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Abstract

The aim of this work is to apply the complex interpolation method to norms of n-tuples of operators in a
symmetrically-normed ideal ¢4 © B() defined by a ¢ symmetric norming function (s.n.f.). The norms
considered define Finsler metrics in a certain manifold of positive operators, and can be regarded as weighted
¢-norms, the weight being a positive invertible operator.
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1. Introduction

Let B(#) denote the algebra of bounded operators acting on a complex and separable Hilbert
space # (with norm || - ||), GI(#) the group of invertible elements of B(#’) and GI(A#)™" the
set of all positive elements of GI(#).

In a previous work [5], we studied the effect of the complex interpolation method on the p-
Schatten classes (the idea was motivated by [1]). These ideals belong to a larger class of ideals
called symmetrically-normed ideals. The aim of this work is to generalize the results [5] to this
larger class of ideals.
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By Calkin’s theorem (see, e.g. [9, Chapter 3, Th. 1.1]), if .# is a two-sided ideal then
J C By(H),

where Bo() is the ideal of all compact operators in B(#). If X € Bo(#’), we denote by
s(X) = {sj(X)}jen the sequence of singular values of X, decreasingly ordered:

si(X) = inf{||X — S]:rank(S) < j}.
Note that 5;(X) \ 0. There are other alternatives to describe the sequence s(X). For instance,
the s;(X)’s are the eigenvalues of |X| = (X*x)V/2.

If ¢ is a symmetric norming function (the definition will be given below), we consider the
ideal of B(¥)

S ¢ ={X € Bo(H): | Xllp < o0},
where
X1l = @ (s(X)).
On 7, we define the following norm associated with a € GI(A# )t
1Xllp.a:=lla™2Xa™ 2y = p(s@™2Xa™"/?)).

The use of this norm has a geometrical meaning which shall be explained later.

The material is organized as follows. In Section 2, we recall some basic facts about symmetric
norming functions and the corresponding symmetrically-normed ideals. Section 3 contains a brief
summary of the complex interpolation method. In Section 4, we apply this method and obtain that
the curve of interpolation coincides with the curve of weighted norms determined by the positive
invertible elements

Yar@®) = a'*@ " ba="?) a2

In Section 5, we present an elementary interpolation argument to obtain Corach—Porta—Recht
type inequalities.
Finally, in Section 6 we present the geometrical meaning of the interpolating curve y, .

2. Symmetrically-normed ideals
We begin by recalling some facts concerning normed ideals (see [9]).
Let .# be a proper two-sided ideal of B(#), it is well known that
Boo(A) S I < Bo(H),

where By o() is the ideal of finite rank operators.
4 is a symmetrically-normed ideal if .# is an ideal of B(’) and a Banach space with respect
to the norm || - || » satisfying:

W IXTY |, < IXINTANY] for T € 4 and X, Y € B(A),
@) I Xl> = IX] if T is the rank one.
In particular, condition (1) implies that the norm || - || » is unitarily invariant
IUXVH, = 1IXI.r

for X € .# and any pair U, V of unitary operators.
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Let co and cq,o be the spaces of sequences of real numbers defined by
co = {5 = {&i}: lim & = 0}
and
c0.0 = {£€ = {&} € co: only finitely many &; are nonzero},
respectively.

A function ¢ on ¢ o is said to be a symmetric norming function (s.n.f.) if it satisfies:

(1) ¢ is anorm on cp o;
2) ¢({1,0,0,...}H) =1;
(3) p({€;)) = ¢ ({l&x( 1)) for any bijection 7: N — N.

Two s.n. functions ¢ and i are equivalent if

¢ (&) V(&)

sup —— <oo and sup —— < 00

Eecp0 Il/(g) Eeco 0 ¢($)

Let us denote by ¢y the set of all sequences & € ¢y for which

sup ¢ (™) < oo,

where é(”) =1{£,&,...,&,,0,0,...}. We extend the domain of the function ¢ by putting, for
each& € ¢y

¢(&) = lim ¢(E™).
n—oo
If X € Bo(s) and ¢ is a symmetric norming function, let us denote
XNl = @ (s(X)).
There are two symmetrically-normed ideals [9, Th. 4.1] related to ¢:

J ¢ =1X € Bo(SH): || X|lp < o0}

and ¢ ;0) the closure of By () with respect to the norm || - ||4. Note that _# ;0) does not coincide
with 7, in general. Both spaces coincide if and only if ¢ is a regular function, that is

lim @ (Epsts Enga,...) = 0.
n—oo

Let ¢ be a s.n. function. The function
¢'(n) =sup{ Y mi&ir& € coo. Nl < 1}
i

makes sense for any 1 € ¢g,9, and clearly is an s.n. function. The function ¢’ is called the conjugate
function of ¢.

