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THE LOCAL FORM OF DOUBLY STOCHASTIC MAPS AND JOINT
MAJORIZATION IN II; FACTORS

MARTIN ARGERAMI AND PEDRO MASSEY

Dedicated to our families

ABSTRACT. We find a description of the restriction of doubly stochastic maps to separable
abelian C*-subalgebras of a II; factor M. We use this local form of doubly stochastic maps to
develop a notion of joint majorization between n-tuples of mutually commuting self-adjoint
operators that extends those of Kamei (for single self-adjoint operators) and Hiai (for single
normal operators) in the II; factor case. Several characterizations of this joint majorization
are obtained. As a byproduct we prove that any separable abelian C*-subalgebra of M can
be embedded into a separable abelian C*-subalgebra of M with diffuse spectral measure.

1. INTRODUCTION

Majorization between self-adjoint operators in finite factors was introduced by Kamei [I§]
as an extension of Ando’s definition of majorization between self-adjoint matrices [, a useful
tool in matrix theory. Later on, Hiai considered majorization in semifinite factors between self-
adjoint and normal operators [I2, [T3]. The reason why majorization has attracted the attention
of many researchers (see the discussion in [I3] and the references therein) is that it provides
a rather subtle way to compare operators and occurs naturally in many contexts (for example
|5, [0, [T1]). Recently, majorization has regained interest because of its relation with norm-closed
unitary orbits of self-adjoint operators and conditional expectations onto abelian subalgebras
B, 6, ], [T, 15, [16, 20, 22]. One of the goals of this paper (section H) is to obtain an extension
of the notion of majorization between normal operators to that of joint majorization between
n-tuples of commuting self-adjoint operators in a II; factor (such extension is achieved in [IY]
for finite dimensional factors). In order to obtain characterizations of this extended notion we
describe the local form of a doubly stochastic map (DS), i.e. we get a family of particularly
well behaved DS maps that approximate the restriction of any DS map to separable abelian
C*-subalgebras of a II; factor (section Bl). As a byproduct, we construct separable abelian
diffuse refinements of separable abelian C*-subalgebras of a II; factor M. This construction
seems to have interest on its own. Some of the techniques we use seem to be new, even in the
single element case.

So far we have restricted our attention to the II; factor case because, on one hand, technical
aspects of the work become simpler and on the other hand, this is the context where majorization
has its full meaning. Since every finite von Neumann algebra acting on a separable Hilbert space
has a direct integral decomposition in terms of finite factors, the study of II; factors provides
useful information about more general algebras.

The paper is organized as follows. In section B] we recall some facts about abelian C*-
subalgebras of a II; factor. In section Bl after describing some technical results, we obtain a
description of the local structure of doubly stochastic maps. In section Hl we introduce and
develop the notion of joint majorization between finite abelian families of self-adjoint operators
in a I1; factor and we obtain several characterizations of this relation. Finally, in section B we

prove the results described in section
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2. PRELIMINARIES

Throughout the paper M will be a II; factor with normalized faithful normal trace 7. The
C*-subalgebras of M are always assumed unital. The subspace of self-adjoint elements of M
will be denoted by My,, and we will consider abelian families (a1, ..., a,) = (a;)7; in Mgq,
that is finite families of mutually commuting self-adjoint operators in M. If (a;)?; C M, is
an abelian family then C*(ay,...,ay) denotes the (unital) separable abelian C*-subalgebra of
M generated by the elements of the family. If A is an arbitrary abelian C*-subalgebra of M
then T'(A) denotes its space of characters, i.e. the set of *~homomorphisms 7 : A — C, endowed
with the weak*-topology. The set I'(A) is a compact space and A ~ C(I'(A)), where C(I'(A))
denotes the C*-algebra of continuous functions on I'(A).

2.1. Joint spectral measures and joint spectral distributions. As we will consider a
several-variable version of functional calculus, we state a few facts about it (see [23] for a different
description). Let @ = (a;)]; be an abelian family in My,. If A = C*(a1,...,a,), then I'(A)
can be embedded in []}, o(a;) € R™. In fact, the map ® : I'(A) — []", o(a;) C R™ given
by ®(v) = (v(a1),...,7v(ayn)) is a continuous injection and therefore I'(A) is homeomorphic
to its image under this map; this image is called the joint spectrum of the family and we
denote it by o(a) C []\, o(a;). Note that A ~ C(c(a)) as C*-algebras. If f € C(o(a)), there
exists a normal operator, denoted f(ay,...,a,), that corresponds to f under the isomorphism
A ~ C(c(a)). This association extends the usual one variable functional calculus.

If A C M is a separable C*-subalgebra then I'(A) is metrizable and the representation
C(T(A)) ~ A C M induces a spectral measure E 4 [0, IX.1.14] that takes values on the lattice
P (M) of projections of M. Let u4 be the (scalar) regular Borel measure on I'(A) defined by

pa(A) = 7(Ea(A)).
The regularity of 4 follows from the fact that every open set is o-compact [21), 2.18]. The map
A:L*(T(A), pa) = M given by A(h) = fF(A) hdE 4 is a normal *-monomorphism (note that

in this case the weak* topology of L>°(T'(A), pt.4), restricted to the unit ball, is metrizable) and
we have

1) PAW) = [ B, e LA )
I'(A)
We consider the von Neumann algebra L>(A) := A(L>(T'(A), pa)) € M.
When A = C*(ay,...,ay), Ez ;== E4 and ug := p4 are the joint spectral measure and

joint spectral distribution of the abelian family @ and we denote by A : L (T'(a), ua) —
L*>°(A) the normal isomorphism defined above. It is straightforward to verify that Az (m;) = a;,
1 < i < n, and we write h(ai,...,a,) := Az(h). In the case of a single self-adjoint operator
a € Mg, the measure p, is the usual spectral distribution of a (see [8]), and it agrees with the
Brown measure of a.

