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Abstract

We present a general Lagrangian formulation for treating elastic solids and quasi/fully incompressible fluids in a unified form. The
formulation allows to treat solid and fluid subdomains in a unified manner in fluid–structure interaction (FSI) situations. In our work the
FSI problem is solved via the particle finite element method (PFEM). The PFEM is an effective technique for modeling complex inter-
actions between floating and submerged bodies and free surface flows, accounting for splashing of waves, large motions of the bodies and
frictional contact conditions. Applications of the unified Lagrangian formulation to a number of FSI problems are given.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Fluid–structure interaction (FSI) problems are typically
solved with a staggered scheme [16] by which the relevant
variables at the fluid and solid subdomains are separately
and sequentially (and iteratively) solved using as boundary
conditions at the common fluid–solid boundaries the veloc-
ities (for the fluid problem) and the surface tractions (for the
solid problems). The staggered scheme is ideal for using
existing finite element codes, initially developed for fluid
dynamics and solid mechanics problems, and the comput-
ing effect is mainly focused on the interfacing of the relevant
data between the common fluid and solid boundaries.
Indeed the FSI problem typically involves the motion of
mesh nodes in both the fluid and solid domains. As a con-
0045-7825/$ - see front matter � 2007 Elsevier B.V. All rights reserved.
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sequence, an arbitrary Lagrangian–Eulerian (ALE) formu-
lation [17] is used to model the governing equations for the
fluid, while a standard Lagrangian formulation is used for
the equations of the solid part.

In our work we propose a different route for solving FSI
problems. Our goal is to solve the equations for both the
fluid and solid domains using a unified lagrangian formula-
tion. This basically means that the analysis domain, con-
taining both fluid and solid subdomains which interact
with each other, is seen as a single continuum domain with
different material properties assigned to each of the inter-
acting subdomains (i.e. the fluid and solid regions). This
allows to make no distinction between fluids and solids
for the numerical solution and a single computer code
can be used for solving the FSI problem.

The governing equations for the fluid and solid domains
(in a lagrangian frame of reference) are discretized and
solved with the particle finite element method (PFEM).
The PFEM treats the mesh nodes in the fluid and solid
domains as moving material points (henceforth called par-
ticles) which can freely move and even separate from the
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main fluid domain representing, for instance, the effect of
water drops. A finite element mesh connects the nodes
defining the discretized domain where the governing equa-
tions are solved in the standard FEM fashion. The motion
of the mesh discretizing the total domain (including both
the fluid and solid parts) is followed during the transient
solution. The PFEM is the natural evolution of recent
work of the authors for the solution of FSI problems using
Lagrangian finite element and meshless methods
[1,4,5,7,13–15].

In summary, the key ingredients of the unified formula-
tion presented in this paper are: (a) the definition of a uni-
fied constitutive equation for the fluid and solid materials,
(b) the use of a Lagrangian description to model the kine-
matic of both fluid and solid domains, and (c) the use of the
particle finite element method (PFEM) for redefinition of
the domain boundaries and the treatment of frictional con-
tact conditions.

An obvious advantage of the Lagrangian formulation is
that the convective terms disappear from the fluid equa-
tions. The difficulty is however transferred to the problem
of adequately (and efficiently) moving the mesh nodes.
Indeed for large mesh motions remeshing may be a frequent
necessity along the time solution. We use an innovative
mesh regeneration procedure blending elements of different
shapes using an extended Delaunay tesselation [4,6]. Fur-
thermore, this special polyhedral finite element needs spe-
cial shape functions. In this paper, meshless finite element
(MFEM) shape functions have been used [4]. Another pos-
sibility is the use of a standard mesh generator with sliver
elimination [18]. Nevertheless, standard mesh generator
avu
x

Fig. 1. Sequence of steps to update a ‘‘cloud’’ of nod
are sometimes too expensive in computational cost. An effi-
cient mesh generator as such presented in Ref. [6] is a key
issue in a Lagrangian formulation.

