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1. Introduction

In spite of many substantial advances in recent years, the study of some problems in the physics of
strongly correlated electrons continues to provide stimulating challenges. Among the several reasons
for this, we could mention the still incomplete understanding of all of the properties of strongly cor-
related electron systems and the lack of many reliable techniques to study them. One of these para-
digmatic problems is the Mott transition, loosely defined as a metal-insulator transition driven by
correlations. As early as in 1939, Mott argued that if the electronic density in metallic systems was
lowered enough, the Coulomb repulsion would dominate over the kinetic energy and the system could
undergo a transition to an insulating state [1].

On the one hand, many widely employed theoretical descriptions of the Mott transition are based
on the study of the microscopic dynamics of the electronic system: one starts by writing down a mod-
el Hamiltonian for the electrons, sometimes coupled to external fields o to some other degrees of free-
dom, and then tries to solve it within some approximation or through the use of numerical methods.
However, numerical methods like exact diagonalization are restricted to small clusters, and if the
interaction among electrons is strong enough, the typical approximation schemes based on the resum-
mation of some class of Feynman diagrams are not completely reliable. For these reasons, it is a dif-
ficult task to find solutions displaying the Mott transition, even in the simplest models, like the
Hubbard one. As of today, there exist two successful approaches for study this transition based on
microscopic dynamics: one is the dynamical mean field theory (DMFT) method [2], valid in the limit
of infinite spatial dimensions, which neglects the spatial correlations; the second approach consists in
finding analytic expressions for physical observables in integrable models (mainly in one-dimensional
systems) by means of the Bethe Ansatz or bosonization methods.

On the other hand, systems like conventional superconductors or quantum Hall systems have univer-
sal properties that are well described by field theories which do not deal with the microscopic degrees of
freedom, but rather with fields representing effective degrees of freedom. These two cases are classic
examples of the more general framework of the effective field theories (EFT) approach, which has its
roots in Landau’s ideas for condensed matter systems and which is widely and successfully used in high
energy physics. This approach can be considered as 'way of thinking’ which emphasizes the symmetries
of the systems and that naturally incorporates Wilson’s renormalization group ideas. In this approach,
the study of a system starts by wisely choosing the effective degree of freedom, which are the relevant ones
at a given energy scale, and then one proceeds to write down the most general second quantized action
compatible with the characteristic symmetries of these degrees of freedom, retaining only the marginal
and relevant terms, i.e., terms that are non-decreasing in the low energy (long-distance) limit [3]. During
the last years, several exotic states that contain droplets of approximately constant density have been
found experimentally in electronic systems considered to be close to the Mott transition. These states
that may seem to be surprising and difficult to explain from the point of view of the free electrons, are
good candidates to be understood following the EFT approach. For example, the appearance of effective
gauge forces arising from the dynamics, and which have not been included in the microscopic electron
Hamiltonian can be properly taken into account within the EFT framework [4].

The goal of this article is to construct and consider an EFT for a two-dimensional square lattice sys-
tem which displays the Mott transition, which implies that we shall focus our attention on the sym-
metry aspects of this transition. Specifically, we will consider a simple model of electrons with nearest
neighbors density—density interaction which has also been previously studied, with the goal of iden-
tifying its effective degrees of freedom and their characteristic symmetries. Since the scope of this arti-
cle is to make it readable to both condensed matter and field theory physicists, we shall also review
(without pretending to be exhaustive) some basic aspects of bosonization, conformal field theory, and
integrable models.

The paper is organized as follows: in Section 2, we present the model of strongly coupled fermions on
a (two-dimensional) square lattice that we shall consider in the paper. We review some known proper-
ties of the corresponding one-dimensional version of this model and we also discuss the relationship
among different approaches for treating the one-dimensional Mott transition. We also apply a two-
dimensional bosonization prescription as considered in [5] for the two-dimensional fermion model.
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After reviewing some basic properties of integrability in statistical mechanics models, we discuss in the
Section 3 the integrability of the specific two-dimensional fermion model considered in this paper. We
show that in the strong coupling regime, the system defined by the ground and low-lying states of the
model satisfies the Zamolodchikov tetrahedron equation, and is characterized by a novel family of solu-
tion to the tetrahedron equation recently found by Bazhanov et al. [6,7]. We review these solutions for
the sake of completeness and discuss the three-dimensional structure of an underlying quantum group
algebraic structure. This analysis allows us to identify the symmetry of the model at the Mott transition
point as given by the quantum group U, (sl( )) @ U (sl( )). The identification of the symmetry and the
corresponding effective degrees of freedom allows us to write down the EFT for the model, which is done
in Section 4. With the EFT at hand, we then analyze the order parameter and the universality class of the
transition. We find that it is given by a Kosterlitz-Thouless type transition, with vortices in an anti-fer-
romagnetic array. We also discuss how this order is modified by doping, and that this procedure induces
an Ising-like phase transition. Finally, we present our conclusions.

2. The two-dimensional fermion lattice model

In this section we introduce the model that we shall be considering throughout the paper. Let us
consider a spinless fermions system with nearest neighbors interaction on a square lattice, with
Hamiltonian

Hy = —% > W (x+ aep)etp(x) +hel + U px)p(x +aey), (2.1)
XU XU

where y(x) is the fermionic field, x labels the lattice sites and e,, are the unit lattice vectors pointing to
the nearest neighbors of a given site, a is the lattice spacing, t is the hopping parameter, U is the (con-
stant) Coulomb potential p(x) is the charge density (normal-ordered with respect to the half-filling
ground state), p(x) = [}/ (x)/(x): —1/2] and A is an Abelian statistical gauge field defined on the links
of the lattice.