In the particular case when = € M is a normal operator, the real and imaginary parts of x
are mutually commuting self-adjoint elements of M. Identifying the complex plane with R? in
the usual way, it is easy to see that the spectrum of = as a normal operator coincides with the
joint spectrum of the abelian pair (Re(x),Im(z)), and that the spectral measure of 2 coincides
with the joint spectral measure of (Re(x), Im(x)).

2.2. Comparison of measures and diffuse measures. We denote by M7 (R") the set of all
regular finite positive Borel measures v on R™ with [ [|¢[| dv(¢) < co. We write v(f) = [ f dv,
for every v € My (R™) and every v-integrable function f. In what follows, 1 denotes the constant
function and m; : R” — R denotes the projection onto the i* coordinate.

Definition 2.1. We say that p is majorized by v, and we write p < v, if for every pi, ..., thm
MY (R™) with Y 0% p; = p there exist vy, ... vy € MY (R™) such that Y ;v v; = v, v;(1)
wi(1) and vi(mj) = pi(my) for 1 <i<m, 1 <j<n.

S
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The relation < in Definition Bl does not seem to be called “majorization” in the literature,
but it will be a suitable name for us in the light of Theorem If p, v € M7(R™) we shall
write v ~ g whenever v(1) = (1) and v(7;) = p(w;) for every 1 < j <n.

Theorem 2.2. [3, 1.3.2] Let u, v € MY (R™). Then p < v if and only if p(f) < v(f) for every
continuous convex function f:R"™ — R.

The next corollary is a direct consequence of Theorem and the identity in equation ().

Corollary 2.3. Let a = (a;)"_1, b = (b)), C My, be two abelian families. Then ua < g if
and only if T(f(a1,...,an)) < 7(f(b1,...,byn)) for every continuous convex function f : R" —
R.

We end this section with the following elementary fact about diffuse (scalar) measures, i.e.
measures without atoms (recall that z is an atom of a measure p if u({z}) > 0).

Lemma 2.4. Let K C R" be compact and let n be a regular diffuse Borel probability measure
on K. Then for every a € (0,1) there exists a measurable set S C K such that u(S) = a.

3. THE LOCAL FORM OF DOUBLY STOCHASTIC MAPS

A linear map ® : M — M is said to be doubly stochastic [I2] if it is unital, positive,
and trace preserving. We denote the set of all doubly stochastic maps on M by DS(M).
Doubly stochastic maps play an important role in the theory of majorization between self-
adjoint operators (see for instance [1l, 2 [[2, [[3]); thus, the study of their structure appears as
a natural topic here.

In what follows we introduce some terminology, we state Theorem Bl Proposition B2 and
Lemma BH and then we use them to prove Theorem Bl The proofs of these results will be
presented at the end of the paper, in section Although technical, they seem to have some
interest on their own.

Let A C M be an abelian C*-subalgebra, and let £ 4 and p4 denote the spectral measure and
the spectral distribution of A as defined in section 2l If = € T'(A) is such that E4({z}) # 0, we
say that z is an atom for E 4. The set of atoms of E 4 is denoted At(F 4). Since u4 = 7o E 4, the
faithfulness of the trace implies that At(u4) =At(E4). We say that A is diffuse if At(E4) = 0.
The following theorem states that spectral measures of a separable A can be refined in a coherent
way.

Theorem 3.1. Let A C M be a separable abelian C*-subalgebra. Then there exists a € Mg,
such that C*(A, a) is abelian and diffuse.

Since the atoms of E 4 are in correspondence with the set of minimal projections of L>°(.A),
Theorem Bl provides a way to embed A into a separable C*-subalgebra A = C*(A4,a) such

that L>°(.A) has no minimal projections (see Remark B3 for further discussion).

Proposition 3.2. Let B C M be a separable, diffuse, and abelian C*-subalgebra. Then there
exists an unbounded set Ml C N such that for every m € M there exist k = k(m) partitions of
the unity {qf’m m,CBNM, 1<t <k, wih T(qf’m) =1/m (1 <i<m, 1<t<k), and
such that for each b € B, if we let B0 = mr(bgl™), then

k m
> <Z g qf””>

t=1 \i=1

(2) lim

m—r o0

|_0.

Remark 3.3. For fixed m and partitions of the unity {q/}™, 1 <t <k, the linear map

k m
o 13 (35 et o
t=1 =1
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is a contraction with respect to the operator norm.

We denote by D(M) the convex semigroup D(M) = conv{Adu : v € U(M)}.

