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The work presents two new numerical techniques devised for modeling propagating
material failure, i.e. cracks in fracture mechanics or slip-lines in soil mechanics. The first
one is termed crack-path-field technique and is conceived for the identification of the path
of those cracks, or slip-lines, represented by strain-localization based solutions of the
material failure problem. The second one is termed strain-injection, and consists of a
procedure to insert, during specific stages of the simulation and in selected areas of the
domain of analysis, goal oriented specific strain fields via mixed finite element
formulations. In the approach, a first injection, of elemental constant strain modes (CSM)
in quadrilaterals, is used, in combination of the crack-path-field technique, for obtaining
reliable information that anticipates the position of the crack-path. Based on this informa-
tion, in a subsequent stage, a discontinuous displacement mode (DDM) is efficiently
injected, ensuring the required continuity of the crack-path across sides of contiguous ele-
ments. Combination of both techniques results in an efficient and robust procedure based
on the staggered resolution of the crack-path-field and the mechanical failure problems. It
provides the classical advantages of the ‘‘intra-elemental’’ methods for capturing complex
propagating displacement discontinuities in coarse meshes, as E-FEM or X-FEM methods,
with the non-code-invasive character of the crack-path-field technique. Numerical
representative simulations of a wide range of benchmarks, in terms of the type of material
and the failure problem, show the broad applicability, accuracy and robustness of the
proposed methodology. The finite element code used for the simulations is open-source
and available at http://www.cimne.com/compdesmat/.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

In the context of this work, the concept material failure refers to the process of deterioration of the mechanical behavior in
solids, produced by the reduction of the strength of the constituent material in localized domains, which, from a macroscopic
view, constitute a manifold one-dimension smaller than the domain of analysis. Cracks, in fracture mechanics, and shear
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bands (or slip-lines), in soil mechanics, are examples of names given, in different areas of mechanics, to these failure
manifolds. In addition, it is accepted that, at the macroscopic observation scale, that deterioration of the mechanical strength
translates into discontinuities of the displacement field across those failure manifolds. These discontinuities in the displace-
ment field will be technically termed strong discontinuities, in contrast with discontinuities in the strain field that are termed
weak discontinuities [41]. Moreover, it will be assumed that those failure manifolds (cracks or slip-lines) evolve along time
(the term evolving discontinuities has been also coined for this case) in the sense of propagation. Once they appear they remain
in a stationary position, but they can grow (propagate) in the domain of interest from the borders of the failure manifold (the
crack or slip-line tips). The term strain localization will be used also to indicate that scenario in which weak discontinuities
appear in the form of highly intensified strains in propagating narrow bands (the localization bands).

Material failure mechanics is a subject of large interest in simulation based sciences, where the term computational mate-
rial failure mechanics has been coined. This work makes some new proposals in this area, which aim at improving the per-
formance, in front of alternative approaches, of reliability, accuracy and robustness, of computational simulations of
propagating material failure.

1.1. Motivation

The aim of this work is the presentation of an approach, rather than its generalization. Therefore, for the sake of simplic-
ity, the mechanical ingredients of the approach have been simplified in some aspects: (1) the kinematical description of the
motion is simplified to infinitesimal strains, (2) the dimensions of the problem, are here reduced to the 2D cases, (3) dynamic
effects have been neglected and (4) thermal effects have been discarded. The authors are aware that the extension of the present
work to account for some of those effects, typically 3D analysis and inertial effects, will open new, relevant and specific areas
of application and, therefore, they will be considered in subsequent works.

During the last decades, a large number of proposals of models for propagating material failure have been done by the
computational mechanics community, whose classification can be done on different grounds. In the context of the present
work, two different classification criteria are chosen: (1) the kind of constitutive model at the failure manifold and (2) the
procedure through which the displacement discontinuities, inherent to material failure modeling, are captured in the con-
text of finite element methods.

1.1.1. Constitutive model description of the failure manifold
The first criterion refers to the manner that the de-cohesion process at the crack or slip-line interface is modeled:

� In the so called (de)cohesive (or discrete) approaches the mechanical behavior is described in terms of a traction-separa-
tion law relating, by means of a non-linear relationship, the traction vector and the vector of displacement jump across
the interface. In this law, the introduction of the fracture energy, as a material property identified as the dissipation per
unit of surface along a full decohesion process, plays a fundamental role to make these models physically meaningful
[25,27,8].
� The continuum counterpart of the previous approach is the continuum approach, where the mechanical behavior of the

interface is described in terms of a standard stress–strain constitutive model, equipped with strain softening, to account
for the stress release associated to failure. The difficult point here is to relate the ‘‘interface strain’’ intervening in the con-
stitutive model with the physically meaningful displacement jump. The Continuum Strong Discontinuity Approach (CSDA),
developed by the authors, among others, in the past [60,45], provides this link by introducing the concept of regularized
strong discontinuity kinematics (a regularized version of the description of the displacement jump at the interface in terms
of a Dirac’s delta function) which allows describing the corresponding regularized interfacial strain. In the CSDA it is
shown that any continuum stress–strain constitutive model, when applied to a strain field described by a regularized
strong discontinuity kinematics induces an equivalent (projected) traction-separation law at the discontinuity interface.
This provides a clear link between continuum and discrete approaches [49] that allows using the format of implementa-
tion considered most convenient, but keeping the physical meaning of the approach. In this sense, it can be argued in
favor of the continuum approach that the same constitutive model, whenever it is equipped with strain softening, can
be used for both the continuous domain and the discontinuity interface and, at a given material point, for both the
undamaged and the failure stages, this leading to advantages as a less invasive implementation in commercial finite ele-
ment codes or an easier identification of the material parameters.

1.1.2. Numerical approach for displacement jumps capturing
The second classification of interest here is the one in terms of the selected numerical approach for crack/slip-line cap-

turing. Considering the capture of the propagating jump in the displacement field as the ultimate goal of the numerical sim-
ulation, the available approaches can be split into three groups.

� The strain-localization-based methods take advantage of the trend of continuum (stress–strain) constitutive models,
equipped with strain softening, to provide solutions of the mechanical problem exhibiting strain localization in strain-
localization bands. These localization-bands tend to propagate along finite element bands that, under ideal conditions,
encompass just one element. In this context a strain-localization band can be interpreted as the strain field stemming
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from a regularized strong discontinuity kinematics, where the regularization parameter, k, exactly coincides with the size,
h, of the finite-element-band1 (h = k). The fact that this numerical phenomena can be observed by just introducing strain
softening in a continuum constitutive model, made this approach early used and investigated [9]. Very soon, two large flaws
were found: (1) the spurious dependence of the results on the finite element size, not showing any convergence with
mesh-size refinement (mesh-size dependence) and (2) spurious dependence of the propagating localization bands on the
mesh-bias (mesh-bias dependence). The numerically obtained strain-localization bands had the trend to follow structured
finite-element-bands in the mesh; therefore, slight changes in the mesh structure translate into large changes in the
resulting localization bands. Even worse, when strain localization does not propagate along structured finite-element-bands,
the localization band encompasses more than one element in its width. This leads to mobilization of spurious stresses that
cannot be released along the deformation process (stress-locking effects), and to spurious extra-dissipation of the numerical
results.
Mesh-size dependence can be readily overcome by introducing the concept of regularization of the softening parameter in
terms of the aforementioned fracture energy as a material property [51,53]. Mesh-bias dependence, instead, is not so easy to
overcome. Among many attempts, the most successful ones seem to be based on relaxing the kinematical strain–displace-
ment compatibility in the elements, by imposing it in weak form, i.e. using mixed-finite element formulations. Initial encour-
aging results were obtained when it was observed that mixed Q1-P0 formulations, to deal with incompressibility issues in
the mechanical formulation, substantially improved the strain localization results [65–68]. More recently, some improved
results have been obtained using fully mixed displacement–strain formulations [16,17]. However, in a recent paper the
authors [56] showed that mesh-bias dependence cannot be completely (and generally) removed in strain-localization based
formulations, but only alleviated until a certain degree. The reason for this was identified as the inability of the strain fields
obtained in strain localization approaches to match the regularized strain fields obtained from a strong-discontinuity kine-
matics. Apparently, strain-localization formulations exhibit some intrinsic inabilities to completely reproduce in the general
case a propagating discontinuity interface.2

� In the supra-element-band methods, a regularized displacement jump is captured by a band of finite elements encompass-
ing several elements across its bandwidth. This bandwidth is typically of order k and, therefore, the element size is h� k.
Here two distinctions should be made:
– In material-regularization-based approaches (non-local models, gradient-regularized models, Cosserat models

[42,57,20,34]) continuum constitutive models, are endowed with additional ingredients that introduce a material
characteristic length, ‘, into the material model. Then, the mathematical solution of the resulting mechanical problem,
though continuous in the displacements, is compatible with high concentrations of the strains (strain-localization) in
propagating bands of typical width, ‘, which, again, plays the role of the displacement jump regularization parameter,
k, at the interface, and, therefore, h� ‘ ’ k.

– In the more recent phase field models for fracture [26,37,38] diffusion-like, k-regularized, mechanisms inserted into a
potential energy functional produce similar effects. Strain localization takes place in supra-elemental-bands of band-
width k and, again, h� k.

In both cases, good results can be obtained in modeling propagating material failure, and spurious mesh-size and mesh-bias
dependences are clearly overcome. Especially in the phase field models case, the method shows high potential for modeling
dynamic fracture phenomena like branching. However, also in both cases, the fact that the size of the finite element mesh h is
smaller than the, tinny, regularization parameter (or characteristic length) k implies that a huge number of elements are
required in the finite element mesh, even in simple cases. This leads to large, and sometimes unaffordable, computational
costs.
� In the intra-elemental methods, instead, the discontinuity interface settles inside a propagating band encompassing only

one element. The consequence is that there is no restriction in the maximum size of the finite elements capturing the
discontinuity, and very coarse meshes can be used in comparison with the extra-elemental methods. Besides, mesh-size
and mesh-bias spurious dependences are completely overcome. As for the technique for capturing the displacement
jump, this is done by enriching standard finite elements with additional spatially discontinuous displacement modes. Depend-
ing on what is the support of these discontinuous displacement modes two families arise:
– In the E-FEM based method (embedded discontinuity finite element method, [4,45,2,40]), the enrichment is element-

based. The support of the discontinuous modes is one element and the additional degrees of freedom are attached to
just one element.

– In X-FEM methods (extended finite element method [39,11]) the enrichment is nodal-based. The support of the enrich-
ing discontinuity modes is nodal. i.e. all the elements sharing the same node are affected by the enriching mode.

In spite of some contradictory statements in the literature the performances of E-FEM and X-FEM methods, for modeling
propagating material failure in quasi-brittle materials, are very similar [54]. Some specific benefits of E-FEM methods, in
1 This is only exactly true if the finite element mesh is structured infinite element bands and the strain localization propagates along one of them. In most
cases, the localization band jumps across finite element bands encompassing more than one element.

2 In that work some mismatch indicators were developed, which become zero as the strain-localization propagates along well aligned, in advance, finite
element meshes, but returned non-zero values of the indicators in general cases. It was also observed that mixed formulations released the mismatch, but
neither totally nor in all cases.
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front of X-FEM methods, can be obtained due to the elemental support of the enriching modes, and the consequent condens-
ability of the additional degrees of freedom. This brings relevant savings in terms of the computational cost and a less
invasive implementation in general-purpose finite element codes. However, in both methods, robustness and accuracy de-
pend very much on the precise determination of the position of the discontinuity interface (the crack-path or the
discontinuity path) which has to be precisely determined, for every element of the band capturing the discontinuity,
ensuring its continuity across sides of contiguous elements. This is classically done through the so-called crack-tracking
algorithms aiming at predicting the position of the numerical crack-tip of the propagating crack, quite in advance of the
physical crack-tip. These tracking algorithms (also termed zero-level-set methods in the X-FEM terminology) are
cumbersome to implement, have a code-invasive character and may seriously affect the robustness of the method
[54,5,19].
1.2. Objectives of the work

In this work, a combination of certain newly developed numerical techniques is explored to overcome some of the defi-
ciencies of previous and alternative approaches. The well-established Continuum Strong Discontinuity Approach (CSDA), i.e.
the use of continuum (stress–strain) constitutive models, endowed with strain softening, in a regularized strong discontinu-
ity kinematic description, constitutes the mechanical setting. The actual newness of the method is the introduction of the
strain injection concept, i.e. the imposition of goal-oriented strain-fields, at specific stages of the local failure process, to im-
prove the performance of the resulting model in capturing propagating material failure. This is done by resorting to mixed,
displacement/strain finite element formulations restricted to specific subdomains (the injection domains) in the considered
body: e.g. strictly where the improving strain fields are required.

Typically, in this work constant strain modes (CSM) in quadrilateral elements are injected to improve the flexibility of the
finite elements, in a strain-localization-based approach, inside an appropriate region at the front of the propagating crack/
slip-line tip. The injection is oriented to extract high-quality information on the material failure propagation. This informa-
tion is used, in a subsequent stage, to perform an accurate second injection of a discontinuous-displacement mode (DDM),
oriented, in turn, to the goal of capturing the mechanical behavior of the crack/slip-line. The concept of using mixed formu-
lations in restricted domains, modifies the classical issue of finite element stability, associated to mixed formulations equally
applied to the entire domain. For instance, it is shown in the paper that the CSM injection is equivalent to the classical re-
duced-integration technique in quadrilaterals, but the injected problem is completely stable: the classical hourglass-shaped
spurious modes, typical of full-domain mixed formulations, do not show up. This suggests that the standard inf–sup condi-
tions for stability [14] have to be re-visited in the context of partial-domain mixed formulations (see for instance [15]).

Selection of the injection domains and the injection times (where and when?) is based on consistent mechanical criteria;
typically the discontinuous bifurcation analysis that qualifies a stress/strain state as compatible with the onset of a discontin-
uous displacement field. In this sense, heuristic and problem-dependent parameters in the approach are almost totally elim-
inated, and the whole strain injection process, evolving in time and space, takes place in a smooth and robust manner.

A second specific technique, the crack-path field technique, has been developed for the goal of identifying the spatial posi-
tion of an evolving crack/slip-line, which is described by a strain-localization field. For this purpose, a secondary problem (the
crack-path-field problem) is solved and a scalar field is obtained. Then, its zero level set identifies, in advance, the candidate
position for the crack-path inside every element, ensuring its continuity across sides of contiguous elements. In spite of the
term here used (zero level set) the proposed technique has little in common with the level-set method used in X-FEM tech-
niques. Here, the crack path field is identified from some specific data provided by the mechanical problem: the localized
spatial distribution of the strain-like internal variable in those elements, that have been injected a constant strain mode.
Once the crack-path field is obtained, the injection of the discontinuous displacement mode (DDM), which requests the
availability of a predicted, inter-element continuous, crack-path, can be done trivially.

In principle, the crack-path-field and the mechanical problems are coupled in both senses. However, for practical pur-
poses it is observed that the coupling is very weak, and a staggered procedure is suggested to solve the coupled problem:
at the end of the mechanical problem, the crack-path-field-determination is reduced to a double local smoothing of the
strain-like internal variable values around every element. The proposed crack-path field technique favorably replaces, as
a much simpler procedure, the aforementioned cumbersome and code invasive crack-propagation algorithms, improving
the locality of the implementation and the robustness of the whole method.

The organization of the remaining of the paper is the following. In Section 2, the new crack-path-field technique is devel-
oped and assessed by a number of representative numerical simulations. Then, in Section 3, the strain-injection concept is
introduced and applied to inject the constant strain mode (CSM) in quadrilateral elements. The, partial, benefits of this injec-
tion are then assessed through some examples. In Section 4, the discontinuous displacement mode (DDM) injection is de-
tailed and the coupled mechanical-propagation problem is solved. In Section 5 a number of representative simulations,
covering a wide range of constitutive models, application fields (like fracture mechanics and soil stability analysis), are used
to validate the applicability and the possibilities provided by the proposed approach. Finally, Section 6 is devoted to formu-
late some concluding remarks. A number of specific issues, mostly referring to the numerical implementation aspects of the
proposed approach are described in the appendices of the work. Additional information on the topics of this work can be
found in [21,22].



Fig. 1. Propagating strong localization path.
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2. The crack-path-field technique

In this section, a new technique for identification of the spatial position of a propagating localization field is presented.
First, a strongly localized field (ideally described as a Dirac’s delta–function) will be considered and a numerical setting to
capture its support will be developed. In a second stage, the obtained results will be extended to the most common case of a
field distributed in a localization band.3

2.1. Identification of the path of a propagating strongly localized field

Let us consider a body B in Rndim , where ndim stands for the dimensions of the problem, defined in the time interval of
interest [0,T] (see Fig. 1). Let us also consider a scalar field a(x, t), propagating along time t, defined as:
3 Pos
aðx; tÞ ¼ dSt ctðxÞ ð1Þ
where dSt ðxÞ stands for a Dirac’s delta distribution [63]. In this work a field with the format of Eq. (1) will be considered the
mathematical description of a propagating strongly localized field (and also, by extension of the name, propagating strong
localization); the scalar field ctðxÞ � cðx; tÞ : B � ½0; T� ! R will be termed its intensity and St � B will denote the path (or sup-
port) of the strong localization at time t, with unit normal nSðxÞ : St ! Rndim . The path St � B is considered possibly spatially
discontinuous, and limited to the support of aðx; tÞ ¼ dSt ctðxÞ i.e.: those points of the support of the Dirac’s distribution, dSt ,
where the intensity c(x, t) is not null:
cðx; tÞ � ctðxÞ– 0 8x 2 St ð2Þ
According with the theory of distributions, [63], a(x) in Eq. (1) fulfills
Z
B

/ðxÞaðxÞdB ¼
Z
B

/ðxÞdStctðxÞdB ¼
Z
St

/ðxÞctðxÞdS ð3Þ
for all sufficiently regular functions / : B ! R.
Our goal here is to identify the strong-localization path St � B by means of another evolving manifold, Ct � B, associated

to the solution of the following variational problem:
PROBLEM:
GIVEN : t 2 ½0; T�; St ; and ctðxÞ 2 L2ðStÞ
V :¼ fgðxÞ : B ! R; g 2 H1ðBÞg
Vo :¼ fgðxÞ : B ! R; g 2 H1ðBÞ; gj@B ¼ 0g
FIND :

ðaÞ wðx; tÞ � wtðxÞ 2 Vo fulfilling
Z
B

�w wt � dSt ct

zffl}|ffl{aðx;tÞ0
@

1
AdB ¼ 0 8�w 2 V

ðbÞ lðx; tÞ � ltðxÞ 2 Vo fulfilling
Z
B

�l lt �
@wt

@n

� �
dB ¼ 0 8�l 2 V

ð4Þ
Sub-problem (a) above identifies wt(x) as a smoothing of the strong-localization aðx; tÞ ¼ dSt ctðxÞ; sub-problem (b) de-
fines lt(x), the crack-path-field, by smoothing the directional derivative, @wt

@n � $wt 	 ntðxÞ. The field n(x, t) � nt(x) is a suitable,
sufficiently smooth, extension to B of the normal nSðxÞ in St , such that ntðxÞjxS2St

¼ nSðxSÞ (see Fig. 1). Solution of the
problem above allows defining the crack-path-set, Ct, as the zero level set of that derivative (see Fig. 2 for a 1D sketch) i.e.:
sibly, as the result of a strain-localization based material failure modeling.



Fig. 2. 1D Strong localization path-tracking problem.
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Ct :¼ fx 2 B; ltðxÞ ¼ 0g ! zero level set of ltðxÞ ð5Þ
In view of the problem stated in Eq. (4) the following theorem holds:

Theorem
GIVEN : aðx; tÞ ¼ dSctðxÞ;
wtðxÞ;ltðxÞ solutions of PROBLEM ðIÞ
and Ct :¼ fx 2 B; ltðxÞ ¼ 0g
THEN : St � Ct

ð6Þ
Proof. Let us consider Eq. (4)-(a) with the specific test function:
�wðxÞ � �nðxÞltðxÞ 2 V 8�nðxÞ 2 E :¼ �n 2 H1ðBÞ; @
�nðxÞ
@n

¼ 0
� �

ð7Þ
which yields
Z
B

�nltwtdB ¼
Z
B

�nltdSt ctdB ¼
Z
St

�nltðxÞctðxÞdS 8�n 2 E ð8Þ
where Eq. (3) has been considered. Now from Eq. (4)-(b), with �ltðxÞ � �nðxÞwtðxÞ 2 V, we obtain:
Z
B

�nwtltdB ¼
Z
B

�nltwtdB ¼
Z
B

�nwt
@wt

@n
dB ¼

Z
B

@

@n
1
2

�nw2
t

� �
dB ¼

Z
@B

1
2

�n w2
t|{z}
¼0

0
B@

1
CAm 	 ndC ¼ 0 8�n 2 E ð9Þ
where integration by parts has been applied, and the restriction @�n
@n ¼ 0, in Eq. (7), has also been considered. In Eq. (9) m is the

outward normal to the boundary @B, and condition wtðxÞj@B ¼ 0 8wt 2 Vo (see Eq. (4)) has been applied. Now combining Eqs.
(8) and (9):
Z

B
�nltwtdB ¼

Z
St

�nltctdS ¼ 0 8�n 2 E ) ltðxÞctðxÞ ¼ 0 8x 2 St ð10Þ
Since, from Eq. (2), ctðxÞ – 0 8x 2 St in view of Eq. (6) and the definition in Eq. (4)-(c), Eq. (10) yields:
ltðxÞ ¼ 0 8x 2 St ) St � Ct ð11Þ
which proves the theorem. h
Remark 2.1-1. Eq. (11) states that the strong localization path St lies at the interior of the manifold Ct defined in Eq. (5). This is
a crucial element of the crack-path-field strategy described in next sections (see Fig. 3).