The layout of the paper is the following. In the following
section the basic ideas of the PFEM are outlined. Next the
basic equation for an incompressible flow using a Lagrang-
ian description and the elastic solid using a hypo-elastic
approximation are presented. Details of the treatment of
the coupled FSI problem are given. The procedures for
mesh generation and for identification of the free surface
nodes are briefly outlined. Finally, the efficiency of the par-

ticle finite element method (PFEM) is shown in its applica-
tion to a number of FSI problems involving large flow
motions, surface waves, moving bodies. etc.

2. The basis of the particle finite element method

Let us define the collection or cloud of nodes (C) pertain-
ing to the fluid and solid domains, the volume (V) defining
the analysis domain for the fluid and the solid and the mesh

(M) discretizing both domains.
A typical solution with the PFEM involves the following

steps.

1. The starting point at each time step is the cloud of points
in the fluid and solid domains. For instance nC denotes
the cloud at time t = tn (Fig. 1).

2. Identify the boundaries for both the fluid and solid
domains defining the analysis domain nV in the fluid
and the solid. This is an essential step as some bound-
aries (such as the free surface in fluids) may be severely
es from time n (t = tn) to time n + 1 (t = tn + Dt).
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distorted during the solution process including separa-
tion and re-entering of nodes. This allows to model
splashing of waves. The Alpha Shape method [2] is used
for the boundary definition (see Section 6).

3. Discretize the fluid and solid domains with a finite ele-
ment mesh nM. In our work we use an innovative mesh
generation scheme based on the extended Delaunay tess-
elation [6].

4. Solve the Lagrangian equations of motion for the fluid
and the solid domains using the unified formulation pro-
posed in this work. Compute the relevant state variables
in both domains at the next (updated) configuration for
t + Dt: velocities, pressure and viscous stresses in the
fluid and displacements, stresses and strains in the solid.
Indeed this step requires an iterative scheme as large
motion of both the fluid and solid domain may occur
during the time step. Also material non linearities may
appear in the solid although this situation is not consid-
ered in this work.

5. Move the mesh nodes to a new position n+1C where
n + 1 denotes the time tn + Dt, in terms of the time incre-
ment size. This step is typically a consequence of the
solution process of step 4.

6. Go back to step 1 and repeat the solution process for the
next time step.
3. Constitutive equations to be used for both fluid and solid

materials

3.1. Constitutive equations for hypo-elastic solids

Let a material with a hypo-elastic constitutive equation
like

LðsijÞ ¼ ksdijdll þ 2lsdij; ð1Þ

where sij = Jrij is the Kirchhoff stress tensor, dij ¼
1
2

oV i
oxj
þ oV j

oxi

� �
is the rate of deformation tensor, Vi the veloc-

ity along the ith axis, rij the Cauchy stress tensor, ks and ls

the Lamé parameters, J = det(Fij) the Jacobian, being
F ij ¼ oxi

oX j
¼ oui

oX j
þ dij the deformation gradient tensor, ui

the ith displacement component and LðsijÞ ¼ F _SF T, the
time Lie derivative , with S = F�1sF�T = F�1rF�TJ, the
second Piola–Kirchhoff stress tensor.

Dividing the strain and the stress in their deviatoric ( 0)
and the volumetric parts

dij ¼ d 0ij þ
dll

3
dij; sij ¼ s0ij þ

sll

3
dij: ð2Þ

Then

LðsijÞ ¼ ks þ
2ls

3

� �
dijdll þ 2lsd

0
ij: ð3Þ

This may be split as

Lðs0ijÞ ¼ 2lsd
0
ij

L
sll

3

� �
¼ ks þ

2ls

3

� �
dll

ð4Þ
The volumetric strain rate and the pressure will be writ-
ten as

ev¼ trðdijÞ¼ dll and p¼ tr �rij

3

� �
¼�rll

3
¼� sll

3J
ð5Þ

Approaching the derivative in (4) by a finite time step

F
DS
Dt

F T

� �0
¼ 2lsd

0 and

tr F
DS
3Dt

F T

� �
¼ ks þ

2ls

3

� �
ev ð6Þ

which may be written as a function of the Cauchy stress:

r0ðnþ1Þ
ij ¼ r̂0ðnÞij þ

2Dtls

J
d 0ij and

pnþ1 � p̂n ¼ �Dt
J

ks þ
2ls

3

� �
ev; ð7Þ

where

r̂ðnÞ ¼ FSnF T

J
; r̂0ðnÞ ¼ ðFSnF TÞ0

J
;

p̂ðnÞ ¼
�tr F Sn

3

� �
F T

� 	
J

; pnþ1 ¼
�tr F Snþ1

3

� �
F T

h i
J

: ð8Þ

In the previous equations r̂0ðnÞ and p̂ðnÞ represent the
deviatoric stress and the pressure at the beginning of the
time step (n), but referred to the final time step configura-
tion (n + 1).