For any s.n. function ¢ one has (¢')’ = ¢, and if ¢ is not equivalent to ¢1(£) = Y, |, one
has the following duality:

0
I XNl = sup{lr(X V)] : Y € £ [¥ g < 1.
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For example for 1 < p < oo, the functions

1/p
$p(€) = (Z |s,-|P>
and
Poo(§) = max |5
give rise to

Sy =J4=BpA),

where B, () denotes the p-Schatten class.
From now on, we will assume that ¢’ is not equivalent to ¢;.

3. The complex interpolation method

We recall the construction of interpolation spaces, usually called the complex interpolation
method. We follow the notation used in [2] and we refer to [14,4] for details on the complex
interpolation method. From now on, we simply denote by _# the ideal defined by ¢.

A compatible couple of Banach spaces is a pair X = (X0, X1) of Banach spaces X, X such
that both are continuously embedded in some Hausdorff topological vector space %. Observe that
foralla, b € GI(#)" the Banach spaces (¢, || - llg,a) and (7, || - ll¢,») are compatible. We will
simply write this pair of spaces ¢ when no confusion can arise.

If Xo and X; are compatible, then one can form their sum Xo + X; and their intersection
X0 N X1. The sum consists of all x € % such that one can write x = y + z for some y € X and
zeX 1.

Suppose that X and X are compatible Banach spaces. Then Xy N X is a Banach space with
its norm defined by

Xl xonx, = max(llxllxy, [lxllx,)-
Moreover, Xy + X is also a Banach space with the norm
Xl xo+x, = inf{l[yllxy + lzllx,:x =y + 2,y € Xo, z € X1}.
A Banach space X is said to be an intermediate space with respect to X if
XoNX1 CXCXo+ Xy

and both inclusions are contiﬂuous. .
Given a compatible pair X = (X, X1), one considers the space Z (X) = £ (X, X1) of all
functions f defined in the strip

S={z€C:0<Re(z) <1}

with values in X 4+ X1, and having the following properties:

(1) f(z) is continuous and bounded in norm of Xy + X on the strip S.

(2) f(z) is analytic relative to the norm of X 4+ X1 on $° = {z € C:0 < Re(z) < 1}.

(3) f(j +1iy) assumes values in the space X ; (j = 0, 1) and is continuous and bounded in the
norm of this space.
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One equips the vector space .7 (X) with the norm
If1l 7, = max {Sup £ Gy)llxos sup LF (X +iy)llx, ¢ -
yeR yeR

The space (Z (X), || ||{¢7(Y)) is a Banach space.

For each 0 < ¢ < 1 the complex interpolation space, associated with the couple X, Y[t] =
(Xo, X 1)_[,] is the set of all elements x € Xo + X representable in the form x = f (¢) for function
f € #(X), equipped with the complex interpolation norm

lxlley = inf (1L £ 1|y £ € FX). f(0) = x).

The two main results of the theory are:
Theorem A. The space Y[t] is a Banach space and an intermediate space with respect to X .

Theorem B. Let X and Y two compatible couples. Assume that T is a linear operator from X j
to Y bounded by M, j =0, 1. Then for t € [0, 1]

L 1—t g 4t
”T”X[rﬁymgMO M.

4. Geometric interpolation

In this section, we state the main result of this paper. First, we introduce the notation.
Forn e N,s > landa € GI(#)T, let

I ={(Xo,..., Xn-1): X; € 7}
with the norm
1(X0, -+ Xn-Dllg.ass = (KXol o+ + 1 Xn1 .07

and C" with the norm

|20, -+ za=Dls = (20l + -+ + |za1[)'/".
We consider the action of GI(#) on #™, defined by

LGUA) x J — J71((Xo, .., Xa-1) = (8Xog", ., 8Xno187). .1
From now on, we denote with f;bnjl;s the space j(”) endowed with the norm [|(-, ..., )l a;s-

Proposition 4.1. The normin ¢ g')a,s is invariant for the action of the group of invertible elements.
By this we mean that for each (Xy, ..., X,—1) € /("), a € GL(AH)" and g € GI(H), we have

