Implicit definition of the quaternary discriminator

MIGUEL A. CAMPERCHOLI AND DIEGO J. VAGGIONE

ABSTRACT. Let A be an algebra. A function f : A™ — A is implicitly definable
by a system of term equations At;(z1,...,xn,2) = si(x1,...,Tn,2) if f is the only
n-ary operation on A making the identities ¢;(Z, f(Z)) =~ si(Z, f(Z)) hold in A. Let
K be a class of non trivial algebras. We prove that the quaternary discriminator is
implicitly definable on every member of K (via the same system) iff K is contained in
the class of relatively simple members of some relatively semisimple quasivariety with
equationally definable relative principal congruences. As an application we obtain a
characterization of the relatively permutable members of such type of quasivarieties.
Furthermore, we prove that every algebra in such a quasivariety has a unique relatively
permutable extension.

1. Introduction

Let A be an algebra and let ¢;(x1, ..., Tn, 2), $;(X1, ..., Tn, 2), 1 = 1,.... k, be
terms such that the system of equations

t1(z1, ey Ty 2) = $1(T1, .0y T, 2)

te(x1, ey @, 2) = Sp(T1, .., Tn, 2)

has a unique solution z € A whenever we fix the values z1,...,z, € A. One
such system on an algebra A implicitly defines a function f : A™ — A by
letting f(a,...,a,) be the unique b € A such that

ti(ay,...,an,b) = s;(ay,...,an,b), fori=1,.. k.
For example, if G = (G, ., e) is a group, then the system

r1.z=e€
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implicitly defines the inverse operation on G and if L = (L,V,A,0,1) is a
Boolean lattice, then the system

1 Vz=1
1 Nz=0

defines the complement operation on L.
Given a set A, we use d? to denote the quaternary discriminator on A, that
is the function:
z if x=y

dA(z,y, z,w) = .
N R
The quaternary discriminator, also known as the switching function, is equiv-

alent to the usual ternary discriminator in the sense that each one is a term
of the other [2].

In this paper we prove that the quaternary discriminator is implicitly de-
finable on every member of a class K of non trivial algebras (via the same
system) iff K is contained in the class of relatively simple members of some
relatively semisimple quasivariety with equationally definable relative principal
congruences. As an application we obtain a characterization of the relatively
permutable members of such type of quasivarieties. Furthermore, we prove
that every algebra in such a quasivariety has a unique relatively permutable
extension.

2. Notation and some results

Let K be a class of algebras. As usual, let I(K), S(K), P(K), Ps(K), P,(K)
and H(K) denote the classes of isomorphic images, subalgebras, direct prod-
ucts, subdirect products, ultraproducts and homomorphic images of elements
of K. We write S<4(K) to denote the class of subalgebras of elements of K
which are generated by a set of four or less elements. Let V(K) denote the
variety generated by I and Q(K) the quasivariety generated by K. We write
KT to denote the class K U {trivial algebras} and K~ to denote the class
K — {trivial algebras}. If V is a variety we use Vpgr (resp. Vsr) to denote the
class of finitely subdirectly irreducible (resp. subdirectly irreducible) members
of V.

Let A be an algebra. Let V4 be the universal congruence on A and A#
the trivial congruence on A. By Con(A) we denote the congruence lattice of
A.If 0 € Con(A) and S C A, we use 0 |g to denote the relation 6 N (S x S).
If ¥ is contained in Con(A), let ¥ denote ¥ U {VA}. We define X(A,K) =
{6 € Con(A): A/9 e I(K)}.

Let Q be a quasivariety and let A € Q. A relative congruence on A is a
0 € Con(A) satisfying A/0 € Q. Tt is well known that the relative congru-
ences on A, with the partial order of inclusion, form an algebraic lattice in
which arbitrary meets coincide with intersection. We use Cong(A) to denote
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the lattice of relative congruences of A. The join operation on Cong(A) is
denoted by the symbol U. If a,b € A, let Hs(a, b) denote the relative principal
congruence generated by (a,b), that is, the least relative congruence contain-
ing the pair (a,b). If @,b € A", we write 98 (d, l;) to denote the congruence
05 (a1, b1)U...168 (an, by). An important property of Cong(A) is that its com-
pact elements are precisely the ones of the form 0‘3(&’, g), with a, be A" n > 1.
We use MaxCong(A) to denote the set of maximal elements of the poset
Cong(A) — {VA} and CMICong(A) (resp. MICong(A), MPCong(A))
denotes the set of completely meet irreducible (resp. meet irreducible, meet
prime) elements of Cong(A).

If p; = pi(z1,...,2n), © = 1,...,m are terms, then p denotes the m-tuple
(P1y ey Pm ). If @ € A", then p™(@) denotes (p (@), ..., p2(@)).