2.1. Review of the one-dimensional model

In order to proceed in our study of this model, we first would like to review the physics of the one-
dimensional model analog of (2.1), given by the Hamiltonian

Hld_”Z[lp X+ a)y(x) +h.c] +UZp px+a), (2.2)

where the sums are taken over the lattice sites. Note that the gauge field is unimportant in this case, as
it should, given that there are no statistical Gauge fields in one spatial dimension (see, e.g., [8]). This
model has an interesting history that begins with the work of Luther and Peschel [9] and which has
later on been studied in detail by several authors, including Shankar [10]. The Mott transition in
one-dimensional systems has been discussed not only in the context of Hamiltonian models like
(2.2), but also within the scope of Luttinger liquids. In the following, we review and relate both of
these approaches with the scope of setting up a framework suitable for further generalizations and
for finding the effective degrees of freedom for the simplest one-dimensional case.

As it is well-known, the model (2.2) can be mapped onto the (one-dimensional) XXZ model through
the Jordan-Wigner transformation:

570 - e (123 ). 23)

i<j
S (i) = exp <—in2 w;%) Vi (2.4)
i<j

S:(i) =yl (i) - 1/2, (2.5)
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where i labels the lattice sites. The Hamiltonian goes onto

Hie =D [ (SIS + 8{Sia) + 4S°()S"(i + 1)) (2.6)

1

In the thermodynamical limit, when the total number of sites is even, this Hamiltonian corresponds to
a the system at half-filling, which has the property:

Hue(4) = —Hye(—4). (2.7)

Moreover, the XXZ model is integrable and its spectrum and other analytic properties have been found
in [11] using the Bethe Ansatz. Its ground state energy is:

TcoshZ—1sinhZ|2+223(1+e)"! if A=cosh/>1,
n
Eo=11/4-m2 if A1, (28)
1 cos u — sin® [~ dx/[2 cosh mx(cosh 2pux — cos )] if 4= cos p < 1.

Note that Eq is an analytic function of 4 in the range 1 < 4 < oo, so that the singularity at A = 1 signals a
phase transition. This fact has been used in [10] to show that the transition at 4 =1 is identified as a
Mott one. The argument relies on the duality between two opposite regimes for the system, ranging
from the insulator behavior for 4 — oo to the metallic one for A4 = 0. Moreover, it is known that for
A=1+¢€ the spins are in a Neel state, and therefore the system must be in a charge density wave
(CDW) state.

An alternative description of the system (2.2) is given by bosonization of its fermionic degrees of
freedom. For A4 < 1, the action of the system is given by

s=2 / dzdz 0,6(2) 0:9(2), (2.9)

where g is a self-coupling parameter and we have defined complex space-time coordinates z = x + it
and z = x — it, and the normal ordered charge density is given by p(z) = i9,¢(z). The model has effective
degrees of freedom which are bosonic fields representing charge density waves. Eq. (2.9) defines a
conformal field theory (CFT) whose energy-momentum tensor has holomorphic and anti-holomor-
phic components given by:

T(z) = —g0:¢(2), (2.10)

T(2) = —g0:4(2). (2.11)
Moreover, the Fourier modes of the fields, defined by

T(z) = > Lz "2, (2.12)

n

p@) =3 pz™, (2.13)
satisfy the following chiral algebra:

Lo Ln] = (1 = M) + 15 bnemo(n® = 1), (214)

(Pn> Prm] = Nnsmo, (2.15)

[Lmvpn} = _mpn+m' (216)

These three lines define a current algebra: the first line is the Virasoro algebra for the generators Ly
with central charge ¢ = 1. The second one is the u(1) current (or Kac-Moody) algebra for the charge

modes. The third is required for consistency among the other two. The u(1) current algebra is used
to define the Luttinger model, which in Hamiltonian form is usually written as:

H:;—n /dx[uk(nn(x))2 + 1 (0)’], (2.17)
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where u, K are called the Luttinger parameters. It is straightforward to regain the action (2.9) with cou-
pling constant g = K starting from the Hamiltonian (2.17), by transforming the arguments of the fields
into imaginary time. The parameters of the model in the different representations are related by (for a
detailed discussion see [12]):

T
K=srn—— —. 2.18
2[m — arccos(4)] ( )
Hence, the Mott transition in the one-dimensional lattice fermion system (2.2) is characterized by
A=1 or K=g=1/2. The Luther-Emery transformation [13] allows us to rewrite the Hamiltonian
(2.17) as H=Hy + Hq, where:

Ho = v/ PW (0. () — v (P (p)] dp. (2.19)
Hy =" sinh(20) { / <2p+p_ Y ppP(P) :>dp} , (2.20)

where v=u(cosh20 + f;sinh20), exp(20)=1/(2K) and f; is an arbitrary constant. Note that for the
Luther-Emery line, which coincides with Mott transition, i.e., K = 1/2, one has that H; vanishes so that
the theory consists of two free decoupled chiral fermions. Therefore, we identify the effective degrees
of freedom of the theory at the Mott transition as two free fermionic currents of opposite chirality.

Next we would like to discuss the characteristic symmetry of the degrees of freedom and, therefore,
of the system at Mott transition point. In order to do this, it would be more convenient to switch to the
spin representation (i.e., the XXZ model). Note that the relation (2.7) allows us to write

x +q
HE = 3 (G155 +950) - T sis 221

1

where q = expiy, 7 =cos4 ie., 4=—(q+q !)/2. For g=—1, we have the isotropic anti-ferromagnetic
spin chain, which is a critical system with an explicit SU(2) symmetry.

