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1. Introduction

Let £2 C R? be a smooth bounded domain. We consider the following elliptic system:

Au+gu) =f(x) ing2
u = const on ds2

/ s =0 W
FYe) av o

f : 2 — RN continuousand g : R¥ \ 8 — R continuous, with 8 C RN bounded. Without loss of generality we will assume
thatf = ﬁ fgf(x)dx = 0. We may also refer to the constant value of u at the boundary as C.

The particular case 4 = {0} was extensively studied in the literature: for example, several results when d = 1 can be
found in [1-3], among other works.

The nonlocal boundary conditions in (1) have been studied by Berestycki and Brézis in [4] and also by Ortega in [5].
They arise from certain models in plasma physics: specifically, a model describing the equilibrium of a plasma confined in
a toroidal cavity, called a Tokamak machine. A detailed description of this problem can be found in the Appendix of [6].

Note that when d = 1 and §2 = (a, b), the system reads:

u" +g) =p), teab).
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In this framework, the boundary conditions can be interpreted as follows:
au
u = const ondf2 = u(a) = u(b); / 8—(15 =0=u'(a) =u'(b).
9 oV

Hence, for d > 1 the nonlocal boundary condition in (1) can be seen as a generalization of the well known periodic
conditions.

The case d = 1 has been studied by the authors in [7]. Using topological degree methods it was proved that if the
nonlinearity g : RV \ {0} — R" is continuous, repulsive at the origin and bounded at infinity, and an appropriate Nirenberg
type condition [8] holds, then either the problem has a classical solution, or else there exists a family of solutions of perturbed
problems that converges uniformly and weakly in H! to some limit function u. Furthermore, if the singularity is strong (in
a sense that will be explained below), then u is nontrivial and it can be shown, under extra assumptions, that the problem
has always a classical solution.

In this work, we shall consider two different problems. In the next section we shall allow the (bounded) set § of
singularities to be arbitrary and focus our attention on the behavior of the nonlinear term g over the boundary of an
appropriate domain D C RN \ $. More precisely, we shall assume the boundedness condition
(B) lim supy . » 1g(u)| < 00
and introduce a condition of geometric nature that involves the geodesic distance on §2, namely:

d(x, y) := inf{length(y) : y € C'([0, 1], 2) : y(0) = x, ¥ (1) = y}.
Indeed, we shall fix a compact neighborhood € of § and a number

r = kdiamg(2)(|If loo + sgg lgw))), (2)

where k is a constant such that
Vulloo < kllAulco
for all u € C%(£2,RN) satisfying the nonlocal boundary conditions of (1). Then we shall assume, for a certain D C
RN\ (€ + B (0)):
(D,) Forallv € 9D, 0 ¢ co(g(B,(v))), where ‘co(X)’ stands for the convex hull of asetX C RN,
(D7) deg(g, D, 0) # 0.

Condition (D;) was introduced by Ruiz and Ward in [9] and extended in [10] by the first author and Clapp. It generalizes
a classical condition given by Nirenberg in [8] which, in particular, implies that g cannot rotate around the origin when |u|
is large. Condition (D) is weaker: it allows g to rotate, although not too fast since r cannot be arbitrarily small.

The main result in Section 2 reads as follows:

Theorem 1.1. Let g € C(R" \ 8, R") satisfying (B) and f € C(s2, R") such that f = 0. Let € be a compact neighborhood of
& and let r be as in Q). If there exists a domain D C RN \ (€ + B, (0)) such that (D) and (D,) hold, then (1) has at least one
solutionuwithu € Dand ||[u — U]l <T.