Q has equationally definable relative principal congruences (EDRPC for
short) if there exist terms 7;,s;, i = 1,...,n, such that #5(a,b) = {(c,d) :
A (a,b,c,d) = §(a,b,c,d)}, for any A € Q.

Q has equationally definable principal meets (EDPM for short) if there exist
terms 7;,8;, ¢ = 1,...,n, such that
05 (a,b) N05(c,d) = 05(7*(a,b,c,d), 5 (a, b, ¢,d)), for any A € Q.

Q is relatively congruence distributive if Cong(A) is distributive, for any
A € Q. We use Qrrsr (resp. Qrsr, Qrs) to denote the class of all relatively
finitely subdirectly irreducible (resp. subdirectly irreducible, simple) members
of Q. We note that trivial algebras do not belong to Qrrs;. Q is called
relatively semisimple if every member of Q is isomorphic to a subdirect product
of relatively simple members of Q.

The following lemma shows that implicitly definable functions have natural
algebraic properties.

Lemma 1. Let A, B, A;, i € I be algebras. Let S be the system

Nty pi(Z, 2) = ¢i(Z, z) and suppose S implicitly defines functions f : A™ — A

on A, g: B"— B on B and f; : A} — A;, on each A;.

(1) If F is a homomorphism from A to B, then F is a homomorphism from
(A, f) to (B,g).

(2) If A is a subalgebra of B, then [ = g restricted to A™.

(3) S implicitly defines the function (f;)icr on II{A; : i € I}.

Proof. Routine. O

We conclude the section with a result characterizing the quasivarieties in
which no non trivial algebra has a trivial subalgebra. First a basic lemma.

Lemma 2. Let Q be a quasivariety and let X be a set of variables. Let F be the
Q-free algebra generated by X. Let r,8,71, ..., Tm, S1, .-, Sm € F, the following
are equivalent

(1) (r,s) € 05(7.5).

(2) QEF=3§—>r=s.
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Proof. Routine. O

Proposition 3. Let Q be a quasivariety. The following are equivalent

(1)
(2)
3)

(4)

No non trivial algebra in Q has a trivial subalgebra.
No non trivial algebra in Qrsy has a trivial subalgebra.
There exist unary terms 01(w), ..., 0, (w), 11 (w), ..., 1n(w) such that
QEO(w) =1(w) =z =y.
There exist unary terms 01(w), ..., 0p(w), 11 (w), ..., 1, (w) such that
VA = 03(0(a), (@),
for every A € Q and a € A.
There exist unary terms 01(w), ..., 0p(w), 11 (w), ..., 1, (w) such that
VF =05(0,1),
where F is the Q-free algebra freely generated by {w,x}.
VA is a compact element of Cong(A), for every A € Q.
V¥ is a compact element of Cong(F), where F is a Q-free algebra gen-
erated by some infinite set X of free generators.
If the language of Q has a constant symbol, then the terms of 3., 4. and
5. can be chosen to be closed terms.

Proof. (1)=(2) Obvious.
(2)=(3) Since
QRSI = (At,s unary terms t(UJ) = S(’LU)) —T=Y
we have that
Ok (/\t75 unary terms t(w) = s(w)) —T=y.
Thus a compactness argument produces the terms 01, ...,0,, 11, ..., 1,,.
(3)=(4) Easy.
(4)=(5) Trivial.
(5)=(6) By Lemma 2 we obtain that
QF O(w) =1T(w) »w==x
So (3) holds and hence we obtain (4) which clearly implies (6).

(6)=(7). Obvious.

(7)=(1) Suppose VF = 0§ (7, §), with r; = r;(x1, ..., z,) and
s; = si(x1, ., Tpn), 1 = 1,...,m. Take z,y € X — {z1,...,2,}. By Lemma 2 we
have that Q F 7= § — x = y, which implies (1). O

For the case in which Q is a variety, the equivalence (1)< (6) was proved in
[6], the other implications have been proved in [11, Lemma 5.2] and [9].

3. Two topologies on Con(A)

In this section we introduce two natural topologies on the lattice of congru-

ences of an algebra. Our treatment is an improvement of the one used in [§]

to give a lattice theoretic proof of Jonsson‘s Lemma.
For an algebra A and z,y € A, define
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e(z,y) = {0 € Con(A) : (z,y) € 6}

d(z,y) ={0 € Con(A) : (z,y) ¢ 0}.
We use 7. to denote the topology on Con(A) generated by {e(z,y) : z,y € A}
and 7.4 to denote the topology on Con(A) generated by

{e(z,y) rz,y € AU {d(z,y) 1 x,y € A}.
In most of the sheaf representations of algebras as algebras of continuous sec-
tions, the spectrum topology is the restriction of one of these two topologies
to the spectrum (see for example [4] and [13]).