Lemma 3.4. Let {p;}!", {¢:}7~; € M be partitions of the unity such that T(p;) = 7(¢;) = =+,

and let T € DS(M). Then there exists p € D(M) such that if f1,...,0m € R and o; =
m Y00 BiT(T(g5) pi) for 1 < i <'m, we have

(3) > aipi=p (Z bi qz-) :
i=1 1=1

Proof. Let 7; ; = m7(T(g;) pi) > 0; it is then straightforward to verify that (v; ;) € R™*™ is
a doubly stochastic matrix and, moreover, that o; = ZT:I vi,; Bj for every i = 1,...,m. By
Birkhofl’s theorem the doubly stochastic matrix (v; ;) can be written as a convex combination
of permutation matrices, i.e. (vij) = > ,cs 7o P, Where 7, >0, > g 1, =1 and Py is the
m X m permutation matrix induced by o € S,,,. Then we have

m
(4) ai:Z%,jﬁj: Z No Boiy 1<i<m.

Jj=1 TESH
The fact that M is a II; factor and that the elements of the partitions {p;}:, {¢:}; have the
same trace guarantees the existence of unitaries u, such that uy g, (ue)* = pi, 1 < i < m,
for every o € Sy,. Indeed, if o € Sy, the equalities, 7(g,(;)) = 7(p;) imply that there exist
partial isometries v;, € M such that v;,v7, = p; and v; ,vis = qo@;) for @ = 1,...,m.
Then u, = >, v, € M are the required unitaries. Using equation (@), and letting p(-) =
ZUESm Mo Uo ( ) u:'7

Z%‘pi = Z ( Z No ﬂa—(i)) pbi = Z No <Z ﬁa(i) Us 4o (1) ui)
i=1

i=1 \o€S,, 08,  \i=1
m m

= D ot <Zﬁiqz‘> Uy = p <Zﬁiqi> .0
oE€8m i=1 i=1

Lemma 3.5. Let B C M be a separable C*-subalgebra, and let {p;}, C B'NM be a partition
of the unity. Then there exists a sequence {p;}ien C D(M) such that for every b € B, if we let

Bi(b) =1(bp;)/7(p:), then

=0.

lim
Jj—o0

pi(b) = i)

Theorem 3.6. Let A, B C M be separable abelian C*-subalgebras and let T € DS(M). Let
S be the operator subsystem of B given by S = T—1(A) N B. Then there erists a sequence
(pr)ren C D(M) such that lim, o || T(0) — pr(b)|| = 0 for every b € S.

Proof. First, note that we just have to prove the theorem for separable diffuse abelian C*-
subalgebras of M; indeed, assume it holds for such algebras and let A, B C M be arbitrary
separable abelian C*-subalgebras. Then, by Theorem Bl there exist separable diffuse abelian
subalgebras A and B of M such that A C A and B C B. Thus we get a sequence {p;}reny €D
such that lim, o, || T(b) — pp(b)|| = 0, for every b € T~ (A)NB C T~'(A) N B. So we assume
that A and B are diffuse.

By Proposition B2 there exists an unbounded set M C N and, for each m € M, k(m)

partitions of the unity {¢”™}7, € B’N M and {p?™}72, € A’ N M (in order to simplify

1= 1=
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the notation we avoid the supra-index m and write qzj , pg ), 1 < j <k, such that for every
beT(A) "t NB and every r € N, there exists mg(r,b) € M such that if m > mg we have

j=1 \i=1
and
1 k m
© o) 33 (Soint) | <
j=1 \i=1

where 8/ = m71(bq)), ol = m7(T(b)pl), 7(p!) = 7(¢)) = 1/m, (from the construction of such

partitions it is evident that we can assume that both have the same unbounded set M and the
same k(m) for every m € M). Fix b € B. Since ||T|| = 1, it follows from equation (@) that

7) HOBESY (Z 8 T<qz-‘>> <o

Applying to [@) the fact that the linear map in Remark is linear and contractive (with {pi b
as the partitions of the unity), we get

kK m k m
® PHILEES ] bopatil)]
j=1i=1 = t=1 i=1

where o' = m Y7, 8] 7(T(g])p}), and o) as defined above. By Lemma B there exists
Py € D(M) such that

o Sattet =g (St ). 1<iasn
=1
Using @), @), and @) we get

(10) T(b)—%zzp}’ﬁ <Zﬁzjq{> S%

By Lemma B there exist sequences (7, )neny € D(M), 1 < j < k, independent of b, such that
for every r € N there exists ng = no(r,b) such that if n > ng then

ZBZ q — pn(

From (M) and (), together with the fact that each p € D(M) is contractive we get, for every
n 2 no (Tv b)

LA
(12) T2 Zngnt(ﬁj

Consider a dense countable subset {b1, ba, ...} of B. Now define n(r), m(r) as n(r) = max{ng(r,b1),...,no(r,b.)}
and m(r) = max{mq(r,b1),...,mo(r,b,)} and let p, := 7 Z;C:l Zle p;lgr) o ﬁi(r) € D(M),
where k = k(m(r)). Then, from the previous calculations, we see that || T(b;) — pr(b;)|| < 3/r
whenever 1 < j <r. Let b € B, and ¢ > 0. Then there exists [ € N such that [|b — b;|| < €¢/3. If
r > max{l,9/e}, then ||T(b;)) — p,(b)| < €/3, and so || T'(b) — p-(b)|| < e. O

1
<=
r

(11)

, 1<j<k

S |lw
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Corollary 3.7. Let T € DS(M) and let (a;)y, (b:))7y C Mg, be abelian families such that
T(b;) = a; for 1 < i < n. Then there exists a sequence (p,)ren C D such that for 1 < i <n
lim, o0 [la; — pr(b;)]] = 0.

