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ABSTRACT

We define a probability measure on the space of polynomials over R™ in
order to address questions regarding the attainment of the norm at given
points and the validity of polynomial inequalities.

Using this measure, we prove that for all degrees £ > 3, the probability
that a k-homogeneous polynomial attains a local extremum at a vertex of
the unit ball of £} tends to one as the dimension n increases. We also give
bounds for the probability of some general polynomial inequalities.

Introduction

If P: E — R is a k-homogeneous polynomial over a Banach space FE, its norm
is defined as the supremum of the values | P(x)| as x ranges over the unit sphere
of E. In studying if and where on the unit sphere such a supremum might
be attained, it is immediately clear that unless E is a Hilbert space, different
points on the sphere play different roles. Consider where a linear form on ¢2
(R? with the max norm) attains its norm. Clearly the vertexes of the sphere
are the points to look at. In case of a homogeneous polynomial the importance
of these points is diminished, but still one would expect a higher likelihood of
norm-attainment at vertexes than at other specific points of the sphere.
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One may argue — by considering gradients of a polynomial at different points
and by comparing the f3-norms of vertexes vis-a-vis other points of the unit
sphere of ¢7, — that homogeneous polynomials over 2 are more likely to attain
their norms at vertexes than at any other point, and that such a likelihood will
grow as the dimension n tends to infinity. This has been partially addressed in
[3] and in [6].

The quantitative study of such questions requires the use of some measure
on the space of polynomials in order to refer to more or less “likely” sets of
polynomials. It is by no means obvious how such a measure should be defined.
If we restrict our attention to k-homogeneous polynomials in n variables, we
have an ("+Z_1)—dimensional space P(*R™). This space has no preferred metric
structure, and indeed, different norms considered on R”™ give rise to different —
and geometrically rather strange ([7]) — unit balls on P(*R™).

The aim of this paper is to introduce on P(*R™) — and on other spaces of
polynomials — a probability measure, and to present a case for its naturality
and “correctness”.

In Section 1 we introduce our measure. In order to do so we consider P(*R™)
as a dual Hilbert space. This structure has been considered on spaces of k-
homogeneous polynomials by Dwyer [4] and by Lopushansky and Zagorodnyuk
[5], and is also produced by the Bombieri norm of a polynomial (see [1] and [2]).
We consider standard Gaussian measure on this Hilbert space and calculate the
norm of some linear functionals. We also extend this approach to the space
P<,,(R™) of polynomials of degree at most m.

In Section 2 we prove the following. Consider k-homogeneous polynomials
over /7 (R™ with the 1-norm). Then for all degrees k > 3, the probability that a
k-homogeneous polynomial attains a local maximum at a vertex of the unit ball
tends to one as the dimension n grows. The case of 2-homogeneous polynomials
is qualitatively completely different.

Finally, in Section 3 we calculate upper and lower bounds for the probability
of certain polynomial inequalities. We state and prove all our results in the real
setting; clearly analogous results can be obtained in the complex case.

ACKNOWLEDGMENT. The authors would like to thank Robert Deville, David
Pérez-Garcia, and Nacho Villanueva for helpful comments in the preparation of
this paper.
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1. Gaussian measure in the space of Hilbertian polynomials.

The space of k-homogeneous polynomials in n real variables, P(*R"), is a
("+Z_1)—dimensional vector space. We will require a Hilbert space structure
on this space, and therefore need to introduce such a structure. We follow [5].

Denote euclidean n-space with ¢3, and consider an orthonormal basis
e1,...,en. The k-tensor product @), ¢4 is spanned by e;, ® --- ® e;, with each
ji = 1,...,n. We denote by [j] or [i] the set {1,...,n}* of all such indexes.
Define on ), ¢4 an inner product by setting

<’U,’LU> < Z Cjy-ju€js @ @ €y, Zdir“ikeh PR eik>
(4] (]
= Z Cjroveji iy i, <ej1 ) ei1> T <ejkaeik>
(41 i

= Z le”'jkdjl”'jk‘
(5]

Define also the symmetrization projector S: @, 5 — &), 5 by
1
S(ejl Q- ®€jk) = k! Zejo(l) & ®eja'(k-))
[oa

where o runs through all permutations of {1,...,k}. We denote the image of
S by @, 5. Note that &, . ¢ is spanned by the symmetric tensors

