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Let 05p51. The stable rank of the Banach algebra Qp\H1 is 1 if given f1, f2 in
Qp\H1 such that

inf
z2D

ðj f1ðzÞj þ j f2ðzÞjÞ4 0,

there exists g in Qp\H1 such that f1þ gf2 is invertible in Qp\H1. As a partial
answer to this problem, we prove the result when f1 is an inner function in Qp.

Keywords: Qp-spaces; stable rank; Carleson measures

AMS Subject Classifications: 30H05; 32A37; 46J15

1. Introduction

Let B be a commutative ring with identity. An element a¼ (a1, . . . , an)2Bn is unimodular if
there is b¼ (b1, . . . , bn)2Bn with

Pn
k¼1 bkak ¼ 1. Denote the set of unimodular elements of

Bn by Un(B). An element a2Un(B) is reducible if there are x1, . . . , xn�12B such that

ða1 þ x1an, a2 þ x2an, . . . , an�1 þ xn�1anÞ 2 Un�1ðBÞ:

The stable rank of B, denoted by sr(B), is the smallest positive integer n such that each
a2Unþ1(B) is reducible. This notion was introduced by Bass in [1] to study the
stabilization of certain algebraic groups associated to a given ring. It was shown to be
a useful concept for analysis after Vaserstein proved that if X is a compact Hausdorff
space, the stable rank of the algebra of continuous complex-valued functions on X is
[dimX/2]þ 1, where dimX is the covering dimension of X and [t] is the integer that satisfies
[t]� t5[t]þ 1 [2].

The clear relation between the condition of stable rank 1 and corona-type theorems
made this concept especially suitable for study by the specialists in algebras of analytic
functions. One of the first results on this direction was the first proof that the stable rank
of the disc algebra is 1 [3]. Maybe the most successful accomplishment in this vein of
thought is Treil’s proof of srH1

¼ 1 [4]. In the present article, we explore this possibility
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for the Banach algebra Qp\H1, and give a partial result, by showing that if the first

coordinate of a unimodular pair is an inner function, then the pair is reducible.
Let 0� p51. A function f belongs to Qp if it is analytic on the unit disc D and

k f k2Qp
¼ sup

w2D

Z
D

j f 0ðzÞj2 gðz,wÞp dAðzÞ5þ1,

where g(z,w)¼�logj’w(z)j is the Green’s function on the unit disc with pole at w2D,

dA is the normalized area measure, and

’wðzÞ ¼
w� z

1� �wz

is a Möbius map. The Qp spaces are conformally invariant, in the sense that if f2Qp, then

k f � �kQp
¼ k f kQp

for each automorphism � of the disc. It turns out that Q0¼D, the Dirichlet space,

Q1¼BMOA and for p41, Qp¼B, the Bloch space. These spaces have attracted a lot of

attention in the past years, and the theory of Qp functions has been extensively developed.

We refer to [5] for more properties of these spaces.
We ask if sr(Qp\H1)¼ 1. That is, given functions f1, f22Qp\H1 with

inf
z2D

ðj f1ðzÞj þ j f2ðzÞjÞ4 0, ð1Þ

does there exist g2Qp\H1 such that f1þ gf2 is invertible in Qp\H1?
As a partial answer to that question we prove the following result.

THEOREM 1.1 Let 05p51. Let f1 be an inner function in Qp and f22Qp\H1 that

satisfy (1). Then there exists g2Qp\H1 such that f1þ g f2 is invertible in Qp\H1.
This article is organized as follows. In Section 3, we study solutions of the @-equation,

in Section 4 we study some properties of the p-interpolating Blaschke products and we

prove Theorem 1.1 in Section 5.
We use the notation a. b to indicate that there is a constant C40 such that a�Cb.

Also, we use the symbol C to denote a positive constant whose value may change from line

to line. For any arc I�T, we denote by jIj its normalized Lebesgue measure and by S(I )

the Carleson box based on I:

SðI Þ ¼ frei� 2 D :1� r � jIj; ei� 2 Ig:

We also denote by �(z,w) the pseudohyperbolic distance between two points z, w of the

unit disc, that is �(z,w)¼ j’w(z)j.