Proof. Consider A = C*(aq,...,a,) and B = C*(by,...,by,), which are separable abelian C*-
subalgebras of M. Applying Theorem B to this algebras we get a sequence (p,)ren C D such
that lim, . | T(b) — p,-(b)|| = 0 for every b € T~1(.A) N B. By our choice, b; € T~'(A) N B and
s0 [|T'(b:) = pr(b)l = llas = pr (b3)]| = 0. 0

4. DOUBLY STOCHASTIC KERNELS AND JOINT MAJORIZATION

We begin by introducing doubly stochastic kernels, which are a natural generalization of
doubly stochastic matrices. We shall use them to define joint majorization in analogy with [T9].

Definition 4.1. Let (X, pux), (Y,puy) be two probability spaces. A positive unital linear map
v: L®(Y,py) = L®(X, px) is said to be a doubly stochastic kernel if [, v(1a)dux =
wuy (A), for every py-measurable set A CY.

Doubly stochastic kernels between probability spaces are norm continuous and normal.

Example 4.2. Let X and Y be compact spaces and let ux and py be regular Borel prob-
ability measures in X and Y respectively. Consider D € L'(ux X py) and let v(f)(z) =
Jy D(x,y) f(y) dpy (y). Then v : L°(X, ux) = L°(Y, py) is a doubly stochastic kernel if and
only if D(z,y) > 0 (1x x py)-ace. and [y D(w,y)dux (z) = 1 py-ae, fy D(z,y) diay (y) = 1
px-a.e. In particular, if ux = py is a measure with finite support {z;}7, and such that
px({z;}) = L for 1 < i < m then D is a doubly stochastic kernel if and only if the matrix
(D(x;,25)):,; is an m x m doubly stochastic matrix.

Proposition 4.3. Let a = (a;)]4, b= (i) C My, be abelian families. Then the following
statements are equivalent:

(1) There exists T € DS(M) such that T'(b;) = a;, 1 <i <n.

(2) There exists a doubly stochastic kernel v : L>®(o(b),uz) — L°°(0(a), pa) such that
v(m) =m, 1 <i<n.

Proof. Assume that T'(b;) = a;, 1 <1i <n, with T € DS(M). Let A = C*(aq,...,a,), B =
C*(b1,...,bn). As M is a finite von Neumann algebra, there exists a conditional expectation
Pa: M — L®(A) that commutes with 7. Then v = A;' o P4 o T o A is the desired
doubly stochastic kernel. Conversely, let us assume the existence of v as in 2. Let Py :
M — L*(B) be the conditional expectation onto L (B) that commutes with 7. Then define
T =A;0 VOAE_I oPg € DS(M). Clearly T(b;) = a;, 1 <1 < n. O

Definition 4.4. Let a = (a;)j,, b= (b)), be two abelian families in Msa. We say that
a is jointly majorized by b (and we write a < b) if there exists a doubly stochastic kernel

v:L®(a(b), uz) = L>®(0(a), ua) such that v(m;) =m;, 1 <i<mn.
If (x1,...,2,) is a finite family in M, let Upnq(z1, ..., x,) denote the joint unitary orbit
of the family with respect to the unitary group Unq of M, i.e.
Um (1, yxn) = {(W 21U, ..., u zpu) « uw € Up}
We shall also consider the convex hull of the unitary orbit of a family (z;),,
conv(Up(xi)izy) = {(p(x:))iZ1, p € D}

We denote by conv(Upq (i)™ ), conv® (Unq(z;)™ 1) and conv' (U (x;)™ ;) the respective clo-
sures in the coordinate-wise norm topology, coordinate-wise weak operator topology, and coordinate-
wise L' topology.
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Theorem 4.5. Let a = (a;)71, b = (b)), be abelian families in Mg,. Then the following
statements are equivalent:

(1) EL is jointly majorized by b.

Ha = Hp-

There exists a completely positive map T € DS(M) such that a; = T(b;), 1 <1i < mn.
There exists T € DS(M) such that a; = T'(b;), 1 < i <mn.

(8) 7(f(a1,...,an)) < 7(f(b1,...,by)) for every continuous convex function f :R™ — R.

Remark 4.6. Let € M be a normal operator. Recall (see the last paragraph of section EII)
that there is a natural way to identify the usual spectral measure of x with that of the abelian
pair (Re(z),Im(zx)). If T' € DS(M), then since T is positive T'(z) = y if and only if T'(Re(z)) =
Re(y) and T(Im(z)) = Im(y). From these facts and Theorem B we see that if z, y € M are
normal operators then & < y in the sense of [T3] if and only if (Re(z),Im(x)) < (Re(y), Im(y))
in the sense of Definition B4

Let Pnr denote the trace preserving conditional expectation onto the abelian von Neumann
subalgebra N' C M. Using Theorem EEH we can then obtain a generalization of Theorem 7.2 in

5.

Corollary 4.7. Let N C M be an abelian von Neumann subalgebra and let (b;)7_; C Mg, b
an abelian family. Then (Par(b;))Py < (b)) .