Finally, for the hypo-elastic material the constitutive
relations may be written in terms of the following three
expressions:

rnþ1
ij ¼ r̂0ðnÞij þ

2Dtls

J
d 0ij � pnþ1dij; ð9Þ

rnþ1
ij ¼ r̂ðnÞij þ

2Dtls

J
d 0ij þ

Dt
J

ks þ
2ls

3

� �
evdij; ð10Þ

rnþ1
ij ¼ r̂ðnÞij þ

2Dtls

J
dij þ

Dt
J

ksevdij: ð11Þ
3.2. Constitutive relations for incompressible and

quasi-incompressible fluids

For Newtonian fluid flows the standard constitutive
relations are

rnþ1
ij ¼ 2lLd 0ij � pnþ1dij; ð12Þ

where lL is the viscosity.
For quasi-incompressible flows, the volumetric train

rate may be written as a strain function of the sound speed
by

Dp
Dt
’ Dp

Dt
¼ �C2qev ) pnþ1 ¼ pn � DtC2qev

¼ pn � Dtjlev; ð13Þ

where C is the sound speed and jl = C2q.
Then, the Cauchy stress tensor may be written in func-

tion of the volumetric strain rate by
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rnþ1
ij ¼ 2lLd 0ij � pndij þ Dtjlevdij

¼ 2lLdij � pndij þ Dtjl �
2ll

3

� �
evdij: ð14Þ

From (12)–(14) Newtonian constitutive relation for
incompressible or near incompressible flow may be written
in one of the following three manners:

rnþ1
ij ¼ 2lLd 0ij � pnþ1dij

ðfor incompressibleÞ; ð15Þ
rnþ1

ij ¼ 2lLd 0ij � pndij þ Dtjlevdij

ðfor quasi-incompressibleÞ; ð16Þ

rnþ1
ij ¼ 2lLdij � pndij þ Dtjl �

2ll

3

� �
evdij

ðfor quasi-incompressibleÞ: ð17Þ
3.3. Unique constitutive equation for fluids and solids

In the following, only a unified constitutive equation will
be used for both the elastic solid and the incompressible or
nearly incompressible fluid:

rnþ1
ij ¼ r̂ðnÞij þ 2ld 0ij � Dpnþ1dij ðfor incompressibleÞ; ð18Þ

rnþ1
ij ¼ r̂ðnÞij þ 2ld 0ij þ Dtjevdij

ðfor quasi-incompressibleÞ; ð19Þ
rnþ1

ij ¼ r̂ðnÞij þ 2ldij þ kevdij

ðfor quasi-incompressibleÞ ð20Þ

with the definitions for r̂ðnÞij , l, k and j given in Table 1.
Eq. (18) will be used only in such cases in which all the

domain or a part of the domain is totally incompressible,
while Eq. (19) or (20) will be used in such cases in which
all the domain may be considered as compressible or
quasi-incompressible.

Then, depending of the material the following defini-
tions will be used:

(a) For the fluid

l ¼ ll; ð21Þ
r̂0ðnÞij � 0; ð22Þ
r̂ðnÞij ¼ �pndij; ð23Þ
j ¼ jl ¼ C2ql; ð24Þ
k ¼ kl ¼ Dtjev: ð25Þ
Table 1
Definition of physical parameters

Solid Fluid Unique

r̂ðnÞij �pndij r̂ðnÞij

Dtls
J lL l

Dtks
J Dtjl � 2ll

3 k

1
J ks þ 2ls

3

� �
jl j
Totally incompressible flows means C =1 and then
j = jl =1.

