials (5.8). From (5.11) it follows that there are coefficients d(p, q) such that

ptq
5

vpelcosty=" Y di(pge . (A.14)

r=—(l+259)
The coefficients d'(p, q) and c’(p, q) are related by

t+q—(r+437)

dpd= Y 9. (A.15)

n=0
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Letq— p=<0,q+ p<0andr> £ and substitute r(s) =s + 252 in (5.11). Comparing this
to (A.14) shows

l+q—s t—p—s (L—p\(l—q
=3 <e+p)<e+q> 3 (n-ts) Cor') A16)

2
n=0 n nts m=0 (mffl—ks)

fors=0,..., ¢+ q. Now, we use Proposition A.1 to show that d’(p, q) equals

t+q—(r+%52)
26+1) (-t +q)! qz (C1ytan P Osgn(@+20 =), A1)
(t+p+1) (20)! e (+ p+2)pgnnt
forr=24,. . . ¢+ 2. Tt follows that
20+1 (- ! -/ _ 20+2—1n),
c'(p, q) = +1 —@!l+q! (P—Orgn (_1)g+q_n( +2-Mn (A.18)
t+p+1 (20! (l+p+2)1q-n nl
This proves the theorem. n

We can reformulate Proposition A.1 in terms of hypergeometric series.

Corollary A.2. For NeN, a,b,ceN sothat 0<a<N, 0<b<N, and additionally a <b,
N<a+band 0<c<N — b, we have

c (=Om B+ 1) (b+ Dy —b,N—a—b—c,N—b—m+1,N—b—m+1.1

mZO(N_a_C+1)mm!(b_N)m4 ’ N—-b—c+1,-b—m,-b—m ’

__ (D) g O GO W 2o m -
(Nfafc) (Nfbfc) n=0 (N —a+ Z)N—b—n n!

The 4F3-series in the summand is not balanced. Note that the case s=0 leads
to single sums, and the 4F3 boils down to a terminating ,F; which can be summed by
the Chu-Vandermonde sum, so Corollary A.2 can be viewed as an extension of Chu-—
Vandermonde sum (A.1).

The coefficients df (p, g) of (5.11) with |r| < 24 are independent of r. Corollary 5.3

in case £ =¥{; + {3 =m; + m, can be stated as follows.
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Corollary A.3. For NeN, a,b,ceN so that 0<a<N, 0<b<N, b<a, a+b<N, and

0<c<N —a-—b, we have

(L (29 2”: (=B (c+a— Ny (@+c+ Dy(@+c+ 1),
(IJ\FT)Z “~  nl(c+Dp(@at+c—Nn@+c— Ny,

7 —a,—-a—c¢,N—a—-c—n+1,N—a—-c—n+1 ]
X 4l'3 )
N-a-b-c+1l,—-a—c—n—-a—c—n

N+1 (N)‘l i () m (N=b+m—+2)p_p (=17

“N_a+1\b — (N —a+2)m(b—m)!

In particular, the left-hand side is independent of ¢ in the range stated. O

Different proofs of Corollaries A.2, A.3 using transformation and summation for-

mulas for hypergeometric series have been communicated to us by Mizan Rahman.

Appendix 2. Proof of the Symmetry for Differential Operators

Proof of Theorem 7.5. In terms of p(x) and Z(x), the Equations (7.7) and (7.8) are

given by
0=Z(x)A(x)" + A1 (x)Z(x), (A.19)
0=—A,(x)Z(x) — i((’;)) A(Z(x) — A(X)Z' (%) + A Z (%) — Z (%) Ag. (A.20)

As a consequence of the properties of symmetry of the weight W, it suffices to verify the
conditions above for all the (n, m)-entries with m < n. Here, we assume that m < n. The

case m = ncan be done similarly. The first Equation (A.19) holds true if and only if

Znm-181(mm-1+ ZnmA1Omm + Znmi1 A1 Ommi1 + Zn-1,m A1 (Dnn-1
+ meAl (X)n,n + Zn+1,mA1 (X)n,nJrl =0
for all m < n. In order to prove the expression above we replace the coefficients of A; and
Z in the left-hand side and we obtain
m—1 m

m {—m
— =Y e m =1, )Unim 2 1(X) — —— Y &, M, 1) X Upym2:(X)
2¢ P ¢ pars
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2Z_rnm+l n m
ccnnm+1,0)Upim— X) — — cn—1,m,)Upim_2t-1(X
57 ; M m+ 1, DUnsm—2041 () 26; ( VUnm-—2t-1(X)
—ng 20 — n &
- ;C(”’ M. 1) X Unem-2e(0) + = §C(n+l,m, OUnim-2641 ().

By using the recurrence relation xUy(x) = $Ur_1(x) + 3Ur1(x), we obtain

3

- m n 20 —n—m
——cmnmm-1,t)— —cn—1,m,t) — —  cn,m, t) | Uprm—2t—1(X
t=0|: 2 ( ) 27 ( ) 27 ( )] nim—2t—1(X)
m
20 —m 20 —n 20 —n—m
cnnm+1,¢t cn+1,m,t)— ——cnm,t) | Uprm—
X;:0|: 2 ( +1,%) + 27 (n+ ) 2 ( ):| nrm—2t4+1(X)
n 20 —m 20 —m—n
+ —Z—EC(n,m—i-l,m)— 27 C(n,m+1,m+1)—Tc(n,m,m) Upm_1(x).