In Section 3 we study the case in which § consists in a single point; without loss of generality, it may be assumed § = {0}.
We shall focus our attention on the way g behaves near the singular point. In first place, we shall assume that g is repulsive,
namely:

(Rep) There exists ¢ > 0 such that (g(u),u) < 0for0 < |u| < c.
Furthermore, it will be assumed that g is sequentially strongly repulsive, in the following sense:
(Seq) There exists a sequence r,, \ 0 such that.

u
sup <g(u), > — —00 asn — oQ.
lul=r |ul

We shall proceed as follows: firstly, we shall prove existence of at least one solution of an approximated problem. Next,
we shall obtain accurate estimates and deduce the existence of a convergent sequence of these solutions.
In order to define the approximated problems, fix a sequence &, — 0 and consider the problem

Au+g,(u) =f(x) in$ (3)

together with the nonlocal boundary conditions of (1). Although more general perturbations are admitted, for convenience
we shall define g,, by

() lul > e,
mmzmmm@@)oqm@n (4)
0 u=20,

with p, : [0, &,] — [0, +00) continuous such that p,(0) = 0, p,(e,) = 1.
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The conditions on g shall be, as before, of geometric nature. However, a stronger assumption is needed in order to
obtain uniform estimates. A similar condition has been introduced by one of the authors and De Napoli in [11] and has
been employed also in [7] for a system of singular periodic ordinary differential equations:

, where {Uj};—1_; is an open cover of S, constants ¢; > 0 and w; € SN,

(P;) There exists a family & = {(U;, wj)}j=1
suchthatforj=1,...,K:

lim sup(g(ru), wj) < —¢
r—+o00

uniformly for u € U;.

Where SV~ is the unit sphere of RY. On the other hand, we shall take advantage of the repulsiveness condition (Seq),
which ensures that the degree over certain small balls centered at the origin is (—1)N. Thus, (D,) shall be replaced by

(P,) There exists Ry > 0 such that deg(g, Bg(0), 0) # (—1)™ for R > R.

We remark that, although g is not defined in 0, we may still use the expression deg(g, Br(0), 0) as a notation to refer to
the Brouwer degree deg(g, Bz(0), 0), where g : Bg(0) — RY is any continuous function such that § = g on 3B(0).

The preceding conditions will allow us to construct a sequence {u,} of solutions of the approximated problems that
converges weakly in H! to some function u. It is easy to see that if u does not vanish on 2, then u is a classical solution of
the problem. If u £ 0 but possibly vanishes in §2, then we shall call it a generalized solution. With this idea in mind, let us
introduce a stronger repulsiveness condition:

(SR) limy¢ (g(u), u) = —oo.

We now state the main result of Section 3:

Theorem 1.2. Let g : RN \ {0} — R" be continuous satisfying (B), (Rep), (Seq) and let f € C(£2, RY) with f = 0. Suppose
that (P;) and (P,) hold and let {g,} be as in (4). Then there exist {u,}, solutions of (3), a positive constant 7 such that ||u,||cc > T
and a subsequence of {u,} that converges weakly in H' to some function u. If furthermore (SR) is assumed, then u is a generalized
solution of the problem.

Remark 1.3. All the preceding results can be reproduced similarly for the Neumann boundary conditions.

It is worth observing that the passage from ODEs as in [7] to PDEs is not straightforward when one uses the approach of
Section 3. The main difficulty in the case d > 1 consists in the fact that the Sobolev space H! (£2, RV) is no longer embedded in
the space of continuous functions; thus, H' bounds do not guarantee the existence of uniform bounds and extra assumptions
are needed in order to ensure that solutions of the approximated problems converge to a generalized solution. Also, some
of the results of [7] seem difficult to extend to the case d > 1: for example, when g = VG with lim,_.o G(u) = +o0itis
proved in [7] that every generalized solution is classical. It is not clear whether an analogous result may hold or not for the
cased > 1, even with stronger assumptions.

On the contrary, the proof of Theorem 1.1 is essentially the same both for the casesd = 1andd > 1. When 8 = {, it
can be regarded as an improvement of the auxiliary result in [7] for the nonsingular case. Also, when 4§ is a single point the
result does not depend on the fact that the singularity is repulsive, and no strong force condition is assumed.