(b) For the solid part:

l ¼ Dt
J

ls ¼
Dt
J

E
2ð1þ mÞ ; ð26Þ

where E is the Young modulus, m the Poisson coefficient
and ks and ls the Lamé parameters.

k ¼ ks ¼
mE

ð1þ mÞð1� 2mÞ ; ð27Þ

j ¼ js ¼
1

J
ks þ

2ls

3

� �
: ð28Þ

3.4. Momentum conservation equations

The standard infinitesimal momentum conservation
equation may be written in a Lagrangian frame as

qai ¼ q
DV i

Dt
¼ orij

oxj
þ qfi: ð29Þ

The equations are completed with the pressure–volumetric
strain equations;

ev ¼ �
Dp
jDt

ð30Þ

and the boundary conditions:

rni ¼ �rni on Cr; ð31Þ
V i ¼ V i on CV : ð32Þ

It must be noted that the term DV i
Dt , represents the

time material derivative (lagrangian) of the velocity DV i
Dt ¼

V nþ1
i �V n

i
Dt where V nþ1

i represents the velocity at time (n + 1)
in the position xnþ1

i . The convective term, normally
included in the fluid mechanics equations, are not explicitly
present in the lagrangian formulation.

A weighted residual method will be used to approximate
above equations:Z

V
W i q

DV i

Dt
� orij

oxj
� qfi

� �
dV

þ
Z

Cr

W iðrni � �rniÞdC ¼ 0 ð33Þ
Z

V
W p �ev �

Dp
jDt

� �
dV ¼ 0 ð34Þ

In weak formZ
V

W iq
DV i

Dt
þ oW i

oxj
rij � W iqfi

� �
dV �

Z
Cr

W i�rnidC ¼ 0;

ð35ÞZ
V

W p �ev �
Dp
jDt

� �
dV ¼ 0: ð36Þ
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4. Temporal integration of governing equations

Let

anþ1=2
i ¼ V nþ1

i � V n
i

Dt
¼ anþ1

i þ an
i

2
)

anþ1
i ¼ 2

V nþ1
i � V n

i

Dt

� �
� an

i ð37Þ

Then, at time (n + 1) the weak form of the weighted
residual equation becomesZ

V
W i2q

V nþ1
i � V n

i

Dt

� �
� W iqan

i þ
oW i

oxj
rnþ1

ij � W iqf nþ1
i

� �
dV

�
Z

Cr

W i�rnidC ¼ 0; ð38ÞZ
V

W p �enþ1
v � Dp

jDt

� �
dV ¼ 0: ð39Þ

In the following, the upper index n + 1 will be dropped
resulting inZ

V
W i2q

V i � V n
i

Dt

� �
� W iqan

i þ
oW i

oxj
rij � W iqfi

� �
dV

�
Z

Cr

W i�rnidC ¼ 0; ð40ÞZ
V

W p �ev �
Dp
jDt

� �
dV ¼ 0: ð41Þ
4.1. Case in which all the domain may be considered as

quasi-incompressible

In this case, the constitutive equations are the described
in Eq. (19) or (20). The pressure is not a state variable:Z

V
W i2q

V i � V n
i

Dt

� �
� W iqan

i þ
oW i

oxj
r̂ðnÞij þ 2ldij þ kevdij

� ��

�W iqfi

�
dV �

Z
Cr

W i�rnidC ¼ 0 ð42Þ

orZ
V

W ið2qÞV i þ Dt
oW i

oxj
2ldij þ Dt

oW i

oxi
kev


 �
dV

¼
Z

V
W ið2qÞV n

i þ DtW iqan
i þ DtW iqfi � Dt

oW i

oxj
r̂ðnÞij


 �
dV

þ Dt
Z

Cr

�rnidC:

ð43Þ

4.2. Spatial discretization

Each of the velocity components Vi is interpolated using
the MFEM shape functions [4] as

V i ¼ N TQi; ð44Þ

where NT are the MFEM shape functions and Qi a vector
containing the nodal values of the velocity components.
For Galerkin residual approximations, the arbitrary
weighting functions Wi are