2. Preliminary facts

On Qp\H1 consider the norm given by

k f k2 ¼ k f k21 þ k f k2Qp
:

With this norm, Qp\H1 is a Banach algebra with invertible group

ðQp \H1Þ
�1

¼ Qp \ ðH1Þ
�1:

958 J. Pau and D. Suárez
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The Blaschke product with zeros {an} is

BðzÞ ¼ zm
Y
an 6¼0

�an
an

an � z

1� �anz
,

where {an} is a sequence of points in the unit disc D satisfying the Blaschke

condition
P

n(1� janj
2)51, and m is the number of indexes n with an¼ 0. We denote

by Z(B) the sequence {an} of zeros of B. Given a set E�D, the angular and radial

projections of E are

Eang ¼ fjzj: z 2 Eg and Erad ¼ fz=jzj: z 2 E n f0gg:

Our first auxiliary result is

LEMMA 2.1 Let f2H1 with k f k1� 1. Given 05�, "51, there exists �¼ �(�, "), with
05�51, such that for any Carleson box S(I ),

supfj f ðzÞj: 1� jzj � jIj=4, z 2 SðI Þg � �

implies

jðE�Þangj5 "jIj and jðE�Þradj5 "jIj,

where

E� ¼ fz 2 SðI Þ : j f ðzÞj � �g:

Proof The result follows immediately from Lemma 2.1 of [6]. We note also that

the estimate for the radial projection can also be deduced from [7, Chapter VIII,

Theorem 3.2]. g

3. p-Carleson measures and the ›-equation

Let p40. We say that a positive Borel measure � on D is a p-Carleson measure if

k�kp ¼ sup
I�T

�ðSðI ÞÞ

jIjp
51:

When p¼ 1, we get the standard definition of a Carleson measure. Also, p-Carleson

measures can be described in terms of conformal invariants as those positive measures �
for which

sup
w2D

Z
D

� 1� jwj2

j1� �wzj2

�p
d�ðzÞ51,

and this quantity is equivalent to k�kp (see [5, Chapter IV]). It is well known that an

analytic function f is in Qp if and only if the measure

d�f,pðzÞ ¼ j f 0ðzÞj2 ð1� jzj2Þp dAðzÞ

Complex Variables and Elliptic Equations 959

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
A
m
s
/
B
a
r
c
e
l
o
n
a
 
M
a
t
e
m
a
t
i
q
]
 
A
t
:
 
1
4
:
3
1
 
1
 
S
e
p
t
e
m
b
e
r
 
2
0
0
8



is p-Carleson. Moreover, this is equivalent for f to have a radial boundary function

f2Qp(T), where Qp(T) are the functions f2L2(T) with

sup
I�T

jIj�p

Z
I

Z
I

j f ð�Þ � f ð�Þj2

j� � �j2�p
jd�j jd�j51:

Reciprocally, if f2Qp(T) and ~f is the Poisson integral of f, then

jr ~fðzÞj2 ð1� jzj2Þp dAðzÞ ð2Þ

is a p-Carleson measure. We refer to [5] for the properties stated before. Let @ and @ be the
Cauchy–Riemann operators and � ¼ @@ (that is, a quarter of the standard Laplacian

operator). The following two results were proved in [8] (see also Corollary 7.1.1 of [5]).

LEMMA 3.1 Let f2L2(T). If there is F2C1(D) such that

lim
r!1

FðreitÞ ¼ f ðeitÞ for almost every eit 2 T

and jrF(z)j2 (1� jzj2)p dA(z) is a p-Carleson measure, then f2Qp(T).

LEMMA 3.2 Let 05p51 and g be a function on D such that �¼ jg(z)j2 (1� jzj2)p dA(z) is

a p-Carleson measure. Then there is a function f2C2(D) with boundary values in

Qp(T)\L1(T) such that @f ðzÞ ¼ gðzÞ for z2D and max{k f kL1(T),k f kQp(T)
}�C(k�kp).

We will also use several times the following well-known lemma [8]. For completeness

we give a proof here.

LEMMA 3.3 Let 05p51. If d�¼ jV(z)j2 (1� jzj2)p dA(z) is a p-Carleson measure, then

jV(z)jdA(z) is a 1-Carleson measure.