It is well-known that the corresponding low energy effective field theory is the Wess-Zumino-Wit-
ten (WZW) model with coupling constant k=1 [14] and action:

ko r k y
Suaw = g [ AXTr(0,80° ") + 45 / UG T (222)

where g(z) is a field in the group manifold of SU(2) (i.e., g is a SU(2)-valued matrix). The first integral in
(2.22) is defined over a compactified two-dimensional domain D and the second is done over a three-
dimensional ball with boundary D. For the sake of completeness, we will sketch here the procedure
leading to this EFT. Following [14], one makes a transformation from the spin variables S; to a fermi-
onic system v that preserves the SU(2) symmetry defined by S; = 1/221/1‘//;‘61//?, where ¢ =(0y, 0y,
0,) and g; are the Pauli matrices. The standard commutation relations reproduce the correct spin com-
mutators, however the Hilbert space of the fermion system is too large and one must restrict it by pro-
jecting out the states with one particle by site

W) (), = 1. (2.23)

In the low energy regime, the only excitations that should be taken into account are localized around
the two Fermi points of the one-dimensional Fermi surface. One transforms to a set of new fermionic
degrees of freedom (we will label the lattice sites by the integer n to avoid confusion):

Vo(n) = Vali", (n£1/2) + (=i)"Yp(n £ 1/2)]. (2.24)
A final redefinition of variables takes us to current operators:
J=is ) W T =i W) a ), - (225)

G=yyp+ypy, G =i:y[a'yy:+:yha'y, (2.26)
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where R and L denote the left and right chiral components. The spin operators and the constraint
(2.23) become:

J+]=G=0, (2.27)
Sja=J +J +(-1)'G. (2.28)
In the continuum limit, the Hamiltonian (2.21) of the spin chain becomes:
a f i i i (i iTi
H=3 [ @xUo0 + ' o + 270, (229)

where the x variable is the continuum limit of the lattice position. The last term in (2.29) is irrelevant
in the renormalization group sense and the effective Hamiltonian becomes the Hamiltonian of the
WZW model.

2.2. Bosonization of the two-dimensional fermion model

We now turn our attention back to the two-dimensional fermionic model on the square lattice with
Hamiltonian (2.1). It can be bosonized as discussed, e.g. in [15,16], by applying a two-dimensional Jor-
dan-Wigner transformation. Let us first consider the case U = 0. As it is known from the one-dimen-
sional case, the Jordan-Wigner transformation owns its existence to a natural ordering of the particles
along the line. This ordering is lost in on two-dimensional lattice, but the mapping could still be de-
fined by adding extra degrees of freedom, in the form of attached statistical fluxes to the particles, i.e.,
by introducing branch-cuts on the otherwise analytic fermionic field operators. Equivalently, one con-
siders the Hamiltonian (2.1) with the additional Gauss law constrain:

p(x) — 0B(r) =0, (2.30)

where p(x) is the charge density and B(r) is the magnetic field defined on sites of the dual lattice, i.e., a
lattice obtained from the original (direct) one by translating its set of vertices to the centers of each
plaquette of the direct lattice:

B= EiinAj, (231)
AiA; = Aj(x + e;) — A(x). (2.32)
The Gauss law constraint (2.30) implies that for each fermion on the site x of the direct lattice, there is
also a quantum flux (or vortex) in the corresponding site r of the dual lattice. It can be implemented at

the field theory level by coupling the fermions to an Abelian statistical Chern-Simons (CS) Gauge field.
In order to show how to do it, let us consider the Lagrangian:

Ly = Zl/ﬁ )iDoy(x) —t > [ (x)eMy(x+e) + he] + Z v A (X)F (x), (2.33)
xj=12
where
Dy = 0y — iAo, (2.34)
Foi = 8pA; — AiAAo. (2.36)

The canonical quantization of the above Lagrangian in the Gauge Ag=0 imposes the constraint
(2.30) at the level of the Hilbert space [17]. The classical solutions of the constraint can be written
as follows:

] J/ /
A= 2¢(x) =5 Y O +e,r) - Ok 1)pX), (2.37)
7
where ©(x,r) is the lattice-angle function [18] which contains a branch cut from r to oo satisfying:

$rA40=+1 for any closed curve I' that encloses the point r of the dual lattice. Moreover, the
operators:
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a(x) = ey (x), (2.38)
a'(x) = y'(x)e % (2.39)
satisfy bosonic commutations relations for 1/20 = mn and due to the Pauli principle, the operator (2.38)
are hard-core bosons representing charge density waves (CDW) states of the underlying electrons.So

that the mapping defined by Eqgs. (2.38) and (2.39), relate the fermionic degree of freedom to bosonic
ones, and therefore the spinless fermion system can be mapped onto the following Hamiltonian:

Hpg = —t > [d®ax+e) +he]+US px)p(x +a). (2.40)
x,u=12 X
The identifications:
S'(x) = d'(x), (2.41)
S (x) =a(x), (2.42)
SE(x) = p(x) — 1/2, (2.43)

where the operators S*(x) and S™(x) are the raising and lowering spin operators for a s = 1/2 spin par-
ticle, allows us to map the original fermion system onto the two-dimensional XXZ-spin model:

Hie =Y [~ (SIS +818)) + 48], (2.44)
(if)
where i, j denote lattice sites and the sum is taken over nearest neighbors, and we have defined 4 =t/
U.

Summarizing, fermionic two-dimensional systems can be bosonized by attaching fluxes to parti-
cles, which is achieved at quantum level by constraining the Hilbert space states after imposing the
Gauss Law. The dynamics of these systems may be described at the Hamiltonian level in terms of these
bosonic degrees of freedom, which physically represent charge density waves. Alternatively, the
charge density waves may be replaced by another set of degrees of freedom, such as the spin waves
in the so-called XXZ spin model.

3. Integrability of the two-dimensional model

As we have seen in the previous section, the one-dimensional fermionic model with nearest neigh-
bors interaction displays a Mott transition. This property can be established through the integrability
of the (one-dimensional) XXZ spin chain, which is equivalent to the linearity of the associated free bo-
son system. Our strategy for discussing the Mott transition in the corresponding two-dimensional
spinless fermionic model on the square lattice (2.1) is to show that the property of integrability could
also be extended to encompass this case. The discussion of the Mott transition in this system could
then follow the line of reasoning of the previous Section. For reasons that will be clear latter, we will
first consider the Six-vertex model [20]), and later show its relation to the lattice fermionic model. The
Six-vertex model is a statistical model on a two-dimensional lattice, on which a classical electric cur-
rent defined on each link can interact with other currents at the lattice sites. Each site of the lattice
(which we will refer to as a vertex) may be in one of the six possible configurations shown in
Fig. 1. The energy €, associated with a given vertex depends on the four current states at the edges
only. If we further impose a parity (Z,) invariance, we are left with three possible vertices:

a=w; =w, =efa, (3.1)
b=w;=w,=ef, (3.2)
C=Wws =wg=e "3, (3.3)