We say that a set S C A% minorizes ¥ C Con(A) when for each § € X
there exists (z,y) € S such that (z,y) € 0. An immediate consequence of
Alexander’s Lemma is the following

Lemma 4. For ¥ C Con(A), the following are equivalent

(1) X is Te-compact.

(2) If S minorizes ¥, then there exists a finite subset of S which minorizes
3.

Corollary 5. If B is a subalgebra of A and ¥ C Con(A) is T.-compact, then
{0 |g: 0 € £} C Con(B) is T.-compact.

Lemma 6 ([11, Lemma 2.1]). Let Q be a quasivariety and let A € Q. If

6 € MPCong(A), then for each T.-compact set ¥ C Cong(A) we have that
0 O X implies 6 O 4, for some § € 3.

That is to say the meet prime elements of Cong(A) are completely meet prime

with respect to intersections of Te-compact sets.

Corollary 7. If Cong(A) is distributive and ¥ C MaxCong(A) is .-
compact and (X = A, then
¥ = MaxCong(A) = MICong(A) = MPCong(A) = CMICong(A).

Proof. Since Cong(A) is distributive, MICong(A) = MPCong(A). Let 6 €
MPCong(A). Since X = A? C 0, Lemma 6 says that there exists § € X
such that 6 C 0. But 0 is in MaxCong(A), hence § = 0. Thus M PCong(A) C
Y., which implies the other inclusions. O

For ¥ C Con(A) and U an ultrafilter on X, define
0 = {(z,y) r e(z,y) NS € U}.

It is easy to check that 6;; € Con(A). Also we note that
- (z,y) ¢ 03 iff d(z,y) N T € U.
-IffeYandU ={I CX:0 €T}, then 6 = 0.

Theorem 8. (Con(A),Teq) is a Boolean space. For ¥ C Con(A), the closure
of ¥ in (Con(A), Teq) is given by
S = {67 : U is an ultrafilter on L}.

Proof. Tt is easy to check that (Con(A), 7.q) is Hausdorff and zero dimensional.
Assume that (Con(A), Teq) is not compact. Then we have
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Con(A) = Uz’el e(zi,y;) U UjeJ d(zj,wj)
and
Con(A) 7£ Uz’g[o e(xia yi) U UjeJU d(zja wj)
whenever Iy C I and Jy C J are finite. Note that
User, €@i,5i) 2 Ny, (255 w5)
whenever Iy C I and Jy C J are finite. By the prime ideal theorem there is
an ultrafilter & on Con(A) satistying
e(x;,y;) ¢ U, for each i € I
e(zj,w;j) € U, for each j € J.
Hence we have
0" ™ ¢ Uiy e(im) UUjey d(zg,wy),
which is an absurd.
To see the last affirmation of the theorem, we note that for ¥ C Con(A),
the following are equivalent
(1) 6 ex.
(2) The family {e(z,y)NYE: (z,y) € 0} U {d(z,y) N X : (z,y) ¢ 0} has the
finite intersection property.
But it is easy to prove that (2) is equivalent to
(3) 6 = 03 for some ultrafilter U,
and this concludes the proof of the theorem. O

Corollary 9. If M is a universal class, then L(A, M) = {6 € Con(A) :
A/ € M} is Toq-compact, for any algebra A.

Proof. Let U be an ultrafilter on (A, M). Note that 9§(A’M) is the ker-

nel of the canonical map A — [[{A/6 : 6 € Z(A, M)}/U, which says
that A/QE(A’M) € ISP, {A/0 : 0 € (A, M)} C M and hence HE(A’M) €
S(A,M). O

The combination of Corollary 9 and Lemma 6 is a useful tool which we shall
use several times in the sequel.

Corollary 10 ([5, Lemma 1.5]). Let M be a class of algebras. Then
Q(M)rrsr C ISP, (M).

Proof. Suppose A € Q(M)grss. Since QM) = IPs(ISP,(M)) we have
that M X(A4, ISP, (M)) = A* € MPCong(a(A). Since X(A, ISP, (M)) is
T.-compact (Corollary 9), Lemma 6 says that A* € %(A, ISP,(M)), hence
A € ISP,(M). O

Corollary 11. (Jdnsson‘s Lemma): Let K be such that V(K) is congruence
distributive. Then V(K)psr C HSP,(K).

Proof. Let A € SP(K), and suppose A/~ is finitely subdirectly irreducible.
We shall see that A/y € HSP,(K). Since v € MPCon(A) and

NX(A, ISP,(K)) = A® we can apply a similar argument as in the above
corollary. O
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Lemma 12. If Q is a relative congruence distributive quasivariety and M
is a universal class such that M C (Qrpsr)”, then QM) = IPs(M) is a
relative congruence distributive quasivariety such that Q(M)rpsr = M.