S(ejl®"'®ejk):S(El®'\"'®€5"'gn®'\"’®eg)
651 (e 7%

(which we will denote e®), while o € N with |a| = a1 + -+ - + @, = k (we will
also write al = ay!---a,!). Note that each index « corresponds to Z', indexes
in [j]; we will denote the correspondence by j — a.
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We consider in @), , ¢4 the inner product induced by the ambient space
&, 5. Thus we have, if j — « and i — £,

(e, eP) :<S(€j1 ®---®ej ), Sen @ ®Degy))

kl k! Z Z €loy @ " ® €jyiiy s iy ® -+ © i)
kl El Z Z Cloayr Cineny) " Cotiy s Cingay)

11 al
kl k! Zzéﬂuuwu) " 0oyt = Oap K k!k!a! - kl%g,

and in particular [[e®|| = \/k, , SO {\/ ,eo‘} is an orthonormal basis of ),
For each z € /3, the tensor z ® - - - ® x is symmetric, so

® "®xzzxj1"'$jkejl @y = Zzh' Sy, S 6J1®"'®ejk)
S IR % N ),
|a|=k |a|=k

where we have written z® = z{" - - - 20,

<Z W ),w w )

Thus the polynomial P: R® — R defined by P(z) = Z|a\:k aqr® is identi-
fied with the linear form over @), ¢4 given by the inner product multiplica-
tion (-,vp), where vp = Z\alzk aa\/z‘; (\/k',e ), and the linear form e, over
P(*R™) defined by evaluation at x is identified with the inner product against
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the element x ® - -- @ z of ), , £5. Note then that we have

EE®> iZ,')l,

|| =k
1 k
K\E (SN L)\ 2
el =( X w%a,) —(222)" =l
la|=k ’ r=1
and  (eg,ey) Z xy” ' (Z:ETyT) (z, )"
lar|=F '

The norm defined above on P(*R™) is referred to as the Bombieri norm in [1]

Note that the space of linear forms over P(*R™) includes a variety of func-
tions, many of which are defined by evaluation of k-linear forms or evaluation
of derivatives. Indeed, if vy,...,v; are k elements of R", then evaluation at
v1,...,0; defined by

P’—)QZS(’Ul,...,Uk)

(where ¢ is the unique symmetric k-linear form such that ¢(z,...,z) = P(x))
is a linear form, as is (taking v1 = -+ = vp_1 = a and v = v)
oP

We shall need to consider the norms of such forms, as well as the angles between
them. For example, it is not hard to calculate that when ||a|| = 1, the norm of
this last functional is

a(- )
1% @]| = lkSta @ © a o)l = [l + 6 - K)fa,0)?]
We consider on P(*R™) the standard Gaussian measure W corresponding to

its Hilbert space structure, i.e., the measure

1

W(A) = (m)ir2

/ e IPI*/2 4P, for any Borel set A C P(*R™),
A

where d = ("H,z_l), the dimension of P(*R™).
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If : P(*R™) — R is a linear form, then due to the rotation invariance of the
measure W we may calculate

WAP :(P) < a}

(P) a
WP < o

1 el _wi 1 — (w2 tw?)
= e 2 dwq 1 e 2\¥2 a) dws - - - dwq
V21 J oo (2m) 2 Jri-1

1 /|$ _<Hw‘|uw“12)2 p / . ”2 "
= e 2|l w1 = e 2{¢
V2r ) ¢27T||50||

Thus ¢ is a normal random variable with mean 0 and standard deviation ||¢||.
We note also that the measure W has another form of rotation invariance:
if 7: R® — R™ is an orthogonal linear map, and 7%: P(*R") — P(*¥R") is
T*(P) = PoT, then T* preserves the measure W.

We will consider the space P<,,(R™) of polynomials of degree at most m as
the ¢3-sum

P, (R") = ép
k=0

with the product measure, which we will continue to denote W. Thus every
linear form ¢: P<,,(R"™) — R may be written

= lﬂ(ki_opk) = ki_owk(Pk)7

where Py is the k-homogeneous part of P and vy is the restriction of ¢ to the
space P(*R™). The norm [|¢| is then given by

loll® = llwel?,
k=0

and v is a gaussian random variable with mean zero and standard deviation

1.
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2. Polynomials on /7

We consider now the problem of where a polynomial P € P(*/7) attains its
norm. Pérez-Garcia and Villanueva have proved in [6] that there is a set of pos-
itive measure (independent of the dimension n) of 2-homogeneous polynomials
not attaining their norms on vertexes of the unit sphere.