Proof For any Carleson box S(I ), the Cauchy–Schwarz inequality gives

� Z
SðI Þ

jVðzÞjdAðzÞ
�2

. jIj2�p

Z
SðI Þ

jVðzÞj2 ð1� jzj2Þp dAðzÞ � jIj2k�kp:

g
The following lemma is a modification of a result given by Treil [4].

LEMMA 3.4 Let 05p51, and V2C1(D) such that

(a) d�1¼ jV(z)j2 (1� jzj2)p dA is a p-Carleson measure with k�1kp�K1,
(b) d�2¼ j@V(z)j (1� jzj2) dA is a 1-Carleson measure with k�2k1�K2,
(c) supz2D (1� jzj)2j@V(z)j �K3 and supz2D (1� jzj)jV(z)j �K3.

Then there exists b2C2(D) with boundary values in Qp(T) such that @b ¼ V, and

sup
z2D

jbðzÞj � C,

for some positive constant depending only of K1, K2 and K3.

Proof For any n� 1 let �n :D! [0, 1] be a C1 function such that

�nðzÞ ¼
1 if jzj � 1� 2�n

0 if jzj4 1� 2�ðnþ1Þ

�

960 J. Pau and D. Suárez
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and jr�nðzÞj � C 2n, for some absolute positive constant C. Therefore (1� jzj)jr�n(z)j �C.

Now, the function �nV is also in CðDÞ, and by condition (a), we can apply Lemma 3.2

to obtain a function bn 2 C2ðDÞ with @bn ¼ �nV and maxfkbnkL1ðTÞ, kbnkQpðTÞ
g � CðK1Þ.

Hence, the Poisson integral un of bn is also bounded by C(K1) in the whole closed disc.

We want to show that bn is bounded on D independently of n. By Green’s formula we have

bn(z)¼ un(z)� gn(z), where

gnðzÞ ¼

Z
D

�bnðwÞ log
��� 1� �zw

z� w

���2 dAðwÞ:
Since �bn¼ @(�nV ), we have

jgnðzÞj � C

Z
D

�
jVðwÞj

1� jwj
þ j@VðwÞj

�
log

��� 1� �zw

z� w

���2 dAðwÞ:
Split the integral into

R
Dz

þ
R
DnDz

, where Dz¼ {w: �(w, z)� 1/2}. By condition (c), the first

integral is bounded by Z
Dz

K3

ð1� jwjÞ2
log

��� 1� �zw

z� w

���2 dAðwÞ,
which by the conformal invariance of the measure (1� jwj2)�2 dA(w), is bounded by

a constant times K3. Using that log x�2
. (1� x2) for 1/25x51, the second integral can be

estimated by Z
DnDz

� jVðwÞj

1� jwj
þ j@VðwÞj

� ð1� jzj2Þð1� jwj2Þ

j1� �zwj2
dAðwÞ,

which by (a) and (b) is bounded by an absolute constant times K1þK2, since by

Lemma 3.3, the fact that jV(z)j2(1� jzj2)p dA(z) is a p-Carleson measure implies that jV(z)j

dA(z) is a 1-Carleson measure. Hence, we deduce that

sup
z2D

jbnðzÞj � C:

Now we may consider a weak-star limit b2L1(D) of a suitable subsequence of bn.

Then kbkL1ðDÞ � C, has boundary values in Qp(T) and @b ¼ V in the sense of

distributions. Since V2C1(D), we obtain that b2C1(D) by the hypoellipticity of the

operator @ (see [9, p. 270]). This completes the proof. g

4. p-interpolating Blaschke products

Let 05p� 1. We say that a Blaschke product B is a p-interpolating Blaschke product

( p-IBP for short) if its zero sequence Z(B) is an interpolating sequence for Qp\H1.

By a result from [8], this holds if and only if Z(B) is separated and the measure

�B ¼
X

z2ZðBÞ

ð1� jzj2Þp �z

is a p-Carleson measure. It is clear that a p-IBP is also a 1-IBP. The following lemma

appears in the proof of Lemma 4.1 of [6].

Complex Variables and Elliptic Equations 961
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LEMMA 4.1 Let B be a 1-IBP. For each a2Z(B) there is a curve �a¼Ha[Va from a to T

consisting of an angular arc Ha and a radial arc Va with lengths jHaj and jVaj majorized by

(1� jaj), such that

�ð�a,�bÞ � �,

where �40 depends only on k�Bk1 and the separation constant of Z(B).