Following Refs. [19,20], one defines a vector space V; for each vertical link, another one in a given hor-
izontal row V, (the so-called auxiliary space) and a vertex operator R such that its matrix elements are
interpreted as the Boltzmann weights of a given vertex according to:

<Aui+17ai|R|:ui7:Bi> = W(aiﬂinuwllui)v (34)
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4+t -

wl w2 w3

Fig. 1. Boltzmann weights of the Six-vertex model.

where |a;), |b;) denote the states on the vertical links, and |u;.1), |i;) the ones on the horizontal links. In
this basis the R-matrix of the Six-vertex model reads:
000
b c 0
c b o0
0 0 a

Following Baxter, we introduce the row-to-row transfer matrix which plays the role of a discrete-time
evolution operator (the time variable is taken as flowing upwards from one row to the next). More
precisely, the transfer matrix is an endomorphism:

o O Q

(3.5)

o

T-Hy=VieoV,@---@Vy—-Vi@V,0---@Vy, (3.6)
defined by:
T = Tro[RanRav-1) - - Rat], (3.7

where the trace Tr, is taken on the auxiliary space. The integrability of the model is guaranteed by the
existence of a set of mutual commuting row-to-row transfer matrices. In fact, it has been shown [20]
that for two sets of Boltzmann weights, (a, b, ¢) and (@, b/, ¢') the transfer matrices of the Six-vertex
model satisfy:

[T(a,b,c),T(@,b,c)] =0 <= Ag, = Ay, (3.8)

where Ag, = (a® + b*> — ¢?)/(2ab) (4, is defined in an analogous way) is the so-called anisotropy param-
eter. This condition is equivalent to the existence of solutions of the Yang-Baxter equation [20]:

R]z(u)ng(u + T/)R23(U) = R23(Z/)R13(U + U)R]z(u), (39)

where u is the spectral (uniformization) parameter, and each operator R; acts non-trivially on V; @ V.
This equation can also be written in the form of the commutation relations for the quantum L-
operators

Ri2 (1 — 0)Ly3(U)Las (2) = Los (u)L(2),5R12 (1 — 0). (3.10)

As it is known [19], the transfer matrix of the Six-vertex model is related to the Hamiltonian of the XXZ
model by:

T(p) = e #iteet), (3.11)

which also shows that the Yang-Baxter equation implies the integrability of the XXZ spin model.

Moreover, Eq. (3.9) may be considered as an equation among operators, whose solutions define
integrable planar lattice models, i.e., (2 + 0) dimensional statistical systems or (1 + 1) dimensional
quantum systems. Within this approach, the Six-vertex model may be considered as one specific solu-
tion of the Yang-Baxter equation when the space V; is the representation space of spin 1/2 particles.
Although a classification of the solutions of (3.9) is not known, some solutions have been found. These
solutions are related to the quantum deformations of Lie algebras or, more precisely to the quantum
deformations of the universal enveloping Lie algebras also called quantum groups. In fact, the universal
Yang-Baxter equation:

Ri2R13R23 = RosRi3Ryz, (3.12)
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which is the Yang-Baxter equation independent of the spectral parameter, has the so-called universal
R-matrices as solutions. For example, when V; is the space representation of spin 1/2, Drinfeld [21] has
given a solution:

] — n n) n _ n
HxH/ZZ n]q UG (X ) @ g M2 (X )" (3.13)
T

where q is a complex parameter, [n]g=(q" — ¢~ ")/(q — g~ ') is a g-number and the generators X, X_
and H satisfy the commutation relations:

q"—q"
X X =— 3.14
X X ] = =g (3.14)
[H.X,] = 2X., (3.15)
H,X_|=2X_, (3.16)
with co-products:
AXy) =Xe0q"? + " 0 X, (3.17)
AH)=H®1+1®H, (3.18)

which define the quantum group Uy(sl(2)) (note that the co-multiplication operator 4 should not be
confused with the anisotropy parameter, as is clear from the context). Furthermore, we define the
operators [19]:
E, = e”Sﬁ Fy = e"‘S’, H, = 2527 (319)
E,=e’S", Fy=¢eHS*, H,=-25, (3.20)
where S* are the raising (lowering) operators of the spin-1/2 particle and x = e is the affinization

parameter. These operators define an irreducible representation (e*, 1/2) of the affine algebra sl(2).
In this context, the R-matrix act as an intertwiner between the tensor product of two representations:

R(et, ef2)A(g) = A'(g)R(e" '), (3:21)

where g is any element of the quantum group and A’ is the inverse co-product, i.e., the co-product
composed with the operator permuting vector spaces. This R-matrix has the form:

qx —q'x71 0 0 0
1 1
R(etr et2) = g ;‘ ’;71 Z zﬁl g (3.22)
0 0 0 gx —q'x1

where x = e/, i = p; — 1. This R-matrix coincides with that of the Six-vertex model for the parametri-
zation a = sinh (u +iy), b = sinh (u), ¢ = isinyq = exp(iy) (for details see [19]), so that the Six-vertex mod-
el possesses symmetry U (sl(2)). Moreover, it have been shown in [22] that the Hamiltonian of the XXZ
model in the thermodynamic limit commutes with the Affine quantum group Uy(sl(2)) and that the
space of states is identified with the tensor product of level 1 highest and level (—1) lowest represen-
tations of U, (sl( )). Besides, the corresponding L-operator is a g-deformation of the fundamental L-
operator of the XXX (Heisenberg) spin chain, given by [23]:

S 1S P
pre— M TXGE =405 (323)
‘ @-qhs, xq*-x'g%

This Lax operator, together with the R-matrix (3.22) satisfies the LLR = RLL condition (3.10)). It is pos-
sible to rewrite this condition introducing