It might be interesting to study possible generalizations to PDEs of some of the existing results for the case d = 1. For
example, the recent work [12] contains new results for the case d = N = 1 that can be extended in an appropriate way for
d > 1, although the generalization for N > 1 is not obvious. For example, Corollary 2.3 in [12] implies, in particular, the
existence of a positive solution for (1) withd = N = 1and §£2 = (0, T), provided that

1. lim,_ o+ g(u) = —o00, [, g(u) du = —o0
2.0< % < (%)2 — g foru > 0and some ¢ > 0.

Following the ideas of Theorem 1.1, it is not difficult to prove that an analogous result holds if the first condition is
replaced by

1. g(u) < 0on (0, d) for some § > 0 large enough.

2. The general case. Proof of Theorem 1.1

LetU = {u € C(2,RY) : |lu — 1|loc <, U € D} and consider, for A € (0, 1], the problem

Au+2rgw) =Af(x) inf
u==C on 082
ou (5)
/ —dS =0,
3

_Qa\)
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where g : RY — R is continuous and bounded with § = g over D + B, (0). It is clear that if u € U solves (5) for A = 1then
u is a solution of (1).

For the reader’s convenience, let us briefly describe how the standard continuation methods [13] can be adapted to our
problem.

LetC := {ue C(2,RY) :u=0}andK : C — Cbedefined as a right inverse of A; namely, for ¢ € C we define u := Ko
as the unique solution of the linear problem

Au=g¢ in 2
u==C on os2
0
Mas—o, (6)
B 3v
u=20.

The compactness of K follows from the standard Sobolev embeddings. Next, let Nu = f — g(u) and define the homotopy
h(u, 1) as

h(u, ) = u — [u+ Nu+ AK(Nu — Nu)] .
For A > 0, it is easy to check that u € C(£2, RM) is a solution of (5) if and only if h(X, u) = 0. Thus, it suffices to prove that
(5) has no solutions on U for 0 < A < 1.Indeed, in this case problem (1) has a solution on dU or either
deg(h(1,-), U, 0) = deg(h(0, -), U, 0) = deg(g, D, 0) # 0.
Let u € U be a solution of (5), theny € Dand ||u — Ul < 1,508 o U = g o u. As dist(@i, C) > r, we deduce that
u(x) € RN — € and hence |g(u(x))| < sup,ge |g(2)| for all x. This implies

Vulloo < kllAtlloo < k(lIflloc + sgp lg@)D,
zge

and thus
lu —ulloo < diamg(2)[|Vulleo <.

Hence, u € dD. Moreover, it follows from the mean value theorem for vector integrals that

1 — _
120 f g(u(x)) dx € co(g(u(s2))) C co(g(B;(u))).
2
On the other hand, simple integration shows that
/ g(u(x)) dx =0,
2
so 0 € co(g(B;(u))), a contradiction. O
Remark 2.1. In this framework, taking § = () we obtain the main result in [9] for the nonsingular case, conveniently adapted

to our problem.

It is worth noticing that the previous result can be extended for g sublinear, that is:
u
lim & =0.
[ul—>oo |u|
Indeed, for any given ¢ > 0, there exist a constant M, ¢ such that
gW| < elul + Mce YueR"\ €.
Thus, if u is a solution of problem (1), then
I Vulloo < kllAU[loo < k(If lloo + &lltlloo + Me.c)
and hence
Vuulloo <k (If lloo + Me.c + £(diamg(2)[| Vullo + [U))) .
Suppose that |u| = R < wKdiamy($2) for some constants @ > 1, K > 0.If || Vu|| > K, then:
K (1 — kediamg(£2)(1 + @) <k (Iflloc + Me.c) -
Consequently, taking
1 P k(If oo + Me.c)

&< 5 N )
kdiamy(£2)(1 + o) 1 — kediamy(£2)(1 + «)
it follows that any solution u such that [u| = R < «r satisfies:

r .= Kdiamg(£2), (7)

[Vulloo <K, flu=Ufloo <.
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Then we have:

Corollary 2.2. Let g € C(RV \ 8, R") be sublinear and f € C(£2, R") such that f = 0. Let € be a compact neighborhood of §
and assume that for some «, ¢, K and r satisfying (7), there exists aset D C By (0) \ (C + B-(0)) C RN such that (D;) and (D;)
hold. Then (1) has at least one solution u withu € D and ||u — uljoc < T.