”(X()a ey Xn—l)||¢,a;s = ”lg((XOs cee Xn—l))||¢,gag*;s-

Proof. It is sufficient to prove that s(a~!/>Xa~!/?) and s ((gag*)_%ng*(gag*)_%) coincide.
For j € N, we get



824 C. Conde / Linear Algebra and its Applications 429 (2008) 819-834

5j ((gag*)_%ng*(gag*)_%)2 — %j((gag") " gX*g* (ag") ? (gag")?
xgXg*(gag") ™ ?)
=1 ((gag*)_%gX*g*(gag*)‘ngg*(gag*)‘%)
(gag™) P gX*g*(g") 'a g g Xg* (gag")” 2)
(gag") ?gX*a ng*(gag*)’%)
a %Xg*(gag*)‘%(gag*)‘%gX*a_%)

=2
i
=1 ((gag) eX*a"ia"Xg*(gag")” 2)
(
(a7 Xg"(gagh " gX"a?)
(

where 1 ;(X) denotes the jth eigenvalue of X decreasingly ordered. [J

Theorem 4.2. Leta, b € GI(#)T,1 <s <oo,n e Nandt € (0,1). Then
(n) (n) (n)
(jqbn,a;s’ jqﬁn,b;s)[’] = /tbn,ya.b(t);S'

Proof. Recall Hadamard’s classical three lines theorem [18, p. 33]:
Let f(z) be a Banach space-valued function, bounded and continuous on the strip S, analytic
in the interior, satisfying

1 @llx < Mo if Re(z) = 0

and
If(@lx < My if Re(z) =1,

where || - || x denotes the norm of the Banach space X. Then
If @llx < My @ me?

forallz € S.

In order to simplify, we will only consider the case n = 2. The proof below works for n-tuples
(n > 3) with obvious modifications.

By Proposition 4.1, we have that || (X1, X2)ll[s] is equal to the norm of a 12X, Xz)a’l/2
interpolated between the norms || (-, -) [l¢, 1,5 and || (-, -)[|,¢;s- Consequently, it is sufficient to prove
our statement for these two norms.

The proof consists of showing that for all 7 € (0, 1), [|(X1, X2)[I[s) and [|(X1, X2)[|g,¢t;s cOIN-
cide in #@.

Lett € (0, 1) and (X1, X2) € #@ such that [|(X1, X2)ll¢.crs = 1, and define

f@) =c3c3(X), Xa)e 2e = (fi2), fo(2)).
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Then foreachz € S, f(z) € #?

_ . 2 _ 1s
1y L _t y _tr _r 1y
@ p,1:s = lleZ e 2(X, X2)e 2¢2 g, 105 = (E lcZc 2 Xkc™2c I|§>,1> <1
k=1

and

1/s
2

. 1 iy _ 1t _t iy 1
IfA+1y)llg,e;s = <§ lczeZe™ 2 Xke 2czczllf,),c) <L

k=1
Since f(t) = (X1, X2) and f = (f1, fo) € 97(/(2)) we have || (X1, X2)|l[;7 < 1. Thus we have
shown that
(X1, X2) I < 1(X1, X2) g etis
To prove the converse inequality, let f = (f1, f2) € ,97(/(2)); f@)= (X1, X2)andk =1, 2,
we consider Y € fg?) with || Yillgr < 1. Let

Z

g(2) = ¢ Vel
Consider the function : S — (C?, G, )]s
h(z) = (tr(f1(2)g1(2)), r(f2(2) £2(2))).

Since f(z) is analytic in S° and bounded in S as a_#®-valued function, then A is analytic in S°
and bounded in S, and

h(t) = <tI' (C_%ch_%ﬁ) ,tr <C_%X2C_%Y2>> .

By Hadamard’s three lines theorem, applied to # and the Banach space (Cz, [(-, )|s), we have

|h(1)]s < max {Sup |h(@iy)ls, sup |A(1 + 1y)|s} .
yeR yeER

For j =0, 1

2 1/s
sup [h(j +iy)ls = sup (Z lr(fi (G +iy)gr(j + iy))P)

yeER

2 1/s

(Z e fi(G + iy>c—f'/2gk<iy))|f>
k

—_

1/s
sup (Z Ifi(j +1y)||¢c,) <N fllz)-

YER \k—1

then
Xt o+ Xl 0= sup e (<IN ) F 4 (e Xae T )l
’ Bl <Ly <]