Lx) = QWLXQ 1(x) R =QXQWRX/YQ '0)Q '), (3:24)
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X120
Qx) = { 0 x 12 } ; (3.25)
which yields:
gx —q 'x71 0 0 0

~ 41 . |
R_ 0 X—X x'q-q") 0 (3.26)

0 x(q—q™ x—x1 0

0 0 0 qx —q'x71

3.1. Three-dimensional structure of quantum groups and vertex models

The (2 + 1)-dimensional analogue of the Six-vertex model, is a ‘quantum-vertex model’ where the
classical weights e~#é, e=fé e—Ffé should be replaced by ‘quantum vertex operators’ defined on the lat-
tice Hilbert space. In order to define this vertex model, we need first to consider a quantum lattice [24]
defined as follows: for each lattice site (x; y;), we define a Fock space Fj; and a set of representation
spaces of spin 1/2 particles V;, V;, Vix; and Vj.; on each link joining two lattice sites. The states of
the link in the lattice are arrows (as in the Six-vertex model), and the states in the Fock space Fj
are labeled by the number of particles in the site [n;) as shown in Fig. 2. Then, we assign a scattering
amplitude (and a vertex operator) to each lattice site by:

ol Py
og:_/jj = <0‘§/3}n§j|Lvi,vj,FU|°(i7ﬂjnij> = L:-J]nn ) (327)

S
where Ly, v, r; is a ‘three dimensional Lax operator’ acting on the spaces V; ® V; ® F. Furthermore, it is
possible to define layer-to-layer transfer matrices T;, ,({4},{xt}), where the pair (m,n) labels the rows
and columns of a given layer and ({4},{u}) are the spectral parameters, associated to the rows and col-
umns, respectively, by:

i

Ton = Trv,ev, {H [TLvyr (4 llj)} = Tmn ({2}, {11}), (3.28)
J

where Vy=®!V; and Vy =@"V;,{A} = {J1, 42, ... = H{lt} = {t44, .., Uy }. Here, the layer-to-layer
transfer matrix plays the role of a temporal evolution operator in an unitary time step, where the tem-
poral axis coincides with the direction perpendicular to the layer. For quantum systems in (2 + 1)-

n=1
=1
n=1 < "
/ /A IA
/ n=0 /
/ / |b>
/ / /
- - J= a2
/ / /
/ / /
/ / /

Fig. 2. Graphical representation of the sates |n=0) and |n=1) belonging to the Fock spaces at each lattice site. The arrows
correspond to the states |a;), |a}), |b;), \b}).
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dimensions (and also for three-dimensional statistical systems), the integrability is guaranteed by the
commutativity of the layer-to-layer transfer matrices. The integrability is also encoded in the so-called
Zamolodchikov tetrahedron equation (TE) [27], which is the three-dimensional analogue of the Yang-
Baxter equation, or equivalently in terms of the Lax operators, through the three-dimensional ana-
logue of the LLR-RLL equation:

RabcRadeRbdecef = Rcebedeachabc; (329)
Li2.4L13 5123 cRase = RapcLascLiz cLisp, (3.30)
where the operators Rjjx define the mapping Rapc: Fq ® Fy @ F. — Fq ® F, ® F,, and the operators L act on
V=V, V,® V3 ®F, ® F, ® F.. If the Fock space F, is considered as the representation space of some
algebra 4, then the operators L can be represented as operator-valued matrices acting on V; ® V; such

that their coefficients are given in terms of the generators v, of the algebra .A and some complex
parameters Sg, so that Eq. (3.30) takes the form of a local-Yang-Baxter-equation:

L12(Va, Sa)L13(V, Sp)La3 (Ve, Sc) = Las (V, Sc)L13 (V, Sb ) L1a (V) Sa).- (3.31)

For classical systems, the algebra A is chosen to be the Poisson algebra P. In this case, the matrix L
which solves the local Yang-Baxter equation (3.31) is given by

1 0 00
‘ 0 kg, a O
L12(Ka, g, @) = 0 7; k“ ol (3.32)
a a
0 0 0 1

where the indices in the second space enumerate the two-dimensional blocks, while those for the first
space enumerate the elements inside the blocks and k =1 — a*a. Moreover,

{a;‘, aj}PB = 25,] {k,‘, aj}PB = 6,-jk,-aj {k,-,a; }PB = _5ijkia;> (333)

where {, }pg denote the Poisson brackets. It was shown in [6] that Eq. (3.31) defines a canonical trans-
formation (automorphism) of the triple tensor product of the Poisson algebra. This solution corre-
spond to the classical three-wave problem, i.e., the linear propagation of three-dimensional waves
along to three mutually perpendicular axes.

In quantum systems, we expect that the Algebra .4 will be the either bosonic or fermionic. This is
actually the case for free Boson or fermion systems. However, we are interested in interacting solutions
of the TE. Recently, a new solution to the TE associated with the three-dimensional structure of the
affine quantum group Uy(sl(n)) has been found in [6] [7]. The new solution may be understood as
the quantization of either the classical three-dimensional wave problem or the quantization of fluctu-
ations of extended spatial objects. It amounts to taking L-operators as block matrices with two-dimen-
sional blocks, in which matrix indices in the second space enumerate the blocks while those for the
first space enumerate the elements inside the blocks.