In the remainder of the section we prove the implications needed to prove Theorem EERl The
single variable case of the following lemma can be found in [13].

Lemma 4.8. Let a = (a;)7_;, b = (b))~; C My, be abelian families. If a € conv “(Unq (b))
then there exists a completely positive T € DS(M) such that a; = T'(b;), 1 <i <n.

Proof. Let {(b),...,b})}jcs C conv(Up(b1,...,by)) such that b’ &kl% a;, 1 <4 <n. Then

rvn

there exists a sequence (p;)jes C D such that (b],...,07) = (p; (bl), .y pi(by)), for every
j € J. Note that p; is a completely positive doubly stochastic map and the net {p;};es is
norm bounded. Therefore this net has an accumulation point in the BW topology [{], i.e. there

exists a subnet (which we still call {p;};cs) and a completely positive map T : M — M such

that p;(z) m T(z) if x € M. By normality of the trace, T is trace preserving, positive and

unital. Since pj(bi) = bj m a;, we have T'(b;) = a;, 1 <1i < n. O

Lemma 4.9. Let a = (a;)]4, b= (b)), C M, be abelian families. If @ < b, then pa < .

Proof. By hypothesis, @ < b; that is, there exists a doubly stochastic kernel v : L>(a(b), u) —
L>=(o(a), pa) such that v(m;) = m, 1 <i < n. Let v1,...,vp € MY (R") with 3770, v = pg.
Define measures v’ by vi(A) = vj(v(1a)). By continuity of v, vi(f) = v;(v(f)) for every
f e L>(a(b),np). Sovi(m) = vj(v(m)) = vi(m), 1 <i<nand1<j<m, and similarly
vj(1) = v5(1), so that v; ~ v/, for 1 < j < m. Finally, E;n:lV;-(A) = E;nzl vi(v(1a)) =
a(v(1a)) = pz(A). Therefore ZJ: % = pp. We conclude that piz < pp. O

Lemma 4.10. Let a = (a;),, b= (b;))'_; C My, be abelian families. If g < iz, then there
exists T € DS(M) such that T'(b;) = a;, 1 <i<n.
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Proof. By compactness, we can consider partitions {A;};n:(;) of o(a) with diam(A%) < 1/r
for every 1 < 57 < m. Fix points z7,.. .,:zrfn(r) with 2z € A’ and define measures pj by
15 () = pa(- NAY). Then clearly > u% = pa. As pg < pg by hypothesis, there exist measures
vi with v ~ p% and ) ; Vi = pp- Let g7 be the Radon-Nikodym derivatives g7 = dv /dug.

Note that >, g7 =1 (u; — a.e.). Define a function D, : o(a) x o(b) = R by

m(r)
B g5 (t) )
Drisst) = ]Zzl Raap) 1250)

We will use the kernels D, to approximate 7. Let us define v, : L= (o (b), ) — L™= (0 (a), ia)
by

n ) = | 5 WO Do) e,

The map v, can be seen to be doubly stochastic using the equivalence u ~ v;. By Proposition
[3 there is an associated sequence {1}, C DS(M) such that T,.( f (@) Vr(mi) dEs €

LOO(A), 1 < i < n. The bounded net {7,},en has a subnet {Tk}keK that converges to
a cluster point ' € DS(M) in the BW topology. Since this subnet is bounded, T'(b;) =
w-limge g T (b;) € L>°(A). We claim that T(b;) = a;, 1 < i < n. To see this, since the net
{T(bi) } ek is bounded, we just have to prove that

liinT(ka(bi)) =7(xa;), 1<i<n, VxeA

Equivalently, we have to show that for every continuous function f € C(o(a)) and every i =

1,...,n,
i [ 16 (/ Dkstm()dub()dua / £() mi(s) dpsa(s).

This can be seen by a standard approximation argument, using the uniform continuity of f,

the fact that the diameters of A} tend to 0 as r increases, and the equivalence uj ~ v7y. O

Proof of Theorem Proposition shows the equivalence [@)< () and Corollary B is
[@=®). The implication @)= @)= is trivial. Lemma shows that @)= (@), and it is
clear that @)= (). Lemmas EE9 EET0 and Proposition prove the equivalence ([H)< ). So
we have that [I)-[@) are equivalent. Finally, Corollary 23 shows that )< &). O

5. JOINT UNITARY ORBITS OF ABELIAN FAMILIES IN Mg,

Given families @ = (a;);, b = (b;)7_; C M, we say that @ and b are jointly approximately

unitarily equivalent in M if a € Unq(b), that is if there exists a sequence of unitary operators
(un)nen € M such that lim,,_, o ||unbiul — a;]| = 0 for every i = 1...,n. It is clear that this is
an equivalence relation. Moreover, if @ and b are jointly approximately unitarily equivalent in
M then @ is an abelian family if and only if b is. In [8] a characterization of this equivalence
relation between selfadjoint operators is obtained, in terms of the spectral distributions. The
following results exhibits a list of characterizations of this relation for abelian families in Mg,.