Proof. It follows from Corollary 1.4 of [5] and Corollary 10. O

We conclude the section with a result linking the concept of 7.4-compactness
with that of EDPM

Proposition 13. Let Q be a quasivariety and let A € Q. If Cong(A) is

distributive, then the following are equivalent

(1) MICong(A)™ is Teq-compact.

(2) For any xz,y,z,w € A, we have that Qg(x,y) N HS(z,w) is a compact
element of the lattice Cong(A).

Proof. (1)=(2) Note that the sets

e(z,y) N MICong(A)™

e(z,w) N MICong(A)*

d(u,v) N MICong(A)T, with (u,v) € 08 (z,y) NS (z, w)
form a covering of MICong(A)*. Thus the 7.4-compactness of MTCong(A)*
says that there are (u1,v1), ..., (uk, v) € 05 (x,y) N S (2, w) such that

e(z,y) N MICong(A)™T

e(z,w) N MICong(A)*

d(ui,v;) N MICong(A)*T,i=1,...k
is a covering of MICong(A)™ and the reader can check that

05(z,y) N05(z,w) = 05 (ur, v1) U ... LU 08 (uy, vg).

(2)=(1) We prove the case in which VA is not a compact element of
Cong(A). Let L be the sublattice of Cong(A) consisting of all compact
elements of Cong(A) together with VA. Let Id(L) be the lattice of all ideals
of L. We note that the map 6§ — {§ € L — {VA} : § C 0} is an isomorphism
from Cong(A) to Id(L) which identifies MICong(A)" with {I € Id(L) : I
is prime}. Since this isomorphism connects the topology 7.4 relativized to
MICong(A)t with the Priestley topology on {I € Id(L) : I is prime}, we
have that MICong(A)™ is 7.4-compact.

The remaining case is similar. g

Corollary 14. A relatively congruence distributive quasivariety Q has EDPM
iff for every A € Q, the set MICong(A)™ is Teq-compact.

Proof. (=) Since (Qrpsr)’ is universal, we can apply Corollary 9. (<) It
follows from (ii)=-(i) of [5, Thm 2.3] and the above proposition. O

4. Main theorem and applications

We observe that if Q is a relatively congruence distributive quasivariety,
then for § € Cong(A), with A € Q, the congruence
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6* = (N{y € MICong(A):0 ¢ ~}
is the pseudo-complement of 8 in the lattice Cong(A), i.e. 0* is the greatest
d € Cong(A) satisfying

hNs =AA
(use that MICong(A) = MPCong(A)).

Theorem 15. Let K be any class of non trivial algebras. The following are
equivalent

(1) There are terms p;,q;, i = 1,...,n such that the system
P, @2, 3, T4, 2) = (21, T2, T3, T4, 2)
implicitly defines the quaternary discriminator, for every A € K.
(2) SP,S<4(K) C (Qrs)" for some relatively congruence distributive quasi-
variety Q.
(3) Q(K) has EDRPC and Q(K)gs = ISP, (K)~.
(4) K C Qgs for some quasivariety Q with EDRPC.
(5) There are terms p;,q;, i = 1,...,n, such that
KEpla,y, z,w) = q(z,y,z,w) < (x =y = z = w).
(6) For every trivial satisfiable open formula O(x1,...,x,) there are terms
i, G, @ =1,...,n, such that
KEp(x1, . y@m) = @1, ooy m) < O(T1, ooy T

If C generates a locally finite quasivariety, 2. can be replaced by

2. S<4(K) C (QRS)+ for some relative congruence distributive quasivariety
Q.

If Q(K) satisfies some of the equivalent conditions of Proposition 3, 6. can be
replaced by

6. For every open formula O(x1, ..., xy) there are terms p;,q;, @ = 1,..,n,
such that
KE a1, y@m) = q(@1, .oy Tm) < O(x1, 0oy Tiy).-

Proof. (1)=(2) Note that

KEpx,y,z,w,2)=qx,y,z,w,2) < (x=yVz=w)
and hence

ISP,(K)E plz,y, z,w, 2) = ¢z, y, z,w, z) < (x =y V z = w).

Thus Lemma 10 says that

Q) rrst Eplx,y, z,w,2) = {(z,y,z,w,2) < (x =y Vz=w)
which by Theorem 2.3 of [5] implies that Q(K) is relatively congruence dis-
tributive. By Lemma 1 ISP, (K)~ C Q(K)gs.

(2)=(3) By Lemma 12 we have that R = Q(ISP,S5<4(K)) is relatively
congruence distributive and Rrpsr = I5P,S<4(K)~. Since ISP,S<4(K) C
(Qrs)" we have that R is relatively semisimple. Since (Rps)" is universal,
Corollary 9 says that MaxCong(B)" is Teq-compact, for any B € R.