1 0 0 0
0 j.z)kl) anv 0

(A = | g pa, ok, 0 (3.34)
0o o0 0 —q'hp,

with i, j=1,2,3, v=a,b,c and where now (k,a’,a) are quantum operators acting on the Hilbert space
and the algebra A is the g-oscillator algebra defined by [6]:

ga'a—qlad =q-q', [ha]=d [ha=-q (335)
K =(1-da), k=q" (3.36)

The above solution allows one to define a ‘quantum vertex model’ by assigning ‘quantum vertex
operators’ f; at each vertex on the lattice, according the rules shown in the Fig. 3, where v? = —q~'Au.
We now map the square lattice onto a torus, and let C, and C, be the two basic homotopy cycles on
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that torus, such that each homology cycle corresponds to a path along one coordinate axis of the
square lattice. Any path on the torus belongs to a given homotopy class P ~ nC, + mCy, and it is possi-
ble to define [25]:

Tom=Y_ Y f (3.37)

P jeP
where the sum over P means the sum over different paths, which is exactly Eq. (3.28). The commuta-
tivity of the layer-to-layer transfer matrices follows from another (related) Tetrahedron equation [26]
[6]:
M;s (Hopt/ W )My (Ho2/2)Li(Av, 2, 1)Liy (Av, 2, 1)
= Liy(Av, 2, f)L;j(Av, 2, f)Myy (Ho 2/ 2 )My (Hopt/ 1), (3.38)

where the matrix elements of M(Hy, {) belong to an additional copy of the g-oscillator algebra denoted
by Hyp and:
¢ho 0 0

0 Jo(—q0)" vol V*"May
0 pol*May  p(—q0)™ 0
0 0 0 ol

0
0
M;;(Ho) = (3.39)

with v3 = g~ oty Eq. (3.38) can be verified directly from the operator (3.39), and the commutativity
of the layer-to-layer transfer matrices follows from its definition and the use of Eq. (3.38). In the cubic
lattice with boundary conditions (where the third dimension corresponds to the temporal axis), the
solutions of the TE given in 3.34, 3.39 have the following properties:

e For g < 1, they yield the Fock space representation of the g-oscillator algebra:

n
al0) =0, [n)= @ 0), kin) =q""?n), (3.40)
(0*:q%)
where (x;q%) = (1 — x)(1 — g*x)- - (1 — g*x).
It is possible to construct the elements of the R-matrix in the basis of the g-oscillator algebra
(n}, ny, n4|R|ny, nz, n3). The resulting R-matrix is non-degenerate in F?.
e The above solution implies that the standard Yang-Baxter equation is satisfied. One defines the
operators

|
1 V2 pK vK
var va

Fig. 3. Weights of the quantum-vertex-model.
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Rbc = TrFa [Rab] €1 Rabz.cz t Rab,,.c,,]v (341)

Loy = Trvy[Loa s, Lozb, - - - Lonb,), (3.42)
where F, =Fy, ® Fp, ® - - - Fp,, Fc = Fc, ® Fy, @ - - - F¢,,, which involves the product of n operators along
the ‘third direction, i.e., the direction labeled by ‘a’. Due to the fact that the R-matrix is non-degenerate
in F, ® F, ® F,, the TE implies that these operators satisfy

RocRpaRea = ReaRpaRbe, (3.43)

LypLyvcRbc = RycLvcLyp. (344)

This construction yields a projection from the TE to the YB ones. Using a similar projection, Eq. (3.39)
implies that there also exists another Yang-Baxter equation (for details see [6]):

Ry, LusLu,s = LusLu,sRv,v,- (3.45)

e The new solution is associated with the affine quantum group Uq(sl(/n\)), where n is the range of the
third dimension, i.e., n is the number of two-dimensional layers.

For simplicity we now take 2=1, u=1 and the indices 1, 2, 3 denoting the quantum spaces a, b, c.
Inserting the operator L (3.34) in the local Yang-Baxter equation (3.31), we obtain the explicit map-
ping Ri»3 given by:

K, (ai)/ =ksa} — kiaas, K,a, = ksa; — kiaxaj,
/ ,
(ah) = abal + kiksah, @ = 4203 + kiksa, (3.46)
k, (ag)/ =k, —ksaal, Kya, = kiaz — ksala,.
Eq. (3.46) are the Heisenberg equations of motion for the quantum operators (a;, a,?, k;), where we have

denoted with primes those operators that evolve forward in time t' = t + At which describe the time
evolution of the quantum three-wave problem.

3.2. Integrability and the two-dimensional Mott transition

In this section we will come back to the two-dimensional fermion model defined by (2.1) to study
its symmetries and integrability. We first recall (Section 1) that it is equivalent to a two-dimensional
XXZ spin model:

H = Hog == Y [SIS] +SS] - 487S]).

ij

On the other hand, the quantum vertex model defined in the previous Section has the remarkable
property that can be projected from three to two dimensions. This means that the equations:

LysLycRbe = RocLycLys, (3.47)
Ly, bLv;sRv,v; = Rv,v,Lv,pLv; b, (3.48)

can be interpreted as arising from a two-dimensional system. Moreover, two remarkable properties of
the quantum vertex model and the associated three-dimensional structure of quantum groups have
been discussed in [6]:

Ly = &L L(x, 4, {14}) (3.49)
T = Tra, [L(k, Am{pti}) - - L(@r, 22, {14})]- (3.50)

The first equation shows that the operator Ly, decomposes into a direct sum of the fundamental
L-operators £%™ of the affine quantum group U,(sl(n)), where wy is the highest weigh of the
representation 7, . The second one, shows that the row-to-row transfer matrix of the quantum vertex
model can be reconstructed from the fundamental £-operators.
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The quantum vertex model is stationary for Li,(a,a’, k) = le(a’,a?’,k’), i.e., for the case when the
patterns for two consecutive time slices are identical so that the third dimension has range n=2. In
this case, the operator L, is:

1+ uigdpgh+he 0 0
L) = 0 () 0 , (351)
0 0 Wy (g 4+ q2ukizs)
and
£<17u> _ .ul (th _ ullul/lz?hzfl) _hq’I)q,quala;ZI ) (352)
2 —q Wi phalay  py(qh — uiqdagh?)

For h; = h, = 1/2 we have:

0 10 0 0 0 1-¢°
no_ |9 hy _ P o — q
1 [0 1}’ i {0 q]’ e [1—«12 0]’ e {0 1 ]

If 21 =72 =1and yu; = up = 1, the last operator is the R-matrix (3.26) of the XXZ spin chain (or Six-vertex
R-matrix). Since is possible to project the quantum vertex model onto any lattice direction, any row or
column should give rise to a XXZ spin chain, and one can expect that this system will be equivalent to a
two dimensional XXZ model.