Fig. 3. Typical evolving strong localization path, St , and the corresponding crack-path-set Ct (zero-level-set of the crack-path-field lt(x)).
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2.2. Tracking the path of a regularized strong localization

Let us now consider a material failure/fracture problem in a domain. Bh, discretized in a finite element mesh of
typical size h, where a propagating crack/slip-line is aimed at being modeled using a strain localization technique.
Disregard the constitutive model used to capture the strong localization (local, non-local, gradient-type etc.) let us
assume that a scalar localized strain-like internal variable, ah(x, t) is available, which is always positive and never
decreasing, i.e.:
ahðx;0Þ ¼ 0

_ahðx; tÞ ¼ 0 in elastic unloading

_ahðx; tÞ > 0 in inelastic loading

8>><
>>: ð12Þ
We shall assume that the considered strain-localization problem is a certain regularization of a propagating strong local-
ization field, with the format in Eq. (1), which arises from a strong-discontinuity problem: i.e. a problem involving jumps in
the displacement field and a Dirac’s delta function in the strain field.

The exact propagating path of that strong localization is unknown, and the available localized internal variable ah(x, t) in
Eq. (12) is then considered a h-based regularization of that theoretical strongly localized field, propagating across B. It is con-
sidered smeared in a band of finite elements, the localization domain Bh

locðtÞ � B, evolving along time (see Fig. 4) whose band-
width, hloc(h), depends on the finite element mesh size ðhloc ¼ OðhÞÞ.

The goal now is to determine the path, St (see Fig. 4), of the unknown strong localization, aðx; tÞ ¼ dS�atðxÞ, by means of an
evolving manifold, Ch

t � B
h, whose placement is given by the discretized version of the problem in Eq. (4), as shown in

Box 2.2-1:
Box 2.2-1. Crack-path-field problem
PROBLEM :

GIVEN : ahðx; tÞ : Bh � ½0; T� ! Rþ;

nðx; tÞ : Bh � ½0; T� ! I :¼ fm 2 R3jkmk ¼ 1g

Vh :¼ ghðxÞ ¼
Xnnode

1

NiðxÞgi; gh 2 H1ðBhÞ
( )

Vh
0 :¼ ghðxÞ ¼

Xnnode

1

NiðxÞgi; gh 2 H1ðBhÞ; ghj@Bh ¼ 0

( )
FIND :

ðaÞ wh
t ðxÞ 2 Vh

o fulfilling
R
Bh

�wh wh
t � ahðx; tÞ

� �
dB ¼ 0 8�wh 2 Vh

ðbÞ lh
t ðxÞ 2 Vh

o fulfilling
R
Bh �lh lh

t �
@wh

t

@n|{z}
$wh

t 	n

0
BBB@

1
CCCAdB ¼ 0 8�lh 2 Vh

ðcÞ Ch
t :¼ x 2 Bh; lh

t ðxÞ ¼ 0
n o

! zero level set of lh
t ðxÞ

ð13Þ



Fig. 4. 2D Localization domain.

Fig. 5. Finite element discretized 1D problem. (a) distribution of a localizing strain-like internal variable, ah(x) and its smoothed counter part wh
t ðxÞ,

(b) distribution of the derivative @wh
t ðxÞ
@x , the crack-path-field, lh

t ðxÞ, and the crack path set Ch
t identified as the zero level set of lh

t ðxÞ.
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where Ni(x) are the standard shape functions and gi are the nodal values of the field gh(x). The field lh
t ðxÞ is the crack-path-

field whose zero level set defines the crack-path-set, Ch
t , which, by means of Theorem in Eq. (6), contains the actual crack path

St St � Ch
t

� �
.

In Fig. 5 the 1D version of the fields involved in Box 2.2-1 is presented. Details on the finite element implementation of the
method can be found in Appendix A.4.

2.3. A representative simulation

The following example illustrates the procedure presented in previous sections. We consider the double cantilever
concrete beam, reported in [30], which is loaded as indicated in Fig. 6(a). The experiment displays an inclined straight
crack propagating from the notch tip as shown in the figure. This crack, and the corresponding structural response, is
aimed at being captured by using a (plane-stress) isotropic continuum damage model [44]. The strain softening param-
eter, H ¼ ‘H, is conveniently regularized in terms of a characteristic length, ‘(h) [43], and the intrinsic softening modulus,
HðGf Þ characterized in terms of the fracture energy, Gf, in order to do the results objective with respect to the finite ele-
ment size h.

Standard bi-linear quadrilateral finite elements are used for capturing the localization process. Fig. 6(b) shows the local-
ization pattern in terms of the (amplified) deformed mesh, and Fig. 6(c) and (d) shows the evolution of the localization do-
main, Bh

locðtÞ at two different stages of the analysis.
Fig. 6(e) and (f) displays the corresponding evolution of the crack-path-set, Ch, obtained as the solution of the problem in

Box 2.2-1. As it can be checked in the figure the central part of the set, Sh, resembles the experimentally observed crack-path,
with some mismatch in the orientation angle. Interestingly enough, that numerically computed crack path has been obtained
with the only information of the localized strain-like internal variable field, ah(x, t), and the vector field, n(x).

Remark 2.3-1. It is worth emphasizing that the proposed procedure does not require specific information on the
geometrical position and evolution of the strain-localization domain, Bh

locðtÞ, in Fig. 6(c) and (d),4 but only knowledge of the
4 Which is computed, just for plotting purposes, by means of methods presented in sections below.



(c) t=1 (d) t=2

(e) t=1 (f) t=2 

Fig. 6. Double cantilever beam with diagonal loads [30]: (a) geometric, loading data and material properties of the isotropic damage model, being ru the
ultimate stress, E the Young’s modulus, m the Poisson’s ratio and Gf the fracture energy, (b) deformed (amplified) mesh displaying the strain localization,
(c)–(d) localization domain, Bh

locðtÞ, at two specific stages of the analysis and (e)–(f) computed crack path set Ch.
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numerical description of the localized variable a(x, t). In this sense, it can be used in the context of any type of strain-localization
formulation, for identification of the crack path associated to strain-localization patterns [24].
3. The strain-injection concept

3.1. Variational approaches to the mechanical problem

3.1.1. One-field (u) variational problem
Let us consider the body B in Fig. 1 with boundary @B ¼ ð@uBÞ [ ð@rBÞwhere @uB and @rB are, respectively, the portions of

the boundary @B, where Dirichlet and Newman conditions are defined, and m is its outward normal. Let us now consider the
mechanical problem in B, considering infinitesimal strains and the quasi-static case, stated in terms of the following bound-
ary value problem:
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PROBLEM
FIND : uðx; tÞ : B � ½0; T� ! Rndim

eðx; tÞ : B � ½0; T� ! S
ndim�ndim

rðx; tÞ : B � ½0; T� ! Sndim�ndim

FULFILLING :

$ 	 rþ b ¼ 0! equilibrium equation ðaÞ
e ¼ $
su � rsu! compatibility equation ðbÞ
rðx; tÞ ¼ RðeÞ ! constitutive equation ðcÞ
u ¼ u�ðx; tÞ 8x 2 @uB
r 	 m ¼ t�ðx; tÞ 8x 2 @rB

�
! boundary

conditions

�

ð14Þ
where u, e and r stand, respectively, for the displacements, the infinitesimal strains and the stresses, $
su � $su stands for
the symmetric gradient of the displacements, u⁄(x, t), t⁄(x, t) and b(x, t) are the prescribed displacements, tractions and body
forces, and R(�) stands for the constitutive equation supplying the stresses in terms of the strains. The one-field variational
counterpart of the problem in Eq. (14) reads:
PROBLEM
GIVEN :

V :¼ fgtðxÞ 2 H1ðBÞ; gtðxÞj@uB ¼ u�ðx; tÞg
V0 :¼ fgðxÞ 2 H1ðBÞ; gðxÞj@uB ¼ 0g
FIND :

utðxÞ � uðx; tÞ : B � ½0; T� ! Rndim ; ut 2 V
FULFILLING :Z
B
$sg : Rð$sutÞdB �Wextðg;b; t�Þ ¼ 0 8g 2 V0

ð15Þ
Eq. (15) is the classical virtual work principle, where Wext(g,b,t⁄) is the standard external virtual work. As classically done
in this context, the algebraic equations (14)-(b) (strain–displacement compatibility) and (14)-(c) (constitutive equation) are
point-wise fulfilled, whereas the equilibrium equation (14)-(a) is imposed in weak form through the integral equation (15).

3.1.2. Two-field u/e variational problem
An alternative variational approach to the problem in Eq. (14) is the one based on two fields, displacements and strain,

u/e, as follows (for convenience in future developments, see Remark 4.2-6, the equations are formulated in rate form and the
notation ð _�Þ � @ð�Þðx;tÞ

@t is used):
PROBLEM

GIVEN :

V :¼ fgtðxÞ 2 H1ðBÞ; gtðxÞj@uB ¼ _u�ðx; tÞg

V0 :¼ fgðxÞ 2 H1ðBÞ; gðxÞj@uB ¼ 0g

E :¼ flðxÞ 2 ½L2ðBÞ�ndim�ndimg
FIND :

_utðxÞ � _uðx; tÞ : B � ½0; T� ! Rndim ; _ut 2 V
_etðxÞ � _eðx; tÞ : B � ½0; T� ! Sndim�ndim ; _et 2 E

ð16Þ

FULFILLING :Z
B
$sg : _Rð _etÞdB �Wextðg; _b; _t�Þ ¼ 0 ðaÞZ

B
l : ð _et � $s _utÞdB ¼ 0 ðbÞ

8g 2 V0 8l 2 E

ð17Þ
Eq. (17)-(a) and (b) enforce, in weak form, the equilibrium and kinematic compatibility equations (14)-(a) and (b),
whereas the constitutive equation (14)-(c) is point-wise enforced.

Remark 3.1-1. The two-field format of Eq. (17) opens a number of additional possibilities for modeling material failure. In
contrast with the one-field approach, in Eq. (15), the problem can be inserted in the context of the assumed strain methods
[61], this providing additional freedom in the choice of the strains. This fact will be conveniently exploited in subsequent
sections.
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3.2. Strain injection technique

By using the strain injection concept a number of strain rate fields, _eðx; tÞ, patterns can be imposed at specific domains of
the body B. In particular, we are interested in the following setting (see Box 3.2-1):

1. A injection domain BinjðtÞ � B is constructed as the union of ninj, disjoint and evolving along time, domains, BðiÞinjðtÞ
(see Fig. 7), each one equipped with a specific incremental (in rate form) assumed strain field, _eðiÞinjðx; tÞ. The remaining
domain B n BinjðtÞ is equipped with the point wise compatible strain $s _uðx; tÞ. In addition, the incremental strains are
injected during domain-specific time intervals, ½ �ðiÞinj, not necessarily disjoint, belonging to the total interval of interest [0,T]:
BinjðtÞ ¼
[i¼ninj

i¼1

BðiÞinjðtÞ

BðiÞinj � B BðiÞinj \ B
ðjÞ
inj ¼£ i; j 2 f1;2; . . . ninjg

ð18Þ

_eðx; tÞ ¼ _eðiÞinjðx; tÞ 8x 2 BðiÞinjðtÞ i 2 f1;2 . . . ; ninjg 8t 2 ½ �ðiÞinj � ½0; T�
_eðx; tÞ ¼ _eð0Þðx; tÞ ¼ $s _uðx; tÞ 8x 2 B n BinjðtÞ 8t 2 ½0; T�

ð19Þ
2. The injection domains, BðiÞinjðtÞ, and the injected strains, _eðiÞinjðx; tÞ, are selected on goal-oriented basis. For modeling compu-
tational material failure purposes, they should be chosen to minimize some of the classical problems found in one-field
finite element approaches, typically: mesh-bias dependence of the modeled propagating localization, and the well-known
stress-locking phenomena.

Generalization to this setting of the two field (u–e) variational problem in Eqs. (16) and (17) is presented in Box 3.2-1.
Box 3.2-1. General strain-injection variational problem (in rate form)
PROBLEM
GIVEN :

V :¼ fgtðxÞ 2 H1ðBÞ; gtðxÞj@uB ¼ _u�ðx; tÞg
V0 :¼ fgðxÞ 2 H1ðBÞ; gðxÞj@uB ¼ 0g
E :¼ flðxÞ 2 ½L2ðBÞ�ndim�ndimg
FIND :

_utðxÞ � _uðx; tÞ : B � ½0; T� ! Rndim ; _ut 2 V
_etðxÞ � _eðx; tÞ : B � ½0; T� ! Sndim�ndim ; _et 2 E

ð20Þ

where

_etðxÞ ¼
_eðiÞinjðx; tÞ x 2 BðiÞinjðtÞ i 2 f1; . . . ; ninjg t 2 ½ �ðiÞinj

$s _utðxÞ x 2 B n BinjðtÞ

(
ð21Þ

FULFILLING :Z
B
$sg : _Rð _etÞdB �Wextðg; _b; _t�Þ ¼ 0 ðaÞZ

B
l : ð _et � $s _utÞdB ¼ 0 ðbÞ

8g 2 V0 8l 2 E

ð22Þ
3.3. Application to improving the strain-localization propagation capabilities

As a first illustration of the benefits provided by the proposed strain injection approach, let us consider the finite element
discretization of B, consisting in a 2D finite element mesh, of four-noded quadrilateral elements of typical size h, with nelem

elements and nnode nodes.

3.3.1. A u1–e0 mixed finite element formulation (full domain injection)
Classical mixed finite element approaches can be considered as a sub-class of the strain-injection techniques described in

Box 3.2-1, in which a unique injection domain (ninj = 1) occupying the whole mesh at all times is considered. In other words,
mixed finite element formulations could be considered full domain injections with a stationary injection domain ðBinj ¼ BÞ.



Fig. 7. Strain injection: the injection domains, BðiÞinjðtÞ, are injected an assumed (rate of) strain, _eðiÞinjðx; tÞ, in the specific time interval ½�ðiÞinj � ½0; T�.
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Let us now consider mixed, u1/e0, four-noded quadrilateral finite elements with linear interpolations of the
displacements and element-wise constant strains, i.e:
5 Sub
6 Due
7 Fro

conditio
_uh
t ðxÞ � _uhðx; tÞ ¼

Xnnnode

i¼1

NiðxÞ _uiðtÞ; ghðxÞ ¼
Xnnnode

i¼1

NiðxÞgi ð23Þ

_eh
t ðxÞ � _ehðx; tÞ ¼

Xnelem

e¼1

/ðeÞðxÞ _eðeÞðtÞ; lhðxÞ ¼
Xnelem

e¼1

/ðeÞðxÞlðeÞ ð24Þ
where Ni stands for the standard bi-linear shape functions associated to node i, and _ui and _eðeÞ stand, respectively, for the
corresponding nodal displacement and elemental strain degrees of freedom.5 The element-wise-constant function /(e) is de-
fined to have its support on the element BðeÞ, i.e.:
/ðeÞðxÞ ¼ 1 if x 2 BðeÞ

0 if x R BðeÞ

(
ð25Þ
Considering the previous finite element approximations, at a given time t, Eq. (22) read:
Xnelem

e¼1

Z
BðeÞ

$sghðxÞ : _Rð _eðeÞÞdB ¼Wextðgh; _b; _t�Þ 8gh 2 Vh
0 ðaÞZ

BðeÞ
lðeÞð _eðeÞ � $s _uhðxÞÞdB ¼ 0 8le e ¼ 1; . . . ;nelem ðbÞ

ð26Þ
Since the test functions, lh(x), and the discretized strains, _eh(x,t), in Eq. (24), are element-wise constant, Eq. (26)-b can be
trivially solved, by condensing out _eðeÞ at the element level, as:
_eðeÞ ¼
R
BðeÞ $

s _uhðxÞdB
measðBðeÞÞ

¼ $s _uh
ðeÞ

e ¼ 1; . . . ;nelem ð27Þ
where notation ð	ÞðeÞ stands for the spatial average of (	) on the element (e). Replacing Eq. (27) into Eq. (26)-(a) yields
Xnelem

e¼1

Z
BðeÞ

$sghðxÞ : _R $s _uh
ðeÞ

� �
dB ¼

Xnelem

e¼1

Z
BðeÞ

$sgh
ðeÞ

: _R $s _uh
ðeÞ

� �
dB ¼Wextðgh; _b; _t�Þ 8gh 2 Vh

0 ð28Þ
Remark 3.3-1. For the considered case of quadrilateral elements, the finite element implementation becomes simpler if the

mean values, ð	ÞðeÞ, appearing in Eq. (28) are replaced, at the cost of a minor error,6 by the value of the corresponding function

at the centroid, xðeÞC , of the element (see Fig. 8). This stems from the well-known equivalence of mixed formulations and
selective/reduced formulations [35].
3.3.2. Stabilized mixed u1/e0 finite element formulation for quadrilaterals
In view of Remark 3.3-1, Eq. (28), displays the equivalence of the proposed (u1/e0) mixed method with a reduced inte-

gration procedure of the displacement based formulation (sampling at the center of the element, [35]. This formulation is
known to be unstable,7 leading to zero energy (hourglass) displacement modes, which become dominant and pollute the solu-
-index (�)t to indicate specification at time t will be from now on omitted if not strictly necessary.
to the bilinear character of gh(x) the committed error is Oðh2Þ.

m the point of view of the equivalent mixed formulation, the interpolation pairs bilinear displacement–constant strain, do not fulfill the inf–sup
n [14] and, therefore, the stability of the interpolated fields cannot be guaranteed.



Fig. 8. Quadrilateral finite element (u1/e0) with bilinear displacements and constant strains.
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tion in terms of the displacement field. Hourglass control techniques, with different theoretical foundations and stabilization
procedures, have been proposed to overcome the instability provoked by reduced integration methods [31,10]. Here the follow-
ing stabilization term is proposed:
_WstabðtÞ ¼
Xnelem

e¼1

_WstabðeÞ ð _eðeÞ; _uh; tÞ

_WstabðeÞ ð _eðeÞ; _uh; tÞ ¼ sðeÞðtÞ
Z
BðeÞ

$sghðxÞ : ½ _Rð _eðeÞÞ � _Rð$s _uhðxÞÞ�dB

¼ sðeÞðtÞ
Z
BðeÞ

$sgh
ðeÞ

: _R $s _uh
ðeÞ

� �
dB � sðeÞðtÞ

Z
BðeÞ

$sghðxÞ : _Rð$s _uhðxÞÞdB

ð29Þ
where Eq. (27) has been considered and s(e)(t) 2 [0,1] is a stabilization parameter, which, in principle, can be specific for
every element, e, and evolve along time. The stabilization term in Eq. (29) must be added to expression (28) as follows:
Xnelem

e¼1

Z
BðeÞ

$sgh
ðeÞ

: _R $s _uh
ðeÞ

� �
dB ¼Wextðgh; _b; _t�Þ

ext
þ _Wstab 8gh 2 Vh

0 ð30Þ
yielding
Xnelem

e¼1

sðeÞðtÞ
Z
BðeÞ
rsgh : _Rð$s _uhðxÞÞdB|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

full integration
ðirreducibleÞ form

þ
Xnelem

e¼1

ð1� sðeÞðtÞÞ
Z
BðeÞ

$sgh
ðeÞ

: _R $s _uh
ðeÞ

� �
dB|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

reduced integration
ðmixedÞ form

¼Wextðgh; _b; _t�Þ 8gh 2 Vh
0 ð31Þ
The proposed stabilization method in Eq. (31) falls into the family of consistently stabilized methods (see [13,23]). The
consistency of the stabilization stems from the fact that, from Eq. (26)-(b), the stabilization term, _WstabðeÞ , in Eq. (29) tends
to zero with mesh refinement ðh! 0; _eðeÞ ! $s _uhÞ regardless of the value of the stabilization parameter.

Remark 3.3-2. The stabilized formulation in Eq. (31) can be regarded as a weighted combination of the irreducible
displacement based formulation (fully integrated term) and the mixed displacement–strain formulation (reduced integrated
term), weighted by s(e) and (1 � s(e)), respectively. Analyzing expression (31), it is noticeable that, for s(e) = 1 "e, the method
is equivalent to the standard irreducible formulation, whereas for, s(e) = 0 "e, the stabilization term vanishes and the
unstable mixed formulation is recovered.