LEMMA 4.2 Let B be a 1-IBP and g2H1 with kgk1� 1. Suppose that there are �, 	40

such that

jBðzÞj4 	 if jgðzÞj5 �:

Consider the curves �a, a2Z(B), of Lemma 4.1. There is 05�0 � � such that if � is any

connected component of {z : jg(z)j5�0}, then the number of curves �a which meet � is

bounded by a constant C independent of �.

Proof This result is in the proof of Lemma 4.1 of [6], but we sketch it here for

our purposes. By Lemma 2.1 there is 05�0 � � such that if Q is a Carleson box and any of

the sets

fr : 9reit 2 Q, jgðreitÞj5 �0g, feit : 9reit 2 Q, jgðreitÞj5 �0g,

has length bigger than jQj/8 then

jgðzÞj5 � on fz 2 Q : 1� jzj � jQj=4g: ð3Þ

Let � be any connected component of {z : jg(z)j5�0}, and let Q be a minimal Carleson box

containing �. We note that if a2Z(B) is such that 1� jaj � jQj/100 and �a\� 6¼ ;, then

�a must meet

fz 2 Q : 1� jzj � jQj=100g:

Since this set has pseudohyperbolic diameter bounded away from 1, Lemma 4.1 implies

that the number of such zeros is bounded by a constant C.
If a2Z(B) with 1� jaj5jQj/100, an argument of Treil [4] will show that �a cannot

meet �. Indeed, if �a\� 6¼ ;, taking the Carleson box Ra whose base has the centre at

a/jaj and length jRaj ¼ 4(1� jaj), the angular or the radial projection of Ra\� must have

length �jRaj/8. Hence, by (3), jg(z)j5� on {z2Ra : 1� jzj � jRaj/4}, and therefore jg(a)j5�
in contradiction with the fact that a is a zero of B. g

PROPOSITION 4.3 Let 05p51, B be a p-IBP and g2Qp\H1, with kgk1� 1. Suppose that

there are �, 	40 such that

jBðzÞj4 	 if jgðzÞj5 �: ð4Þ

Then there is 05�0 � �, a function h2Qp and a suitable branch of log B on {jgj5�0} such that

jRe hðzÞj � C1, z 2 D, and

j logBðzÞ � hðzÞj � C2 if jgðzÞj5 �0,

for some positive constants C1, C2 depending only on �, 	 and 
 :¼k�Bkp.

962 J. Pau and D. Suárez
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Proof For each a2Z(B), consider the slits �a given by Lemma 4.1. Fix �¼ �(	)5
min{�/4, 	/2} and let

~�a ¼ fz 2 D : �ðz,�aÞ � �g:

Since �5�/4, Lemma 4.1 implies that ~�a \ ~�b ¼ ; if a, b2Z(B), a 6¼ b. Since �5	/2, then
(4) and the Schwarz–Pick lemma gives

fz : �ðz,ZðBÞÞ � �g \ fz : jgðzÞj5 �g ¼ ;: ð5Þ

For each a2Z(B) take a branch of log ’a(z) defined in Dn�a that jumps 2�i when z crosses

�an{a}. By regularization we can obtain a smooth function  a on D with

(A)  a� log ’a in D n ~�a,
(B) Re a� log j’aj in {z: �(z, a)� �/4},
(C) j aj �C and 0� Im  a� 2�,
(D) (1� jzj)jr a(z)j �C,
(E) (1� jzj)2j� a(z)j �C,

where C¼C(�) is a constant depending only on �.