We are now ready to map among each other the original two-dimensional fermion model, the
quantum vertex model and the two-dimensional XXZ spin model. The two-dimensional lattice fermion
model describes charge density waves propagating on the lattice of the underlying electrons above
(and below) the half-filling state. Viewed at a fixed time, the wave vectors of these charge density
waves cross themselves at each lattice site, defining a ‘Six-vertex model’. The half-filling condition
means that the Fock space of the g-oscillator algebra must be restricted to: {|n) =|1), | — 1)}. These
states are in one-to-one correspondence with the states |1)||) of the two-dimensional spin model.
Therefore, the quantum (Fock) space is also in correspondence with the representation space of a spin
1/2 particle. Introducing this information in Egs. (3.45), (3.51) and (3.52), we see that for each line on
the lattice we can define an XXZ (one dimensional) spin chain corresponding to the wave propagation
of the CDW along this line. This fact allows us to identify the parameter 4 = U/t (representing the nor-
malized Coulomb interaction) of the one-dimensional fermion model with A4 =—(q+q~!)/2, where
q = exp(iy) is the deformation parameter of the quantum group.

Moreover, let us consider an interaction star, i.e., the interaction among a central spin, labeled by
the index « an its nearest neighbors, labeled by the index f. A direct calculation shows that:

w01 fa(u) T (), 5 (0 £(0), (0] = ~H, (3.53)
where a(u) = sinh(u + iy), and we have taken the parameters u=v=1. Tr, is the trace over the space
Vi ® Vjo ® Vig ® Vi and Hgg is the element (o, ) of the two-dimensional XXZ Hamiltonian. Now we
take:

1 if [rp—r5 > 1

3.54
L(a,a',k,r,) r,,1; are nearest neighbors ( )

Lyttt =

and we define the ‘link operator’ 7m,; = f.fy, such that the expectation value of a given path y is
W(y) = (3, peylap)- The partition function of the quantum vertex model can be therefore defined as:

Z(QVR) = Z H <nocnoc+e,, U?ofowreu ‘nanwre“)
7 apey
=Trg" H [TT‘VMVNNL(aa, al, ka, o) L(Aore,, a;we,u Kove,s Tare,)] (3.55)

OU=X.Y

where f, is the weigth operator defined in the previous subsection, o runs over all the lattice sites, e,
and e, are unit vectors pointing to the nearest neighbors of a given site, and F*" = F*"" is the complete
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Fock space of the square lattice with n rows and m columns. Tracing over the vector space V,, (there is
nothing special about the ‘zero-th line’, and we can also trace over any row space V,,,V,,....V, )and
using Eq. (3.42), we have:

Z(QVM) = Trem [ [(Trv, (Lun(¥y)Lob (V1)) (3.56)
3

where now the index g labels the vector spaces along the ‘vertical lines’. Taken into account the fact

—

that we are using the two-dimensional (spin 1/2) representation of Ugy(sl(2)) we have:

Z(QVM) = Tren [ [[Trv, (R*(y,)R™ (y,1))"] (3.57)
]
= Trpm {H e;”’”} (3.58)
/]
_n {ez} (359)
— Z(H) (3.60)

Therefore, we arrive at the interesting identity:
z(QM) = 2(Hy),  Hi = Hr. (3.61)

This Eq. (3.61) shows that the two-dimensional XXZ spin lattice and the Lattice fermion system (2.1)
have quantum group symmetry Uq(sl(2)).

Summing up: the two-dimensional lattice fermion model, viewed at two different times, can be
considered as a two-layered three-dimensional system where the third direction coincides with the
temporal axis (see Fig. 4). From an intuitive point of view, one can assign an arrow to the time prop-
agation direction of the charge density waves of the underlying fermions. At the stationary point,
where the pattern of arrows does not change with time, these arrows define a vertex model with

A
time

Fig. 4. Current patterns of the fermion model at two different times.
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quantum group symmetry Uq(g(\Z)). Alternatively, one can say that due the projection-like property
(3.43), the two-dimensional XXZ spin system may be decomposed in a consistent way into two
one-dimensional chains, so that the entire system will have a quantum group symmetry
((U,,(sl(Z)))QN ). The property that (2 + 1)-dimensional quantum systems in square lattice with periodic
boundary conditions reduce to (1 + 1)-dimensional quantum chains, implying that the (Uq(sl(2))™™)
symmetry reduces to the Ug(sl(2)) quantum group symmetry, was first noted in [6,25].

4. Construction of the effective field theory

As we have shown in the previous Section, the two-dimensional fermionic system defined by (2.1)
has a (2 + 1) quantum-group symmetry Ug(sl(2)). Discrete time evolution is given by the transfer ma-
triX Tpn({Zn}, {ttm}). We have presented an explicit form for it in (3.28) which is a solution of the Zamo-
lodchikov tetrahedron equation, rendering the model integrable in (2 + 1) dimensions. However, this
solution is not completely transparent from the physical point of view. To further study the system
and this solution, we will follow the path of writing down an Effective Field Theory (EFT) formulation
for it (for a review, see [3]), valid for long-distance and low-energy domains. EFTs provide useful
frameworks for analyzing the behavior of many-body systems, specially near to a phase transition
point, were universal properties are vastly dominating the physical properties of the systems under
study. The general scheme for applying the method of EFTs starts by identifying the effective degrees
of freedom that dominate the low-energy regime of a given system and their characteristic symme-
tries. Note that these degrees of freedom are usually chosen by phenomenological reasons and could
bear no resemblance with the microscopic degrees of freedom of any underlying model describing the
system. One then proceeds to write down the most general local action in terms of second-quantized
fields representing the selected degrees of freedom which are consistent with the noted symmetries.
In the case at hand, the construction of the EFT is obtained by choosing fermionic fields as the degrees
of freedom. By using the vertex model representation of the lattice fermion model (2.1),and its con-
nection to the Chern-Simons theory (and analytical continuation in the Chern-Simons coupling con-
stant given in [41]), we will now show that the corresponding effective field theory is a double Chern-
Simons theory with gauge group U(1) and quantum group symmetry Uy(sl(2)) ® U,(sl(2)), which is
the symmetry of the exact solution (3.28) and (3.34).