After some straightforward manipulations, Eq. (31) can be rearranged, in a more suitable form for implementation pur-
poses, as:
Xnelem

e¼1

Z
BðeÞ

$sgh :
_
r
^ðeÞ

t ðxÞdB ¼Wext
t ðg;btðxÞ; t�t ðxÞÞ 8gh 2 Vh

0 8t 2 ½0; T�

_
r
^ðeÞ

t ðxÞ ¼ sðeÞðtÞ _R $s _uh
t ðxÞ

	 

þ ð1� sðeÞðtÞÞ _R $s _uh

t

ðeÞ
� � ð32Þ
where
_
r
^ðeÞ

t ðxÞ �
_
r
^ðeÞðx; tÞ are termed the stabilized stresses. The described setting has a conceptually simple implementation in

the context of a discretization of the time interval [0,T]. For the time sub-interval [tn, tn+1] � [0,T] such that Dt = tn+1 � tn,
implicit integration of Eq. (31), yields to the following form:



Fig. 9. Injection domain in a strain localization problem.
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X
BðeÞ2B

Z
BðeÞ

$sgh : r
^ðeÞ

nþ1dB ¼Wext
nþ1 8gh 2 Vh

0 ðaÞ

r
^ðeÞ

nþ1 ¼ r
^ðeÞ

n ðxÞ þ Dr
^ðeÞ

nþ1ðxÞ ðbÞ

Dr
^ðeÞ

nþ1ðxÞ ¼ sðeÞnþ1ðR $suh
nþ1ðxÞ

� �
� rðeÞn ðxÞÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DrðeÞ
nþ1
ðxÞ

þ 1� sðeÞnþ1

� �
R $suh

nþ1

� �ðeÞ
� �rðeÞn

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D�rðeÞ
nþ1

ðcÞ
ð33Þ
Notice that this version preserves the typical structure of the residual force vector in standard non-linear finite element codes,

where the regular stresses,rðeÞnþ1ðxÞ are substituted by the stabilized stressesr
^ðeÞ

nþ1ðxÞ. Hence, the integral in Eq. (33)-(a) can be eval-
uated, for the considered quadrilateral element, by a standard quadrature, for example using a 2 � 2 Gauss integration rule. The

specific nuance is that, in addition to the regular stresses rðeÞnþ1ðxÞ ¼ Rð$suh
nþ1ðxÞÞ, the stabilized stresses, r

^ðeÞ
nþ1ðxÞ, should be com-

puted and stored at the regular Gauss points, and the elemental-wise constant stresses, �rðeÞnþ1 ¼ R $suh
nþ1ðxÞ

ðeÞ
� �

, should be also

computed, and then possibly stored, at an additional sampling point8 (see Remark 3.3-1).
The summary of the formulation for implementation purposes is given in Box 3.3-1.
Box 3.3-1. Stabilized u1/e0 mixed finite element formulation for quadrilaterals (in rate form)

PROBLEM
s ad
GIVEN :

Vh :¼ gh
t ðxÞ 2 H1ðBÞ; gh

t ðxÞ

@uB
¼ _u�ðx; tÞ

n o
Vh

0 :¼ fghðxÞ 2 H1ðBÞ; ghðxÞj@uB ¼ 0g
FIND :

_uh
t ðxÞ � _uhðx; tÞ : B � ½0; T� ! Rndim ; _uh

t 2 Vh

FULFILLING :X
BðeÞ2B

R
BðeÞ $

sgh : r
^ðeÞ

nþ1dB ¼Wext
nþ1 8gh 2 Vh

0

r
^ðeÞ

nþ1ðxÞ ¼ r
^ðeÞ

n ðxÞ þ Dr
^ðeÞ

nþ1ðxÞ

Dr
^ðeÞ

nþ1ðxÞ ¼ sðeÞnþ1 rðeÞnþ1ðxÞ � rðeÞn ðxÞ
� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DrðeÞ
nþ1
ðxÞ

þ 1� sðeÞnþ1

� �
�rðeÞnþ1 � �rðeÞn

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

D�rðeÞ
nþ1

rðeÞnþ1ðxÞ ¼ R $suh
nþ1ðxÞ

	 

�rðeÞnþ1 ¼ R $suh

nþ1ðxÞ
ðeÞ

� �
� R $suh

nþ1 xðeÞC

� �� �

ð34Þ
ditional sampling point can be therefore regarded as a zero-weight integration point, just used for stress evaluation.
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From now on, sub-indices (	)n, (	)n+1, to indicate evaluation at the time sub-interval bounds, will be omitted when not
strictly necessary.

3.3.3. Evolving injection of an element-wise-constant strain mode in quadrilaterals, for strain localization problems
Let us now consider a specific strain-injection scenario with one injection domain (ninj = 1) but, this time BinjðtÞ � B. The

injection domain, Binj, evolves along time ðBinjðtÞ – £ 8t 2 ½ �inj � ½0; T�Þ and it is defined through (see Fig. 9):
9 The
displace
BinjðtÞ :¼ fx 2 Bjt P tBðxÞ; _aðx; tÞ > 0Þg ð35Þ
where tB(x) is the so-called bifurcation time computed through the discontinuous material bifurcation problem9 [56], which
reads:
PROBLEM

GIVEN : CðloadÞðx; tÞ ¼ @Rðeðx; tÞÞ
@eðx; tÞ ; t 2 ½0; T�

FIND : the first t � tBðxÞ 2 ½0; T� and nðxÞ 2 I :¼ fm 2 Rndim jkmk ¼ 1g;
FULFILLING :

Q loc;tB
ðnÞ 	m ¼ ½n 	 CðloadÞðx; tBÞ 	 n� 	m ¼ 0 for some m 2 I

ð36Þ
In Eq. (36), CðloadÞ stands for the in-loading tangent constitutive operator of the chosen constitutive model, described as
r(x, t) = R(e(x, t)), and Q loc ¼ ½n 	 CðloadÞ 	 n� is the so-called localization tensor (sometimes also termed the acoustic tensor),
computed in terms of the bifurcation direction described by the unit vector field, n(x). More information on obtaining ana-
lytical and numerical solutions of the discontinuous material bifurcation problem in Eq. (36) can be found in Refs. [50,55].

From Eqs. (12), (35) and (36) the injection domain at a given time, t, here also termed the localization domain and denoted
BlocðtÞ � BinjðtÞ, is defined as that set of elements whose barycenter has previously bifurcated (t P tB(x)) and is in in-loading
regime ð _aðx; tÞ > 0Þ.

The motivation for this definition is rather intuitive: the aim of the proposed technique is to inject the elemental-wise
constant (localized) strain mode (from now on shortened as CSM) only into the localizing elements at the current time t. On
the other hand, the injection of the CSM implies the weak imposition of the geometric compatibility (see Eqs. (14)-(b)
and (21)) and this is expected to provide additional flexibility to the element improving its capacity to capture and propagate
the strain localization.

The bifurcated points are the points amenable to develop a localization of a strain field, and only those elements having a
bifurcated centroid are injected according to Eq. (35). The reason for injecting only those bifurcated elements, and not all the
elements of the mesh, will be given in next sections.

Notice that when an element unloads ð _aðx; tÞ ¼ 0Þ, according with the definition in Eq. (35) it leaves the injection domain
BinjðtÞ and, therefore, this injection domain remains as small as possible while fulfilling Eq. (35).

The variational equations corresponding to the finite element strain-injection problem (injection domain-restricted
mixed u/e formulation), in Eq. (26), read as follows:
Z

BnBinj

$sgh : _Rð$s _uhÞdB þ
X

8BðeÞ�BinjðtÞ

Z
BðeÞ

$sgh : _R _eðeÞinj

� �
dB ¼Wextðg; _b; _t�Þ 8gh 2 Vh

0 ðaÞ

Z
BðeÞ

lðeÞ : _eðeÞinj � $s _uhðxÞ
� �

dB ¼ 0 8le 8BðeÞ � BinjðtÞ ðbÞ
ð37Þ
where _eðeÞinj is the injected CSM field and l(e) the corresponding (element-wise-constant) weighting field. Comparing Eq. (37)
with Eq. (26), we notice that the kinematic equation (14)-(b) now is weakly imposed only for those elements belonging to the
injection domain BinjðtÞ.

Repeating the process for solving the injected strains, in Eqs. (26)–(28), one arrives to the counterpart of Eq. (28) for this
injection case:
Z

BnBinj

$sgh : _Rð$s _uhÞdB þ
X

8BðeÞ�Binj

Z
BðeÞ

$sgh
ðeÞ

: _R $s _uh
ðeÞ

� �
dB ¼Wextðg; _b; _t�Þ 8gh 2 Vh

0 ð38Þ
3.3.4. Isochoric constitutive models – special treatment
As commented above, the idea behind the injection concept in Eq. (37) is to inject specific strains at that part of the do-

main where strains localize, enhancing the performance of the corresponding finite elements as for localization and propa-
gation of material failure. Intuitively, it seems then reasonable to define the domain of injection as the set of elements where
discontinuous material bifurcation is detected. Nevertheless, when incompressible (e.g. J2 plasticity) models are used, an
bifurcation time, tB(x), signals the first time that the stress–strain constitutive equation is compatible with the appearance of a, regularized,
ment discontinuity in the considered material point, x, thus triggering the strain localization.
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additional difficulty appears due to the isochoric character of this constitutive equation. In fact, for this model, in earlier
stages of the nonlinear loading, the irreducible formulation fully locks and the appropriated determination of the injection
domain BinjðtÞ in Eq. (35) becomes seriously affected.

Therefore, for this specific cases a slightly different strategy, combination of the techniques presented in Sections 3.3.2
and 3.3.3 is proposed. The idea is to use as underlying element in B n Binj the mixed/stabilized formulation in Eq. (33), en-
dowed with an appropriated stabilization parameter, i.e. sðeÞ ¼ sstab 8BðeÞ 2 ðBðeÞ n BinjÞ,10 so as to break the incompressibility
locking and produce a good enough estimation of the injection domain. Then, the injection of the CSM in Binj is based on the
same scheme than in Eq. (38):
10 Par
results
X
8BðeÞ�BnBinj

Z
BðeÞ
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� �� �
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Injection of CSM at Binj
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0 ð39Þ
For the time sub-interval [tn, tn+1] � [0,T] such that Dt = tn+1 � tn, implicit integration of Eq. (39) yields, eventually, the
algorithm in Box 3.3-2 in terms of the effective stresses ~rðeÞnþ1 (see Appendix A.1, for a proof in a more general case).
Box 3.3-2. Time-discretized algorithm for injection of a constant-localized-strain-mode (CSM) considering a
possible isochoric case
ame
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sðeÞnþ1 ¼ sstab !
sstab ¼ 0:1! isochoric case
sstab ¼ 1:0! general case

�

3.3.5. Representative simulations
3.3.5.1. DCB test using an (stabilized) mixed u–e formulation. Let us consider again the DCB test in Fig. 6(a). The reported exper-
imental crack path follows a straight line (inclined a = 19� with the vertical axis). Therefore, vertically aligned meshes as the
one in the figure will strongly challenge the standard finite element formulations, since the experimentally observed discon-
tinuity path intersects the elements in directions not coincident with the mesh alignment.

The mixed formulation Box 3.3-1 is now used to model the crack propagation. Fig. 10 shows the localization pattern for
different values of the stabilization parameter, assumed spatially constant, sstab.

Regarding the proposed stabilization method, it was mentioned in Remark 3.3-2, that for values of sstab � s approaching
the unity (i.e. for s ? 1.0) the method is equivalent to the irreducible standard finite element approximation and therefore,
ter sstab is not of physical nature, but a stabilization parameter whose optimal value is obtained from numerical experimentation. In practice, good
e been obtained in all tested benchmarks by using sstab = 0.1 (no instabilities show up and the injection domains are properly determined).



Fig. 10. DCB test. Iso-displacement plots for different stabilization parameters s.

Fig. 11. DCB test. Results for sstab = 0.0001: (a) mesh deformation and (b) iso-displacement contours.
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the benefits inherent to the mixed formulation are expected to vanish. It is notorious the improvement on the element
performance in terms of mesh bias independence for decreasing values of s. For s = 0.1, it is shown the good agreement be-
tween the simulated crack path with that reported by experimental observation, while for s = 1.0 the simulated crack is
clearly affected by the vertical mesh alignment only zigzagging to the next raw after having propagated vertically a large
number of elements.

In view of these results, one could be tempted to decrease further the values of the stabilization parameter. For sstab = 0
the unstable mixed formulation is recovered and, on this view, for decreasing values of s (i.e. for s ? 0), it is expected that
instabilities show up. Fig. 11 displays the numerical solutions obtained with s = 0.0001.

It is clearly noticed the appearance of hourglass modes, dominating the solution in terms of the displacement field, which
propagate across the mesh leading to a miss predicted collapse mechanism.

3.3.5.2. DCB test using a CSM injection. Now, results obtained with the injection of the CSM (Box 3.3-2) are compared with
those obtained with the stabilized mixed formulation in the previous section. It must be recalled that the CSM injection
is a specific case in which the mixed formulation is restricted to the injection domain ðBinjðtÞ � B see Eq. (35)), evolving along
time and that no stabilization is performed. Therefore, the issue of the appearance of the hourglass modes remains in prin-
ciple. However, results in Fig. 12 show that no hourglass mode shows-up (see Fig. 11(a)) and that the localization-band incli-
nation matches the experimental one (see Fig. 12(b)).

For this non-homogeneous problem, in which the strain localization band evolves along time, it is interesting to see the
evolution of the injection domain, Binj. In Fig. 13 this evolution is depicted for four representative sequential time steps.

Notice that, for initial stages of loading (Fig. 13(a)), the specimen behaves elastically (thus no injection domain is ob-
served) and the irreducible standard formulation is applied in the entire body. For increasing loading, (Fig. 13(b)), some ele-
ments enter into a nonlinear regime and material bifurcation is detected. Those elements are then included in the injection
domain, Binj, trough the condition in Eq. (35), and, therefore, the CSM is injected into all them. It can be noticed the bulb-
shaped character of the injection domain front, at the tip of the advancing localization band. Soon later (Fig. 13(c) and
(d)), most of the bifurcated elements behind the bulb unload (i.e. _a ¼ 0Þ returning to an elastic condition, so they leave
the Binj domain according to Eq. (35), except for an inclined band, behind the bulb, which remains in inelastic loading
and defined the corresponding strain localization band.



Fig. 12. Results for the CSM injection strategy: (a) deformed mesh and (b) iso-displacement plots.

Fig. 13. Evolution of the injection domain BinjðtÞ (shaded zones) for different stages of the analysis.
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Fig. 14. Curves F1 vs. Crack Mouth Opening Displacement (CMOD), obtained with the different procedures.
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In Fig. 14 quantitative responses for the different options are depicted in terms of the force–CMOD (Crack-Mouth-Open-
ing Displacement) curves, together with the reported experimental results. None of the results matches perfectly the exper-
imental curve11 but the interesting issue is the CSM injection produces the most flexible results (this being associated to a
smaller dissipation and less stress-locking), and, thus, the smallest residual force values at the curve tail. This clearly indicates
the benefits of the proposed technique in reducing the stress-locking effects.
11 Neither no attempt was done to get a better fitting by tuning the material parameters of the model.
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Fig. 15. Strip subjected to tensile stretching using a J2 plasticity model, where ry stands for the yield stress, E for the Young’s modulus, m for the Poisson’s
ratio and Gf for the fracture energy.

Fig. 16. Strip subjected to tensile stretching using a J2 plasticity model and mixed stabilized formulation. Iso-displacement contours obtained, for different
values of s, at the final stage of analysis.

Fig. 17. Strip subjected to tensile stretching using a J2 plasticity model. Iso-displacement contours: (a) mixed formulation (s = 0.0001) and (b) CSM
injection.
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3.3.6. Isochoric problem. Homogeneous strip subjected to tensile stretching, in J2 plasticity
In order to rigorously assess the quantitative performance of the proposed technique, a simpler problem, for which an

exact analytical solution is available, is necessary. This is the case of the problem sketched in Fig. 15.
The theoretical solution for this quasi-homogeneous problem (when it is slightly perturbed at some point, to break the

initial homogeneity) consists of a straight slip line, inclined 45� and passing through the perturbed point. A rather coarse,
unstructured, mesh of quadrilaterals is used to perform the tests as shown in Fig. 16. Again, results with the mixed (u/e) sta-
bilized formulation and with the injection of CSM techniques are compared.

Fig. 16 shows the localization patterns obtained with the mixed formulation and decreasing stabilization parameters. For
the irreducible formulation (s = 1.0) the extreme locking of the problem does not allow any type of strain localization
(Fig. 16(a)). To obtain a single-element-bandwidth localization band with the appropriated 45� inclination, extremely small
values of the stabilization parameter (s = 0.0001) have to be used, at the cost of evident instabilities and the appearance of
hourglass modes polluting the solution (Fig. 16(d)).



Fig. 18. Strip subjected to tensile stretching using a J2 plasticity model and CSM injection. Evolution of the injection domain, BinjðtÞ, (shaded zones) at
different stages of the analysis. (a) Elastic stage and (b) immediately after the bifurcation stage, (c) final stage.

Fig. 19. Strip subjected to tensile stretching. Force–displacement curves obtained with different techniques.
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Instead, using the CSM injection results become much better (see Fig. 17(b)). The CSM injection12 provides results that are
equal or better than the best of the solutions with the mixed formulation but, this time, no type of instability is observed.

Fig. 18, shows the evolution of the injection domain BinjðtÞ at different stages of the analysis. It is remarkable that, at the
bifurcation time, the injection domain appears as two bands inclined ±45�, which correspond to the symmetric theoretical
solution obtained from the bifurcation analysis of the homogeneous problem. The slight perturbation produced by the
asymmetry of the mesh is then enough to break, immediately after bifurcation, the balance of the two bands (see
Fig. 18(b)) in favor of one of them (Fig. 18(c)). This indicates the excellent propagation solution provided by the CSM injection
technique.

However, these promising qualitative results (in terms of propagation) do not translate into equally good quantitative
results. For constant strain-softening modulus (H ¼ ‘ �H; �H ¼ 1

2 ðryÞ2=Gf ) the theoretical solution of the problem can be com-
puted, and it is plotted in Fig. 19 for the purposes of comparison with the considered cases.

Again, the benefits of the CSM injection technique, as for obtaining the most flexible solution, are evident. However, as it
can be also checked in the figure, there is wide room for improvement with respect to the theoretical solution. Moreover, refine-
ment of the mesh does not translate into substantial differences, and some degree of stress locking at the tail of the curve is
noticeable even in the CSM case. This suggests further refinements in the strain injection technique presented in next sections.

4. Injection of propagating discontinuous displacement modes (DDM)

In Section 3 limited capabilities of the mixed finite element formulations, to reproduce the theoretical solutions of mate-
rial failure/fracture problems were observed.

In terms of the qualitative correct propagation of the material failure, the CSM injection exhibits noticeable large improve-
ments with respect to alternative (irreducible) formulations, this indicating that classical mesh-bias dependence flaws are
almost totally overcome. However, the quantitative results, as compared in terms of action–response (force/displacement)
curves, exhibit some mismatches when compared with those theoretical solutions, and non-negligible stress-locking effects
are still noticed.

In a recent paper of the authors [56] a reason for these mismatches was identified and quantified in terms of error mea-
sures. The main conclusion of this work is that strain localization solutions, do not generally match fracture mechanics solu-
tions. Excepting for very specific cases, typically finite element meshes specifically aligned with the (in general a priori
unknown) fracture path, they provide solutions exhibiting a relevant degree of mismatch with respect to the theoretical
ones. This mismatch is caused by the limited ability of standard, or improved, finite elements to reproduce the strong
12 In this case s = sstab = 0.1 in B n Binj .
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discontinuity kinematics associated to a regularized strong discontinuity embedded into them, as it corresponds to fracture
mechanics solutions. Indeed, the constant strain mode injection introduced in Section 3.3.3 clearly provides extra flexibility
to the element and largely enhance its propagation capabilities, but, on the other hand, the kinematics still exhibits a limited
capability to describe a discontinuity in a one-element-bandwidth finite element band. In the ambit of the proposed injec-
tion techniques, the next natural improvement attempt is the injection of an additional strain mode, enhanced with the kine-
matics of a regularized displacement discontinuity, on those elements that capture the discontinuity. This additionally
injected strain mode stems (in the limit of the regularization parameter) from a real discontinuous displacement field,
and it will be therefore termed discontinuous displacement mode (DDM).

4.1. Continuum Strong Discontinuity Approach to material failure

The Continuum Strong Discontinuity Approach (CSDA) to material failure was initially developed in the nineties [60,45]
and subsequently, extended and used in a variety of applications by several authors (e.g. [4,1–3,40,12,33,32,6]). For the
sake of completeness, the main elements of the CSDA, necessary for the central issues of this work, are described in next
sections.

4.1.1. Strong discontinuity kinematics
Here we recall the basic ingredients of the strong discontinuity kinematics [51]. Let us consider the continuum body, B,

(see Fig. 20(a)) split into two parts, Bþ and B�, by the strong discontinuity path, S, across which the rate of displacement
field, _uðxÞ, experiences a jump (strong discontinuity) s _ut ¼ _ujx2ð@Bþ\SÞ � _ujx2ð@B�\SÞ.

The mechanical description of the corresponding displacement field reads:
_u ¼ _�uþHSs _ut ð41Þ
where _�u stands for the smooth part of the (rate of) displacement field and HS is the Heaviside (step) function, shifted to S.
Due to computational reasons, related to the imposition of the essential boundary conditions, it is convenient to re-formulate
Eq. (41) as the following equivalent expression (see [46] for further details):
_u ¼ _̂u�us _ut|fflfflfflfflfflffl{zfflfflfflfflfflffl}
_�u

þHSs _ut ¼ _̂uþ ðHS �uÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
MS

s _ut ð42Þ
where _̂u is termed the generalized rate of displacement field, fulfilling the Dirichlet conditions of the problem, u(x) is the so-
called indicatrix function, a continuous, in principle arbitrary, function fulfilling
uðxÞ ¼
0 8x 2 ðB n BMÞ�

1 8x 2 ðB n BMÞþ
�

ð43Þ
and MSðxÞ ¼ HS �uðxÞ is the unit jump function, whose support is BM and exhibits a unit jump across S, see Fig. 20. The
(infinitesimal) strain field corresponding to Eq. (42) reads:
_e ¼ $S _u ¼ $S _̂uþ ðMS 
rs _utÞS � ð$u
 s _utÞS|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
_̂e ðregularÞ

þ dSðn
 s _utÞS ¼ _̂eþ dSðn
 s _utÞS ð44Þ
where n is the unit vector orthogonal to S (pointing to BþÞ.

4.1.2. Boundary value problem
In the context of the mechanical problem in Fig. 20(a), exhibiting strong discontinuities and the kinematics in Eq. (44), the

original boundary value problem in Eq. (14) translates into the following one:
Fig. 20. (a) Body exhibiting a strong discontinuity in the displacement field. (b) Strong discontinuity kinematics.