½W 1;W 2;W 3� ¼
N 0 0

0 N 0

0 0 N

2
64

3
75: ð45Þ

The equation to be solved in matrix form becomes

ðMij þ DtKijÞQj ¼ Gn
i ð46Þ

with

Kij ¼ K1
ij þ K2

ij þ K3
ij;

Mii ¼
Z

V
Nð2qÞNT dV ; K1

ii ¼
Z

V

oN
oxj
ðlÞ oNT

oxj
dV ;

Mij ¼ K1
ij ¼ 0 8i 6¼ j;

K2
ij ¼

Z
V

oN
oxj
ðlÞ oN T

oxi
dV ;

K3
ij ¼

Z
V

oN
oxi
ðkÞ oN T

oxj
dV ;

Gn
i ¼

Z
V



Nð2qÞV n

i þ NðDtqÞan � Dt
oN
oxj

r̂n
ij þ NDtqfi

�
dV

þ
Z

Cr

NDt�rnidC: ð47Þ
4.3. Case in which all the domain or a part of it must be

considered as incompressible

In this case, the only possibility is to use a mixed formu-
lation equation (18) using the velocity and the pressure
as unknown variables. The weighted residual equation
remainsZ

V

 
W i2q

V i � V n
i

Dt

� �
� W iqan

i þ
oW i

oxj
ðr̂ðnÞij þ 2ld 0ij

�DpdijÞ � W iqfi

!
dV �

Z
Cr

�rni dC ¼ 0 ð48Þ
Z

V
W p �ev �

Dp
jDt

� �
dV ¼ 0 ð49Þ

or alsoZ
V

W ið2qÞV i þ Dt
oW i

oxj
2ld 0ij � Dt

oW i

oxi
Dp


 �
dV

¼
Z

V
W ið2qÞV n

i þ DtW iqan
i � Dt

oW i

oxj
r̂ðnÞij




þDtW iqfi

�
dV þ Dt

Z
Cr

�rnidC ð50ÞZ
V

DtW p
oV i

oxi
þ W p

Dp
j


 �
dV ¼ 0 ð51Þ

Taking into account the definition of the deviatoric
strain rate:



S.R. Idelsohn et al. / Comput. Methods Appl. Mech. Engrg. 197 (2008) 1762–1776 1767
Z
V

W ið2qÞV i þ Dt
oW i

oxj
l

oV i

oxi
þ D

oW i

oxj
l

oV j

oxi




�Dt
oW i

oxj

2l
3

evdij � Dt
oW i

oxi
Dp
�

dV

¼
Z

V
W ið2qÞV n

i þ DtW iqan
i � Dt

oW i

oxj
r̂ðnÞij




þDtW iqfi

�
dV þ Dt

Z
Cr

�rnidC; ð52ÞZ
V

DtW p
oV i

oxi
þ W p

Dp
j


 �
dV ¼ 0: ð53Þ
5. Spatial discretization

Both the velocity components and the pressure incre-
ment are discretized by

V i ¼ N TQi and Dp ¼ NpDP : ð54Þ

The equation to be solved in matrix form becomes

Mij 0

0 � 1
j Mpp

" #
þ Dt

Kij �Bip

�Bpj 0


 �( )
Qi

DP


 �
¼

Gn
i

0


 �

ð55Þ

with
Fig. 2. Cantilever beam under a shear stress at the end length: geometry.

Fig. 3. Cantilever beam under a shear stress at the end length:
Kij ¼ K1
ij þ K2

ij þ K3
ij;

Mii ¼
Z

V
Nð2qÞNT dV ; K1

ii ¼
Z

V

oN
oxj
ðlÞ oNT

oxj
dV ;

Mpp ¼
Z

V
N pN T

p dV ;

Mij ¼ K1
ij ¼ 0 8i 6¼ j;

K2
ij ¼

Z
V

oN
oxj
ðlÞ oNT

oxi
dV ;

K3
ij ¼

Z
V

oN
oxi

� 2l
3

� �
oNT

oxj
dV ;

Bip ¼
Z

V

oN
oxi

NT
p dV ; Bpi ¼

Z
V

Np
oNT

oxi
dV ;