We will show that for degree k& > 3, the probability of a k-homogeneous
polynomial attaining a local extremum at a vertex tends to one as the dimension
n increases. We do this by considering gradients at the vertexes and reducing
the problem to a question about gaussian random variables. Let us begin then
with a probabilistic lemma.

LeEmMMA 2.1: Let X,Y3,...,Y,—1 be independent gaussian random variables
with mean zero and standard deviations ox = 1,0y, = 1/Vk, and call w, the
probability that

1X| > max{|Vil,..., [Y_1|}.

Then, as n increases, wy, tends to zero slower than 1/n (that is, nw, — o).

Proof. Consider the distribution of | X|
U 2 d
F(u) = Prob{|X| < u} = 2/ et Y
0 V2
F is a probability distribution function on [0, 00) whose density is
W2 du

dF(u) =2e” 2 Jon'

Thus F™ is also a probability distribution function on [0, c0)

rer=(2 [ o)

v gy \" 2 d
dF"™ (u) 2n(2/ e Y > e M
0 Vor Vor

Fixing a,, such that F"(a,) =} (i.e., F(an) = (3)'/"), we see that a,, — oc.

Now if X is a normal (0,1) random variable and Y an independent normal
(0,1/vk), then to find the probability of |X| > |Y|, we normalize

whose density is

5
1Y vk
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and must find the Gaussian area measure of

{@oer > ).

4/00/%366%2 dy - dz
o Jo V27 V2or

For |X| > max{|Y1],...,|Yn_1]}, we have

[e’e} Vkz 2 n—1
Wp = 2"/ (/ e 2 dy ) e dr .
0 0 V2 V2m
Multiplying by n,
oo Vi 42 n—1 .2
nwy, :/ 2n(2/ e 2 dy ) e 2 du ,
0 0 Veor V2r

and changing variables: u = vkz, we have

/002 (2/u ,y2 dy > -1 — Ll du
= n e e
0 0 V21 Vorvk
o e dy \"T e du
= 2n|{ 2 e e 2
/ ( /0 \/27r> VEk V2r
k u dF’n, )
ol
> e o dF"(u
_VhAl (u)
> Lt z/oodF"( )
e n U
“Vk an
1

k—1a2
= e 2k 7" — 00,

2k

which is

as n — o0.

Before we proceed to the theorem, let us fix some notation. Consider the
closed unit ball of £]. Tts extreme points are {e1,...,e,, —€1,...,—€,}. De-
note by A; the set of k-homogeneous polynomials P such that |P| has a local
maximum at the vertex e; (and thus also at —e;). Then the probability that a
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polynomial has a local extremum at some vertex of the unit ball is the measure

W(L_JA)

of the union

We have the following theorem.

THEOREM 2.2: For all degrees k > 3, the probability that a k-homogeneous
polynomial attains a local extremum at a vertex of the unit ball of /] tends to

one as the dimension n increases.

Proof. We must consider first the independence of the events A;. Note that P
belongs to A; if it has a local extremum at e;, and this happens if the gradient
VP(e;) points in the correct direction, i.e.,

oP oP
) N> )
Ped; < ’aej (ej) = aei(ej)

for all 7.

Thus we must check the independence of the random variables
10()
k 8ei

In the notation of Section 1, these are the linear forms e® where

(ej), defined by P — ¢(ej,...,ej,e;).

a= (.. k=1,..., 1 ,...).
N~~~ ~~~
j i
Note that if k=2, = (..., 1 ,..., 1 ,...), and both
~~
j i
10()) 10()
. d ;
28&' (ej) an QBej (6)
are the same linear form. However, for any k& > 3,
16() . a - _
k[)ei(ej)lse glvenbya_(...,l\f\—,l,..., 1 see),
J (3
10() B _
k@er(es)lse glvenbyﬁ—(...,l\f;l,..., 1,..)),

" <1 o), 1o()

al .
b 90y €)1 o, (60) = (€N = ap =0 o f.
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Thus for k£ > 3 all the partial derivatives involved are independent random
variables. Note also that gg_) (ej) has mean 0 and standard deviation || gg_) (e)]].
These standard deviations turn out to be

‘ k, if j =1,

_190)..
Ui_H de; (ci) VE, if j # 1.