13 Ret

310 J. Oliver et al. / Comput. Methods Appl. Mech. Engrg. 274 (2014) 289–348
PROBLEM

FIND : _uðx; tÞ : B � ½0; T� ! Rndim

s _utðx; tÞ : B � ½0; T� ! Rndim

_eðx; tÞ : B � ½0; T� ! S
ndim�ndim

_rðx; tÞ : B � ½0; T� ! Sndim�ndim

FULFILLING :

$ 	 _rþ _b ¼ 0 8x 2 B n S ! equilibrium equation ðaÞ
_̂eðx; tÞ � $S _̂uþ ðMS 
 $s _utÞS � ð$u
 s _utÞS

_eðx; tÞ � _̂eðx; tÞ|fflfflffl{zfflfflffl}
ðregularÞ

þ dSðn
 s _utÞS|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
singular

8>><
>>: !

compatibility equation
ðstrong discontinuity

kinematicsÞ

8><
>: ðbÞ

_rðx; tÞ ¼
_rBnSðx; tÞ � _Rð _̂eðx; tÞÞ
_rSðx; tÞ � _Rð _̂eðx; tÞ þ dSðn
 s _utÞSÞ

(
8x 2 B n S
8x 2 S

! constitutive equation ðcÞ

_rBnSj@Bþ\S 	 n ¼ _rB=Sj@B�\S 	 nð� _rBnSðxÞ 	 nÞ 8x 2 S ! S � outer traction continuity ðdÞ
_rBnSðxÞ 	 n ¼ _rSðxÞ 	 n 8x 2 S ! S � inner traction continuity ðeÞ
_u ¼ _u�ðx; tÞ
_rB=S 	 m ¼ _t�ðx; tÞ

8x 2 @uðB n SÞ
8x 2 @rðB n SÞ

!
boundary
conditions

�
ðfÞ

ð45Þ
4.1.3. A three field ( _̂u= _�e=s _utÞ variational problem
Inspired in the boundary value problem of Eq. (45), let us now extend the two field, u–e variational problem in Sec-

tion 3.1.2 to the following three-field, _̂u= _�e=s _ut, problem (in rate form):
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In Eqs. (46) and (47), vþS stands for a dipole-like generalized function13 defined through
R
B /ðxÞvþSdB ¼

R
S s/t

þ
S ðxÞdS

s/t
þ
S ðxÞ � /ðxÞjx2ð@Bþ\SÞ � /ðxÞjx2S 8x 2 S

(
ð48Þ
for any, sufficiently regular, test function /(x).
urning, from its convolution over B with any function /(x) (possibly discontinuous across SÞ, the integral of the jump s/t
þ
S ðxÞ along the manifold S.
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Remark 4.1-1. Notice, from Eq. (47)-(c) that the stresses _rt belong to the space, ~C?, orthogonal to the test space ~C, in Eq.
(46), i.e.:
Fig. 21.
elemen
~C? :¼ s 2 ½S�ndim�ndim ;

Z
B
vþS ðb
 nÞS : sdB ¼

Z
S

b 	 sst
þ
S 	 ndS ¼ 0 8b 2 ~U

� �
) ~C?

¼ sðxÞ : B ! S
ndim�ndim ; sst

þ
S 	 n ¼ 0 8x 2 S

� �
ð49Þ
Therefore, Eq. (47)-(c) implicitly imposes the traction _rt 	 n to fulfill the S inner-traction continuity equation (45)-(e), i.e.:
s _rtt
þ
S 	 n ¼ _rBnSðx; tÞ 	 n� _rSðx; tÞ 	 n ¼ 0 8x 2 S ð50Þ
Straightforward computations show that the solution of the variational problem in Eq. (47) corresponds to that of the
B.V.P. in Eq. (45). More specifically, the variational equation (47)-(a) imposes the equilibrium equation (45)-(a), the S-outer
traction continuity equation (45)-(d) and the Dirichlet boundary equation (45)-(f). The variational equation (47)-(b) imposes
the strong discontinuity kinematics in Eq. (45)-(b) and, finally, the variational equation (47)-(c) imposes the S-inner traction
continuity equation (45)-(e) (see Remark 4.1-1). Finally, the constitutive equation (45)-(b) is imposed in strong form through
Eq. (47)-(d).
Remark 4.1-2. The previous formulation can be considered as a specific application of the Assumed Enhanced Strain
Method [62] where the kinematically compatible strains, rS _̂utðxÞ, are enhanced by the strains, _~etðxÞ, such that (see
Eqs. (42)–(44)):
_etðxÞ ¼ $S _̂utðxÞ þ _~etðxÞ
_~etðxÞ ¼ $SðMSs _uttðxÞÞ ¼ MS 
 $s _utt

	 
S � $u
 s _utt

	 
S þ dSðn
 s _uttÞ
S|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

enhanced strains _~et

8>><
>>: ð51Þ
Therefore, the spaces of the enhanced strains, ~E, and the test space, ~C, are (see Eqs. (46) and (51)):
~E :¼ f~e ¼ $sðMSbÞ; b 2 ~Ug
~C :¼ f~c ¼ vþS ðb
 nÞS; b 2 ~Ug

ð52Þ
The fact that the functional space ~E, where the enhanced strains _~et in Eq. (51) live, and the test space ~C, where the functions
testing the stresses _rt in Eq. (47)-(c) live, are different, renders the variational setting unsymmetrical [29].

Also it should be noticed, from Eqs. (48) and (52), that
Z
B

~cdB ¼
Z
B
vþS ðb
 nÞSdB ¼

Z
S

sðb
 nÞStþS dS ¼ 0 8~c 2 ~C ð53Þ
this satisfying the so-called patch test condition for assumed enhanced strain methods [62].
4.2. Finite elements with embedded (regularized) displacement discontinuities

Let us now consider the body B discretized in 2D mixed, û1=�e0=sut0, four-noded quadrilateral finite elements BðeÞ, of typ-
ical size h (see Fig. 21).

We shall consider linear interpolations of the displacements, and element-wise constant regular-strains and displace-
ment-jumps, i.e.
(a) Discretized domain crossed by displacement discontinuity path Sh and (b) finite element, BðeÞ crossed by a displacement discontinuity path with
tal counterpart SðeÞ .



Fig. 22. Elemental functions: Heaviside (step) function, HðeÞS , indicatrix function, u(e), and unit jump function, MðeÞ .
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_̂uhðx; tÞ ¼
Xnnode

i¼1

NiðxÞ _̂uiðtÞ; ghðxÞ ¼
Xnnode

i¼1

NiðxÞgi ð54Þ

_�ehðx; tÞ ¼
Xnelem

e¼1

/ðeÞðxÞ _�eðeÞðtÞ; lhðxÞ ¼
Xnelem

e¼1

/ðeÞðxÞlðeÞ ð55Þ

s _ut
hðx; tÞ ¼

Xnelem

e¼1

/ðeÞðxÞs _ut
ðeÞðtÞ; bhðxÞ ¼

Xnelem

e¼1

/ðeÞðxÞbðeÞ ð56Þ
where nelem and nnode are, respectively, the number of nodes and elements of the finite element mesh, _̂ui is the nodal general-
ized displacement vector associated to the node i, Ni are the standard isoparametric shape functions, s _ut

ðeÞ and _�eðeÞ are,
respectively, the elemental displacement jump and regular strains degrees of freedom associated to the element (e), and
/(e) is the elemental collocation function defined in Eq. (25).

The discretized versions of the total displacement field in Eq. (42), at global, _uh, and elemental, _uðeÞ, levels read (see
Fig. 22):
_uhðx; tÞ ¼
Xnnnode

i¼1
NiðxÞ _̂uiðtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
_̂uh

þ
Xnelem

e¼1

ðHS �uhÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
MðhÞS

s _ut
h 8x 2 B

_uðeÞðx; tÞ ¼
X4

i¼1
NðeÞi ðxÞ _̂uiðtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
_̂uðeÞðx;tÞ

þ ðHðeÞS �uðeÞÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
MðeÞS

s _ut
ðeÞðx; tÞ 8x 2 BðeÞ e ¼ 1; . . . ;nelem

ð57Þ
and the indicatrix-function, uh, appearing in Eq. (57) is determined as follows:
uhðxÞ ¼
Xnnode

i¼1

NiðxÞui ¼
Xnþnode

i¼1

Niþ ðxÞ

uðeÞðxÞ ¼
X4

i¼1

NðeÞi ðxÞu
ðeÞ
i ¼

X4

i¼1

NðeÞ
iþ
ðxÞ

ð58Þ
where ui is a nodal value, determined by the position of the crack-path-field, Sh. Therefore, the indicatrix-function takes unit
and null values for nodes belonging to Bþ and B�, respectively.14 The subscript + refers to nodes belonging to Bþ ðuiþ ¼ 1Þ (see
Figs. 21 and 22).

Remark 4.2-1. As explained above, in order to construct the elemental indicatrix function u(e), distinction between nodes
belonging to BðeÞ;þ and BðeÞ;� is necessary, and, therefore, information about the position of the discontinuity path inside the
finite element is required. In addition, in order to ensure the continuity of function u in Eq. (43), the crack path has to be
continuous across the sides of contiguous elements. Fulfilling this condition generally requires the use of cumbersome and
code invasive techniques (e.g. crack-path-tracking algorithms or level set methods [64,52]) to determine the precise position
of Sh in the finite element mesh. The new crack-path-field technique, presented in Section 2, becomes a powerful technique to
achieve such a purpose. This issue will be tackled in subsequent sections.
4.2.1. Strong-discontinuity regularization: finite element with embedded strong discontinuity
The spatial discretization of the CSDA variational problem in Eqs. (46) and (47) requires some further elaboration.
At the element level, the unit vector n(e), is assumed constant and normal to that part of the discontinuity path, SðeÞ,

crossing the finite element (as a straight segment SðeÞ � BðeÞ \ ShÞ (see Fig. 21(b)). In addition, the generalized functions
Dirac’s delta, dS , and dipole-like, vþS , (in Eqs. (47) and (48)) are approximated, through k-regularized sequences, as follows
(see Fig. 23):
refore, its value ui 2 {0, 1} at a given node indicates at what side of the discontinuity path the node lies, which justifies its name.



Fig. 23. Dirac’s delta, dS , and dipole-like, vþS generalized functions approximated, through k-regularized sequences.
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dS ’ dk;ðeÞ
S ðxÞ ¼

1
kðeÞ
8x 2 Bk;ðeÞ

0 8x 2 BðeÞ n Bk;ðeÞ

(
ðaÞ

vþS ’ vþ;k;ðeÞS ðxÞ ¼
� 1

kðeÞ
8x 2 Bk;ðeÞ

1
‘ðeÞ�kðeÞ

8x 2 BðeÞ n Bk;ðeÞ

8<
: ðbÞ

ð59Þ
In Eq. (59), dk;ðeÞ
S is an elemental k-regularized sequence approximating the Dirac’s delta-function dS inside the element (e) in

terms of the regularization parameter kðeÞ;BðeÞk is a band, of width k(e), crossing the element BðeÞ (see Fig. 21-(b)), containing
the elemental crack-path SðeÞ, and ‘(e) is the elemental effective bandwidth computed as15:
‘ðeÞ ¼ measðBðeÞÞ
measðSðeÞÞ

¼ OðhðeÞÞ ð60Þ
The elemental regularization parameter, k(e), can be written as a fraction, n (considered the same for all the elements of the
mesh), of the elemental effective bandwidth, i.e.:
kðeÞ ¼ n‘ðeÞ n 2 ð0;1� ð61Þ
where n can take, in principle, any value in the semi-open interval (0,1], with the only limitation of remaining inside the
bounds of interval in terms of the computer accuracy.

It can be readily checked that, with the definitions in Eqs. (59)–(61) in hand, replacement of the regularized versions dk;ðeÞ
S

and of vþ;k;ðeÞS into the discrete version of the variational problem of Eqs. (46) and (47) converge to the continuous problem as
h ? 0. In addition, the softening k-regularized versions of the constitutive models ensure the proper dissipation of the frac-
ture energy [50,51].

Remark 4.2-2. It is interesting to notice the effects of the regularization procedure in the numerical integration rule
involved in the numerical problem. From Eq. (59) and Fig. 23 we realize that the regularized versions of dS and vþS are
discontinuous inside the element. Therefore, a specific numerical integration rule accounting for this discontinuity has to be
implemented in the spatial discrete version of Eq. (47). In the context of the adopted, element-wise-constant, approximation
of the regular strains, �eh and displacement jumps, s _ut

h, (see Eqs. (55) and (56)) this suggests consideration of two specific
additional sampling points in every element capturing the discontinuity:

� One singular sampling point, named xS , attached to that portion of the element where the discontinuity is regularized (the
regularization band Bk;ðeÞ, in Eq. (59).
� One regular sampling point, named xBnS , corresponding to the rest of the element (BðeÞ n Bk;ðeÞ in Eq. (59)).

The weight associated to the integration point differs in each case, as it is indicated in Table 4.2.1-1 in terms of the values
of the regularized Dirac’s-delta, dS ;vþS and dipole-like generalized functions, and the corresponding areas of support.

4.2.2. Space-discretized mechanical problem
Considering the spatial discretized version of the three field mixed formulation of Section 4.1.3, and denoting the strong

discontinuity injection domain as Binj � B (the set of elements to be injected), substitution of Eqs. (54)–(56) into the variational
problem in Eq. (47) yields
en the computation of meas(S(e)) is done assuming its placement through the element barycenter, Eq. (60) returns the so-called consistent characteristic
sed in some strain-localization formulations to provide mesh-orientation objective dissipation [43].



Table 4.2.1-1
Values and weights associated to the generalized functions dS ; vþS , at regular and singular (injection) sampling points, for finite elements with regularized
embedded discontinuities.

Injection Singular sampling point ðxSÞ Injection Regular sampling point ðxBnSÞ

Value Area (weight WðxSÞÞ Value Area (weight WðxBnSÞÞ

dk;ðeÞ
S ¼ 1

kðeÞ

vþ;k;ðeÞS ¼ � 1
kðeÞ

kðeÞ 	measðSðeÞÞ dk;ðeÞ
S ¼ 0

vþ;k;ðeÞS ¼ 1
‘ðeÞ�kðeÞ

measðBðeÞÞ � kðeÞ 	measðSðeÞÞ
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Z
BnBinj

$sgh : _Rð$S _̂uhÞdB þ
X

8BðeÞ2Binj

Z
BðeÞ

$sgh : _rðeÞdB ¼Wextðgh; _b; _t�Þ 8gh 2 V̂h
0 ðaÞ

Z
BðeÞ

lðeÞ : _�e
ðeÞ � ð$S _̂uh � ð$uh 
 s _ut

ðeÞÞ
S|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_̂eðeÞt

2
664

3
775dB ¼ 0 8BðeÞ 2 Binj 8lðeÞ ðbÞ

R
BðeÞ v

þ;k;ðeÞ
S ðbðeÞ 
 nðeÞÞS : _rtdB ¼ bðeÞ 	

R
SðeÞ s _rt

þ
SdS 	 nðeÞ ¼ 0

) ½s _rt
þ;ðeÞ
S 	 nðeÞ�SðeÞ ¼ 0

8BðeÞ 2 Binj

(
ðcÞ

_rðeÞ ¼ _R _�eðeÞ þ dk;ðeÞ
S s _ut

ðeÞ 
 nðeÞ
� �S

� �

ð62Þ
where dk;ðeÞ
S and vþ;k;ðeÞS stand for the regularized Dirac’s-delta or dipole-like functions in Eq. (59) (see Table 4.2.1-1).

Eq. (62)-(b) can be trivially solved for the elemental strain values, _�eðeÞ, as16:
_�e
ðeÞ ¼ rS _̂uh

ðeÞ
� ruh

ðeÞ

 s _ut

ðeÞ
� �S

8BðeÞ 2 Binj ð63Þ
where, again, the over-bar stands for average elemental values. Also, Eq. (62)-(c) can be solved for every element of the injec-
tion domain, Binj, leading to the element-wise S-inner traction continuity (see Eq. (50)):
_R

�
_�e
ðeÞ þ dk;ðeÞ

S ðnðeÞ 
 s _ut
ðeÞ
�S

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
_rðeÞS

	 nðeÞ ¼ _R _�e
ðeÞ� �

|fflfflfflffl{zfflfflfflffl}
_rðeÞBnS

	 nðeÞ 8BðeÞ 2 Binj ð64Þ
Replacement of Eqs. (63) and (64) into Eq. (62) yields the set of equations:
R
BnBinj

$sgh : _Rð$S _̂uhÞdB

þ
X

8BðeÞ2Binj

R
BðeÞ $

sgh : _R _�e
ðeÞ þ dk;ðeÞ

S s _ut
ðeÞ 
 nðeÞ

� �S
� �

dB ¼Wextðgh; _b; _t�Þ

_�e
ðeÞ ¼ $S _̂uh

ðeÞ
� $uh

ðeÞ

 s _ut

ðeÞ
� �S

8>>>>>>><
>>>>>>>:

8gh 2 V̂h
0 ðaÞ

_RS
�

_�eðeÞ þ dk;ðeÞ
S ðnðeÞ 
 s _ut

ðeÞ
�S

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
_rðeÞS

	 nðeÞ ¼ _RBnS _�e
ðeÞ� �

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
_rðeÞBnS

	 nðeÞ 8BðeÞ 2 Binj ðbÞ

ð65Þ
Eq. (65) is a set of two equations, in the unknowns ( _̂u; s _utÞ, since the third field, _�e, has been condensed. As usual in the
CSDA, to prevent the trivial solution s _ut

ðeÞ ¼ 0 elastic unloading is forced at B n S [50]. In Eq. (65)-(b), _RBnS stands for the
incremental stresses evaluated at B n S from an incrementally elastic constitutive model and _RS stands for the incremental
stresses evaluated at S from the chosen k-regularized strain-softening continuum constitutive model).

Remark 4.2-3. A significant property of the proposed mixed formulation, with respect to standard strong discontinuity
formulations, is the release of the so-called stress locking, associated to the inability of some finite elements (typically bi-
linear quadrilaterals equipped with four integration points) to capture the independent rigid-body motions at the two sides
of an element crossed by a discontinuity. This inability translates into generation of spurious stresses, which give the name
to the phenomenon. In Appendix B this issue is deeper studied.

Large computational savings can be obtained if, in the variational problem in Eq. (65), the element displacement jump,

s _ut
ðeÞ, is condensed out by solving independently the (non-linear) Eq. (65)-(b), for every element BðeÞ � BðeÞinj , and replacing

the obtained s _ut
ðeÞ ¼ gð _̂uhÞ into Eq. (65)-(a).
an be proven that the term ðMS 
rs _uttÞ
S in Eq. (47)-(b) can be neglected [21,22].
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This gives rise to the condensed variational mechanical problem in Box 4.2-1.
17

Sec
dis
Box 4.2-1. Discontinuous-displacement mode (DDM) injection. Condensed problem
This na
tion 2,
continui
R
BnBinj

$sgh : _Rð$S _̂uhÞdB

þ
X

8BðeÞ2Binj

R
BðeÞ $

sgh : _R _�e
ðeÞ þ dk;ðeÞ

S ðgð _̂uhÞ 
 nðeÞÞ
S

� �
dB ¼Wextðgh; _b; _t�Þ

_�e
ðeÞ ¼ $S _̂uh

ðeÞ
� ruh

ðeÞ

 gð _̂uhÞ

ðeÞ
� �S

8>>>>>>>><
>>>>>>>>:

ð66Þ
Details about this element-wise condensation procedure are given in Appendix A.2.

Remark 4.2-4. In Eq. (66), n(e) stands for the unit vector computed by resorting to the discontinuous material bifurcation
analysis in Eq. (36) (as the bifurcation direction). However, the algorithms providing these vectors [50,55], usually furnish
two admissible local directions. In applications, and in order to perform the DDM injection in Box 4.2-1, it is necessary to
select, among these local directions, the one more compatible with the global failure mechanism provided by the crack-path-
field technique. This selection can be done with different criteria (see Appendix A.3 for details).
4.2.3. Injection of a displacement discontinuity mode (DDM) in a two-stage procedure
As commented above, the use of finite elements with embedded discontinuities, requires information about the placement

of the elemental discontinuity path, SðeÞ inside the element that is going to be injected a DDM (see Fig. 21(b) and Remark 4.2-1).
Typically, global tracking-like algorithms [52] are required for such a purpose. Here an alternative of local character is proposed,
based on the new crack-path-field technique in combination with the injection of specific strain fields at two different stages:

In a first stage (the tracing stage17), an element-wise constant strain mode (CSM) is injected, in an appropriated injection
domain, based on the procedures and algorithms described in Section 3.3. This first injection is devoted exclusively to provide
reliable information about the propagation of a strain-localization field. In Section 3.3, it has been shown that the improved
flexibly stemming from the weak enforcement of the compatibility equation, endows the resulting element with remarkable
good ability for the correct propagation of the strain localization in initial stages. Nevertheless, the element equipped with
the CSM kinematics still exhibits a limited capability to match a real displacement discontinuity and some degree of stress lock-
ing appears. Those finite elements injected with a CSM in this stage supply the localized strain-like internal variable ah(x, t),
identified as the strongly localized field in the algorithm in Box 2.2-1. Then, the outcomes of this algorithm, e.g. the crack-
path-field lt and the crack-path-set Ch

t , are used to predict the discontinuity propagation path required in the second stage.
Therefore, in a second stage, as soon as the element is considered endowed with reliable information about the crack-path

position (typically the crack-path-field lt and the crack-path-set Ct, see Fig. 24) a discontinuous displacement mode is in-
jected according with the procedure described in next sections.

4.2.4. The injection domains
The procedure can be inserted in the context of the multi-domain injection technique presented in Section 3.2 (see Eqs.

(18) and (19) and Fig. 25) for ninj = 2, as follows:
BinjðtÞ ¼
[i¼2

i¼1

BðiÞinjðtÞ ¼ BlocðtÞ [ BdisðtÞ;

BlocðtÞ \ BdisðtÞ ¼£

ð67Þ
where BinjðtÞ is the (total) injected domain, at time t, and BlocðtÞ and BdisðtÞ are, respectively the sub-domains where the CSM
and the DDM are being injected. They are defined as:
BinjðtÞ :¼
[

e

BðeÞ; t P tBðxðeÞC Þ; _aðxðeÞC ; tÞ > 0

( )
ðaÞ

BdisðtÞ :¼
[

e

BðeÞ 2 BinjðtÞ; qðxðeÞC ; tÞ 6 qdisðx
ðeÞ
C Þ ¼ �cqbif ðx

ðeÞ
C Þ; B

ðeÞ \ Ct – £

( )
ðbÞ

BlocðtÞ ¼ BinjðtÞ n BdisðtÞ ðcÞ

ð68Þ
where xðeÞC stands for the barycenter of the element ‘‘e’’.
me comes from the fact that the ‘‘strain localization procedure’’ used in the stage in combination with the crack propagation problem described in
allows tracing the position of the discontinuity (the crack propagation path). This information is essential to inject, subsequently, displacement
ty modes.