Gn
i ¼

Z
V

Nð2qÞvn
i þ NðDtqÞan � DtdV þ oN

oxj
r̂n

ij þ NDtqfi


 �

�
Z

Cr

NDt�rni dC

ð56Þ

It must be noted that this equation must be stabilized in
order to avoid wiggles in the pressure solution due to the
lack of the Babuska–Brezzi conditions. In this paper a
Fig. 4. Initial geometry of the water column.

maximum displacement for Courant numbers 0.5 and 50.
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Finite Calculus (FIC) formulation will be used to stabilize
the solution [9–12].
Fig. 5. Comparison between experimental and numerical res
At the end of each time step, the Cauchy stress rnþ1
ij are

evaluated and saved for the next time step. At the
ults of the collapse of a water column with an obstacle.
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beginning of each time step, the previous Cauchy stress are
considered as the second Piola–Kirchhoff stress for the
present step and they are evaluated by

Sn
ij ( rnþ1

ij ;

r̂n ¼ ðFSnF Þ=J ;
ð57Þ

where F is the deformation gradient tensor and J the det(F)
defined in Section 3.1.
Fig. 6. Comparison between experimental and numerical results of the co
6. Generation of a new mesh and identification of the

boundary surfaces

One of the key points for the success of the Lagrangian
formulation described here is the fast regeneration of a
mesh at every time step on the basis of the position of the
nodes in the space domain. In our work the mesh is gener-
ated using the so-called extended Delaunay tesselation
llapse of a water column with an obstacle. Case with water and air.



1770 S.R. Idelsohn et al. / Comput. Methods Appl. Mech. Engrg. 197 (2008) 1762–1776
(EDT) presented in [4–7]. The EDT allows one to generate
non standard meshes combining elements of arbitrary
polyhedrical shapes (triangles, quadrilaterals and other
polygons in 2D and tetrahedra, hexahedra and arbitrary
polyhedra in 3D) in a computing time of order n, where n

is the total number of nodes in the mesh. The C� continuous
shape functions of the elements can be simply obtained
using the so-called meshless finite element interpolation
(MFEM). Details of the mesh generation procedure and
the derivation of the MFEM shape functions can be found
in [4–7].
Fig. 7. Collapse of a water colu
Once the new mesh has been generated the numerical
solution is found at each time step using the fractional step
algorithm described in the previous section.

One of the main tasks in the PFEM is the correct defini-
tion of the boundary domain. Sometimes, boundary nodes
are explicitly identified differently from internal nodes. In
other cases, the total set of nodes is the only information
available and the algorithm must recognize the boundary
nodes.

The extended Delaunay partition makes it easier to rec-
ognize boundary nodes. Considering that the nodes follow
mn with an elastic obstacle.
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a variable h(x) distribution, where h(x) is typically the min-
imum distance between two nodes, the following criterion
has been used. All nodes on an empty sphere with a radius

greater than ah, are considered as boundary nodes. In prac-
tice a is a parameter close to, but greater than one. This cri-
terion is coincident with the Alpha Shape concept [2].

Once a decision has been made concerning which nodes
are on the boundaries, the boundary surface is defined by
all the polyhedral surfaces (or polygons in 2D) having all
their nodes on the boundary and belonging to just one
polyhedron.

The correct boundary surface is important to define the
normal to the surface. Moreover, in weak forms (Galerkin)
such as those used here a correct evaluation of the volume
domain is important. In the criterion proposed above, the
error in the boundary surface definition is proportional
to h which is an acceptable error.

The method described also allows one to identify iso-
lated fluid particles outside the main fluid domain. These
particles are treated as part of the external boundary where
the pressure is fixed to the atmospheric value. We recall
that each particle is a material point characterized by the
density of the solid or fluid domain to which it belongs.
The mass which is lost when a boundary element is elimi-
nated due to departure of a node (a particle) from the main
analysis domain is again regained when the ‘‘flying’’ node
falls down and a new boundary element is created by the
Alpha Shape algorithm when the lost node is at a distance
less than ah from the boundary.

7. Examples

The examples chosen show the applicability of the
PFEM to solve problems involving large fluid motions
and FSI situations.