Theorem 5.1. Let a = (a;)-, and b= (b;)_; C My, be abelian families. Then the following
statements are equivalent:

(1) @ and b are jointly approzimately unitary equivalent in M.
a<bandb<a

a1y ..y an)) = 7(f(b1,...,by)) for every continuous convex function f : R™ — R.
a1, ... an)) = 7(f(b1,...,by)) for every continuous function f:R™ — R.
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Proof. By Theorem L we have [[)=®) and @)< @). Moreover, @) is equivalent to pz(f) =
uz(f) for every convex function f. Then ua(f) = pgz(f) for every continuous function f [3|
Proposition 1.1.1], and this in turn implies that pz = pz. Therefore, @)=E)=@). Again,
by Theorem EEH @)= @) and so @)-@) are equivalent. Finally, we prove that @)=-). If we
assume that iz = i then, o(a) = supp g = supp u; = o(b) and for every Borel set A in o(a)
we have

(13) T(Ea(A)) = pa(la) = pp(1a) = T(ER(A)).
Let € > 0. By compactness, choose By, ..., By, to be a finite disjoint covering of o(a) = o(b)

such that there are points z; € B; with the property that |m;(\) — m(x;)| < €/2 for every
A€ B, 1<1<n,1<j<m. Then we get, using the Spectral Theorem,

i € i €
— > miz)Ba(By) || < 30 || b = mila;)Ey(B;) || < 5
=1 =1

fori=1,...,n. From equation ([3) we get that 7(E5(B,)) = 7(E;(By)) for every j =1,...,m.
As in the proof of Lemma B4 we get a unitary w. € U(M) such that w}Ep(B;j)w. = E (B )
for every j. Then

Zm (x;)E3(B Zm (x;)E.

Finally, for every i we have

wibjwe —a;|| < [|wi | b; — Z']Ti(fl]j)EE(Bj) We —i—% <e. O

Corollary 5.2. Let © be an automorphism of M. Then O| 4 is approximately inner for each
separable abelian C* subalgebra A C M.

Proof. The uniqueness of the trace guarantees that © is trace-preserving. Being multiplicative,
the range of an abelian set will be again abelian. So © is a DS map that takes an abelian
family in M into another. Consider a countable dense subset {a;} of A, and use Theorem Bl
to obtain unitaries w,, for each finite subset {a1,...,a,}. An /3 argument shows then that the
sequence {Ad u, } approximates © in all of A. O

Given = = (z;)].; € M we denote by U (56)5 the closure in the coordinate-wise strong
operator topology. An immediate consequence of Theorem Bl is that the norm closure of the
unitary orbit of a selfadjoint abelian family in a II; factor is strongly closed. This generalizes
B, Theorem 5.4] and [22, Theorem 8.12(1)]:

Corollary 5.3. Let a = (a;)!; C Mg, be an abelian family. Then Upq(a )" | =Um(a) .

Proof. Let b = (b;)"_, € Unm (&)S. There exists a net (b7,...,b));e; C Up(@) such that b/
converges strongly to b; for each ¢ =1,...,n. Let f: R®™ — R be a continuous function. Then
T(f(bl,...,03)) = 7(f(a1,...,an)) for every j. Using 3, Lemma I1.4.3] we conclude that
7(f(b1,...,bn)) = 7(f(a1,...,a,)). So (5) of Theorem Bl implies that b € Unq(a). The other

inclusion is trivial. O

6. SOME TECHNICAL RESULTS

In this section we prove the results presented at the beginning of section Bl First, we show
that any separable abelian C*-subalgebra of M can be embedded into a separable diffuse
abelian C*-subalgebra. Then, we prove some approximation results that hold for separable
diffuse abelian C* subalgebras of M.
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6.1. Refinements of spectral measures. We begin by recalling some elementary facts about
inclusions of abelian C* algebras. If A C B are unital C*-algebras, then the function ® : I'(B) —
I'(A) given by ®(y) = 7|4 is a continuous surjection onto I'(A). If we assume further that
A C B C M are separable and that F 4, Ez denote their spectral measures, then E4 = Ego® !
and g = pgo®!

Note that At(ua) =At(E4) where At(E 4) is the set of atoms of the spectral measure E 4
(see the beginning of section B). Let >, 1y (p,)#a({z}) be the total atomic mass of E4.
Since 4 is finite, the total atomic mass is bounded and thus, the set of atoms is countable set.

Lemma 6.1. With the notation above, if x € Al(Eg) then ®(x) € AH(E ), and the total atomic
mass of B is smaller that the total atomic mass of A.

Proof. Let * € At(Eg) and note that 0 # us({z}) < ps(@H(@®({z}))) = pa(®({z})), so
O(x) € At(E4) = At(pa). We consider the equivalence relation in At(Eg) induced by @, i.e.
x o~y if Ox) = O(y). If Q € Q := At(Ep)/ ~ is such that ®(x) = zg for every z € Q,
then using that @ is countable we get >° o us({z}) = us(Q) < us(@1({zo})) = pa{zq}).

Therefore
S s =Y > ws({a}) <D paleg) < > pal{x}).

€At (ER) QeQ zeQ QeQ zEAL(E )
]

Proposition 6.2. With the notations above, let xg € T'(A) be an atom of E4 and let o, B € R
with 0 < o < 8. Then there exists a € A'N Msq with [a, 5] € o(a) C [a, 5] U{0}, Prry =
E4({x0}), and such that Eg has no atoms in the fibre ® 1 (xq), where B = C*(A,a) C M.