Fig. 24. Construction of the nodal values of the indicatrix-function, uðeÞi , for injecting the strong discontinuity, in terms of the sign of the nodal values of the
crack-path-field li.

Fig. 25. Localized constant strain mode (CSM) injection domain, Bloc , and discontinuous displacement mode (DDM) injection domain, Bdis .
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A more detailed description of the domains defined in Eq. (68) is given next:

� BinjðtÞ is the set of elements fulfilling the following conditions at their barycenter xðeÞC :
– The discontinuous bifurcation condition, in Eq. (36) has been fulfilled in a previous time t P tB xðeÞC

� �� �
; i.e.: the ele-

ment is ready to accommodate strain localization.
– The element is in in-loading regime at the current time _a xðeÞC ; t

� �
> 0

� �
since unloading elements cannot localize.

� BdisðtÞ is the set of elements of BinjðtÞ, which fulfill the following conditions:
– The barycenter has achieved a ‘‘sufficient’’ degree of softening. The degree of softening is measured in terms of the

stress-like internal variable (see Fig. 26) defined through _q ¼ H _a; qjt¼0 ¼ q0, where q0 (the parameter characterizing
the elastic strength) and H < 0 (the softening modulus, related to the fracture energy) are material properties. Param-

eter qbif xðeÞC

� �
is the value taken by the variable at the bifurcation time tB. The ‘‘sufficient’’ degree character of the soft-

ening is imposed by the value qdis xðeÞC

� �
¼ �cqbif xðeÞC

� �
in terms of the parameter �c. Typically qdis (smaller than qbif) is a

value close to qbif ð�c 2 ½0:8;1:0�Þ.
– They are crossed by the discontinuity path (through condition BðeÞ \ Ct – £Þ. This identification is done in terms of the

nodal values of the crack path field, l(x, t), being of different sign (see Fig. 27).

Elements belonging to BdisðtÞ are incrementally injected a discontinuous displacement mode (DDM).

� BlocðtÞ is the remaining set of elements of BinjðtÞ not belonging to BdisðtÞ. They are injected a constant localization mode
(CSM).
Remark 4.2-5. In general, at the neighborhood of the crack tip, where material points are near to fulfill the bifurcation
condition, yielding and damage still occur in a diffuse manner. In order to inject successfully the DDM strain mode, it
is important to obtain in advance (from the crack-path field technique) reliable information about the propagation of
the crack.path. This is why, in the definition of the domain, BdisðtÞ, in Eq. (68)-(b), it is required that the finite element
(sampled at its barycenter) must achieve a ‘‘sufficient’’ degree of softening, which is controlled directly by the parameter
�c. From the author’s experience, �c ¼ 0:95 provides a good balance between the (little) error produced by the delay in the



Fig. 26. Thresholds in the evolution of the stress/strain-like internal variables.

Fig. 27. Elemental crack-propagation field l(e) in elements belonging to Bdis . Change of sign of the nodal values li along a side indicates that the elemental
discontinuity path C(e) crosses that side.

Fig. 28. Sampling points involved in the numerical integration procedure.
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injection of the DDM after bifurcation and the necessity of having reliable information on the crack path prior to
that injection. Nevertheless, for some very specific cases other values of �c can be more effective (see Remarks 5.1-1
and 5.5-1).
4.2.4.1. Stress sampling and numerical quadrature rule. The injection procedure described in this section is aimed at being
effectively implemented in a finite element code, on the basis of an underlying ‘‘standard element’’ (in this case the four-
noded quadrilateral element) in a fairly simple manner and with little code invasion. For this purpose, the following effec-
tive-stress-based integration scheme is proposed.

The standard (four) sampling/integration (Gauss) points are complemented with two additional sampling points (placed
at the center of the element18), see Fig. 28. They are termed injection sampling points and denoted xBnS (the regular injection
point) and xS (the singular injection point).

Some entities (typically the stresses) are then additionally sampled, and stored, at these injection-sampling points as it is
done in the regular sampling points.The following stress fields are then considered at the discrete time tn+1:
18 Therefore, sampling of elemental continuous functions at those points provide approximate values of the elemental averages of those functions (see
Remark 3.3-1).



Fig. 29. Evolution of the injection domains for three typical stages of loading.
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– Regular (physical) stresses rðeÞnþ1ðxiÞ: computed at all sampling points ðxi; i ¼ 1;2;3;4;B n S;SÞ in terms of the correspond-

ing compatible strains rSuh
nþ1

ðeÞðxiÞ.
– Effective stresses ~rðeÞnþ1ðxiÞ: appropriated combinations of the regular stresses at the sampling points to return equivalent

stresses for numerical integration purposes. They are only computed and stored at the standard (Gauss) sampling points
(xi, i = 1,2,3,4).

4.2.4.2. Time integration of the mechanical residue for the general strain injection case. Let us consider the general strain injec-
tion case, when the body B is split, at time t, into the disjoint parts BinjðtÞ and B n BinjðtÞ where, in turn,
BinjðtÞ ¼ BlocðtÞ [ BdisðtÞ. Let us, consequently, consider a constant-strain mode (CSM) injection in BlocðtÞ combined with
a mixed stabilized formulation in B n BinjðtÞ, according with Section 3.3.4 (summarized in Box 3.3-2) and a discontin-
uous-displacement-mode (DDM) injection in BdisðtÞ, as explained in Section 4.2.2 (summarized in Box 4.2-1), see
Fig. 29.

As commented in Section 4.2.4.1, the combination of CSM injection and a DDM injection requires, in principle
specific integration rules, i.e.: a standard four-point Gauss quadrature rule, xi, i = (1,2,3,4), in B n BinjðtÞ, the integration
with a single integration point, at the barycenter of the element, xC � xS , in BlocðtÞ, and a two-point integration rule, xBnS
and xS (the injection points in Table 4.2.1-1) in BdisðtÞ. This domain-specific integration rule can become cumbersome in
two senses:

(1) Domains B n BinjðtÞ;BlocðtÞ and BdisðtÞ change with time. This poses, in principle, some additional problems on the time
integration of the resulting rate of mechanical balance of forces, _Rmechð _̂uh

nþ1ðtÞ; tÞ.
(2) The implementation of those specific integration rules in a standard finite element code, which becomes code-

invasive.

However, by resorting to the definition of some ad hoc stress entities (the so called effective stresses,
~rðeÞðxi; tÞ ði ¼ 1;2;3;4ÞÞ, as appropriate combinations, at the standard Gauss points, of the physical stresses at all sampling
points, the integration rule can be simplified to a more appropriated four-points integration rule, common at all points in
the domain B. Appendix A.1 is devoted to explain and justify this issue.

The final, time-integrated, mechanical residue reads,
Rmech ~rt ûh
nþ1

	 
	 

¼
X
8BðeÞ�B

Z
BðeÞ

BðeÞ
T

ðxÞ 	 ~rðeÞnþ1ðxÞ
n o

dB � Fext
nþ1ðb; t�Þ ¼ 0 ð69Þ
where the effective stresses ~rðeÞnþ1ðxiÞ are derived in Appendix A.1 and displayed in Box 4.2-2.
In Eq. (69), Fext

nþ1ðb; t�Þ stands for the external forces, computed in a regular manner in terms of the body forces, b,
and the boundary tractions, t⁄, B(e)(x) is the standard elemental deformation matrix for the four-node quadrilateral ele-
ment and bracketed notation {(�)} is used to denote the vector (Voigt’s notation) form of the symmetric second order
entity (�).

Remark 4.2-6. It is worth noting that the strain injection procedures proposed in this work, crucially rely on the
incremental character of the injected strains, this allowing the smooth evolution, along time, of the corresponding strains and
stresses, consistently with the evolutionary character of the injection domains. This is the reason for the B.V.P being
initially stated in rate form in Eq. (45) and for the resulting rate form of the mechanical residue (stemming from the
variational problem in Eq. (47)) to be integrated in time, according with the procedure presented in Appendix A and
yielding Eq. (69).
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Box 4.2-2. Strain injection. Effective stress evaluation algorithm

DATA: lh
nþ1ðxÞ; ûh

nþ1ðxÞ; sut
ðeÞ
nþ1; ~rðeÞn ðxiÞ; rðeÞn ðxiÞ; Binjðtnþ1Þ; Blocðtnþ1Þ; Bdisðtnþ1Þ

OUTPUT: ~rðeÞnþ1ðxiÞ; rðeÞnþ1ðxiÞ
(1) Compute the elemental indicatrix function:
uðeÞnþ1ðxÞ ¼
Xk¼4

k¼1

NkðxÞuk lh
nþ1

	 

(2) Compute strains, eðeÞnþ1, at all sampling points

eðeÞnþ1ðxiÞ ¼ rSûh ðeÞ
nþ1 ðxiÞ; xi � xGi

ði ¼ 1; . . . ;4Þ

eðeÞnþ1ðxBnSÞ ¼
rSûh

nþ1ðxBnSÞ BðeÞ 2 B n Bdisðtnþ1Þ

rSûh
nþ1ðxBnSÞ � ruðeÞnþ1ðxBnSÞ 
 sut

ðeÞ
nþ1

� �S
BðeÞ 2 Bdisðtnþ1Þ

8<
:

eðeÞnþ1ðxSÞ ¼
rSûh

nþ1ðxSÞ BðeÞ 2 B n Bdisðtnþ1Þ

rSûh
nþ1ðxSÞ þ 1

kðeÞ
nþ1

nðeÞ � ruðeÞnþ1ðxSÞ
� �


 sut
ðeÞ
nþ1

� �S

BðeÞ 2 Bdisðtnþ1Þ

8><
>:

(3) Compute regular stresses, rðeÞnþ1, at all sampling points

rðeÞnþ1ðxiÞ ¼ R eðeÞnþ1ðxiÞ
h i

; xi � xGi
ði ¼ 1; . . . ;4Þ

rðeÞnþ1ðxBnSÞ ¼ R eðeÞnþ1ðxBnSÞ
h i

rðeÞnþ1ðxSÞ ¼ R eðeÞnþ1ðxSÞ
h i

(4) Compute effective stresses, ~rðeÞnþ1, at regular sampling points ! xi � xGi
ði ¼ 1; . . . ;4Þ

~rðeÞnþ1ðxiÞ ¼ ~rðeÞn ðxiÞ þ D~rðeÞnþ1ðxiÞ

D~rðeÞnþ1ðxiÞ ¼

sðeÞnþ1 rðeÞnþ1ðxiÞ � rðeÞn ðxiÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
DrðeÞ

nþ1
ðxiÞ

0
BBB@

1
CCCAþ 1� sðeÞnþ1

� �
rðeÞnþ1ðxSÞ � rðeÞn ðxSÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DrðeÞ
nþ1
ðxSÞ

0
BBB@

1
CCCA BðeÞ � B n Binjðtnþ1Þ

rðeÞnþ1ðxSÞ � rðeÞn ðxSÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
DrðeÞ

nþ1ðxSÞ

0
BBB@

1
CCCA BðeÞ � Blocðtnþ1Þ

n rðeÞnþ1ðxSÞ � rðeÞn ðxSÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
DrðeÞ

nþ1ðxSÞ

0
BBB@

1
CCCAþ ð1� nÞ rðeÞnþ1ðxBnSÞ � rðeÞn ðxBnSÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DrðeÞ
nþ1ðxBnSÞ

0
BBB@

1
CCCA BðeÞ � Bdisðtnþ1Þ

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

sðeÞnþ1 ¼ sstab;!
sstab ¼ 0:1! isochoric case
sstab ¼ 1:0! general case

�
n ? regularization user defined parameter (k(e) = n‘(e))
Remark 4.2-7. For implementation purposes, determination of belonging of a given element BðeÞ to the different injection
domains, B n Binjðtnþ1Þ; Blocðtnþ1Þ and Bdisðtnþ1Þ, as requested in Box 4.2-2 is systematically stated by defining an injection

status indicator, ðISÞðeÞnþ1 2 f0;1;2g. In Appendix A.5 the corresponding definitions and a systematic procedure for
determination of this indicator are presented.
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4.3. Staggered resolution of the coupled propagation-injection problem

The crack-path-field problem defined in Box 2.2-1 is stated in terms of ah (the localized strain-like internal variable,
which depends directly in the solution of the non-linear mechanical problem in Eq. (69). On the other hand this mechanical
problem also depends on the crack path, lh, obtained from that crack path field problem in Box 2.2-1.

Thus, both problems are coupled, and two sets of discretized, in time and space, equations can be written in terms of the
corresponding residuals:
19 Wh
Rmech: ûh
nþ1;l

h
nþ1

	 

¼ 0; ðaÞ

Rprop ûh
nþ1;l

h
nþ1

	 

¼ 0; ðbÞ

ð70Þ
where Rmech: ¼ A
BðeÞ2B

RðeÞmech

� �
, stands for the residual of the non-linear mechanical problem, in Eq. (69), assembled from the

residuals of the individual elements RðeÞmech. Expressions for computing RðeÞmech are provided in the Appendix A.2. In Eq. (70)-
(b) Rprop stands for the residual of crack propagation problem19 in Box 2.2-1.

Thinking of the strain injection procedure, it can be noticed that in the initial stages of the non-linear loading process
Bdis ¼£, no discontinuity is injected and therefore the problem in Eq. (70) is uncoupled in the sense propagation-problem
?mechanical-problem. In this case Eq. (71)-(a) can be first directly solved for ûh

nþ1 and then, Eq. (71)-(b) can be solved for lh
nþ1:
Rmech: uh
nþ1

	 

¼ 0! uh

nþ1; ðaÞ
Rprop uh

nþ1;l
h
nþ1

	 

¼ R�prop lh

nþ1

	 

¼ 0! lh

nþ1: ðbÞ
ð71Þ
As soon as at least one element belongs to Bdis, the problem becomes coupled in both senses.
However, numerical experiences show that the coupling is weak. In fact, the dependence of the mechanical problem on

the variable lh (x) is only through the instantaneous position of the discontinuity path Sh, to determine the indicatrix func-
tion u and the sets Bdis in Box 4.2-2, so that the coupling between uh

nþ1 and lh
nþ1 in the term Rmech uh

nþ1;lh
nþ1

	 

can be consid-

ered weak. This suggests the use of a staggered simplified procedure, replacing lh
nþ1 by lh

n in Eq. (70)-(a), this leading to the
set of uncoupled equations
Rmech uh
nþ1;l

h
n

	 

¼ R�mech uh

nþ1

	 

¼ 0! uh

nþ1 ðaÞ
Rprop uh

nþ1;l
h
nþ1

	 

¼ R�prop lh

nþ1

	 

¼ 0! lh

nþ1 ðbÞ
ð72Þ
Remark 4.3-1. The staggered resolution of the coupled problem that leads to the uncoupled Eq. (72) allow envisaging the
crack-path-field problem in Box 2.2-1 as a post-processing procedure (typically a double smoothing) of the strain-like internal
variable ah(x, t) in the mechanical problem. The crack propagation problem can be then interpreted as a local (element wise
based) tracking algorithm that can be straightforwardly, implemented in a finite element code in a non-invasive manner.
Specific details about the staggered finite element implementation of the discontinuous displacement mode (DDM) injec-
tion techniques and the crack-path-field can be found in Appendices A.2 and A.4, respectively.

5. Representative numerical simulations

A set of representative benchmarks have been selected to assess the proposed combined crack-path-field and strain injec-
tion techniques. Specific aspects to be assessed are:

(1) The ability of the proposed methodology to propagate correctly the captured crack, disregards the type and orientation
of the finite element mesh.

(2) Its ability to improve the results provided by the strain-localization based injection methodology, explored in Sec-
tion 3.3, getting it rid of the stress-locking effects.

(3) The ability of the proposed methods to provide less dissipative, and, therefore, more physically meaningful numerical
solutions, for the structural response of problems displaying propagating material failure.

For comparison purposes, reference analytical solutions are retrieved (when available) in addition to computational solu-
tions based on classical strain-localization methods, either standard irreducible elements or the improved B-Bar mixed ap-
proaches [28].
ich, unlike the mechanical problem, can be proven to be a linear problem.
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Fig. 30. Strip subjected to tensile stretching using a J2 plasticity model. Geometrical data and considered material properties.

Fig. 31. Strip subjected to tensile stretching. Finite element meshes: (a) unstructured mesh, (b) misaligned mesh.

Fig. 32. Strip subjected to tensile stretching. Force–displacement curves.
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5.1. Strip in homogeneous uniaxial tensile stress state

The problem in Section 3.3.6 is retaken again in the context of the DDM injection techniques, and its available theoretical solu-
tion is used for quantitative assessment of the results. Fig. 30 shows the geometrical and mechanical properties of the problem.

Two different challenging meshes are selected to check the performance of the method. One of them is unstructured (see
Fig. 31(a)), with irregular mesh size, and the second one (see Fig. 31(b)) is misaligned, i.e. the mesh lines are oriented with an
inclination that drifts from the theoretical slip-line inclination: 65� and 45�, respectively. This forces the propagation algo-
rithm to break the ‘‘natural’’ trend of localized solutions to follow the mesh alignment (mesh-bias dependence [59]. Param-
eter �c, establishing the threshold for injection of the DDM after bifurcation (see Eq. (68)-(b) and Fig. 26) is taken �c ¼ 0:99. For
the regularization parameter in Eq. (61) it was used k(e) = ‘(e) (n = 1.0) although very similar results are obtained by using
different values of n = 2 (0,1].

In Fig. 32, results are compared in terms of the force–displacement curves obtained with different strategies. It can be
checked that (i) the results provided by the DDM injection improve very much the ones provided by the strain-localization
based methodologies (B-bar); (ii) they match almost perfectly the theoretical solution and (iii) they are completely indepen-
dent of the mesh-size and the mesh orientation.

In Fig. 33 it is clearly noticed that, unlike in the strain localization (B-Bar) formulation, the slip-line is sharply captured by
the DDM injection technique in a one-element-width band, without spurious stress transfer to the neighboring elements,
which unload elastically after the discontinuity is triggered. Fig. 34 shows the deformed mesh for the DDM case. It can be
observed that, consistently with the expected theoretical result [48], a perfect slip-line mode (exhibiting zero normal
displacement jump) is obtained.



Fig. 33. Strip subjected to tensile stretching. Iso-displacement contours.

Fig. 34. Strip subjected to tensile stretching – Mesh (ii) – DDM injection: (a) displacement jump evolution (tangential, sutt, and normal, sutn, components)
and (b) deformed mesh and displacement vectors.

Fig. 35. Strip subjected to tensile stretching. Injection domains, for two different times of analysis: (a) immediately after the bifurcation time (signaled with
B in Fig. 32) and (b) after the discontinuous displacement mode injection.
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In Fig. 35 the injection domains, Bloc and Bdis, are shown for the non-structured mesh case.
Fig. 35(a), corresponds to a time immediately after the bifurcation point. The shaded elements display the domain Bloc ,

where the constant strain mode (CSM) is injected. The crack path Sh, belonging to the zero level set of the crack-path field
lh, is also shown in that figure. At this time, the discontinuity domain, Bdis, is empty. As soon as the discontinuous modes are
injected,20 those elements of Bloc not containing the crack path ðBðeÞ \ Sh ¼£Þ automatically unload and leave the injection do-
main, which collapses into a single-element-width band of elements; all of them belonging to the discontinuity displacement
mode (DDM) injection domain, Bdis, shown in Fig. 35(b).

Remark 5.1-1. For near-homogeneous problems, like the one focused here, the crack propagation is almost instantaneous.
This is why the value of the �c parameter, generally recommended �c ¼ 0:95 (see Remark 4.2-5), can be set in this case, to
�c ¼ 0:99 without noticing any loss of robustness.
20 Notice that this numerical example is a near-homogenous problem, for which the propagation of the localization band is almost instantaneous.



Fig. 36. Double cantilever beam with diagonal loads. (a) Geometrical data, (b) loading data and (c) material properties of the isotropic damage model.

Fig. 37. Double cantilever beam with diagonal loads. Evolution of the injection domains, Bloc and Bdis , at different stages of the analysis.

Fig. 38. Double cantilever beam with diagonal loads. Crack path set Ch (lh = 0), at two different times of analysis.
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5.2. Isotropic continuum damage model: double cantilever beam (DCB) with diagonal loads

The DCB test considered in Section 3.3.5.1 is now retrieved using the proposed DDM injection. This example, described in
Fig. 36, provides a clear illustration of the evolution of the injection domains Bloc (where the localized constant strain model,
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Fig. 39. Double cantilever beam with diagonal loads. Force–displacement curves.

Fig. 40. Four-point bending test with Rankine-type plasticity: (a) geometrical description and (b) material properties.
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CSM, is injected) and Bdis (where the discontinuity displacement mode, DDM, is injected). The parameter �c, establishing the
threshold for the DDM injection, is set to �c ¼ 0:95.

In Fig. 37 the evolution of injection domains is depicted. This evolution follows the scheme outlined in Section 4.2.4. It can
be observed a bulb-shaped domain, Bloc , at the tip of the advancing localization band, where the material initially bifurcates
(fulfilling condition in Eq. (36)) and remains in in-loading state, so that the constant strain mode (CSM) is injected. Soon
after, most of the bifurcated elements behind the bulb unload (i.e. _ah ¼ 0Þ and leave the Bloc domain, according to
Eq. (68)-(a), excepting for an inclined band, Bdis, crossed by the crack path (shown in Fig. 38), encompassing one element,
which is injected the discontinuous displacement mode (DDM).