First we shall prove that for B € R and a,b € B,
(*) v 2 0B (a,b)* iff v € d(a,b)N MazCong (B), for any v € MaxCong(B).
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The if-part is obvious. Suppose that v 2 68 (a,b)*. Since 68 (a,b)* = d(a,b)N
MaxCong(B)" and d(a,b) N MazCong(B)* is Te4-compact, Lemma 6 says
that there is 6 € d(a,b) N MaxCong(B)" such that v D . By the maximality
of # we have that v = 6 and so v € d(a,b) N MazCong(B).

Next we prove that

(**) 08 (a,b)* is the complement of 68 (a,b) in the distributive lattice
Cong(B).
Suppose that 68 (a,b) U 08 (a,b)* # VB. Since R is relatively semisimple,
there is v € MaxCong (B) satisfying 6B (a,b) LU6E (a,b)* C v. So we have that
(a,b) € v and by (*) we obtain that (a,b) ¢ +, which is absurd.

We shall prove that

(***) 6B (a,b)* N 6B (c, d) is a compact element of Cong (B).
To prove this, first we shall prove that the sets

d(a,b) N MaxCong(B)™"

e(e,d) N MaxCong(B)™

d(u,v) N MaxCong (B)*, with (u,v) € 68 (a,b)* N 6B (c,d)
form a covering of MazCong(B)T. Note that VB € e(c,d) N MazCong (B)™.
Let v € MaxzCong(B). Suppose that v ¢ d(u,v) N MaxCong(B)T, for ev-
ery (u,v) € 0B(a,b) N 6B (c,d)*. Thus v 2 6B (a,b)* N 68 (c,d) and hence
v D 60B(a,b)* or v D 0B(c,d), which by (*) says that either v € d(a,b) N
MazCong (B)T or v € e(c,d) N MazCong (B)T. Thus the 7.4-compactness of
MazCong (B)T says that there are (ug,v1), ..., (ug, vx) such that

d(a,b) N MaxCong (B)*

e(c,d) N MazCong (B)™

d(ui,v;) N MaxCong(B)T,i=1,....k
is a covering of MazCong(B)" and the reader can check that

0B (a,b)* N OB (c,d) = 0B (u1,v1) U ... L OB (uy, v,).
Let F be the R-free algebra freely generated by =, y, z, w. Let r;, s;, 1 = 1,...,m,
be terms such that

0% (2, y)* N OB (z,w) = 08 (r1,s1) U ... WO (11, Sm)-
By (*) we have that for every v € MaxCong(F), the following are equivalent

(i) /vy #y/vor z/y =w/v.

(i) 777 (/v y /v, 2/ w/y) = 57 (@ /v, y/7: 2 /v, w/).-
Thus for every B € Rrg = ISP, S4(K)~ we have that

BEx,y,z,w) =35(z,y,z,w) & (x#£yVz=uw)
and hence

() ISP, (K) E F(z,y, z,w) = §(z,y, z,w) <> (x #y V 2z =w).
Since S<4(K) C Rrs and R has EDPM Theorem 2.3 of [5] says that there are
terms p;, q;, @ = 1,...,n, such that

S<a(K) Eplz,y,z,w) = q(z,y,z,w) < (x =y V 2z =w).
Thus

ISP, (K) E plz,y, z,w) = q(x,y,z,w) < (x =y V z = w).
By Lemma 10

Q(K)rrst E Dz, y, z,w,2) = {(z,y,z,w,2) < (x =y V z =w)
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which combining Corollary 2.4 of [5] with Theorem 2.3 of [5] says that Q(K)
is relatively congruence distributive and Q(K)rrsr = ISP, (K)~. Finally we
note that for B € Q(K) and a, b, ¢,d € B, we have

Bk #(a,b,¢,d) = 5(a,b,c,d)

iff

(ri(a,b,c,d),si(a,b,c,d)) € v, for every v € MICong)(B),i=1,....,m

i (by (F%))

(a,b) € v implies (c,d) € v, for every v € MICong)(B)

iff

(c,d) € HS(IC)(a,b)
which says that Q(K) has EDRPC via the terms r;,8;, ¢ = 1,...,m. Thus
(****) implies that ISP, (K)~ C Q(K)rs and hence

Q(K)rs = ISP,(K)™ = Q(K)rFsI-

(3)=(4) Trivial.

(4)=(5) Suppose p(z,y, z,w) = ¢(z,y, z,w) defines (z,w) € Og(x,y) in Q.
It is clear that

KEplx,y, z,w) = q(z,y,z,w) < (z =y — z =w).