Let us show an example that illustrates the possibility of obtaining multiple solutions. For convenience, let us call
B, :=B,(0) = {u e R" : Ju| < p}.

Example 2.3. LetA : R¥ — R" be continuous and bounded, a = ||A||, and b > 0.Defineg(u) = |u|?b(ﬁ)\u\) ,5048 = {0}U0JBy.
Let n > 0 and consider the following compact set:

¢ :EU (@\BH)-
Hence, RN \ € = (By_, \ B,) U (RV \ By,). From the previous computations, the following estimate holds:
a
[Vulloo = K ==k (”f”oo + m) :
Thus,
= diamq(2)k <||f||oo + L) .
n(b+mn)
Ifalso b > 2(r + 1), then we might be able to obtain two disjoint sets D!, D> C RN \ (€ + B;) such that:
D' CBy s \Byir. D> CRY\ By,
leading to two different solutions uy, u; withu; € D' and U € D? respectively.

In order to apply our previous result, observe that condition (D) requires n + 2r < b — n — 2r, thatis: b > 4r + 2n.
For example, let T > 0 be large enough and define g : By.1 \ § — R" by

(Ju] = x)(Jul —x)u
|ul(Jul — b)

g =

for some numbers X1, x, > 0. The numerator of this function can be extended continuously to R \ § in such a way thata <
(b+T)3. Taking diam($2) small enough, the preceding inequalities for r are satisfied, so we may fixx; € (n+2r, b—n—2r)
andx, € (b+n+2r,b+T — 2r).

Thus, all the assumptions are satisfied for D! and D?; hence, by Theorem 1.1 we deduce the existence of classical solutions
u' # u? of problem (1) such that u € Di, fori = 1, 2.

Remark 2.4. This example shows that if the assumptions of Theorem 1.1 are verified, then the distance between different
connected components of § cannot be too small.

3. The case 8§ = {0}

Before giving a proof of Theorem 1.2, let us make some comments on the concept of generalized solution. Let u, be a
weak solution of (3) such that u, — u weakly in H'. From the equality

/ Aupg + / gn(un)p = / fo YoeH
2 2 2
we deduce that the operator A : H — RN given by
Ap = lim f gn(un)g
n—oo Q
is well defined and continuous, that is: A € H~!. In fact,

Ap = / fodx+ Y Vil Veldx
2 j=1

so we may regard it as a pair (f, Vu) € H~!, namely

Agp = (f, Vu)lgl.
Thus, we are able to define the operator § : H — H~! by

Gu) = (f, Vu); ie. gu)le] = Ag. (8)
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Remark 3.1. As shown in [7], it is always possible to find approximations in such a way that u = 0, this is why we need to
exclude this case in the definition of generalized solution. Indeed, for A > 0 let G, be the Green function associated to the
operator —Au + Au for the nonlocal boundary conditions. Let c(X) = sup,cq [|Gi (X, -)|l;1, then c(A) is well defined and
tends to 0 as . — +o0. Next, define g, in such a way that

gw ifjul >
gn(u) =

SI=31N

—Aqu ifu] <

’

with A, satisfying c(An) ||f oo < % for all n. Let u,, be the unique solution of the linear problem Au — A,u = f satisfying the
nonlocal boundary conditions, then

1
/ G, o NFO) dy| < O Iflloo < —.
2 n

lun(X)] =

Thus, u, is a solution of (3) and u, — 0 uniformly.