< sup hOL <TI0
Y2l g <T,01Y1 1l <1
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Since the previous inequality is valid for each f € # (#®) with f(t) = (X1, X»), we have
(X1, X lgp,er:s < N1(X15 X2 11 O

In the special case n = s = 1 we obtain

Corollary 4.3. Given a, b € GI(#)™ we have for all t € [0, 1]
(g0 L0101 = L by ()

Remark 4.4. Note that when a and b commute the curve is given by y, ,(¢) = al='h'. The
previous corollary tells us that the interpolating space, 7 ,, , ) can be regarded as a weighted

7 5 space with weight a' =" (see [2, Th. 5.5.3)).
By Theorem B, we obtain the following result of interpolation:

Corollary 4.5. Let a,b,c,d € GI(#)T, s > 1, n € N and T a linear operator such that the

norm of T is at most My(between the spaces ¢ gl)a , and jgz,; ;) and the norm of T is at most

M (between the spaces j;n)“ and j;n)ds) Then, for all t € [0, 1] we have

”T(x)”q),yb,d(t);s < (MO)I_ZM{ l|x ||¢,Va,c(t);s-

5. On the Corach—Porta—Recht inequality
In their work on the geometry of the space of self-adjoint invertible elements of a C*-algebra,
Corach et al. proved in [6] that if S is invertible and self-adjoint in B(#), then for all X € B(#’)
IsxS~'+s71xs| = 2)1X].

In [12], Kittaneh proved a more general version of the CPR inequality: for any norm ideal
I, |l - l#) of B(#) and for all X € .# we have

20X <ISXS™' + ST XS] 5.1)
In [19], Seddik obtained the following inequality for any norm ideal .# of B(J¢).

Theorem 5.1. Forall X € .
ISXS™H = S7IXSI, < ASIHIS™ I = DISXS™ + ST XS]] (5.2)

Recently, Larotonda in [16] obtained the following inequality for any norm ideal.

Theorem 5.2 [16, Corollary 28]. Forall X € .9
ISxS™" = S7'XSly < |ILr — Rrllan ISXS™H 4+ 571X S|, (5.3)
where T =log|S| and L1, Rt are the left and right multiplication representations of T in
B(4),Ly(U)=TU and Rr(U) = UT.
Here || P|| p(») denotes the norm of the linear operator P:.# — . , that is

1Pl B(s) = sup{l[P () ]ls: llx]lr = 1}.
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The bound in (5.3) is related to the theory of generalized derivations. If A, B € B(X) let
04.B:X = 84,B(X):=AX — XB = La(X) — Rp(X).

The theory of generalized derivations has been extensively studied in the literature, see for
example [7]. In [20], Stampfli proved the following equality :

64,8l = inf{|A — Al + |B — A|: 2 € C}. (5.4)
If (4, ] -|ls)isanormideal in B(s) and X € .#, thenforall A € C
164, 8(X)Nls =11(A =X+ X(B =My < A=A+ B —ADIX]., (5.5)

It follows from (5.4) that
164.8llB(s) < [184.BIl-

From these facts we get

ISXS™" = S7'XS|ly <Lt — RrlsnlISXS™" + 7' XS],
= 187,78 IISXS™" + ST XS,
<1877 IISXS™ + ST XS], (5.6)
From (5.6) and (5.2) we obtain that
ISxS™" — S7' XS], < min{[[87.7 [, 1SS~ — DISXS™" + ST XS,

Note that the bound in Theorem 5.2 is a refinement of (5.2). We start by recalling the next.

Corollary 5.3 [20, Corollary 1]. Let T be a normal operator. Then
87,7l =sup{liITX — XT|: T € B(A) and |T|| = 1} = 2r(T) = Amax(T) — Amin(T),

where r(T) is the radius of the spectrum of T.