(5)=(6) By [7, Remark 2.4] we have that there are terms r;,s;, 1 =1,...,m,
such that

KEMx,y,2z,w)=8xzy,z2zw) +< (x=yVz=uw).
Thus we have that (6) holds for every open formula O(z1, ..., z,,) of the form
\/iv:1 t; = kj;. Since every trivial satisfiable open formula is equivalent to a
conjunction of formulas of the form

U = v — (ug = vy — ( — (uk = — \/é-:1 t; = kj> ))
with k,1 > 1, an inductive argument proves (6).

(6)=(1) Let p;,q;, i = 1,...,n and r;, s;, ¢ = 1, ...,m, be such that

KEplx,y,z,w) =§(z,y,z,w) & (x=y — 2z =w)

KE#x,y,z,w) =35y, 2zw) < (z=yVz=uw).
Note that the system

Pz, x2, 2,23) = q(x1, T2, 2, 23) AT (21, T2, 2,24) = §(x1, 22,2, 24)
witnesses the fact that the discriminator is implicitly definable in every member
of K.

Finally we shall prove that (6)=(6), when Q(K) satisfies some of the equiv-
alent conditions of Proposition 3. Let 0(w) and 1(w) be terms such that

QK)EO(w) =T(w) = z=1y.
Let O(zy, ..., Zm) be an open formula. First suppose m > 1. Note that

KE (6(x1) = 1(z1) v O(z1, .., :vm)) & O(21, ooy Tm)

(remember that K has no trivial algebra). Since 0(z1) = I(z1) V O(x1, ..., )
is trivial satisfiable, we can apply (6) to obtain (6). For the case m = 0, the
language need to have a constant and hence we can make a similar argument.

O

Corollary 16. Let Q be a quasivariety. The following are equivalent
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(1) Q has EDPM and QRFSI = QRS'

(2) Q is relatively semisimple and has EDRPC.

(3) Q has EDPM and 65 (x,y) is a complemented element of Cong(A), for
every A € Q, and x,y € A.

(4) @ =Q(K), for some class K satisfying some of the equivalent conditions
of Theorem 15.

We observe that if we consider an infinite field F as a model of the language
of rings with identity, then the quaternary discriminator is not implicitly de-
finable in F. This is because if (6) of Theorem 15 holds for X = {F}, then
there exist terms p;, q;, © = 1,...,n, such that

FFE(NZipi(z) = qi(2)) <> x#0
which is impossible. In contrast, it is well known that in every finite field the
discriminator is given by a term.

To give another application of Theorem 15, consider a relatively subdirectly
irreducible algebra A of a quasivariety Q@ with EDRPC. Let a,b € A be such
that 03 (a, b) is a monolith of Cong(A). Let L. be the language of Q expanded
by adding two new distinct constants ¢, and ¢,. Let A. = (A,a,b). We
shall prove that the quaternary discriminator is implicitly definable in A.. Let
Q. = Q(ISP, (A.)). We observe that 08 (cB, cp) is a monolith of every non
trivial algebra B € ISP, (A.). Also note that every homomorphism between
members of ISP, (A.) must be injective. Thus

(Qe)RSI = (Qe>RS =1SP, (A.).

Let

G ={(B,a,b) :a,be Band B € Q}.

Note that G is a relatively congruence distributive quasivariety (since so is Q)
and that

Grsr ={(B,a,b) : a,b € B and B € Qrss}

Also we note that

(QC)RSI - gRSI
which by Lemma 12 says that Q. is relatively congruence distributive. Thus
(2)=(1) of Theorem 15 implies that the quaternary discriminator is implicitly
definable on A,

Relatively permutable members
Let Q be a quasivariety and let A € Q. We say that A is relatively permutable
if for any 60,6 € Cong(A) we have that fod =dof =6010.

Theorem 17. Let Q be a relatively semisimple quasivariety with EDRPC.
Letr;, s;, i = 1,...,n, be quaternary terms such that ¥(z,y, z,w) = §(z,y, z, w)
defines (z,w) € Og(z,y) in Q and let p;,q;, i = 1,...,m, be quaternary terms
such that Og(x,y) NOg(z,w) = 0g(P(x, y, z,w), ¢z, y, z,w)), in every member
of Q. Then for every A € Q, the following are equivalent

(1) A is relatively permutable.
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(2) AEVeyzwilu 7(x,y,u,2) = §x,y,u,2) Apla,y, u,w) = ¢z, y,u,w).
(3) AEVeyzwIu 7(z,y,u,2) = §x,y,u,2) Aplz,y,u,w) = ¢z, y, u,w).
(4) A is isomorphic to a Boolean product whose factors belongs to (Qrs)™.
(5) A is isomorphic to the algebra of global sections of a sheaf whose stalks
belongs to (Qrs)™.
(6) 6 (a,b) 0 05(a,b)* = VA, for every a,b € A.
Moreover, if A is relatively permutable, then
(7) Cong(A) = Con(A, NA), where N2 is defined by
N2 (a,b,c,d) = only u such that 7(a,b,u,c) = 5(a,b,u,c) A pla,b,u,d) =
q(a,b,u,d).
(8) If 0 € Con(A, N®), then A/0 is relatively permutable and (A, N*)/0 =
(A/6, NA/YY,

Proof. The implications (1)=(6), (2)=-(3) are trivial. It is well known that
Boolean products are specialized sheaves and hence (4)=(5) follows.