In Fig. 39, the force–displacement curve obtained using DDM injection techniques is compared with results already pre-
sented in Section 3.3.5.2 (see Fig. 14). A significant reduction in terms of the dissipation (area below de curve) is observed in
the DDM injection solution in comparison with the strain-localization-based alternatives. This fact, displays the stress lock-
ing minimization achieved by the proposed injection technique.
5.3. Four-point bending test

The classical four point bending test of a concrete beam, reported in [7], is now considered. The geometry of the problem
is depicted in Fig. 40(a). The material behavior is modeled by a Rankine-type plasticity21 model whose parameters are sum-
marized in Fig. 40(b). According to physical experiments, a fracture path, with curved trajectory, is expected to develop from the
notch tip, as it is sketched in Fig. 40(a). The numerical analysis was carried out by controlling the Crack Mouth Sliding
Displacement (CMSD) in plane stress conditions.
5.3.1. Kinematic locking release
At this point, it is interesting to introduce the following topic: it is well known in the Continuum Strong Discontinuity

Approach (CSDA) that the evolution of the displacement jump is constrained by the so-called strong discontinuity conditions.
21 For the Rankine plasticity model a specific IMPL-EX integration scheme is derived in [21,22].
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Fig. 41. Four-point bending test with Rankine-type plasticity. Force–displacement curves for different values of the regularization parameter k(e) = n‘(e).

J. Oliver et al. / Comput. Methods Appl. Mech. Engrg. 274 (2014) 289–348 325
For most constitutive models, these conditions do not imply relevant restrictions, but, for some specific ones, they are
restrictive in terms of the problems that can be effectively modeled. For instance, for J2 plasticity models the strong discon-
tinuity conditions establish that the normal component of the jump has to be zero, and only the tangential component, s _utt

can develop (pure mode II of fracture) [47]. Consequently, only slip-line type failure modes can develop (following straight or
circular paths). Therefore, one has to be aware of these limitations when choosing the constitutive model to capture a spe-
cific failure mechanism. If the kinematics of the failure mechanism aimed at being modeled is not compatible with the
restrictions stemming from the strong discontinuity conditions, this incompatibility can translate into unexpected locking
effects here termed as kinematic locking.22

Another case of kinematic loading arises when Rankine-type plasticity models are used. Rankine-type plasticity is only
compatible with development of the normal component of the jump, sutn, so that the tangential component has to be zero
(sutt = 0). Consequently, locking-free propagation of a single fracture path under this fracture mode can only take place if the
crack path is straight.

This is the case in the tackled problem. The onset of fracture at the crack tip occurs in Mode I, while in the stress-released
part of the crack a mixed mode is experimentally observed [69]. Therefore, though a Rankine-type model seems to be a good
choice to model the crack tip propagation, it is not suitable for modeling the mixed-mode at the de-cohesive part of the
crack, and, therefore spurious secondary cracks that lead to extra-dissipation can appear if a pure mode I is exactly imposed
by the strong discontinuity kinematics. Here is where the strong discontinuity regularization referred to in Section 4.2.1 (see
also Table 4.2.1-1) comes into play by releasing the aforementioned kinematic constraint. This can be checked in Fig. 41,
where evolution of the Crack Mouth Sliding Displacement (CMSD) with the applied load P is depicted, for different values
of the regularization factor parameter n. The kinematic constraint (sutt = 0) is strictly imposed if the regularization param-
eter, k(e), tends to zero for finite values of the finite element size h(e) (n ’ 0, see Eq. (61)). which translates into large degrees
of kinematic locking observed in the figure. On the contrary, for larger values of the parameter n(n ffi 1,0, i.e.: the regulari-
zation parameter, k(e), is similar to the element size) the constraint (sutt = 0) is only weakly imposed and the kinematic locking
is almost completely released.

In Fig. 42, the injection domains, at a representative time of the analysis are compared for both types of regularizations.
For the small regularization parameter case, Fig. 42(a) shows the spurious in-loading bifurcated elements (Bloc domain) at
the bottom part of the injection domain, where spurious transversal cracking starts developing. Instead, for the large regu-
larization parameter case (Fig. 42(b)) the spurious in-loading elements are almost negligible and the crack can further
progress.

These results show, the enormous benefits of large regularization parameters in minimizing the kinematic-locking effects
(much less dissipative solution).

Remark 5.3-1. It is well known that the four point bending test exhibits a mode I fracture mode at the tip of the crack, and a
mixed fracture mode far from the crack tip [69]. In this sense, using a continuum Rankine plasticity model all along the
crack path, as done here, could not seem an appropriate choice for modeling the total crack evolution, in front of
alternative constitutive models as, for instance, continuum damage models [48], which are not kinematically constrained.
22 This kind of ‘‘kinematic locking’’ stems from reasons completely different from the ‘‘numerical stress locking’’ referred to in Remark 4.2-3 and analyzed in
Appendix B.



Fig. 42. Four-point bending test with Rankine-type plasticity. Evolution of the injection domains: (a) small regularization parameter n = 0.01 and (b) large
regularization parameter n = 1.0 (plots corresponding, respectively, to points B and A of Fig. 41).

Fig. 43. Four-point bending test with Rankine-type plasticity. Force–displacement curves.
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However, the purpose of the study above is to show that even using an ‘‘imperfectly fitting model’’ (kinematically constrained,
like the Rankine one), the resulting kinematic locking can be widely released in a simple manner: just by using larger values of the
regularization parameter (n � 1.0).
5.3.2. Comparison of results in terms of the strain-injection technique
In Fig. 43, the effects and benefits of the proposed injection techniques are assessed. The Force vs. CMSD displacement

curves, obtained using the classical (irreducible) formulation, the constant strain mode (CSM) injection and the discontinu-
ous displacement mode (DDM) injection (n = 1.0), are compared.

The benefits of the injection procedures and, very specially, the minimal-dissipation character of the DDM injection are
clearly displayed. As additional information the experimental envelop provided in [7] (shaded zone) is also plotted.23

5.3.3. Crack-propagation issues
In figure Fig. 44 the strain-localized domains, in terms of the concentration of the displacement contours, for the DDM

injection and the classical (irreducible formulation) procedure, are compared. Notice the sharpness of the localized domain
for the DDM case (encompassing one element) in contrast with the classical solution (encompassing 2–3 elements). The
additional elements across the band, in this last case, are responsible of the huge-extra dissipation observed in the structural
response in Fig. 43.

In Fig. 45 the evolution of the injection domains is depicted for several stages of the analysis. Stage t = 4 corresponds to
the end of the analysis. At this stage, as the crack tip approaches the top of the beam some spurious cracking is also noticed at
23 This experimental envelop is not displayed for purposes of quantitative comparison of numerical vs. experimental results, but only for illustration of the
‘‘shape and size’’ of this envelop. As it is classical in this benchmark, some issues of the experimental set-up seem to be missed in the numerical modeling.
Notice the drift of all numerical solutions, from the experimental band, at the initial (elastic) stage of the problem.



Fig. 44. Four-point bending test with Rankine-type plasticity. Iso-displacement contour plots: (a) DDM injection and (b) irreducible formulation.

Fig. 45. Four-point bending test with Rankine-type plasticity. Evolution of the injection domains for different times of the analysis.

Fig. 46. Four-point bending test with Rankine-type plasticity. Crack path set, Ch, at two different times of the analysis.
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the bottom of the localization band. Notwithstanding, this effect is considered negligible since it just appears at the very end
of the analysis.

In Fig. 46, the crack path set Ch, in Box 2.2-1 (zero level set of the crack-path-field, lh) is depicted. The central part of that
set, clearly displays a single line, which is taken by the proposed techniques as the propagating crack path, Sh (notice that the
DDM injection domain, Bdis, in Fig. 45 is clearly crossed by Sh in Fig. 46.

In those figures it is also noticed a secondary crack path, discoursing parallel to the primary crack, corresponding to ele-
ments that at stage t = 2 are crossed by an active crack. However in subsequent stages these elements unload elastically,
leave the injection domain and come off Bloc in Fig. 45(c) and (d). This is a secondary crack onset/arresting mechanism clearly
captured by the simulation.
5.3.4. Mesh refinement analyzes
To study the finite element mesh-size influence, in Figs. 47 and 48 results obtained for three different meshes are pre-

sented. Similar solutions are obtained in all cases (Fig. 47) in terms of crack propagation, whereas in terms of force–deflec-
tion curves convergence with mesh refinement and, therefore, mesh-size and mesh-bias objectivity of the obtained results
are clearly shown (Fig. 48).



Fig. 47. Four-point bending test with Rankine-type plasticity. Iso-displacement contours for three different meshes.

Fig. 48. Four-point bending test with Rankine plasticity. Force–displacement curves for three different meshes.
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5.4. Slope stability problem using a J2 plasticity model

We switch now to benchmark problems exhibiting slip-lines. This kind of problems is typical in soil mechanics or metal
extrusion problems [58]. The unstable response of a rigid indenter (footing), resting on an inclined soil embankment, mod-
eled using a J2 plasticity model, is first analyzed. The geometrical and mechanical data are depicted in Fig. 49.

As commented in Section 5.3.1, J2 plasticity models are compatible only with slip-line-type kinematics (mode II of frac-
ture) and straight, or perfectly circular, slip-line paths (see Fig. 49). Consequently, they are prone to provide results with
kinematic-stress-locking.

In order to obtain a ‘‘reference solution’’ a finite element mesh ‘‘a priori’’ adapted to the theoretical solution, consisting of
a circular slip line passing through the rightmost footing corner, has been generated (see Figs. 49 and 50(a)). For numerical
assessment, a second mesh, completely misaligned with the theoretical slip-line, has been considered (see Fig. 50(b) and (c)).

In Fig. 50, results obtained with the different simulation methodologies, are compared with those reference24 results. A
large value of the regularization parameter ke (n = 1,0) has been used in the discontinuity displacement mode (DDM) injection
technique.

Again, sharp localization in a band encompassing one element is obtained, with the DDM injection, for the misaligned
mesh (Fig. 50(b)). Instead, strain localization techniques make the displacement jump localize in a band encompassing sev-
eral elements (Fig. 50(c)). This translates into stress-locking and a stiffer response in terms of the structural force–deflection
response, depicted in Fig. 51.
24 Results obtained with the aligned mesh are almost coincident independently of the formulation employed (either B-bar or DDM injection). For that reason,
they are condensed under the name of ‘‘aligned mesh’’.



Fig. 49. Slope instability problem using a J2 plasticity model. Geometrical data and considered material properties.

Fig. 50. Slope instability problem using a J2 plasticity model. Localization patterns (iso-displacement contours) for different solution strategies.

Fig. 51. Slope instability problem using a J2 plasticity model. Force vs. displacement curves for different solution techniques.
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Notice the excellent agreement with the reference (aligned-mesh) solution provided by the DDM-injection technique.
Fig. 52 shows the evolution of the injection domains, at four representative stages of the analysis. It is observed, that once

the discontinuity mode is injected, in Bdis, the neighboring elements unload and leave the localization domain Bloc . Eventu-
ally, the slip line is captured by the single-element-width band of injected elements following an almost perfect circular path
(Fig. 52(d)). This is corroborated in Fig. 53 displaying the crack path Sh, captured by the proposed crack-path-field technique,
at an intermediate stage (Fig. 53(a)) and at the final stage of the analysis (Fig. 53(b)). Notice, by comparison with the



Fig. 52. Slope instability problem using a J2 plasticity model. Evolution of the injection domains along several stages of the analysis.

Fig. 53. Slope instability problem using a J2 plasticity model. Propagating crack path, Sh , at two different stages of the analysis.

Fig. 54. Prandtl’s problem resolution using a J2 plasticity model. Geometrical data and considered material properties.
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corresponding stages in Fig. 52, that the crack-path is anticipated long in advance of what is required for the injection of the
DDM mode.
5.5. Prandtl’s problem resolution using a J2 plasticity model

The numerical example presented in this section corresponds to the classical soil mechanics problem of an undrained soil
domain undergoing a central footing (see Fig. 54). The analytical solution of the problem has been often considered a bench-
mark [18,47]) and consists of a rigid and rough surface footing (indenter) acting on a large (theoretically indefinite) soil do-
main, where the Prandtl’s failure mechanism, consisting of a number of slip lines (Mode II of fracture), are expected to
develop (see Fig. 54).
5.5.1. Discontinuous displacement mode (DDM) injection solution
In Fig. 55, the force–displacement curves, either considering the B-bar methodology or the proposed DDM injection tech-

nique are plotted. Again, as it can be checked in the figure, DDM injection supplies a much less dissipative response (stress
locking-free) when compared with a standard strain-localization technique (B-Bar method).

In the following, the failure mechanism obtained with the DDM injection technique is described.
Yielding initiates at the bottom corners of the footing, at early stages of the loading process, and spreads, in a diffuse man-

ner (Fig. 56(a)). A triangular wedge of soil, beneath the footing, starts moving downwards vertically (jointly with the rigid
footing) without any plastic deformation.



Fig. 55. Prandtl’s problem resolution using a J2 plasticity model. Force–displacement curves (labeled points correspond to time-stages depicted in Fig. 56).

Fig. 56. Prandtl’s problem resolution using a J2 plasticity model. From (a) to (e): evolution of the injection domains at points in Fig. 55 and (f) deformed
(amplified) mesh at the end of the analysis showing the final failure mechanism.
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As loading progresses, the yielding zones keep spreading, now laterally, towards the sides of the footing (see Fig. 56(b)
and (c)). In step C the symmetric Prandtl’s failure mechanism, is already formed: the central triangular wedge beneath the foot-
ing induces an upward movement of two lateral wedges which slide with respect to the adjacent soil layers. The triangle wedges
moving upwards also remain elastic as it can be seen in Fig. 56(c). This symmetric mechanism is unstable,25 i.e. small
25 In contrast, the analytical Prandtl’s solution is obtained under the ‘‘slip-line-theory’’ that assumes perfect plasticity (no strain-softening). Therefore, the
symmetric mechanism is ‘‘un-physically’’ stable and provides only an upper bound of the critical load.



Fig. 57. Prandtl’s problem resolution using a J2 plasticity model. Zero level set of the crack path field Ch(lh = 0) corresponding to: (a) point-B, and (b) point
D in Fig. 55.

Fig. 58. Prandtl’s problem resolution using a J2 plasticity model. Iso-displacement contours for three, increasingly refined, meshes.

Fig. 59. Prandtl’s problem resolution using a J2 plasticity model. Force–displacement curves for three different meshes in Fig. 58.
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numerical perturbations, as those arising from numerical perturbations of the symmetry (note that an un-symmetric mesh is
used), will trigger the solution collapse into an unsymmetrical failure mechanism trough a near-bifurcation process. This leads
to the pattern displayed in Fig. 56(d). Is at this time when the unsymmetrical failure mechanism starts developing: the right-
most plastic wedge unloads elastically and the footing rotates.

It is noticeable that, until this point, the failure process is almost fully dominated by strain localization modes. The dis-
continuity injection domain Bdis is just a minimal part of a relatively large injection domain, Binj. Beyond point D, the unsym-
metrical failure mechanism persists, in a stable manner, along points D–E–F of Fig. 55 until the end of the analysis. However,
the injection mechanism evolves substantially: a unique straight-circular-straight slip-line propagates from the right most
corner of the footing translating into a rigid body motion of the footing and the soil beneath. Along this bifurcation process,
the power of the proposed crack-path-field technique is strongly challenged. Fig. 57 shows as it anticipates, successfully and
much in advance, the slip-line path Sh to be subsequently injected with a DDM mode.

Remark 5.5-1. The authors would like to remark the specific challenges posed by this problem, that emerge from its
symmetry (displayed in the Prandtl’s mechanism in Figs. 54 and 56(c). This failure mechanism is essentially unstable, since, at
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point C of Fig. 55, any infinitesimal perturbation unfolds the symmetry and leads to the, less dissipative, single-slip-line
mechanism displayed in Fig. 56(d). In consequence, if a large value of the parameter �c are used (thus injecting the DDM
before the bifurcation unfolding via the perturbation produced by the finite element mesh) the proposed crack-path-field
technique is unable to discriminate between the two symmetric slip lines. However, using values of �c slightly smaller than
usual (see Remark 4.2-5), delays the DDM injection beyond the bifurcation unfolding, and the unsymmetric single-slip-line
failure mechanism, in Fig. 56(e) and (f), can be captured at no problem.
5.5.2. Mesh dependency analysis
Fig. 58 compares the obtained failure mechanism for three different, increasingly refined, meshes in terms of the displace-

ment contours that signal the slip-line path. There, it can be checked that they are, essentially, the same. In quantitative
terms the force–deflection solutions, in Fig. 59, obtained for the three meshes, confirm the mesh objectivity character of
the solutions provided by the proposed methodology.

6. Concluding remarks

Along this work, two new techniques for propagating material failure modeling have been presented:

1. The so-called crack-path-field technique to identify the crack-path represented by a strain localization-based solution of a
material failure problem.

2. Strain-injection techniques to insert, in selected specific domains, appropriate strain field with two goals: (1) provide a reli-
able strain localization field, to be used in the context of the crack-path-field technique and (2) capture and model the
discontinuous displacement fields arising from material failure (cracks and slip-lines) overcoming classical flaws, typi-
cally mesh-bias dependencies and stress locking, in alternative procedures.

The combination, in a staggered manner, of both techniques provides a new numerical method for simulation of propa-
gating material failure. It has been assessed by its application to a comprehensive variety of benchmarks, and the following
conclusions have been obtained:

� The proposed methodology effectively overcomes classical drawbacks of standard strain-based localization methods for
propagating material failure. The results obtained in all tested cases show no spurious mesh dependence, even when
tested in combination with very demanding meshes, and minimize, to almost full elimination, the stress-locking effects.
� Its character is completely general. It is based on the use of the Continuum Strong Discontinuity Approach (CSDA) and,

therefore, the material is modeled using a strain–stress-type constitutive equation, with no other restriction than being
equipped with strain softening regularized in terms of the fracture energy. In principle, any family of internal-variable-
based local constitutive models (plastic models, continuum damage models etc.) can be used with no other limitation than their
physical appropriateness for the considered problem.
� The method is minimally invasive as for the simulation code in which it is implemented. Any standard finite element code

for non-linear solid mechanics analyses can be equipped with the proposed finite element technology at the cost of some mod-
ifications to affect essentially the‘‘element level’’. Typically those modifications are (for the considered case of quadrilateral –
bilinear finite elements) the following:
– Addition of two extra sampling points at the center of the element (Section 4.2.4.1).
– Storage of one additional effective stress field at every regular sampling points (Section 4.2.4.2 and Box 4.2-2).
– An algorithm for tagging the elements of the injection domains Bloc and Bdis (Section 4.2.4).
– A specific algorithm, based on a double smoothing procedure, to determine the crack-path-field at the nodes of the

injected elements (Box 2.2-1 and Appendix A.4), and select the sides crossed by the crack-path.
– Inclusion of an analytical solution or a numerical algorithm for determining the bifurcation time and the bifurcation

directions [55].
– Inclusion of the strain field corresponding to the discontinuous displacement mode Box 4.2-2 and Appendix A.
– Condensation of the internal discontinuous displacement mode (Appendix A.2).
� The resulting implementation exhibits the following features:

– Conceptual simplicity: the method keeps for the user the apparent format and, therefore, the simplicity of classical
strain-localization methods.

– Gets rid of cumbersome, and code-invasive crack-tracking algorithms, i.e. propagating level-set methods and global
tracking algorithms [64,52] with almost no apparent cost in terms of its accuracy and robustness.

– Low computational cost: since the additional discontinuous degrees of freedom are condensed at element level, the
computational cost is kept in the order of standard finite element methods.

� The method can be effectively used in combination with very coarse finite element meshes. In contrast with other methods
aiming at capturing propagating cracks, which require several elements across a band to capture the discontinuity, e.g.
phase-field models [37], the proposed approach is an intra-element method. Consequently, only one-element-width band



334 J. Oliver et al. / Comput. Methods Appl. Mech. Engrg. 274 (2014) 289–348
(no matter the element size) is used to capture the discontinuity. Therefore, actually coarse meshes can be used and local
mesh refinement is not needed. This reduces enormously the final computational cost of the analysis.

So far, the, method has only been implemented in 2D cases (tough its extension to 3D cases seems straightforward) and
on the basis of quadrilateral elements.

In addition, the assessment of its application field has been limited, in this work, to quasi-static problems of quasi-brittle
fracture. Its ability to capture some failure mechanisms appearing in fast propagating dynamic fracture, as crack branching,
and the extension to the three-dimensional case, and to other families of finite elements has to be object of additional
investigation.
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Appendix A. Implementation issues

A.1. Numerical time integration and quadrature of the mechanical residue

After the statements in Section 4.2.4.2 the residual rate of the mechanical problem, _Rmech, stemming from Eqs. (39) and
(65), using Voigt’s notation, reads:
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where the dependence on time of _Rmech, through the integration domains, B n BinjðtÞ; BlocðtÞ and BdisðtÞ is emphasized.26 In Eq.
(A.1), Fext(b, t⁄) stands for the external forces, computed in a regular manner in terms of the body forces, b, and the boundary
tractions, t⁄, B(e)(x) is the standard elemental deformation matrix for the four-node quadrilateral element and bracketed nota-
tion {(�)} is used to denote the vector (Voigt’s notation) form of the symmetric second order entity (�). The stabilized stresses
_
r
^ðeÞ

t ðxÞ in (A.1) have been introduced to account for a possible isochoric case in B n BinjðtÞ (see Eq. (39)).

Also in Eq. (A.1) the functionals IGauss
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n oh i
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are defined as the numerical quadratures of the corresponding kernels using, respectively,

the regular four-point Gauss quadrature, xi, i = (1,2,3,4), the barycenter-injection-point quadrature, xC � xS , and the two-

injection-point quadrature defined in Table 4.2.1-1, xS and xBnS , i.e.:
ich renders not trivial the time integration of _RmechðtÞ.
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where W(xi), i = (1,2,3,4) are the weights corresponding to the four-point Gauss integration, measðBðeÞÞ the weight corre-
sponding to the barycenter-injection point and WðxBnSÞ; WðxSÞ are the weights corresponding to the injection points in
Table 4.2.1-1.