The Blaschke condition implies that the sum  (z) :¼
P

a2Z(B)  a(z) converges uniformly on

compact subsets of the disc. Also, jRe (z)j �C(
) for any z2D.
Let � be any connected component of {jgj5�0}, and fix z02�. Let log B be a suitable

branch of the logarithm of B on � with log B(z0)¼ (z0). By (5) and (C),

j log ’a �  aj � 4� on fjgj5 �0g,

and since � is an arbitrary component, by Lemma 4.2 we have that

j logBðzÞ �  ðzÞj � C1ð�Þ if jgðzÞj5 �0: ð6Þ

Since f ~�a : a 2 ZðBÞg are pairwise disjoints, it follows from (D) and (E) that

ð1� jzjÞ jr ðzÞj � C ¼ Cð�Þ and ð1� jzjÞ2 j� ðzÞj � C ¼ Cð�Þ: ð7Þ

Since the support of @ is contained in [ ~�a and
P

a2Z(B)(1� jaj)p�a is a p-Carleson

measure, then j@ ðzÞj2 ð1� jzj2Þp dAðzÞ is a p-Carleson measure. In fact, let S(I ) be

a Carleson box. It is easy to see that for 0� s� 1 one hasZ
~�a

dAðzÞ

ð1� jzj2Þ2�s
. ð1� jaj2Þs, a 2 ZðBÞ:

Also, since ~�a \ ~�b ¼ ; for a 6¼ b, there are at most M points a2Z(B)nS(2I) with
~�a \ SðI Þ 6¼ ;. Therefore, by (7) we haveZ
SðI Þ

j@ ðzÞj2 ð1� jzj2Þp dAðzÞ ¼
X

a2ZðBÞ

Z
SðI Þ\ ~�a

j@ ðzÞj2 ð1� jzj2Þp dAðzÞ

�
X

a2ZðBÞ\Sð2I Þ

Z
~�a

dAðzÞ

ð1� jzj2Þ2�p
þ

X
a2ZðBÞnSð2I Þ

jIjp
Z
SðI Þ\ ~�a

dAðzÞ

ð1� jzj2Þ2

.

X
a2ZðBÞ\Sð2I Þ

ð1� jaj2Þp þMjIjp. jIjp:
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In a similar way, since
P

a2Z(B)(1� jaj)�a is a 1-Carleson measure, it follows that j� (z)j
(1� jzj)dA(z) is a 1-Carleson measure. Hence @ satisfies the hypothesis of Lemma 3.4,

which gives us a function b such that @b ¼ @ ,

sup
z2D

jbðzÞj � C1ð
, �Þ and kbkQpðTÞ
� C2ð
, �Þ:

Hence, the function h¼ � b is analytic. Since kbkQpðTÞ
51 and jr (z)j2 (1� jzj2)p dA(z)

is a p-Carleson measure, Lemma 3.1 tells us that h has boundary values in Qp(T). Since h is

analytic, h is in Qp. Finally, (6) yields

jlogBðzÞ � hðzÞj � C2ð
, �Þ if jgðzÞj5 �0:

g

5. Proof of Theorem 1.1

Recall that a bounded analytic function in the unit disc is called inner if it has radial limits

of modulus 1 along almost every radius. Let Bp denote the class of Blaschke products B

for which the measure X
z2ZðBÞ

ð1� jzj2Þp �z

is a p-Carleson measure. By Theorem 5.2.1 of [5] we have that the functions in Bp are just

the inner functions that are in Qp. It can be noted that any Blaschke product B in Bp is

a finite product of p-interpolating Blaschke products. Indeed, if
P

z2Z(B)(1� jzj2)p �z is

a p-Carleson measure, then
P

z2Z(B) (1� jzj2)�z is a 1-Carleson measure, and therefore

B is a finite product of interpolating Blaschke products bi (see, for example, [10]). But

it is clear that the measure
P

z2ZðbiÞ
ð1� jzj2Þp �z is p-Carleson, and then bi is actually

a p-interpolating Blaschke product.
It is enough to prove the theorem when f1 is a p-interpolating Blaschke product.

Indeed, suppose that f12Bp is such that ( f1, f2) is a corona pair. Then f1 ¼
QN

i¼1 bi, where

N is some positive integer and each bi is a p-IBP. If the theorem holds for each pair (bi, f2),

1� i�N, we can find functions ki2Qp\H1 such that biþ f2ki2 (Qp\H1)�1 for

1� i�N. Therefore, there is some k2Qp\H1 such that

YN
i¼1

bi

 !
þ kf2 ¼

YN
i¼1

ðbi þ ki f2Þ 2 Qp \H1
� ��1

:

So, let f1¼B be a p-IBP and f22Qp\H1 with

inf
z2D

ðjBðzÞj þ j f2ðzÞjÞ4 2�4 0,

and we can assume that k f2k1� 1. Observe that

jBðzÞj4 � if j f2ðzÞj5 �: ð8Þ

By Proposition 4.3, there is 05�0 � � and h2Qp, such that jRe hj �C1 and

j logBðzÞ � hðzÞj � C2 if j f2ðzÞj5 �0: ð9Þ
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The p-Carleson measure characterization of Qp shows that e
�h

2Qp\H1. Now, in order

to find a function g2Qp\H1 with Bþ f2g invertible in Qp\H1, it is enough to find

k2Qp\H1 with

g ¼
ðek � Be�hÞ

f2
2 Qp \H1:

To do this, take a radial C1 function ’ in a neighbourhood of D such that 0� ’� 1,

’� 0 on jzj � �0 and ’� 1 on jzj5�0/2 with jr ’j �K1 and j�’j �K2 for some positive

constants K1 and K2 depending only on �0. Let �(z)¼ ’( f2(z)). Then � is of class C1 in D,

0��� 1, �(z)¼ 0 on {j f2j � �
0}, and �(z)¼ 1 on { j f2j5�0/2}. Also, note that

jr�j � jðr’Þ � f2j j f
0
2j � K1j f

0
2j ð10Þ

and

j��j � jðr’Þ � f2j j f
0
2j
2 þ jð�’Þ � f2j j f

00
2j � K1j f

0
2j
2 þ K2j f

00
2j: ð11Þ

Since f22H1, these two inequalities say that

jr�ðzÞj ð1� jzj2Þ � K3 and j��ðzÞj ð1� jzj2Þ2 � K3, ð12Þ

where K340 depends only on �0 and k f2k1. Since j f02ðzÞj
2 ð1� jzj2Þp dAðzÞ is a p-Carleson

measure, (10) tells us that

jr�ðzÞj2 ð1� jzj2Þp dAðzÞ ð13Þ

is a p-Carleson measure.
Furthermore, since f22Qp, Theorem 1.4.1 of [5] says that j f 002 j

2 ð1� jzj2Þ2þp dA

is a p-Carleson measure, which by Lemma 3.3 implies that j f 002 j ð1� jzj2ÞdA is a 1-Carleson

measure. In addition, since f22H1, j f 02j
2 ð1� jzj2ÞdA is a 1-Carleson measure [7, VI,

Theorem 3.4], and consequently (11) yields

j��jð1� jzj2ÞdA ð14Þ

is a 1-Carleson measure.
Consider the function

VðzÞ ¼
log
�
BðzÞe�hðzÞ

�
f2ðzÞ

@�ðzÞ:

Now we are going to check that V satisfies the assumptions of Lemma 3.4. Observe that

�� ¼ @� ¼ 0 on fj f2j � �0g [ fj f2j5 �0=2g, ð15Þ

which together with (9) gives

logðBe�hÞ

f2
@�

����
���� � 2C2

�0
��@���: ð16Þ

By (13) then jV(z)j2 (1� jzj2)p dA(z) is a p-Carleson measure, which is (a) of Lemma 3.4.

To see that j@V(z)j, (1� jzj2) dA(z) is a 1-Carleson measure we first compute @V,

@V ¼ �
f 02
f 22

logðBe�hÞ @�þ
@
�
logðBe�hÞ

�
f2

@�þ
logðBe�hÞ

f2
��:
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Hence, by (8), (9) and (15),

j@Vj �
4C2

ð�0Þ2
j f 02j j@�j þ

2C2

ð�0Þ2
ðjB0j þ jh0jÞ j@�j þ

2C2

�0
j��j,

which together with (12) gives

ð1� jzj2Þj@Vj. j f 02j þ jB0j þ jh0j þ ð1� jzj2Þj��j: ð17Þ

Since f2, B and h are in Qp, using Lemma 3.3 for the first three summands in the above

sum, and (14), it follows that (1� jzj2)j@VjdA is a 1-Carleson measure. Also, since Qp is

contained in the Bloch space, (17), (16) and (12) yield

ð1� jzj2ÞjVðzÞj � C and ð1� jzj2Þ2j@VðzÞj � C:

Then the function V satisfies the assumptions of Lemma 3.4, and hence there is a function

u2C2(D)\L1(D) with boundary values in Qp(T) such that

@u ¼
logðBe�hÞ

f2
@�:

Therefore, the function k :¼� log(Be�h)� uf2 is analytic. Since

kkk1 � sup
j f2j5�0

jlogB� hj þ kuk1 k f2k1,

we have k2H1, and to see that k is also in Qp, it suffices to check that kjT defined by

kjTðe
itÞ :¼ lim

r!1
kðreitÞ

is in Qp(T). Clearly uf22Qp(T), and this implies that � log(Be�h) has radial limits almost

everywhere. Therefore, by Lemma 3.1 it is enough to prove that

jrð� logðBe�hÞÞj2 ð1� jzj2Þp dAðzÞ ð18Þ

is a p-Carleson measure. But since � and r� are supported on {j f2j5�0}, (8) and (9) give

jrð� logðBe�hÞÞj. jr�j j logðBe�hÞj þ�
���B0 � Bh0

B

���
. jr�jC2 þ

ðjB0j þ jh0jÞ

�
,

and (18) follows from (13). Therefore, k is in Qp\H1 and only remains to prove that

g ¼
ek � Be�h

f2
2 Qp \H1:

It is clear that g is bounded on {j f2j � �
0/2}, and since

g ¼
ðe�uf2 � 1Þ

uf2
uBe�h on fj f2j5 �0=2g,

the boundedness of g follows from the inequality jðe�x � 1Þ=xj � ejxj. To see that g is also

in Qp, let k1 ¼ � logðBe�hÞ � ~uf2, where ~u is the Poisson integral of the boundary values

of u, and consider the function

g1 ¼
ek1 � Be�h

f2
:
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Since g and g1 have the same boundary values and g is analytic, by Lemma 3.1 it is enough
to show that jrg1(z)j

2(1� jzj2)p dA(z) is a p-Carleson measure.
Since by (2), jr ~uðzÞj2 ð1� jzj2Þp dAðzÞ is a p-Carleson measure, (18) and the fact

that f22Qp\H1 imply that so is jrk1(z)j
2 (1� jzj2)p dA(z). Therefore, if S(I ) is

a Carleson box,Z
SðI Þ\fj f2j�ð�0=2Þg

jrg1ðzÞj
2 ð1� jzj2Þp dAðzÞ

�
C

ð�0Þ2

Z
SðI Þ

ðjrk1ðzÞj
2 þ jðBe�hÞ

0
ðzÞj2 þ j f 02ðzÞj

2Þ ð1� jzj2Þp dAðzÞ

�
C

ð�0Þ2
jIjp,

since f2 and Be�h are in Qp. When j f2j5�0/2, using the inequality

e�x � 1

x

� �0����
���� ¼ 1� e�x � xe�x

x2

����
���� � ejxj,

and rewriting g1¼ ððe� ~uf2 � 1Þ= ~uf2Þ ~uBe
�h, we obtainZ

SðI Þ\fj f2j5�0

2g

jrg1ðzÞj
2 ð1� jzj2Þp dAðzÞ � CjIjp,

which completes the proof. g

6. Final remarks

To determine whether sr(Qp\H1)¼ 1 is a subtler problem than in the case of H1, mainly
because the inner factor of a function in Qp\H1 does not need to be in Qp. For this
reason, the usual methods to show that it is enough to consider f1 an inner function in the
algebra, or even a finite Blaschke product, do not work in this setting. Probably, the key
obstruction to prove sr(Qp\H1)¼ 1 is the problem that we pose below.

If A is a commutative Banach algebra with identity, it is shown in [11] that, for every
g2A, the set {f : ( f, g) is reducible} is closed in the set { f : ( f, g) is a corona pair}. Using this
fact for the Banach algebra Qp\H1, together with Theorem 1.1, this immediately says
that if ( f, g) is a corona pair and f is in the closure of

BpI :¼ fbh : b 2 Bp, h 2 ðQp \H1Þ
�1
g

then ( f, g) is reducible. This leads to the following question.

Question: Is BpI dense in Qp\H1?

Note that an affirmative answer to that question would imply that the stable rank of
the algebra Qp\H1 is one.
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