Also, observe that if u does not vanish in §2 then for any ¢ € H then

slel = ag = lim | g(wed= [ swpds
So a generalized solution can be regarded as a nontrivial distributional solution of the equation
Au+ G =f.
In order to prove Theorem 1.2, let us state an existence result for the approximated problems:

Proposition 3.2. Let 2 C R? a bounded C* domain. Let g : RN \ {0} — RN be continuous satisfying (B), (Rep), (Seq) and let

f e C(2, RY) with f = 0. Suppose that (P;) and (P,) hold and let {g,} be as in (4). Then there exist {u,}, solutions of (3) and a
constant ¥ > 0 such that ||uy||ec > T.

Proof. Fix7 > 0 such that
u -
<g(u), m> +flle <0 forueR: [u =7 (9)
and ng € N such that g, = g in RV \ B; for n > ny. As before, we shall apply the continuation method, now over the set
U={ueC@,R"):7<|ullec <R}

for some R > T to be specified.
Suppose that for some A € (0, 1) there exists u € dU a solution of (5) with § = g,.
2
If ||u]|o = T, then we may fix Xy such that ||u]| = |u(xo)| = 7 and define ¢ (x) := @
As g, (u(xp)) = g(u(xp)), if Xo € §2 then it is seen that
Ag(xo) = |Vu(xo)|* + (u(xo), Au(xo)) > (u(Xo), A(f (x0) — &(u(x0))))

u(xo)
A [(u(xo),f(xo)) — |u(xo)| <g(u(x0)), >]

[u(xo)|

AT [—nfnoo - <g(u<xo>>, o) >] >0,

v

[u(xo)|

a contradiction.
If xo € 352, then 7 = |C|. Moreover,

9 9 9
/ —(de:/ <u, ”>ds:<c,f ”ds>=o. (10)
ap OV s\ O 9o OV

From the continuity of ¢, arguing as before we deduce that, A¢ > 0in B,5(xg) N §2 for some § > 0.
From the standard regularity theory, it follows thatu € C2(£2)NC(£2). Moreover, we may consider a C?> domain 2y C £2
such that Bs N 2 C 29 and 29 C Bys N £2; then ¢(xg) > ¢ (x) for every x € £2y, and from Hopf's Lemma we obtain

]
%(Xo) > 0.

As u = const on the boundary, it follows that |u(x)| = 7 and so %(x) > 0 for each x € 04£2. This contradicts (10) and
thus ||ul|lec = R.
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Also, ||u — U]l < 1, then from condition (P;) we deduce (D) by putting D = Bz(0) when R is sufficiently large. Indeed,
assume that (P;) holds and fix a positive constant ¢ < ¢; for all j and Ry such that

(g(Ru), wj) < —c, forallu € Uj, R > Ro.

In particular, for [v] = Rwith R > Ry + r large enough, there exists an index j € {1, ...,J} such that if z € B,(v) then
é—l € U;, and hence (g(z), w;) < —c. In other words, there exists a hyperplane separating 0 and g(B; (v)). Thus, condition
(D) holds for D = Bg(0). Then, using the same arguments as in Theorem 1.1, it follows that ||u||», < R. Finally, observe that
the repulsiveness condition implies that deg(g;, B;(0), 0) = (—1)". Using the excision property of the degree, condition
(P,) ensures that the degree deg(g,, U N R", 0) # 0 and so completes the proof. O

The following lemma shows that the solutions of the perturbed problems are also bounded for the H! norm.

Lemma 3.3. In the situation of Proposition 3.2, there exists a constant € independent of n such that ||u,||y1 < € for all n.