Call w,, = W(A;) the probability of attaining a local extremum at e; (by the
rotation-invariance of W, W (A,) is the same for all j). This probability can
then be described as follows. Suppose Yi,...,Y,_1 and X are independent
normal random variables with mean 0 and standard deviations oy, = vk and
ox = k (normalizing, we may suppose oy, = 1/Vk and ox = 1). Then w, is
the probability that

1X| = max{[Yil, ..., [Yaoil},

and we may apply the lemma.
We then have, by independence of the Af’s, for any fixed degree k > 3,

w(Ua)=w(045) - T

Jj=1 j=1 j=1
=[O -w) =] —w) = (1 —wn)"
j=1 j=1
= [(1 — wn)fwln]_"w" —e =0, asn— co.

Thus

as n tends to infinity.

Note that the case of degree k = 2 is completely different due to the lack of
independence of the random variables involved.

3. Polynomial inequalities

In this section we give a formula for the measure of sets of polynomials verifying
quite general polynomial inequalities. We denote by ¢; linear forms over the
space of polynomials P<,,(R™). The angle between the linear forms ¢ and @9
will be denoted by (¢1,p2) € (0,7). We have the following.
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THEOREM 3.1: Let @1 and @y be linear forms over P<,,(R™), and a > 0. Then
the measure of the set of polynomials

{P € P<m(R™) = [01(P)| = |p2(P)| + a}
is bounded below by

el 11l = cos(er, 2)
e 2( — ) arctan .
T 27 sin(p1, p2)

Il + eoslir, 02)
+ arctan ,

sin(p1, p2)
and bounded above by

s { <I:2:I coswhsﬂz)) (Hiél +cos<s0w>)]
e 2 arctan . -+ arctan . ,
™ Sln((pla (PQ) Sln((pla (P2)

where
a

 lleallsin(er, g2)”
Proof. In order to project the set {|¢1] > |p2| + a} onto R? to calculate its

r

measure, we orthonormalize {¢1, p2}. Thus, let
v=grmc o where o= [lpal|cos(on, v2)
1

and note that ||¢|| = |[p2| sin(e1, p2). Now |p1] > |¢2| + a if and only if
¥1

il —az |+ |
el

ie.,
il +a<vte, Tt <|pi|—a,
[

which, when ¢; > 0, is

—p1 —¢ a1 +a§¢§s01—csa1 - a,
el el
®1 P1
—(llp1ll +¢) +a <¢ < (o1l —¢) —a,
llenl ]l

(lenll+¢) a _ ¢ _(ledl=¢) or _ a
T Tl T P I T

Analogously, when ¢ < 0 we have

lol=a) o1 . a _ % _ (el +0) &1 a

N T [ =
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The measure of {|p1]| > |@2|+a} is then the Gaussian area measure I'(A4 JA_)
of AL |JA_, where

lorl +0) . a lortl =) a
Ay = C— —
e= {0 = T S e )
and
R Joil 40 a
A= : _ _a
{ot s T e St e e

Since Ay can be taken onto A_ by a rotation, I'(A; (JA-) = 2I'(A4).
We calculate first the upper bound. Let v be the vertex of A;. Then

il - a2 ()P + )Nk
r =l = H(H:ll\’ ||¢|\|T;1H)H - (QIWIIQII%HC2 )

a . 1

= ||1/]H H(le (||502H2 Sln2(<)015 502) + H902||2 COSQ(QOL 502)) ?
_ a
1]l sin(epr, p2)
Now, A, is contained in the region U which — in polar coordinates — is
U= {(H,p) : arctan ( — (lenll + C)) < § < arctan ((”%H - C)>,r <p< oo}.
9] 1]l

Thus

oT(A4) < 20(U)
(le1ll—e)

9 1 Il o 7p2d 10
= 2
2w J_deili+er J, pe P

(K4l

— ot (0919 st (110

2l [ (HZ;H —COS(wl,soz)>
=e 2 arctan .
T sin(p1, @2)

[l ll

+ cos(p1, P2

+ arctan ( llz| ] (1 ))]
sin(p1, 2)

For the lower bound, consider the ray L through 0 and v; L separates A,
into a lower region A1 and an upper region A;5. Rotate A4 around 0 until L
coincides with the positive s-axis. Then we can calculate the Gaussian measure
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of Aio (here as is the angle between L and upper boundary of A,s):

1 s,t)12 1 z+rt)?
F(A+2): e_H( 2)” dsdt — e_\I( +2 ) dxdt
2 Ayo 2 Ata2—(r,0)

_ 1 / eim2+t2+22m7“+7“2d$dt
2 Aq2—(r,0)
x,t 2 2
_ 1 / e’”( ol e ddt
2T J Asa—(r0)