A.1.1. Rephrased numerical quadrature at the CSM injection domain BlocðtÞ
The term in Eq. (A.2)-(b) can be rephrased as:
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where the smooth character of the deformation matrix, B(e)(x) and the mean value theorem has been considered.
Results in Eq. (A.3) involve the definition of the equivalent stresses computed at the standard Gauss points, _~rðeÞt ðxiÞ, defined

through
_~rðeÞt ðxiÞ ¼ _�rðeÞt ; i ¼ ð1;2;3;4Þ; 8BðeÞ � BlocðtÞ ðA:4Þ
and fulfilling the following property:
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A.1.2. Rephrased numerical quadrature at the DDM injection domain BdisðtÞ
In turn, the term in Eq. (A.2)-(c) can be rephrased as:
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� _~rðeÞt :measðBðeÞÞ

¼ BðeÞ
T

measðBðeÞÞ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}Pi¼4

i¼1
BðeÞ

T ðxiÞ	WiðxiÞ

	 _~rðeÞt

n o

¼
Xi¼4

i¼1

BðeÞ
T

ðxiÞ 	 _~rðeÞt ðxÞ
n o
|fflfflfflfflfflffl{zfflfflfflfflfflffl}
constant
at allxi

WiðxiÞ ¼ IGauss
BdisðtÞ BðeÞ

T

	 _~rðeÞt ðxÞ
h i

_~rðeÞt ðxiÞ � 1
measðBðeÞÞ

_rðeÞt ðxBnSÞWðxBnSÞ þ _rðeÞt ðxSÞWðxSÞ
h i

¼ 1� kðeÞ 	measðSðeÞÞ
measðBðeÞÞ

 !
	|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ð1�nÞ

_rðeÞt ðxBnSÞ þ kðeÞ 	measðSðeÞÞ
measðBðeÞÞ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

n

_rðeÞt ðxSÞ

¼ n _rðeÞt ðxSÞ þ ð1� nÞ _rðeÞt ðxBnSÞ

8>>>>>>>><
>>>>>>>>:

; i ¼ ð1;2;3;4Þ

kðeÞ 	measðSðeÞÞ
measðBðeÞÞ

¼ kðeÞ

‘ðeÞ
¼ n

ðA:6Þ
where, again, the smooth character of the deformation matrix, BðeÞðxBnSÞ ¼ BðeÞðxSÞ � BðeÞ
� �

has been considered. In Eq. (A.6),

‘(e) is the finite element characteristic length computed according [43] (see Eq. (60)) and n is a user defined parameter used
for regularization purposes (see Eq. (61)).
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Results in Eq. (A.6) involve the definition of some new equivalent stresses computed at the standard Gauss points, _~rðeÞt ðxiÞ,
through:
_~rðeÞt ðxiÞ � ð1� nÞ _rðeÞt ðxBnSÞ þ n _rðeÞt ðxSÞ; i ¼ ð1;2;3;4Þ; 8BðeÞ � BdisðtÞ ðA:7Þ
fulfilling the following property:
IDDM injection
BdisðtÞ

BðeÞ
T

ðxÞ 	 _rðeÞt ðxÞ
n oh i

¼ IGauss
BdisðtÞ BðeÞ

T

ðxÞ 	 _~rðeÞt ðxÞ
n oh i

ðA:8Þ
A.1.3. Rephrased numerical quadrature at the remaining domain B n BinjðtÞ
The term in Eq. (A.2)-(a) is already a four-point Gauss quadrature. Therefore, the following equivalence is

straightforward:
_~rðeÞt ðxiÞ ¼
_
r
^ðeÞ

t ðxiÞ; i ¼ ð1;2;3;4Þ; 8BðeÞ � B n BinjðtÞ ðA:9Þ
fulfilling the following property:
IGauss
BnBinjðtÞ BðeÞ

T

ðxÞ 	 _
r
^ðeÞ

t ðxÞ
� �� �

¼ IGauss
BnBinjðtÞ BðeÞ

T

ðxÞ 	 _~rðeÞt ðxÞ
n oh i

ðA:10Þ
A.1.4. Unified numerical quadrature at the total domain B ¼ ðB n BinjðtÞ [ BlocðtÞ [ BdisðtÞÞ
Results in Eqs. (A.5), (A.8) and (A.10) can be inserted into Eq. (A.1) yielding:
_Rmechð _̂uhðtÞ;B n BinjðtÞ;BlocðtÞ;BdisðtÞÞ ¼
X

8BðeÞ�BnBinjðtÞ

IGauss
BnBinjðtÞ BðeÞ

T

ðxÞ 	 _~rðeÞt ðxÞ
n oh i

þ
X

8BðeÞ�BlocðtÞ

IGauss
BlocðtÞ BðeÞ

T

ðxÞ 	 _~rðeÞt ðxÞ
n oh i

þ
X

8BðeÞ�BdisðtÞ

IGauss
BdisðtÞ BðeÞ

T

ðxÞ 	 _~rðeÞt ðxÞ
n oh i

� _Fext ðA:11Þ
where the equivalent stresses _~rðeÞt ðxiÞ; i ¼ ð1;2;3;4Þ are computed according the corresponding injection domains (see Eqs.
(A.4), (A.7) and (A.9)), i.e:
_~rðeÞt ðxiÞ ¼
_
r
_ðeÞ

t ðxiÞ ¼ sðeÞðtÞ _rðeÞt ðxiÞ þ ð1� sðeÞðtÞÞ _�rðeÞt ; BðeÞ � B n BinjðtÞ
_~rðeÞt ðxiÞ ¼ _�rðeÞt ; BðeÞ � BlocðtÞ
_~rðeÞt ðxiÞ � ð1� nÞ _rðeÞt ðxBnSÞ þ n _rðeÞt ðxSÞ; BðeÞ � BdisðtÞ

ðA:12Þ
Therefore, they can be interpreted as some effective stresses computed for integration proposes at all Gauss-integration
points of the domain B. Finally, expression (A.11) can be trivially condensed in terms of the equivalent/effective stresses
_~rðeÞnþ1ðxiÞ in Eq. (A.12) yielding:
_Rmechð _~rðûhðtnþ1ÞÞ ¼
X
8BðeÞ�B

IGauss
B BðeÞ

T

ðxÞ 	 _~rðeÞt ðxÞ
n oh i

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�
R
B

BT 	 _~rtðxÞf gdB

� _FextðtÞ ¼ _Rmechð _~rtÞ ðA:13Þ
where condition B ¼ ðB n BinjðtÞÞ [ BlocðtÞ [ BdisðtÞ has also been considered. It is worth nothing that, the use of the effective
stresses definition in Eq. (A.12) allows removing the direct dependence of the residue rate, _Rmechð _~rtÞ on the injection domains.
Therefore, the residue in Eq. (A.13), now considered a functional of the effective stresses, _~rt , can be trivially integrated in
time, considering the initial conditions ~rðeÞt ðxÞ


t¼0
¼ 0, yielding,n oh i Z n o
Rmechð~rðûhðtnþ1ÞÞ ¼
X
8BðeÞ�B

IGauss
B BðeÞ

T

ðxÞ 	 ~rðeÞnþ1ðxÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�
R
BðeÞ

BðeÞ
T ðxÞ	 ~rðeÞ

nþ1
ðxÞf gdB

� Fext
nþ1 ¼

X
8BðeÞ�B BðeÞ

BðeÞ
T

ðxÞ 	 ~rðeÞnþ1ðxÞ dB � Fext
nþ1 ðA:14Þ
where the effective stresses, ~rðeÞnþ1ðxÞ, are incrementally computed through time integration of Eq. (A.12) i.e.,
~rðeÞnþ1ðxiÞ ¼ ~rðeÞn ðxiÞ þ D~rðeÞnþ1ðxiÞ i ¼ ð1;2;3;4Þ

D~rðeÞnþ1ðxiÞ ¼
sðeÞnþ1DrðeÞnþ1ðxiÞ þ 1� sðeÞnþ1

� �
D�rðeÞnþ1; B

ðeÞ � B n Bdisðtnþ1Þ

D�rðeÞnþ1; BðeÞ � Blocðtnþ1Þ
nDrðeÞnþ1ðxSÞ þ ð1� nÞDrðeÞnþ1ðxBnSÞ; BðeÞ � Bdisðtnþ1Þ

8>>><
>>>:

sðeÞnþ1 ¼ sstab;!
sstab ¼ 0:1! isochoric case
sstab ¼ 1:0! general case

�

8>>>>>>>>>>><
>>>>>>>>>>>:

ðA:15Þ
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which matches the definitions Box 4.2-2. Finally, the total mechanics residue in Eq. (69) can be computed using a standard
Gauss-quadrature in terms of the effective stresses in Eq. (A.15), as
27 For
inserted
Rmechð~rðûhðtnþ1ÞÞ ¼
X
8BðeÞ�B

IGauss
B BðeÞ

T

ðxÞ 	 ~rðeÞnþ1ðxÞ
n oh i

� Fext

IGauss
B BðeÞ

T

ðxÞ 	 ~rðeÞnþ1ðxÞ
n oh i

¼
Xi¼4

i¼1

BðeÞ
T

ðxiÞ 	 ~rðeÞnþ1ðxiÞ
n o

WiðxiÞ

8>>>><
>>>>:

ðA:16Þ
A.2. Strain injection. Expressions for implementation

For the elements injected with a DDM, the element-wise constant degrees of freedom s _ut
ðeÞ (that have elemental sup-

port), can be solved, at the element level, by a standard condensation procedure that is summarized here.
The residual balance of forces _R

ðeÞ � _Rmech in Eq. (A.13), and the residue of Eq. (65)-(b), _rðeÞ, can be expressed in the fol-
lowing form:
�
_R
ðeÞ

_rðeÞ

( )
¼

K ðeÞuu K ðeÞusut

K ðeÞ
sutu K ðeÞ

sutsut

2
4

3
5 f _ugðeÞ

s _ut
ðeÞ

( )
; BðeÞ � Bdis ðA:17Þ
where f _ugðeÞ stands for the element vector f _ugðeÞ ¼ _uT
1; _uT

2; _uT
3; _uT

4

� �T composed by the _ui ¼ f _ux; _uygT
i degrees of freedom, and

K ðeÞuu ¼ @ _R
ðeÞ

@ _uðeÞ
; K ðeÞusut

¼ @ _R
ðeÞ

@s _ut
ðeÞ ; K ðeÞ

sutu ¼ @ _rðeÞ

@ _uðeÞ
and K ðeÞ

sutsut
¼ @ _rðeÞ

@s _ut
ðeÞ are the elemental tangent stiffness matrixes.

Solving the second equation of (A.17) for s _ut
ðeÞ:
s _ut
ðeÞ ¼ � K ðeÞ

sutsut

� ��1
ð _rðeÞ þ K ðeÞ

sutuf _ugðeÞÞ; BðeÞ � Bdis ðA:18Þ
by substituting s _ut
ðeÞ in the first equation of (A.17) and reorganizing terms:
� _R
ðeÞ � K ðeÞusut

K ðeÞ
sutsut

� ��1
_rðeÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_̂R
ðeÞ

¼ K ðeÞuu � K ðeÞusut
ðK ðeÞ

sutsut
Þ
�1

K ðeÞ
sutu

� �� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

K̂
ðeÞ

f _ugðeÞ; BðeÞ � Bdis ðA:19Þ
where K̂
ðeÞ

and _̂R
ðeÞ

are the elemental condensed stiffness matrix and residual vector respectively27:
_̂R
ðeÞ
¼ _R

ðeÞ � K ðeÞusut
K ðeÞ

sutsut

� ��1
_rðeÞ

K̂
ðeÞ
¼ K ðeÞuu � K ðeÞusut

ðK ðeÞ
sutsut

Þ
�1

K ðeÞ
sutu

� � ;
8><
>: BðeÞ � Bdis ðaÞ

_̂R
ðeÞ
¼ _R

ðeÞ

K̂
ðeÞ
¼ K ðeÞuu

;

8<
: BðeÞ � B n Bdis ðbÞ

ðA:20Þ
Once the condensed element matrices are computed, the global entities K̂ and _̂R can be assembled and then f _ug can be
solved at the global level in a standard manner:
� _̂R ¼ K̂ 	 f _ug
where :

K̂ ¼ A
e2B

K̂
ðeÞ� �

;
_̂R ¼ A

e2B

_̂R
ðeÞ� � ðA:21Þ
where f _ug stands for the global vector composed by the _ui degrees of freedom f _ug ¼ f _u1; _u2; . . . ; _unnodesgT , being nnodes the
total number of nodes of the finite element mesh).

Once Eq. (A.21) is solved for f _ug; s _ut
ðeÞ can be computed at the element level, by using expression (A.18), in those ele-

ments belonging to Bdis.
Expressions for the entities in Eq. (A.20) are summarized in Box A-1.
the elements, BðeÞ � B n Bdis , where no condensation procedure is necessary, the elemental residue vectors and tangent stiffness matrixes can be
in the general framework by (A.20)-(b).
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Box A-1. DDM injection – expressions for implementation
RðeÞ ¼
Xi¼4

i¼1

BðeÞTðxiÞ 	 ~rðeÞnþ1ðxiÞ
n o

	WðxiÞ � FextðeÞ
nþ1
ðeÞ ðeÞ ðeÞ ðeÞ
n o

ðeÞ
n o� �

ðeÞ
r ¼ measðS Þ 	 ½n � 	 rnþ1ðxSÞ � rnþ1ðxBnSÞ 8B 2 Bdisðtnþ1Þ
Xi¼4 n o8

K ðeÞuu ¼ sðeÞnþ1 	

i¼1

BðeÞ
T

ðxiÞ 	 CðeÞnþ1ðxiÞ 	 BðeÞðxiÞ 	WðxiÞ

þ 1� sðeÞnþ1

� �
	 BðeÞ

T

ðxSÞ 	 CðeÞnþ1ðxSÞ
n o

	 BðeÞðxSÞ 	measðBðeÞÞ

>><
>>: ; BðeÞ � B n Bdis
ðeÞ ðeÞT ðeÞ
n o

ðeÞ ðeÞ ðeÞ
Kuu ¼ B ðxSÞ 	 Cnþ1ðxSÞ 	 B ðxSÞ 	measðB Þ; B � Bloc
ðeÞ ðeÞT ðeÞ
n o

ðeÞ
8

Kuu ¼ B ðxSÞ 	 Cnþ1ðxSÞ 	 B ðxSÞ 	WðxSÞ

þBðeÞ
T

ðxBnSÞ 	 CðeÞnþ1ðxBnSÞ
n o

	 BðeÞðxBnSÞ 	WðxBnSÞ

K ðeÞusut
¼ BðeÞTðxSÞ 	 CðeÞnþ1ðxSÞ

n o
	 1

kðeÞ
nþ1

nðeÞ
� �

� ruðeÞnþ1ðxSÞ
h i� �

	WðxSÞ

�BðeÞTðxBnSÞ 	 CðeÞnþ1ðxBnSÞ
n o

	 ruðeÞnþ1ðxBnSÞ
h i

	WðxBnSÞ

K ðeÞ
sutu ¼ measðSðeÞÞ 	 nðeÞ

� �
	 CðeÞnþ1ðxSÞ
n o

	 BðeÞðxSÞ

�measðSðeÞÞ 	 nðeÞ
� �

	 CðeÞnþ1ðxBnSÞ
n o

	 BðeÞðxBnSÞ

K ðeÞ
sutsut

¼ measðSðeÞÞ nðeÞ
� �

	 CðeÞnþ1ðxSÞ
n o

	 1
kðeÞ

nþ1

nðeÞ
� �

� ruðeÞnþ1ðxSÞ
h i� �

þmeasðSðeÞÞ nðeÞ
� �

	 CðeÞnþ1ðxBnSÞ
n o

	 ruðeÞnþ1ðxBnSÞ
h i

>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

; BðeÞ � Bdis
s ¼ 0:1! isochoric case
�

sðeÞnþ1 ¼ sstab 8BðeÞ ! stab

sstab ¼ 1:0! general case
where W(xi), i = (1,2,3,4) are the weights corresponding to the four-point Gauss integration, WðxBnSÞ and WðxSÞ are the

weights corresponding to the injection points in Table 4.2.1-1, ~rðeÞnþ1ðxÞ are the effective stresses computed from Box 4.2-2,

CðeÞnþ1ðxÞ stands for the in-loading tangent constitutive operator, FextðeÞ
nþ1 stands for elemental external forces, computed in a reg-

ular manner and measðSðeÞÞ is computed from Eq. (60) as:
measðSðeÞÞ ¼ measðBðeÞÞ
‘ðeÞ

ðA:22Þ
being ‘(e) the finite element characteristic length (computed according [43]).

A.3. Discontinuous displacement mode (DDM) injection. Selection of the unit normal vector

Determination of the injection normal n(e), to be used in the DDM injection procedure in Box A-1, is a relevant aspect of
the proposed methodology. After computing the crack-path-field, l, the explicit position of the elemental crack path C(e),
and its corresponding unit normal nðeÞC , can be straightforwardly computed at the element level in terms of the position of
the zero value of l along the element sides (see Fig. A.1). Then, two options for the determination of n(e) arise:

OPTION I: Crack path field criterion. The normal is evaluated directly as that of the elemental crack path (nðeÞ ¼ nðeÞC Þ.
OPTION II: Bifurcation analysis criterion: n(e) is the one out of the two solutions nðeÞ1 ;nðeÞ2

� �
obtained from the discontinuous

bifurcation analysis (performed at the bifurcation time tðeÞB and stored at that time), whose direction approaches

better the elemental crack path normal, nðeÞC . This evaluation is done in terms of the absolute value of the dot

product of every of the two vectors times nðeÞC .



Fig. A.1. Determination of the crack path C(e), at the element level.
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For an easier implementation, the explicit determination of the crack-path position and corresponding normal, nðeÞC , can be

circumvented, by using, as an alternative to nðeÞC , the crack-path field gradient, rlðeÞ evaluated at the finite element centroid

(assuming rlðeÞ � nðeÞC Þ. The gradient, rlðeÞ, can be easily determined for the time step n + 1, as:
rlðeÞnþ1 ¼ rN
� �ðeÞ 	 flgðeÞnþ1: ðA:23Þ
where, flgðeÞnþ1 stands for element vector of degrees of freedom flgðeÞnþ1 ¼ fl1;l2;l3;l4g
T
nþ1 and [rN](e) stands for the elemen-

tal matrix of shape functions gradients.
Box A-2. Normal selection

DATA : flgnþ1; nðeÞ1 ; nðeÞ2 ; nðeÞC

OUTPUT : nðeÞ

OPTION I ðcrack path criterionÞ : nðeÞ � nðeÞC

OPTION II (bifurcation analysis criterion):

(1) Compute rlðeÞnþ1o ¼ rlðeÞnþ1ðxSÞ
rlðeÞnþ1ðxSÞ ¼ ½rNðxSÞ�ðeÞ 	 flgðeÞnþ1 ðA:24Þ
(2) Compute dot products (absolute value)
dotprod1 ¼ rlðeÞnþ1ðxSÞ 	 n
ðeÞ
1

 ; dotprod2 ¼ rlðeÞnþ1ðxSÞ 	 n
ðeÞ
2

 

(3) Select normal nðeÞ
nðeÞ ¼
nðeÞ1 if dotprod1 P dotprod2

nðeÞ2 if dotprod1 < dotprod2

(

The corresponding algorithms are displayed in Box A-2. Results provided by both options are, in general, very similar for

damage models, whereas for J2 and Rankine plasticity models OPTION II is preferable. In the examples presented in this work,
the second option has been used.

A.4. Crack-path-field technique: implementation aspects

In this section some details about the implementation of the crack-path-field problem summarized in Box 2.2-1 are given.
Introducing Voigt’s notation, the rate version of equation (a) in Box 2.2-1 reads:
A
e

Z
BðeÞ

NðeÞ
T

	 NðeÞdB
� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

MðeÞ

	 fwg ¼ A
e

Z
BðeÞ

NðeÞ
T

	 _aðeÞt dB
� �

()M 	 f _wgt ¼ A
e

Z
BðeÞ

NðeÞ
T

	 _aðeÞt dB
� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

f _hgðeÞt

ðA:25Þ
where M stand for the global mass matrix M ¼ A
e
ðMðeÞÞ, NðeÞ stands for the element vector composed by the NðeÞi shape

functions associated to node i NðeÞ ¼ NðeÞ1 NðeÞ2 NðeÞ3 NðeÞ4

n o� �
;MðeÞ stands for the element mass matrix, _aðeÞt stands for
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the value of a associated to the element (e) and f _wgt stands for the global vector composed by the _wi degrees of freedom

f _wgt ¼ _w1; _w2; . . . ; _wnnodes

n oT

t
being nnodes the total number of nodes of the finite element mesh.