First, we shall assume that § is positive. Then

Amax (S)
167,71 = Amax(T) — Amin(T) = 10g(Amax (S)) — 10g(Amin(S)) = log < > ,

Amin (S )
therefore

ISl = Amax(S) and STV =

)\min(S).
So
Amax (S) Amax (S) —1
67,71l =1lo < >< —1=SIIs I -1
LT g )Lmin(S) )\min(S)

Here we use the fact that log(¢z) < ¢ — 1, forall ¢ > 1.
In the general case (i.e. S invertible and self-adjoint) we have

)\max(|S|)
)\min(|S|)

Now, we are ready to state the next

67,71l = 10g< ) < WSHSI= =1 =usiis="—1.
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Theorem 5.4. Let .# be a norm ideal, then for all X € 9
ISXS™' = S7'XSly < 87,7 IISXS™H + ST XS s (5.7
with T =log|S|.
Note that the inequality holds for any norm ideal .# where the explicit bound |67, 7 || depends

only on the operator S and the norm in B(2’) and not on the given unitarily invariant norm.
Now, we shall apply Corollary 4.5 to the inequality obtained above. Consider

Tys:f — ¢ Tys(X)=SXS"'-57'xs§
and
Rys:f — # Rys(X)=SXS"'+57!xs.
From Corollary 4.5 and (5.7), we obtain
Corollary 5.5. Fora,b € GI(#)",X € ¢ andt € [0, 1], we have
15X~ — §7'X Sl < 2ulid7 T Ilall 161 1X N6 55 (5.8)
where = [IS|| [|S7"]I.

Proof. We will denote by y (t) = y,,,(t), when no confusion can arise. By (5.7) the norm of Ty ¢
is at most 2w ||, 7l lla|| when

Tys:(Fll-llga) — (Fo - llp)
and the norm of Ty g is at most 24|87, 7 ||||/|| when
Tys: (I N llgp) — (I - llg)-

Therefore, using the complex interpolation, we obtain the following diagram of interpolation for
te[0,1]:

(75 []6.0)
T
(T M- llore) = (T 11lls)
T
(7 [1ls0)
By Corollary 4.5

1Ty 5sXllp < @uellsz, 1B Culldr rillal)' " 1X ., 0
=2ulér.rlllal 11 1 X gy oy O

With a slight change in the previous proof, we get the inequality
I1SXS™"+ 87" XSl < 2ullall 151 11X N6y 50 - (5.9)
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We need to consider the operator R 4 s and the fact that the norm of this operator is at most 2 ||a||
when

Rys:(F - llga) — (1 - Hlg)-

Corollary 5.6. For X € ¢ andt € [0, 1], we have
ISXS™' — 57X Sy < 2ulidr,rllinf{llal 151 1 X g, yopo): t € [0, 11, a,b € GL(A)T)

and

20Xl < ISXS™' +571XS|4

<
< 2pinf{llal™ 161 I X lp,pep):t € [0, 11, a, b € GI(A)TY,
where = || SIS~

Remark 5.7. In [5], we obtained Clarkson’s type inequality from 4.5 for the p-Schatten ideals
with 1 < p < o0, i.e. with ¢ = ¢),.

6. The geometry of A;

In this section, we give a geometric context to what has been previously presented. More
precisely we prove that the curves y, , are minimal curves of a Finsler geometry for a manifold
of positive and invertible operators.

6.1. Topological and differentiable structure of Al@

Given a s.n. ideal ¢, b which we denote from now on _#, we consider:

~

I=r+XeB(X)reC X e ¢}
There is a natural norm for this subspace
1A+ X1l = 2]+ 1 X llg.

Lemma6.1. Let A+ X, u+ Y € ¢. Then

(D) I3+ X1 < Ix+ X1,
@) G+ X+ V)l < Ih+ Xzl + Y.

In particular, (}, +, ) is a Banach algebra.

Proof. One has the usual estimates

(D) A+ X< A+ I1XT < A+ 1 X]lg = 112 + X5

@) 1A+ X))+l = lIApn +AY +puX + XY 5 = [Au| + XY + uX + XY g
< Al + [AY Mg + 1l XN + 1 XY llg
< Al + [AY Mg + 1l X Ng + 1X g 1Y 1o
= (A + 1Xlg)Apel + 1Y 1lg). O
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The self-adjoint part of } is
=D+ X e 0+ X) =1+ X)

Remark 6.2. (1) (}, I| - ||¢~,) is the minimal unitization of (7, || - Il¢).
(2) Note that the multiples of the identity A1 and the operators X € ¢ are linearly independent.
Therefore

A+Xe 7 ifandonlyif L e R, X*=X.
Formally
J=Cejs, J'=Res*

where #° denotes the set of self-adjoint operators in .

Inside } Sa, we consider
Ag=(h+XeJ:a+X>0)CGlAH)T
and
Ay ={l+Xe #:1+X >0}
Apparently 44 is an open subset of _# * and therefore, a differentiable (analytic) submanifold.
The next step is to prove that A(}) is a submanifold of 4. For this purpose, we consider
0:44 >R, 0+ X)=A.