Next, for A € Q, and a,b,c,d € A, note that u is a solution of the system

(a,b,u,c) = §(a,b,u,c) A pla,b,u,d) = ¢(a,b,u,d)

iff

(u,c) € 05(a,b) and (u,d) € 65 (a,b)*.

Furthermore, such a w is unique. Thus we have that (2), (3) and (6) are
equivalent.

Also note that every member of Qpg satisfies (2). Since S(Qrg)" C
(QRS)+ and sheaves preserve sentences of the form V3! Ap = ¢, when the
algebra of global sections is a subdirect product of the stalks [12], we have
that (5)=-(2) holds.

In what follows, for an algebra A satisfying (2), let N denote the function

N2 (a,b,c,d) = only u such that 7(a,b,u,c) = 5(a,b,u,c) A pla,b,u,d) =
qla,b,u,d).

Note that if A is relatively permutable, then NA = d#.

Suppose (6) holds. We shall use some terminology of [11]. Note that condi-
tion (6) says that Cong(A) is a factorial projective. Since the closure operator
on A x A:

S — ({0 € Cong(A):SC0}
is algebraic we have that Cong(A) is a congruencially algebraic projective.
Thus (4)=-(1) of [11, Th 6.2] implies that Cong(A) is a locally Boolean pro-
jective. By [11, Th 6.4] we have that MaxzCong(A) is a locally Boolean
spectra and hence the canonical embedding A — H’yEMaatConQ(A)A/’y is a
locally Boolean representation. It is well known that if we add a trivial
factor, then we obtain a Boolean representation, i.e. the embedding A —
HweMamCong(A)u{vA}A/’Y is a Boolean representation. Note that, in partic-
ular, we have proved (6)=-(4). By (2) of [11, Th 5.3] we have that there is a
quaternary operation c : A* — A such that

p: (Aa C) — H"/GMQZL’CO’ILQ(A) (A/’% dA/’y)
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is an irredundant fully expanded subdirect representation. Since d&/7 =
NA/Y for v € MaxCong(A), we have that ¢ = NA. As p is fully ex-
panded we have that Con(A, N4) C Cong(A). Since p is an embedding of
the extended language, it follows that MaxCong(A) C Con(A, N*), which
implies that Cong(A) = Con(A, NA). But the algebras (A/vy,dA/7), with
v € MaxCong(A) generate a discriminator variety and hence (A, NA) is
congruence permutable. Thus we have proved (6)=-(1) and (7).

We leave to the reader the proof of (8). O

Let Q be a relatively semisimple quasivariety with EDRPC and let £ be
the language of Q. Let Ly be the language £ expanded by adding the new
4-ary function symbol N. Define

Py = {(A, NA) : A is relatively permutable}

We note that Py is a quasivariety since it can be axiomatized by a set of
quasiidentities axiomatizing Q plus the identities

™z, y, N(z,y, z,w), z) = §(x,y, N(z,y, z,w), 2)

ﬁ(:];’ y7 N(x7 y7 Z’ w)7 w) ~ i(x7 y? N(x’ y’ Z7 w)’ w)

(use (3)=(1) of Theorem 17). But by (8) of Theorem 17, Py is closed under
quotients which says that it is a variety. Also note that (7) of Theorem 17
implies that

(Pn)sr = (Pn)s = {(A,d*) : A € Qrs}
and hence Py is a discriminator variety. One can think of N as a 'missing
operation’ in the relatively permutable algebras in Q, that once added makes
the class of these algebras into a variety.

If A € Qand E € Py, we say that E is a relatively permutable extension
of A if A is a subalgebra of the reduct of E to the language of Q and E is
generated by A. Of course, since every algebra in Q is embeddable in a direct
product of relatively simple algebras, every A € Q has at least a relatively
permutable extension. Moreover, every A € Q has a free relatively permutable
extension, i.e. a relatively permutable extension E with the property that
for every onto homomorphism f : A — B, and every relatively permutable
extension G of B, there exists a unique homomorphism f : E — G such that
f la= f. This is because we can take E to be the £y-reduct of the R-free
algebra generated by the empty set of free generators, where R is the variety
defined as follows

- the language of R is Ly expanded by adding a new constant ¢, for each
a € A

- R is axiomatized by a set of axioms for Py plus the identities

F(Ca17 ...,Ca") = CFA(ay,....an)" Fecl ay,..,a, €A
If E; and E; are two relatively permutable extensions of A, then we say that
E; and E, are equivalent if there is an isomorphism f : E; — E5 such that
f |4 is the identity on A.