Only 2D quasi-incompressible materials have been used
in all the examples shown in the following sections.
Fig. 8. Collapse of a water column with an elastic obstacle: h
The use of quasi-incompressible formulation to
approximate an incompressible flow has been largely used
in the literature. The advantage of this approximation is
that no stabilization is necessary to obtain smooth solu-
tions. In our unique lagrangian formulation for both,
the elastic solid and the incompressible flow, the advan-
tage is more evident because both domains: the solid
and the fluid may be solved identical in this case. The
only difference between the solid and the fluid is the con-
stitutive equation but both do not need the pressure as a
state variable.

There is some type of fluid–structure interaction prob-
lems, named gravitational problems in which the introduc-
tion of a speed of sound much smaller than the real one do
not disturb too much the results. The large majority of free-
surface problem where the free-surface is in contact with
the atmospheric pressure are inside this kind of gravita-
tional problems and for this reason, the introduction of
the real speed of sound is unnecessary and we can take
advantage of this factor. The reader is referred to previous
publications of the authors [7,1] to see 2D and 3D examples
of FSI between totally incompressible fluid flows and rigid
solids.
istory of the displacement and comparison with Ref. [19].
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In all the examples shown below, the mesh in the solid
domain is generated only once and then the nodes are
moved without re-meshing as in a classical finite element
Fig. 10. A high elastic beam built-in
method. The PFEM approximation described before is
only used in the fluid domain. In this way, the stresses
r̂ðnÞij from the previous time step remain at the element level
on the bottom of the recipient.
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for the next time step. Nevertheless the pressure values for
the fluid domain are evaluated at the node (particles) to be
transmitted to next time step with a new mesh.

7.1. Elastic solid oscillation of a cantilever beam

The unified formulation presented has been widely used
in fluid dynamics problems using PFEM [3,7,13,15]. Lec-
turers are asked to read previous references for PFEM
validation on fluid mechanics problems. Nevertheless,
for structural problems the solution with PFEM is new.
For this reason a simple a pure structural dynamic
Fig. 11. Elastic cube falling in
example has been tested. The free vibration of a cantile-
ver beam subjected to a suddenly applied shear stress
across the other end boundary face is shown in Fig. 2.
A plane strain beam with length l = 20 m, height h = 5,
E = 4.00 GPa, Poisson’s ratio = 0.32, G = 1.51 GPa N/
cm2 and density = 1450 kg/m3 was discretized using
1331 equal space particles. The total shear stress was equal
to 1 MPa with the upper and lower faces being traction
free.

This example was presented in [20] and compare with an
analytical solution for the 1D beam theory with a correc-
tion for longitudinal shear deformation.
to a container with water.
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The maximum displacement of the beam as time func-
tion is represented in Fig. 3 and compare with the analyti-
cal solution. Different time step were used in order to test
the numerical diffusion of the method. Courant number
equal 0.5 and 50 were tested. We can conclude that the
approximation used in the solid part of the domain has a
small numerical diffusion and that time step order of Cou-
rant number between 0.5 and 50 are enough to have excel-
lent results.
Fig. 12. Dragging an elastic p
7.2. Impact of sea waves on solid object

The collapse of a water column illustrated in Fig. 4 is
calculated using the present formulation and compared
with experiment results obtained by Koshizuka [8]. Fig. 5
shows the experimental and the numerical results at differ-
ent characteristic time step.

At time 0.1 s, the right surfaces of the water start the
disturbance due to the obstacle. At time 0.2 s, the water
late in a water container.
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surface is completely disturbed by the obstacle. The results
compare very well with the experimental results. At 0.3 s,
the collapsed water crashes to the right wall. At 0.4 s, the
water goes up along the right wall with separations and
several drops. Finally, at 1,0 s, the water along the right
wall falls down and a new breaking wave will soon occur
on the left wall.

After 0.4 s a large deviation between the experimental
results and the numerical one is observed. The reason is
that the experimental results were performed in recipient
with water in contact with the external air. After 0.4 s, an
air bubble is formed with the jet of water and the recipient.
This incompressible air bubble changes significantly the
experimental results.