Lemma 6.3. 6 is a submersion.

Proof. It is sufficient to show that d6, y x is surjective and ker(d6,yx) is complemented [15, Th.
2.2].
Since # ** and R are Banach spaces and 6 is a continuous linear map we get that d6y .y = 6.
Apparently, df, 1y is surjective and ker(df,+x) has codimension 1 and hence is comple-
mented. [

It follows that A(}) is a submanifold, since A(}J = 6~ ({1}). These facts imply that, for 1 + X €
A, (T Ay)11x identifies with 7%,

If .7 is a Banach algebra and an ideal in the algebra B(#), then we denote by GI (', .¥) the
subset of GI(#’) consisting of those operators of the form 1 + a witha € .7, i.e.

Gl(H, 9)={1+aeGl(H)aecI}={beGI(H)b—1¢c I}

The standard examples are when .# is the ideal of compact operators Bo(#) — in which case
GIL(H, By(S)) is the so-called Fredholm group of 5 — when .# is the ideal of Hilbert—Schmidt
operators and when .7 is the ideal of trace class operators By (). The classical work here is [10].
There is a natural action of GI(#, #) on 4 (115, defined analogously to / in (4.1):

1:GIH, J) x Ay —> Ay, 1o(1+X) = g(1 + X)g*. (6.1
This action is clearly differentiable and transitive, sinceif 1 + X, 1+ Y € 4 qlﬁ then
LA+X)=(047Y)
forr = (1+¥)2(1+ X)"2 € GI(H, 7).
If14+Ye A;}, we define the length of a tangent vector X € (TA(}&)HY by

_1 _1
I Xllg, 14y = 1A +Y)2XA+Y) " 2lg = l141y)-12(X) g
By Proposition 4.1 the Finsler norm is invariant for the action of GI(H#, #).
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6.2. Minimal curves

In this section, we study the existence of minimal curves for the Finsler metric just de-
fined. The expression “minimal” is understood in terms of the length functional (or more gen-
erally g-energy functional). We prove that the interpolating curve y,; joining a with b is
the minimun of the g-energy functional for ¢ > 1. We observe that this curve looks formally
equal to the geodesic between positive definitive matrices (regarded as a symmetric space, see

[17]).
For a piecewise differentiable curve a: [0, 1] — 4 (}), one computes the length of the curve o
by

1
Lo(e) = /0 6t e .

Proposition 6.4. Given a, b in Aé, the curve y, p has length || log(a_%ba_%) llg-

Proof. Since the group GI(H, #) acts isometrically and transitively on A(]p, it suffices to prove
the theorem for a = 1. Then

171,60,y = 11080 |y 1 = 1b"* log(b)b™"*||y = || log(®) 4,

because log(b) and b’ conmute for every r € R. [

Definition 6.5. Leta, b € 4 (}) ‘We denote
Qqp ={a:[0,1] — Aé):a isa @' curve, a(0) =a and (1) = b}.

As in classical differential geometry, we consider the geodesic distance between a and b (in
the Finsler metric) defined by

dg(a, b) = inf(Ly(a):a € Qqp).

The next step consists of showing that y, , are short curves, i.e. if § € €, ; then
Ly (Ya,p) < Ly(5)
and hence
dp(a, b) = | log(a™Tba™?)ly.

The proof of this fact requires some preliminaries.
We begin with the following inequalities :

Lemma 6.6 [11]. Let A, B, X be Hilbert space operators with A, B > 0. For any unitarily
invariant norm ||| - ||| we have

1
_ 1
IAY2x B3| < |||/ A'XB'™ dt)|| < SI1AX + XBIll. (6.2)
0

The proof of the next inequality, called by Bhatia (in the context of matrices) the exponential
metric increasing property, is based on a similar argument used in [3].
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Proposition 6.7. Forall X,Y € #%
_X _X
1Yllg < lle”2dexpx(Y)e™ 2 |4,

where dexpy denotes the differential of the exponential map at X.
Proof. The proof is based on the inequality (6.2) and the well-known formula below:
1
dexpx(Y) = f e Xyell=DX g,
0

Let X,Y € #%. Write Y = e (e_g Ye_%)e%. Then using the inequalities (6.2) we obtain

U, %o X _px “x [N xydenx g, X
1Yl < e 2Ye 2)e dt|| =|e 2 e Ye dre™ 2
0 0

¢ ¢

_X _x
= lle” 2dexpx(Y)e 2 |l

This proves the proposition. [
We are now ready to prove the main result in this section.