Proof. As Au, + g,(u,) = f(x) in £2 and let us call C, Let us call G, the constant value that correspond to u, = C, on 952,
we may multiply by u, — C, and integrate to obtain:

f (Aup + ga(un), uy — Cp) dx = / (p, up — Gy) dx.
2 2

Integrating by parts, the left hand side is equal to:

au
_/ |Vun|2dx+f <37n,un_cn> dS—i—/ (gn(upn), up — Cy) dx.
Q a2 v Q

As u, = C,on 952, it follows that

”Vun”fz = / (gn(up), uy — G;) dx — / (D, up — Gy) dx.
2

Q
Now, taking absolute value and using the Cauchy-Schwarz inequality, we get

2
Vunllz < + lIpll2llun — Gall2-

/ (gn(up), up — G;) dx
2

Let ¢ be the constant in condition (Rep) and write:

=

/ (&n(up), up — Gy) dx
2

/ (gn(up), uy — Cy) dx| + ’/ (gn(up), up — Gy) dx| .
{lun|<c} {lun|=c}

Fix ng € N such that % < ¢ for every n > ng, then g, (u,(x)) = g(u,(x)) if [u,(x)| > ¢ > % and hence on the one hand

V (8n(Un), un — Co) dx| < 121"yl — Cull 2,
{lun|>c}

where y, := sup,.. |g(u)| and, on the other hand, condition (Rep) implies that flun|<c (gn(uy), uy) dx < 0, so

/ (gn(un)v Up — Cn) dx = _/ (gn(un)v Cn) dx.
{lun|<c}

{lunl<c}

Moreover, as f o &n(Un) dx = 0, we deduce that
/ (8n (), un — Gy) dx < <cn, / gn<un>> dx < |21 yc|Gal.
{lunl<c} {lunl>c}
Gathering all together,

< 121"y (llun — Call2 + 1Gal) -

/ (&n(Uup), up — Gy) dx
2

Thus,
||Vun||fz < Gllup — Gyll2 + &[Gl
for some constants ¢, ¢,. Using Poincaré inequality, we deduce the existence of a constant ¢ such that

IVunli?, < €IGal
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and hence

lluy — Cn||f,1 <A+ B|C,| forsomeA, B> 0.

Suppose that |C,| is unbounded, then taking a subsequence (still denoted C,;) we may assume that |C,| — +o00, Ignl —

n € SV=1. From the inequality

tn — G | +B Vn>n
0,
VGl |Cn|

we may take again a subsequence and thus assume that % converges almost everywhere and weakly in H! to some

vIC \
w e H.
Let ¢ > 0 and fix M large enough so that |£2 \ 2y]| < &, where
={xe 2:|lwk)| <M}
Then ”’l‘c lc,. — Oand ‘Z”‘ — 1 almost everywhere in 2.
Fix U, C S¥1 asin (P;) such that 5 € Uy, then writing

(8 (un (), wy) = <(|un<x)||”E ;) k>

we deduce that

lim sup(g (u, (x)), wi) < —ck

n—oo
a.e. in £2,. Thus we obtain, from Fatou’s Lemma:

lim sup / (8 (un (), wy) dx < / lim sup (g (un(x)), wi) dx < —cel 2.
2m

n—oo _QM n—oo

we conclude:

We may assume that M > c, then taking ¢ < C")‘/m

lim sup/ (g (%)), wi) dx < —c|2y| + lim sup/ (g (un(x)), wy) dx
2\2y

n—oo n—oo

IA

=l 2m| + ve| 2\ 2u] < 0,
which contradicts the fact that [, g(uy(x)) dx =0. O

Proof of Theorem 1.2. From the preceding results, there exists a sequence (still denoted {u,}) of solutions of the
approximated problems converging a.e. and weakly in H! to some function u, and also such that ||u,|ls > 7. It remains
to prove that if (SR) holds then u = 0.

Suppose that u = 0, then from (3) we obtain

/ (At (), Un () + (£ (Un () n (0) dx = / (PX). 1 () dx — 0
2 2
as n — oo. Moreover,

/ (At (), () d / V(02 dx

2

is bounded, and from (SR) an Fatou’s Lemma we obtain

lim sup/ (g(un(x)), ux(x)) dx Ef lim sup{g (u, (%)), up(x)) dx = —o0
2

n—00 Q n—>o0o

a contradiction. O
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