Substituting M by a lumped mass matrix version ML, Eq. (A.25) can be easily solved for f _wgt as:
28 R. W
f _wgt ¼ ðMLÞ�1 	 f _hgt

f _hgt ¼ A
e
f _hg

ðeÞ
e

� �
; f _hg

ðeÞ
t ¼

Z
BðeÞ

NðeÞ
T

_aðeÞt dB
� � ðA:26Þ
Alternatively to Eq. (A.26), an improved version, proposed by Weyler,28 consisting of the introduction of a correction in the
extrapolation of the Gauss point variable _aðeÞt to the nodes, can be used. Then, as for Eq. (A.26), the extrapolated corrected nodal
values are weighted by the corresponding nodal masses (lumped global mass matrix):
f _wgt ¼M�1
L 	Ae

MðeÞ�1

	MðeÞ
L|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

correction

	f _hg
ðeÞ
t

0
B@

1
CA ðA:27Þ
Using the same procedure for equation (b) in Box 2.2-1
f _lgt ¼M�1
L 	 f _qgt

f _qgt ¼ A
e
f _qgðeÞt ; f _qge

t ¼
Z
BðeÞ

NðeÞ
T d _wðeÞt

dn
dB

( )
ðA:28Þ
being f _lgt the global crack-path-field vector of degrees of freedom f _lgt ¼ f _l1; _l2; . . . ; _lnnodegT
t . The improved version, reads:
f _lgt ¼ M�1
L 	Ae

MðeÞ�1

	MðeÞ
L 	 f _qgðeÞt

� �
; ðA:29Þ
The term, d _wt
dn

� �ðeÞ
in Eq. (A.28) can be computed on an element wise basis, once Eq. (A.27) is solved for f _wgt , as:
d _wt

dn

 !ðeÞ
¼ ½rN�ðeÞ 	 f _wgðeÞt

� �
	 nðeÞ ðA:30Þ
where f _wgðeÞt is the element vector of degrees of freedom f _wgðeÞt ¼ f _w1; _w2; _w3; _w4g
T
t and [rN](e) stands for the elemental matrix

of shape functions gradients,
½rN�ðeÞ ¼
@N1
@x

@N2
@x

@N3
@x

@N4
@x

@N1
@y

@N2
@y

@N3
@y

@N4
@y

" #
ðA:31Þ
Due to the evolutionary strain injection procedure, the term f _hg
ðeÞ
t in Eq. (A.26) has to be computed trough specific quadr-

atures depending on the injection domain to which element e belongs, similarly to what has been introduced in (A.2), i.e:
Z
BðeÞ

NðeÞ
T _a
^ðeÞ

t dB � IGauss
BnBinjðtÞ NðeÞ

T _a
^ðeÞ

t

� �
BðeÞ � B n BinjðtÞZ

BðeÞ
NðeÞ

T
_aðeÞt dB � ICSM injection

BlocðtÞ
½NðeÞ

T
_aðeÞt � BðeÞ � BlocðtÞZ

BðeÞ
NðeÞ

T
_aðeÞt dB � IDDM injection

BdisðtÞ ½NðeÞ
T

_aðeÞt � ¼ BðeÞ � BdisðtÞ

_a
^ðeÞ

t ¼ sðeÞt _aðeÞt ðxiÞ þ 1� sðeÞt

� �
_�aðeÞt

_�aðeÞt � _aðeÞt ðxSÞ BðeÞ � B n BdisðtÞ

sðeÞt ¼ sstab !
sstab ¼ 0:1! isochoric case
sstab ¼ 1:0! general case

�

ðA:32Þ
where
IGauss
BnBinjðtÞ NðeÞ

T _a
^ðeÞ

t

� �
¼
Xi¼4

i¼1

NðeÞ
T

ðxiÞ
_a
^ðeÞ

t ðxiÞWiðxiÞ ðaÞ

ICSM Injection
BlocðtÞ NðeÞ

T
_aðeÞt

h i
¼ NðeÞ

T

ðxCÞ _�aðeÞt measðBðeÞÞ ðbÞ

IDDM Injection
BdisðtÞ

NðeÞ
T

_aðeÞt

h i
¼ NðeÞ

T

ðxSÞ _aðeÞt ðxSÞWðxSÞ ðcÞ

ðA:33Þ
eyler, Personal communication, 2012.
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where W(xi), i = (1,2,3,4) are the weights corresponding to the four-point Gauss integration, measðBðeÞÞ the weight corre-
sponding to the barycenter-injection point and WðxSÞ are the weight of the corresponding injection point in Table 4.2.1-1.

For purposes of numerical integration in time, it is convenient to rephrase the functionals in (A.33) in terms of some
equivalent values of the strain like internal variable, _aðeÞ. The equivalent values, _~a

ðeÞ
, are computed at the standard Gauss

points according with a procedure similar to that presented in Section A.1.

A.4.1. Rephrased numerical quadrature at the CSM injection domain BlocðtÞ
Following a similar procedure to that used in Section A.1.1, the term in Eq. (A.33)-(b) can be rephrased in terms of some

equivalent values, _~aðeÞt ðxiÞ, of the internal strain variable _aðeÞt :
_~aðeÞt ðxiÞ ¼ _�aðeÞt � _aðeÞt ðxSÞ; i ¼ ð1;2;3;4Þ; 8BðeÞ � BlocðtÞ ðA:34Þ
fulfilling the following property:
ICSM injection
BlocðtÞ

NðeÞ
T

_aðeÞt ðxÞ
h i

¼ IGauss
BlocðtÞ NðeÞ

T

ðxÞ _~aðeÞt ðxÞ
h i

ðA:35Þ
A.4.2. Rephrased numerical quadrature at the DDM injection domain BdisðtÞ
The term in Eq. (A.33)-(c), is now rephrased through the following change of variable _̂aðeÞt :
_̂aðeÞt ¼
kðeÞ _aðeÞt

‘ðeÞ
¼ n _aðeÞt ðA:36Þ
such that:
IDDM injection
BdisðtÞ NðeÞ

T
_aðeÞt

h i
¼ NðeÞ

T

ðxSÞ|fflfflfflfflffl{zfflfflfflfflffl}
NðeÞð ÞT

_aðeÞt ðxSÞWðxSÞ ¼ NðeÞ
� �T

_aðeÞt kðeÞ|fflfflffl{zfflfflffl}
_̂aðeÞt ‘ðeÞ

measðSðeÞÞ ¼ NðeÞ
� �T

_̂aðeÞ‘ðeÞmeasðSðeÞÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
measðBðeÞÞ

¼ NðeÞ
� �T

measðBðeÞÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}Pi¼4

i¼1
NðeÞ

T ðxiÞ	WiðxiÞ

	 _̂aðeÞ ¼
Xi¼4

i¼1

NðeÞ
T

ðxiÞWiðxiÞ 	 _̂aðeÞ|{z}
constant
at all xi

¼ IGauss
BdisðtÞ½N

ðeÞT _̂aðeÞðxÞ� ðA:37Þ
where NðeÞ
T

stands for the mean value of NðeÞ
T

and ‘(e) is the finite element characteristic length (according with [43]. In Eq.
(A.37) the continuous character of the shape functions and the fact that the integration point xS is placed at the finite ele-
ment centroid is take into consideration.

Results in Eq. (A.37) involve the definition of some new equivalent values _~aðeÞt computed in BdisðtÞ, at the standard Gauss
points, _~aðeÞt ðxiÞ, through:
_~aðeÞt ðxiÞ � _̂aðeÞt ¼ n _aðeÞt ; i ¼ ð1;2;3;4Þ; 8BðeÞ � BdisðtÞ ðA:38Þ
fulfilling the following property:
IDDM injection
BdisðtÞ

½NðeÞ
T

_aðeÞt ðxÞ� ¼ IGauss
BdisðtÞ NðeÞ

T

ðxÞ _~aðeÞt ðxÞ
h i

ðA:39Þ
In Eq. (A.36), _̂aðeÞt can be interpreted as a distributed version, of the strong localized variable _aðeÞt , over the element bandwidth
‘(e) (see Fig. A.2).

A.4.3. Rephrased numerical quadrature at the remaining domain B n BinjðtÞ
The term in Eq. (A.33)-(a) is already a four-point Gauss quadrature. Therefore, the following equivalence is

straightforward:
_~aðeÞt ðxiÞ ¼
_a
^ðeÞ

t ðxiÞ; i ¼ ð1;2;3;4Þ; 8BðeÞ � B n BinjðtÞ ðA:40Þ
fulfilling the following property:
IGauss
BnBinjðtÞ NðeÞ

T

ðxÞ _a
^ðeÞ

t ðxÞ
� �

¼ IGauss
BnBinjðtÞ NðeÞ

T

ðxÞ _~aðeÞt ðxÞ
h i

ðA:41Þ
A.4.4. Unified numerical quadrature at the total domain B ¼ ðB n BinjðtÞ [ BlocðtÞ [ BdisðtÞÞ

Using the results of Eqs. (A.35), (A.39) and (A.41), the term f _hg
ðeÞ
t , in Eq. (A.26) can be rewritten in terms of the equivalent/

effective values in Eqs. (A.34), (A.38) and (A.40) yielding,
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f _hgt ¼ A
e
f _hg

ðeÞ
t

� �
;

f _hg
ðeÞ
t � IGauss

BðeÞ NðeÞ
T

ðxÞ _~aðeÞt ðxÞ
h in o

ðaÞ

_~aðeÞt ðxiÞ ¼
sðeÞt _aðeÞt ðxiÞ þ ð1� sðeÞt Þ _a

ðeÞ
t ðxSÞ BðeÞ � B n Binj

_aðeÞt ðxSÞ BðeÞ � Bloc

n _aðeÞt ðxSÞ BðeÞ � Bdis

8>><
>>: ðbÞ

sðeÞt ¼ sstab !
sstab ¼ 0:1! isochoric case

sstab ¼ 1:0! general case

(
ðA:42Þ
Then, Eq. (A.42)-(a) can be trivially integrated in time, considering the initial conditions ~aðeÞt ðxÞ

t¼0
¼ 0, yielding,
fhgðeÞnþ1 ¼
Z
BðeÞ

NðeÞ
T
~aðeÞnþ1dB

� �
� IGauss

BlocðtÞ NðeÞ
T

ðxÞ~aðeÞnþ1ðxÞ
h in o

ðA:43Þ
where the effective values, ~aðeÞnþ1ðxÞ, a are incrementally computed through time integration of Eq. (A.42)-(b). i.e.,
~aðeÞnþ1ðxiÞ ¼ ~aðeÞn ðxiÞ þ D~aðeÞnþ1ðxiÞ; xiði ¼ 1; . . . ;4Þ

D~aðeÞnþ1ðxiÞ ¼

sðeÞnþ1DaðeÞnþ1ðxiÞ þ 1� sðeÞnþ1

� �
DaðeÞnþ1ðxSÞ B

ðeÞ � B n Binj

DaðeÞnþ1ðxSÞ BðeÞ � Bloc

nDaðeÞnþ1ðxSÞ BðeÞ � Bdis

8>>><
>>>:

sðeÞnþ1 ¼ sstab !
sstab ¼ 0:1! isochoric case

sstab ¼ 1:0! general case

(
ðA:44Þ
Finally, the suitable for implementation matrix equations of the crack-path-field problem are summarized in Box A-3.
Box A-3. Crack-path-field – algorithm
DATA : ~aðeÞn ðxiÞ; aðeÞn ðxiÞ; âðeÞn ðxSÞ; aðeÞnþ1ðxiÞ; aðeÞnþ1ðxSÞ ði ¼ 1; . . . ;4Þ
OUTPUT : ~aðeÞnþ1ðxiÞ; flgnþ1

ð1Þ Compute fwgnþ1

fwgnþ1 ¼M�1
L 	Ae

MðeÞ�1
	MðeÞ

L|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
correction

	 fhgðeÞnþ1

0
B@

1
CA

fhgðeÞnþ1 ¼
Z
BðeÞ

NðeÞ
T

ðxÞ 	 ~aðeÞnþ1ðxÞdB
� �

where :

~aðeÞnþ1ðxiÞ ¼ ~aðeÞn ðxiÞ þ D~aðeÞnþ1ðxiÞ; xiði ¼ 1;2;3;4Þ
being :

D~aðeÞnþ1ðxiÞ ¼
sðeÞnþ1DaðeÞnþ1ðxiÞ þ ð1� sðeÞnþ1ÞDaðeÞnþ1ðxSÞ B

ðeÞ � B n Binj

DaðeÞnþ1ðxSÞ BðeÞ � Bloc

nDaðeÞnþ1ðxSÞ BðeÞ � Bdis

8>><
>>:

sðeÞnþ1 ¼ sstab !
sstab ¼ 0:1! isochoric case
sstab ¼ 1:0! general case

�
ð2Þ Compute flgnþ1

flgnþ1 ¼M�1
L 	Ae

MðeÞ�1

	MðeÞ
L 	

Z
BðeÞ

NðeÞ
T

ðxÞ 	 dw
dn
ðxÞ

� �ðeÞ
nþ1

dB
 !

:

dw
dn
ðxÞ

� �ðeÞ
nþ1
¼ ð½rNðxÞ�ðeÞ 	 fwgðeÞnþ1Þ 	 nðeÞ

ðA:45Þ



Fig. A.2. Interpretation of variable _̂aðeÞ.

Table A-1
Injection status indicator.

Injection status Injection domain belonging Injection status indicator

No strain injection BðeÞ � B n Binjðtnþ1Þ ðISÞðeÞnþ1 ¼ 0
Localized Constant Strain Mode (CSM) injection BðeÞ � Blocðtnþ1Þ ðISÞðeÞnþ1 ¼ 1
Discontinuous displacement mode (DDM) injection BðeÞ � Bdisðtnþ1Þ ðISÞðeÞnþ1 ¼ 2

Table A-2
Injection flags.

Indicator name Flag label Indicator definition

Bifurcation Flag BF
ðBFÞðeÞn ¼

0 if tn < tðeÞB ðxSÞ
1 if tn P tðeÞB ðxSÞ

(
Loading/unloading Flag LF

ðLFÞðeÞn ¼
0 if DaðeÞn ðxSÞ ¼ 0
1 if DaðeÞn ðxSÞ > 0

(
Softening degree Flag SF

ðSFÞðeÞn ¼
0 if qðeÞn ðxSÞ > qdis

1 if qðeÞn ðxSÞ 6 qdis

(
Crack path Flag CF

ðCFÞðeÞn ¼
1 if element e is crossed by the crack

path Cnðacross two sidesÞ
0 otherwise

8<
:

Table A-3
Injection status setting.

Injection status (time-step n + 1) ðISÞðeÞnþ1
Check conditions (time-step n)

ðBFÞðeÞn � ðLFÞðeÞn ðSFÞðeÞn � ðCFÞðeÞn

0 0 –
1 1 0
2 1 1
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A.5. Algorithmic management of the injection domains: injection-switching strategy

This appendix systematizes, for implementation purposes, the algorithmic treatment of given element, BðeÞ, when it
moves from one to another the injection domains B n Binj; Bloc and Bdis. It is based on the following ingredients:

(1) The elemental injection status indicator ISðeÞnþ1 2 f0;1;2g defines the status of element BðeÞ, during the time interval
[tn, tn+1], in terms of its belonging to the injection domains B n Binj; Bloc and Bdis (see Table A-1).

(2) A set of flags (�) 2 {0,1} (evaluated at the end of the preceding time step) are used to control the belonging of element
BðeÞ to the injection domains during the current time interval [tn, tn+1] (see Table A-2).



Fig. B.1. Quadrature rules (a) _̂u; s _ut formulation and (b) _̂u; _�e; s _ut formulation.

Fig. B.2. Quadrilateral element with a discontinuity inducing a rigid body motion in BðeÞ
þ

with respect to BðeÞ
�

.
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(3) The injection status of element ðISÞðeÞnþ1 in Table A-1 is set in terms of specific products of the flags in Table A-2, accord-
ing to Table A-3. Notice that check conditions in Table A-3 stem directly from the definitions of the injection domains
B n Binj; Bloc and Bdis (see Section 4.2.4).

Appendix B. Stress-locking issues in finite elements with embedded discontinuities

Let us consider a strong discontinuity approach based on finite element quadrilaterals with constant embedded discon-
tinuities. The strong discontinuity kinematics in Eqs. (40) and (44) is described in terms of a two-field, _̂u; s _ut, approach
where the generalized displacement filed, _̂u, is bilinear and the displacement jump s _ut is element-wise constant. Under
these conditions, integration of the resulting equations requires a standard four points-based Gauss quadrature for integra-
tion of the terms in Eq. (66)-(a) in BðeÞ n S plus one additional sampling point, xS , for the integration in SðeÞ (see Fig. B.1(a)).

It is well know that, in this formulation, the appearance of stress locking is noticeable specially when trying to reproduce
non-constant separation modes along the element discontinuity.29 This issue was analysed in [32,36] where the authors pro-
pose elements with linear interpolation in the displacement jump to circumvent the problem.

In this work, instead, the displacement discontinuity mode (DDM) injection in the domain BdisðtÞ is introduced via the
three field _̂u; _�e; s _ut mixed formulation in Section 4.2.2 and this fact translates into an element-wise-constant regular strain
field. The corresponding variational form in Eq. (66) requires only two sampling points (singular and regular) in Fig. B.1(b).

The interesting practical property of using the here proposed _̂u; _�e; s _ut constant-displacement-jump/constant-strain for-
mulation in quadrilateral elements, is that the element (unlike the _̂u; s _ut case) is stress locking free. In next sections an
explanation for this improved behavior is given.

B.1. Motivation

We assume that for an element to be stress locking free its kinematics should allow rigid body motions of one part of the
element with respect to the other (Fig. B.2), when the discontinuity is fully open (full softening, stress released state, of the
element).

Recalling the strong discontinuity kinematics of Eq. (41)
29 Tho
_uðxÞ ¼ _�uðxÞ þ HSs _utðxÞ; ðB:46Þ
ugh mesh refinement tend to strongly reduce this stress locking.



Fig. B.3. Quadrilateral element associated to a _̂u; s _ut formulation.
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where _�u stands for the smooth part of the displacement field and HS stands for the Heaviside (step) function
(HSðxÞ ¼ 0; 8x 2 B� and HSðxÞ ¼ 1; 8x 2 Bþ).

For the stress-released case we assume _�u ¼ 0, thus:
30 In f
_uðxÞ ¼ HSs _utðxÞ
_uðxÞjx2B� ¼ 0
_uðxÞjx2Bþ ¼ s _utðxÞ

�
ðB:47Þ
For the general three-dimensional case, the rigid body motions of BðeÞ
þ

in the stress-released state requires the displace-
ment s _utðxÞ in Eq. (B.47) being described as a rigid body motion in terms of 6 degrees of freedom: 3 displacements (trans-
lation) and 3 rotations, i.e.,
s _utðxÞ ¼ c þ h ^ x ðB:48Þ
where c = {c1,c2,c3}T and h = {h1,h2,h3}T are vectors of degree of freedoms associated with translation and rotation, respec-
tively. Notice that the displacement jump in Eq. (B.48) linearly depends on x.

Eq. (B.48) can be written in matrix form, for element e, as:
s _ut
ðeÞðxÞ ¼

1 0 0
0 1 0
0 0 1


0 x3 �x2

�x3 0 x1

x2 �x1 0

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
GðeÞðxÞ

c1

c2

c3

�h1

h2

h3

2
666666664

3
777777775

|fflffl{zfflffl}
dðeÞ

¼ GðeÞðxÞ 	 dðeÞ
ðB:49Þ
where xi, (i = 1,2,3) stand for the Cartesian coordinates measured with respect to an (arbitrary) origin of coordinates. In a
two-dimensional framework, Eq. (B.49) simplifies to:
s _ut
ðeÞðxÞ ¼

1 0
0 1

�x2

x1

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

GðeÞðxÞ

c1

c2

#

2
64

3
75

|fflffl{zfflffl}
dðeÞ

¼ GðeÞðxÞ 	 dðeÞ
ðB:50Þ
B.2. Specification for 2D quadrilateral elements

Since rigid body modes are allowed for the full stress-released state, any finite element formulation admitting linear jumps,
like the one in Eq. (B.50) should be stress locking free disregard the type of finite element (triangles, quadrilaterals, etc.).

It is evident that the kinematics bilinear quadrilateral with a constant-jump embedded discontinuity, ð _̂u; s _utÞ, with a
2 � 2 quadrature rule in BðeÞ n S and the additional sampling point in SðeÞðxSÞ, does not fulfill Eq. (B.50) at all sampling points

for an arbitrary (constant) s _ut
ðeÞ (see Fig. B.3).30 Therefore, rigid body modes cannot develop for the general deformation case

and the element can potentially suffer from stress locking.
Instead, for the DDM injection quadrilateral element proposed in this work, with only the two regular/singular sampling

points, condition (B.50) for the proposed (constant) s _ut
ðeÞ, can be trivially fulfilled at the two sampling points for any arbi-

trary s _ut
ðeÞ. The proof is rather simple: since the origin of coordinates is arbitrary, let us take this origin at xS ¼ xBnSð¼ 0Þ (see

Fig. B.4).
The third column of the operator G(e)(x) (in Eq. (B.50)), when evaluated at the two sampling points, is null and
GðeÞðxÞ ¼
1 0
0 1

00
� �

) s _ut
ðeÞ ¼

c1

c2

� �
ðB:51Þ
act, the only solution for Eq. (B.50) in this case is _dðeÞ ¼ 0) s _ut
ðeÞ ¼ 0.



Fig. B.4. Quadrilateral element associated to a _̂u; _̂e; s _ut formulation.

Fig. B.5. Bending of one element test: (a) geometrical data, (b) theoretical deformed shape and (c) loading data.

Fig. B.6. Reaction force vs. imposed displacement at the top comparing the analytical solution with solutions computed with the standard _̂u; s _ut strong
discontinuity formulation that is integrated with 4 Gauss points (SDA 4GP) and with the proposed _̂u; _̂e; s _ut formulation that is integrated with two
sampling points (SDA 1GP).
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The solution is fc1; c2gT ¼ s _ut
ðeÞ, and the rotational degree of freedom, h, does not appear in the formulation. This is precisely

the proposed kinematics and, therefore, the resulting finite element should be stress-locking free.

B.3. Numerical example

The following numerical example, already considered in [32,36] (see Fig. B.5), illustrates the behavior of quadrilaterals
with, constant jump embedded discontinuities in front of stress locking.

The test consists of a square block with imposed displacement at the top, dtop, and bottom, dbot, with dbot increasing twice
as the top displacement in the loading pseudo-time t (s).

This bending test will strongly challenge the constant displacement jump, since the theoretical solution of the problem
involves both, a rigid body translation and rotation.
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Fig. B.6 compares the results obtained with the standard _̂u; s _ut and the proposed _̂u; _̂e: s _ut (DDM injection), with the ana-
lytical solution31 in terms of reaction vs. displacement curves. We remark that both formulations consider a constant displace-
ment jump s _ut

ðeÞ. There, the stress-locking free character of the DDM injection can be observed. As expected, due the constant
jump character of the displacement jump, the analytical solution is only linearly approximated by the DDM injection.

Remark B.1. In Refs. [36,32] to avoid the stress locking problems associated to constant jump embedded formulations (for
quads), a linear description of the jump along the discontinuity using 4 displacement degrees of freedom is proposed. As
suggested by this analysis, a four degrees of freedom description of the kinematics can become excessive (in front of the
three-degree-of-freedom kinematics in Eq. (B.50)) this explaining the additional stabilization treatment suggested in [36,32].
Also, in 3D cases, six degrees of freedom should be used to describe the elemental displacement jump according with Eq.
(B.49).
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