Theorem 6.8. Leta,b € A é,, then y, p is the shortest curve joining them. So

dy(a.b) = | log(a™2ba™ ).

Proof. Since the group GI(H, #) acts isometrically and transitively on 4 ;5, it is sufficient to
prove the statement for @ = 1. Then

yip =b' = el and  Ly(y1,p) = [ log®)llg-

Lety € Q1,p; so write y(t) = e*") we get
1G] o)

2 dexpy(y(a(t))e” 2

al(t)
2

Iy @72 @y 3= e (e20) e

Z lla®lg-

=| |
¢

¢

Finally

1 1 1
L¢(V)=/O IIJP(I)I|¢,y(z)dl=/O II)/(l)fé)?(l)J/(t)f%lwdt2/0 llae ()]l pdt

1
/ a(t)dt
0

Remark 6.9. The geometrical result described above can be translated to the language of the
operator entropy

S(alb) = a'*log(a™"?ba="*)a'/?
with a, b € GI(A#)™ defined by Fujii and Kamei [8]. Then
dy(a,b) = |S(alb)llg.qa

> = la@®lplly = la(1) —a©llp = [log®)lly. O

¢

1
fora, b e A¢.
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Corollary 6.10. Leta,b € 4 ;) be commuting operators. Then the exponential function maps the
line segment determined by log(a) andlog(b) in ¢ isometrically to the geodesic y, p. In particular,
[ log(a) —log(b)llg = dy(a, b).

In particular for all real numbers ¢, s and for all X € ¢
11X — sX|lp = dgp (e, e*%).

Thus the exponential map is distance-preserving on all rays through the origin in ¢.

Proposition 6.11. Givena, b € AL, g € GI(H, ) we get
(1) dy(a, b) =dg(a=t,b71).
(2) Forallt e R
d¢(av )/a,b) = |t| d(,b(a’ b)
(3) Invariance under the action by GI(H, ¢)
dy(a,b) = dy(gag™, gbg™).
Proof. (1) It is easy to see that S(alb) = —a% log (a%b’]a%>a%, as a consequence from
log(1/t) = —log(¢). Then
dg(a, b) = |[log(a~2ba™2)|ly = lla~2 S(alb)a 2 |y
=| - a_%a% log (a%b_la%> a_%a% llp
111 -1 -1
— || - log (a2b a2) lg = dp(a™", b7h).
(2) It is obvious that S(a|y, »(t)) = tS(al|b), then

1 _1 _1 _1
dy(a, yap) = la 2S(alyap(®)a 2 llg = lt[lla"2S(alb)a2 |y = |t|dy(a, b).
(3) Note that if y, j is the geodesic joining a with b, then

I87a.6(®)8" p,g70p0e* = 1Vap Ol ey O

Definition 6.12. For a,b € 4 ;5, we call the midpoint of a and b, and we denote by m(a, b)
(following the notation used in [13]) to

m(a, b):=yap(1/2).
By Proposition 6.11 and the last definition we have that:

(1) m(a, b) = ya.6(1/2) = yp,a(1/2) = m(b, a).
(2) dg(a, m(a, b)) = 3dg(a, b) = 3dy(b, a) = dy(b, m(b, a)).

Definition 6.13. For every g € R — {0} we define the g-energy functional

1
By Qup— B Eyar= [ 16015 0
0
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Remark 6.14. (1) For ¢ = 1 we obtain the length functional, and for ¢ = 2 we obtain the energy
functional.
(2) For any curve a such that [|&(#)|l¢,«(r) is constant we have

E, (@) = (Lg(@)? = (E(@))?.

In Theorem 6.8, we proved that the curve between a and b minimizes the length functional.
This fact is valid also for the g-energy functional (associated with €, ;) for g € (1, 00).

Proposition 6.15. Leta, b € Aé andq € [1, 00). Then the q-energy functional achieves its global
minimun dg (a, b) precisely at y, .

Proof. Now, let o € €, 5 and g € (1, 0o) then by Holder’s inequality
q

1 1
(Lp(e)? = / le@llgamdt | < f &g ) dt = Eq(@).
0 0 ’

On the other hand, (Ly(Ya,5))? = E4(Va,p). This implies that
Eq(Vap) = (Lo (Vap))? < (Lp(@)? < Eg(a). O
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