A simple computation shows that the coefficient of U,_,,_; in the expression above is

zero. Now, by changing the index of summation ¢, we obtain

2 im0+ 2 et 1m0) — 2™ o m 0) | U (300
y 3 b} 3 Y y 3 X
20 20 20 mrmtl
m—1
m n 20 —m—m 20 —m
——cnm-1,t)——cn—1,m,t) — — c(n,m, t
+;[ 20 ( ) 20 ( ) 20 ( ) 20
20 —n 20—n—m
xecnm+1,t+1)+ cn+1,m,t+1) —Tc(n,m,H—l) Unim—2t-1(X).

(A.21)

Using the explicit expression of c(n, m, t) in (7.6), we obtain that (A.21) is given by

m

Y ot m, g AL EEW@-mA L) (cndl420mtl-ttm 2-n-m
= 20(-m+1+t—n+20 20(—m+ 1+t —n+ 26) 20

20+1-tm+1) @+1—-tn+1) @—-n—my(m+1—t+n)20+1 —t)}
20(t+ 1) 20(t+ 1) ((—m+1+t—n+20@E+1)

X Upym—2¢0-1(X) =0,
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since the sum of the terms in the square brackets is zero. This completes the proof
of (A.19).
Now we prove (A.20). The (n, m)-entry of the right-hand side of (A.20) is given by

X(A1(0Z (X)) nm — (1 = ) (ADZ' (®)nm + (1 = X)(A)nn — A (D nn— (A)mmlZnm.

Using (7.6) we obtain

(1-— Xz)[(AO)nn - A/l X nn — (AO)mm]Zn,m

_y o m; DM i m, (1 — ) U2, (A.22)
t=0
n n l—n
X(A(DZEX)nm =) — 576 LM DXUnim-20-1(X) — c(n, m, )% Unim-20(X)
t=0
2 —
Ezg nc(n+ 1’ m, t)XUn+m—2t+1 (X):| ) (A23)

(1= x)(AXZ(0))nm

m e _
=3 [—%c(n— L (1 = )V e (0 = — Petn m. x(1 — XU, 5(®)
t=0
20 —n ,
+ cn+1,m,t)(1 — )fz)Un+m_2t+1(x)] : (A.24)

Now we proceed as in the proof of condition (A.19). In (A.22) and (A.23), we use the three-
term recurrence relation for the Chebyshev polynomials to get rid of the factors x and
x?. Equation (A.24) involves the derivative of the polynomials U. For this, we use the

following identity

n+2)Up_1(x) — nUps1(%)

Un(0 = 2(1 - 22

, n>0, (U-;=0).

Finally, we change the index of summation ¢t and we use the explicit expression of the
coefficients c(n, m, t) to complete the proof.

The boundary condition (7.9) can easily be checked. |

Proof of Theorem 7.6. We will show that the conditions of symmetry in Theorem 7.4

hold true. The first Equation (7.2) is satisfied because A,(x) is a scalar matrix.
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Equation (7.3) can be written in terms of p(x) and Z(x) in the following way:
(6x— B1(x))Z(x) + 2(x* — 1)Z'(x) — Z(x)B1(x)* = 0.

This can be checked by a similar computation to that of the proof of Theorem 7.5.
Now we give the proof of the third condition for symmetry. If we take the deriva-
tive of (7.3), we multiply it by 2 and we add it to (7.4), we obtain the following equivalent

condition

(W(x)B1(x)" — B1(x)W(x))" — 2(W(x) Bo — BoW(x)) = 0. (A.25)

We shall prove instead that
W(x)B;(x)* — By (x) W(x) — 2 ( J W(x) dx) Bo — 2B, <J W(x) dx> =0,

which is obtained by integrating (A.25) with respect to x. Then (A.25) will follow by
taking the derivative with respect to x.

We assume m < n. The other cases can be proved similarly. We proceed as in the
proof of (A.19) in Theorem 7.5 to show that

(W(x)B1(%)" — B1(X)W(X))nm

B n (m—n)+1)4t*—tm—tn+5¢+3)
——p(x);c(n,m,w CmTitionrzoesn  Urma (. (826

On the other hand, we have

- (2 (J W) dx> Bo+ 2Bq (J W(x) dx>)m

= Z [Zc(n, m, t)((Bo)m.m — (BO)n,n)JP(X) Unym—2¢(%) dX] . (A.27)

t=0
It is easy to show that the following formula for the Chebyshev polynomials holds

Uin(x)  Uia(x)
20 +2) 2i

jp(x)Ui(m:p(x)( ) U1 =0).
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Therefore, we have that (A.27) is given by

(Bo)m,m — (Bo)nn) (C(n, m,t+1)

(n+m — 2t) cmm.i 1) Unim-—20-1(%)

p(x) ) cn.m. 1)
t=0

B - (m —n)(£+1)(4€% —tm — tn+ 50 + 3)
—p<x>t2:;c<n, M T rintzoas ) Uwmoaa®. (A28

Now (A.28) is exactly the negative of (A.26). This completes the proof of the theorem. W
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