Proof. Let p = Ea({x0}) and consider a masa A C M such that p € A. Then pA is a masa
in the II; factor pMp, where the trace is 7, = % 7. It is well known that there exists a
countably generated, non-atomic von Neumann subalgebra B of pA such that there is a von
Neumann algebra isomorphism ® : L*°([0, 1], m) — B, with m the Lebesgue measure on [0, 1],
and with 7,(®(f)) = fol fdm. Put @ = ®(id); it is clear that a has no atoms in its spectrum
with the exception of 0, and that Ez({0}) =1 —p, o(a) = [0,1]. Let a = (8 — a)a + ap, so
[, B] C o(a) C [a, B]U{0}, Proy=pr= E4({zo}). As pis a minimal projection in L>®(A), we
have pb = pbp = \pp for every b € A and so ab = apb = \ypa = bpa = ba. Thus a € A’ N M.

Let B = C*(A,a) and let ® : I'(B) — I'(A), ¥ : T'(B) — I'(C*(a)) be the continuous
surjections induced by the inclusions A C B and C*(a) C B. Note that the restriction ¥|g-1
is injective. Indeed, let z, y € ®~1(x¢) be such that ¥(z) = ¥(y), i.e. the restriction of the
characters to C*(a) coincide. Since ®(z) = ®(y) (= xo), the characters also coincide on A and
therefore are equal as characters in B, since B is generated by A and C*(a).

On the other hand, if z € T'(B) is such that z(a) # 0, then ®(x) = (. Indeed, assume that
®(x) # xo. Let f € C(T'(A)) with f(®(x)) =0 and f(xo) = 1. So fo® > 1g-1(4,). But then

fo® dEg > / 1@—1(10) dEg = EB((I)_l(Io) = EA({CL'Q}) =p
(B) (B)

Note that if 0 € o(a) t hen it is an isolated point, so in any case we have p € C*(a) C B. Then
0= fo®(x) >x(p) >0,s0 xz(p) =0. Since 0 < a < Bp, x(a) =0 and the claim follows.

Now let 2 € @~ 1(z ) Ifz( ) # 0, from the first part of the proof we deduce that ¥—1(¥(z)) =
{z}. Therefore Eg({z}) = E,({¥(z})) = 0, since ¥(z)(a) # 0 and At(E,) C {0}. If z(a) = 0,

then
{=} P Hzo) \ {z € @ !(z0) : x(a) # 0}
= & '(20) \ ¥ ({z € T(C*(a) : x(a) #0})

and
Es(@ ' ({z € T(C*()) : a(a) #0})) = Eu({z € T(C*(a)) : a(a) #0})
= Ea({zo}) = Es(® ' (x0)).
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From this we conclude that Eg({z}) = 0. O

Proof of Theorem [Bl Recall that the set At(E4) of atoms of E4 is a (possibly infinite)
countable set. If At(E4) = 0 then E4 is already diffuse and we are done. Otherwise, let
us enumerate At(E4) = {z; : 1 < i < r}, where r € NU{oo}. For 1 < i < r, let [; =
[1+4 5,1+ 5-1<]. Then I; N Uicizjcr £ = 0 and U;_, Ii € [1,2]. For each i = 1,...,r there
exists, by PropositionB2 a; € A'NM, such that PR(M) E ({z:}), I C o(a;) € I;U{0}, and
such that E 4, has no atoms in the fibre ®; ! (z;), where ®; : T'(4;) — A denotes the continuous
surjection induced by the inclusion A C A; := C*(A,a;). Let a = Y.;_, a; € A’ N M, (this
sum converges because the ranges of the operators a; are orthogonal and ||a;|| < 2 for every 7).
Then B := C*(A,a) is an abelian subalgebra of M.

We claim that the spectral measure Eg of B has no atoms. Indeed, first note that 1;, €
C(Ui<j<rI;) is a continuous function (because the distance between the sets I; and U;.;I; is
positive); then, since 1y, (a) = a;, it follows that A; C B for every i = 1,...,r. Assume now that
x € At(T'(B)) and let @ : I'(B) — I'(A) be as before. By Lemma [6] there exists ¢ € {1,...,r}
such that ®(z) = z; € At(E4) . Since ® = ®; o U;, where ¥, : T'(B) — I'(A;) is the surjection
induced by the inclusion A; C B, we conclude that ¥;(x) € ®;*(z;) is an atom of the measure
E4,, again by Lemma Bl But this last assertion is a contradiction because by construction
there are no atoms in the fibre ®; ' (z;) by construction. O

Remark 6.3. Given an abelian C* subalgebra A C M, a direct way to find an abelian C*-
subalgebra A C A C M with diffuse spectral measure is to consider a masa in M that contains
A. The additional information we obtain from Theorem Blis that A can be chosen separable
(as a C*-algebra) whenever A is separable. When this is the case, the character space of Ais
metrizable, a fact that is crucial for our calculations.

6.2. Discrete approximations in separable diffuse abelian algebras. Given a compact
metric space it is always possible to find, using uniform continuity, discrete uniform approxima-
tions of continuous functions by linear combinations of characteristic functions of certain sets
{Q:},. But if we consider a measure on this space and we require equal measures for these
sets, there might not be any good uniform approximation based on characteristic functions
(even for measures of compact support in the real line). Proposition is an intermediate
solution to this problem. It was inspired by the proof of [I3, Lemma 4.1].