14 M. A. Campercholi and D. J. Vaggione Algebra univers.

Theorem 18. Let Q be a relatively semisimple quasivariety with EDRPC.
Every A € Q has, modulo equivalence, exactly one relatively permutable ex-
tension. Moreover if E is the relatively permutable extension of A, then the
map
Con(E) — Cong(A)
0 — [ |A
s a lattice isomorphism.

Proof. First note that
(*) If E is a relatively permutable extension of A and A is relatively per-
mutable, then E = (A, N4).
Next, suppose E is a relatively permutable extension of A and let E,. be the
reduct of E to the language of Q. If § € Con(E), we shall use A/6 to denote
the subalgebra of E,./f whose universe is the set {a/6 : a € A}. Note that
(**) E/0 is a relatively permutable extension of A /6.
We shall prove that
(%) v |a€ MaxCong(A), for every v € MaxCong(E,).
Since A/ |4 is embeddable in E, /v € (Qrs) ", we have that
v |a€ MazCong(A)T. Suppose v [a= VA. By (**) we have that E/y
is a relatively permutable extension of a trivial algebra, which implies that
E/v is trivial since Py F N(z,z,x,2) = x. But this is absurd since v €
MaxCong(E,) and hence we have that v [4€ MazCong(A), concluding the
proof of (*%).
Next we prove that
(***%) For every v € MaxzCong(A) there is exactly one A € MaxCong(E,)
satisfying v = A | 4.
Since MaxzCong(E, )" is 7.-compact (Corollary 9), we have that {\ |4: A €
MaxCong(E,)"} C MaxCong(A) is Te-compact (Corollary 5), which by
Corollary 7 says that {\ |a: A € MaxCong(E,)"} = MaxCong(A)" and
hence we have proved the existence part of (****). For v € MaxzCong(A), let
0={) € MaxCong(E,) :v=X|a}.
Since 8 € Con(E) and v = 6 |4, (**) implies that E/f is a relatively per-
mutable extension of A/6 = A/~. Since A /v is relatively simple, it is rel-
atively permutable, which by (*) says that E/6 = (A/y, NA/7). Thus 6 €
MaxCong(E,). This proves the uniqueness part of (****).
For v € MaxCong(A), let 4. be the only A € MaxCong(E,) satisfying
v = A|a. Note that the map
MazCong(A) — MaxCong(E,)
Y — Ve
is bijective. Also note that
Ay = E/ve
a/y = a/ve
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is an isomorphism between (A /v, NA/7) and E/v.. Thus for two £y-terms
t =t(x1,...,x,) and s = s(z1, ..., z,) and elements ay, ..., an, b1, ..., b, € A we
have have that

tB(ay, ..., a,) = s%(b, ..., bp)

iff
tB(a1, .oy an) /Ye = 85 (b1, ooy bn) /Ye, ¥y € MazCong(A)
iff
tE/ e (a1 /ey ooy an/Ve) = SE/%(bl/”ye7 s b /Ye), Yy € MaxCong(A)
iff

t(‘o‘/"Y’NAM)(al/'y7 e Qn /) = s(A/%NAM)(bl/'y, oy bn /), Yy € MaxConQ(A).I

We note that this last property depends only from A which says that the
relatively permutable extension E is uniquely determined by A.

Next we shall prove that

Con(E) — Cong(A)
0 — 6 |A

is a lattice isomorphism. Since ((;7i) |a= ();7% |a and every member of
Cong(A) is intersection of a subset of MaxCong(A), (****) says that the
above map is onto. To see that this map is injective, suppose that 6,0 €
Con(E) are such that 6 |4= 6 |4 and 0 # 5. W. 1. o. g we can suppose
that § C 6. By (**) we have that E/J is a relatively permutable extension of
A /5. Note that 0/5 € Con(E/5) — {A®/%} and (0/6) |4/5= AA/%. Thus we
can suppose that § = AE. Since E/f is a relatively permutable extension of
A /6= A, there is an isomorphism

g:E/0 - E
such that g(a/0) = a, for every a € A. Note that gomy is an isomorphism such
that gomg |a= ida and g o my # idg. But this is an absurd since we could
take E to be the free relatively permutable extension of A. O

In the case in which Q is the variety of bounded distributive lattices the
free relatively permutable extensions are the free Boolean extensions [1].
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