In order to improve the numerical results, the same prob-
lem was solved including the recipient water and air. Fig. 6
shows the new results in which the air is represented by a
fluid with their corresponding density and viscosity. The
results are now in a better agreement with the experimental
ones and show the powerful of the PFEM to handle large
differences in fluid physical characteristic.

Fig. 7 represents the same problem but with a elastic
obstacle with density q = 2500 [kg/m3], Young’s modulus
E = 106 [kg/s2m] and Poisson’s ratio m = 0. The geometry
of the more slender obstacle is of width h = 1.2 [cm] and
height 20/3 Æ h. This example was also solved in Ref. [19]
with a staggered and level-set method for the free surface
flow. A unified formulation for incompressible flow and
for the flexible obstacle has been used in this paper. No
experimental results have been found for this example,
but the shape of the deformation of the elastic beam as well
as the free surface perturbation seems to be in agreement
with the physics of the problem.

The left upper corner of the solid first gets a defection to
the left when the water acts on its lower part and moves to
the right while the water rises. It obtains its maximum
deflection (mark (a) in Fig. 8) when the water jet passes
the top and is fully attached to the left side of the solid.
Finally, the impact of the fluid causes the thin solid to start
oscillating (b). This oscillation is damped (c) by the water
located left and right of the wall. The results obtained in
Ref. [19] are also presented in Fig. 8.

In order to increase the interaction between the fluid
and the elastic solid, a similar problem to the previous
one has been solved but using a taller elastic beam built-
in on the bottom of the recipient. The obstacle with density
q = 7800 [kg/m3], Young’s modulus E = 2.1 · 106 [kg/s2m]
and Poisson’s ratio m = 0.3. Geometry is illustrated in
Fig. 9.

Now, the system is simulated for 2[s] with a constant
time step = 0.001 [s]. The hypoelastic solid is deflected by
the impulse of the fluid wave (Fig. 10).

7.3. Elastic objects falling or floating in water

The analysis of the motion of submerged or floating
object in water is of great interest in many areas of har-
bour and costal engineering and naval architecture
among others. In the following figures a series of exam-
ples will be described in order to show the potential of
the PFEM to handle fully coupled elastic solid and vis-
cous fluid flows in problems in which the position of
the body depends totally on the internal forces produces
by the fluid. The presence of free surfaces introduces
another complexity to the problem which is solved easily
by PFEM.

Fig. 11 shows the penetration and motion of an elastic
cube in a container with water. The difference in the density
of the elastic body with the water results that the body will
float on the free-surface. The density for the body used was
5% bigger than fluid. The colours denote the pressure dis-
tribution at different time instants. In this case, the speed
of sound used for the water was C = 10 [m/s]. The small
value for the sound speed may be observed in some time
fluctuation of the pressure values, which for this kind of
gravitational problems, do not affect considerably the geo-
metric results.

Fig. 12 shows the evolution of an elastic floating
plate on a free-surface with breaking waves. Here again
a unified fluid–solid formulation has been used. The
floating plate has a density 5% bigger than the fluid.
For this reason the plate becomes totally submerged in
the water.
8. Conclusions

A unified Lagrangian finite element framework in con-
junction with the particle finite element method is ideal
to treat problems involving fluids with free surfaces and
submerged or floating structures. Problems such as fluid–
structure interaction, large motion of fluid or solid parti-
cles, surface waves, water splashing and separation of
water drops, can be easily solved with the PFEM. The suc-
cess of the method lies in the accurate and efficient solution
of the equations of an incompressible fluid and of solid
dynamics using an updated Lagrangian formulation. Other
essential solution ingredients are the efficient regeneration
of the finite element mesh using an extended Delaunay tess-
elation, the meshless finite element interpolation (MFEM),
the identification of the boundary nodes using an Alpha
Shape type technique and the simple algorithm to treat
contact conditions at fluid–solid and solid–solid interfaces
via mesh generation. The examples presented have shown
the great potential of the PFEM for solving a wide class
of practical FSI problems.
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[14] E. Oñate, J. Garcı́a, S.R. Idelsohn, Ship hydrodynamics, in: E. Stein,
R. de Borst, T.J.R. Hughes (Eds.), Encyclopedia of Computational
Mechanics, John Wiley, 2004.
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