2
— [e %) [e'e] o
e 2 _r
_ ) / / pe 2 e rpcosedpde
™ Jo Jo
_T2
e 2 p2

00 [e
= / pe” 2 / e~ P 0q0d p.
2m Jo 0

Now, the function f(t) = e~"?°? is increasing in (0,7), and f(0) = e~ "", so
as
/ e~ TPCos 0d9 > 04267Tp7
0

thus

=3
b
+
no
S~—
Y
)
|
o\..
3
Q
3]
e
('0‘
h~)
[V
v
S
A}
e
\
Q
[\
5
R
N
3
)
Ch‘
S
o1
e
)
v,
QL
e

B 0426722 e 1 /ooefu;du
2w V2271 ),
-2

r22 roge 2

e
27 227

Qo _Tz(l r )
= € 2 — .
2 T \/271'

And similarly for A, 1,

Y
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where 7 is the angle between L and the lower boundary of A;;. Thus, con-
sidering that

(el =)

(leall+ )
1l ’ )}

1]

a1 + o = [arctan ( ) -+ arctan (

we have the lower bound

2I'(Ay) = 67T22 (1 - \éﬂ_) {arctan ((H‘PIH N C)) + arctan ((H(‘Dlll + C))}’

T 1l ]|
which is
21l
2I'(A >e 2 ( _ )
(A4) > . Jon
i lon
— costen, ¢ + cos(p1, @
X {arctan ( eIl ) (1 2)> + arctan < Izl . (¢1 2)>}
sin(¢1, ¢2) sin(¢1, @2)

This completes the proof.

Note that when a = 0, » = 0, and we have that the measure of {P €
Pem(R") : [1(P)] = [2(P)[} is exactly

! [ <I:2;I - cos«wz)) (HEH +cos<sol,m>)]
arctan . -+ arctan . .
™ sin(g1, ¢2) sin(g1, ¢2)

Note also that when ¢ and @9 are orthogonal, then

2 el
Wiler] 2 lal} = anctan (7).

We also have, in general,

COROLLARY 3.2: If ||p1|| > ||p2||, then

2
WH{le1| > |p2|} > - arctan (”%H)

2]l
Proof. Fix A = ”:Z;”, and consider the function
1 A— A
F(z) = [arctan ( - ) + arctan ( te )} .
T V1 — 22 V1— 22

Then F' is even, and

202(A\2 — 1)

F@= 21 =22+ A= 2)2)(1 - 22+ (A +2)?)

>0
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for 0 < z < 1. Thus we have

lonlly

2
Wlerl > ||} = Flcos(or, 02)) = F(0) = man(nwn

We end with two examples related to well-known inequalities. In both, what
we see is that a certain inequality is valid for a large set of polynomials, and that
the measure of this set tends to one as the degree grows. We use the notation
and comments given at the end of Section 1.

Example 1: A Chebyshev-type inequality.

Say P € P<,,(R"), and write P = /" / P;. Chebyshev’s inequality says
that || Py|| < 2™~ Y| P||. Using our results, we obtain: for any = of norm one,
any y of norm one orthogonal to x, and any ¢ > 1,

[P ()| < ™ |P(y)]

for a large set of polynomials P. Indeed, the measure of the complement can
be calculated to be

W{P: ’Pm(i)‘ > |P(y)| } = 72Tarctan(cm\/:nJr 1),

by considering in Theorem 3.1

o = (0,0®0,...,0®---®0,‘:®---® i) and
2= (Y®Y,...,y®- - ®y).

This measure tends to zero as m grows.

Example 2: A Markov-type inequality.

Say P is a polynomial of degree m. Markov’s inequality says that
sup, =1 [VP(2)[l2 < m?|P||. Using our results, we obtain: for any z, y,

and v of norm one, with = L y and v # +vy,
(VP(z),0)| <m?|P(y)|

for a large set of polynomials P. Indeed, the measure of the complement

wip:| )" @)| > 1P}
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can be calculated to be bounded above by

V2m?243m+1 V2m?243m+1

1 — cos(v,y) + cos(v,y)
[arctan ( Vo +6m? ) -+ arctan ( Vom+6m? )} ,
™

sin(v, y) sin(v, y)

by considering in Theorem 3.1,

But V2m243m+1

v v v
@1:( 2 ZTQ ., T® QTR 2)and
m m m

2= (1YRY,..., Y@ @y).

VoG tends to zero as m grows. Since the function arctan is odd,

the measure tends to zero.

(1]
2]
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