Proof of Proposition [Z4  The space I'(B) is a metrizable compact topological space, so we
consider a metric d in I'(B) inducing its topology. Let r € N; by compactness, there exists

a partition {Q;}™, of I'(B) with diamy(Q;) < 1 and EZ L 1s(Qi) = 1. Let m = m(r) be
such that 1/m < min{us(Q;)? : 1 < j < ko}. Then for 1 < j < ko there exists k; € N
such that MB(Q;) = kj/m+0; with 0 < ¢; < 1/m. If we let k = k(r) = mlnj{kj} then
E>max{us(Q;)t —1,1<j < ko}.

Fort =1,...,ko, choose k partitions {Q;S}];J:O of each Q; (1 <t < k), with ps( ~§-15) =1/m
if 1 <s <kjand pus(Q% ) = dj, in such a way that Q% C QJ 4y 2 <t < k. Note that we can
always make such a choice: using LemmaZZ choose Q¥ Q ¢ with u(Q% ) = d; < 1/m, and
then take a partition {Q }S L of Q; \Q o using again Lemma 241 (note that 15(Q; \Q 0) =
k;/m). By this choice, QjoﬂQtO =0 1ft7ét’

For each t = 1,. ,let Qb = UM, Q. Then pp(Qh,) = 1 — S ki/m = (m -
Zf“ L kj)/m. Finally, make partitions of each set QB o into ny =m — 3", k; subsets {QLm of
measure 1/m. By re-labeling the k partitions {Q] s U{Q!}s, we end up with & partitions
{Qb™ym, for 1 <t <k, such that:

L us(QY™) =1/m, for every i € {1,...,m}, t € {1,...,k};
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2. diamg(Q" m) <1/r,ifi>ny;
3.if1<4,i" <ng thenQ?mﬂQ?/’m:@ifi;ﬁi’ort;ét’.
Note that the construction of the k partitions {Qt "3}m . was done in such a way that the
subsets that do not have small diameters are disjoint, even for different partitions.
Let M = {m(r), 7 > 1} and for every m = m(r) € M let k(m) = k(r) as defined above and,
for i,t,m, let qf’m = EB(Q ™). The set M is unbounded because the measure up being diffuse
makes lim,_, o m(r) = 0o, and so lim,_, o, k(r) oco. Foreacht=1,...,k, {q mm. o cBNM

is a partition of the unity.
Let b€ B, e >0, and let f € C(I'(B)) be such that b = fF(B) f dEg. Then, by compactness,

there exists § > 0 such that if @ C I'(B) with diamg(Q) < 0 then diam(f(Q)) < e. Let r € N
be such that 1/r < § and 2||b||/k(r) < € let m = m(r) € M, and let 8™ = m7(bgl™) =
m fQ;,m f dug. Properties 1-3 translate then into

1. T(qf’m) =1/m, for every i € {1,...,m}, t € {1,...,k};
2. if i > ny, then |f(x) — BI™| <€ Vo € Q0™
3. if 1 <4,4’ <ny then ¢ J_qf,’m ifi#£i ort#t’.

Therefore we have

k. m k
1 t,m tm 1 t,m t m
b—— T = - b—
PRLE BN Il (ol
1 kK m
S D3 CELTY
t=1i=1" Q"
1 k ni
< |EXX [ - sy o
t=1i=1 7 Q"
k. nq
< |24 Uf” DD g +e= —2|Lb” +e< 2
t=1 i=1
where the first inequality is a consequence of 2’ and the last equality follows from 3’. |

Proof of LemmalZ2 Fix a norm dense subset B = (b;)jen € B. In the construction leading to
Dixmier’s Theorem, a previous result [I7, 8.3.4] asserts that for each j, there exists a sequence
{0} }nen € D(M) such that for every 1 < h < j, [p% (br) — 7(bn) I|| 2 0. For each j € N, let
no = no(j) € N be such that if n > ng then [[p (bh) —7bp)I|| < 1/j for 1 < h < j. If we let

pj = P, "00) for j € N, we get Ipj(br) — 7(bn) I|| 2 0 for every h € N. Since (bj)jen is norm
dense in B we have lim; ||p;(b) — 7(b) I|| = 0 for every b € B.

For every i = 1,...,m, consider the factor p; Mp; with (normalized) trace 7;(p;x) = 7(zp;)/7(p;) -
By the Dixmier approximation property mentioned in the first paragraph, applied to the sepa-
rable C*-subalgebra p; B of the finite factor p; Mp;, there exists a sequence {pz }jen € D(piMp;)
such that lim; o [|p%(pib) — 7i(pib)pi|| = 0, for every b € B.

For each p € D(p;Mp;), we can consider an extension p € D(M) as follows: if p(p;b) =
Sh—1 An unbuj, with un € U(p;Mp;), define p € D(M) by p(b) = S-5_y A i b, where
Up = up + (1 —pi) €eUM). Tf1 <i <mset p; = [[[2, pj for j > 1. Tt is easy to verify that
if 1 <i<mthen p;(bp;) = ﬁ;(bpi) for every b € B. Then, if b € B,

m

pi(0) = Bi(b)ps

=1

— 0. O

j—o0

> hj(bpi) — 7i(bpi)ps

i=1
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