4.1. The one-dimensional case

For the sake of completeness and clarity of exposition, let us start by considering the EFT describing
the one-dimensional Mott transition. As discussed in Section 1, the one dimensional counterpart of the
lattice fermion system (2.1) can be bosonized. Its effective degrees of freedom are the charge density
waves of the underlying strongly correlated electrons, and for a general coupling (4) the system has a
u(1) Kac-Moody symmetry [28]. The Mott transition point (4 = 1) coincides with the Lutter-Emery
point, where the degrees of freedom are two chiral non-interacting fermions. At this point, Eq.
(2.20) can be written in coordinate space on a circle domain as:

v 2R ) )
H= 5 /) dx [l (x) (=10 )W, (X) + €C + b} (X) (— 10, (X) + cc], (4.1)

where /. (x) (y(x)) are the right (left) relativistic chiral fermions (Weyl fermions) moving on a cir-
cle of radius R with speed v. Each chiral branch can be bosonized independently. Let us focus on
one chiral component,say the right one. This can system has a quadratic action on a circle (of ra-
dius R=1) [29]:

k 0o 21

S= ~an L dt/0 (Or + vOx) POk, (4.2)
where k is the coupling constant, ¢(x,t) is a real scalar field and x denotes the coordinate along
the circle of length 27 and v is the ‘speed of light’. By coupling this one-dimensional chiral sys-
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tem to an external electromagnetic field E, the equation of motion of the bosonic field changes to
[30]:

2Q = 7E, 4.3)
where E = 9,A, — 04A; is the electric field pointing along the circle and A is the U(1) electromagnetic

potential. Eq. (4.3) displays the chiral anomaly of the Weyl fermion. This description can be also ob-
tained from the Abelian Chern-Simons theory with Lagrangian
k
s = EE“‘/’AMOVAp (4.4)

defined on the disc D, whose boundary is the circle of radius R = 1. By making a Gauge transformation
oA, = ed,J, the action undergoes a variation:

. ke
0Scs = an 2(0:A0 — DoAr), (4.5)
showing that Scs is not Gauge invariant on the boundary. Equivalently, there is a chiral current
r 0S5 ke
J=%A " 2nt (46)

that shows again the presence of the chiral anomaly of the Weyl fermion for k=1 [30]. The chiral
anomaly of one chiral component is canceled by the corresponding anomaly of the anti-chiral sector
of the complete theory, which is anomaly free. This implies that the Mott transition in a one-dimen-
sional system is described by a double Chern-Simons theory:

k

R
3 v 3 )
ar | . d*xePALO,A) — in Dde XEPAL DA, (4.7)

s=X

which contains two chiral Gauge fields (A%, AL ) of opposite chiralities and where the value of the cou-
pling constant is k= 1.

4.2. Two-dimensional effective field theory

Now let us consider the EFT for the Mott transition in the two-dimensional square lattice. As it has
been remarked before, one must identify the correct degrees of freedom dominating the low-energy
regime and their characteristic symmetries. The two-dimensional Jordan-Wigner transformation
shows that the lattice fermionic system can be also considered as a bosonic system. We choose these
bosonic degrees of freedom as the characteristic ones for the low-energy regime of the system. Fur-
thermore, these can be viewed in more physical terms as charge density waves, which we choose
to construct the EFT. We look for an EFT with three-dimensional quantum group symmetry that is
consistent with the properties established in Section 2.2. Namely, that it should posses a kind of vertex
model interpretation, that it should be parity-invariant and that it must be projection-able onto one-
dimensional theories, each giving rise to a one-dimensional Mott transition. We recall that in these
one-dimensional theories the degrees of freedom split naturally in two non-interacting chiral
branches when the interaction parameter becomes 4 = 1. We will now show that this EFT is a lattice

double Chern-Simon theory with Ug(sl(2)) ® Uy(sl(2)) quantum group symmetry.

4.2.1. Vertex models and Chern-Simon theory

A direct connection between vertex models and Chern-Simons Gauge theory was first established
in classical articles by Witten [41] [42] by using a non-Abelian Chern-Simons theory. Let us review
this connection and consider a Gauge connection A = A;t{ that belongs to an a Lie group G, where t{
are the generators of the group. The non-Abelian Chern-Simons theory is defined by the action:

k 2
SCS:EtrR/M [AAdA+§AAAAA, (4.8)

where M is an orientated topological manifold, and trk denotes the trace on the representation R of the
group G. The natural observables of this theory are Wilson loops: let us consider a link L as a disjoint
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union of the circles C; and pick up a representation R; for each circle. The expectation value of the Link
can be calculated as:

(L) = / pAe'= ] trype') . (4.9)

Here we can take M = XxR, where R represents the temporal axis and X is a Riemann surface. In [41] it
has been shown that it is possible to define vertex models by replacing the classical currents living on
the links of a lattice by Wilson lines in a Chern-Simons gauge theory. Furthermore, it has been shown
that the expectation values of this Wilson lines can be calculated from the data in the CS theory. More
specifically, taking the Gauge group SU(2) and projecting the three-dimensional knots onto the plane,
the ‘Boltzmann weights’ for these vertex models are given by:

Wup = q1/2551—53.0 - q71/2551+52,0q(52753)7
Wund = q7]/2551 —-s3.0 — q1/25s]+s2,oq(52’$3)-, (4~1O)
Wpc = Es, S q751/27

where W,,,(W,nq) denotes the Boltzmann weight for the vertex in which the line labeled by the rep-
resentations of SU(2) denoted by s; and s,, are above (below) the line labeled by s3 and s4. Further-
more, W), denotes the Boltzmann weights for the pair-creation, and q is the deformation parameter
of the quantum group, which is related to the coupling constant of the Chern-Simons theory by q = ex-
p(im/k). Note the a different factor in the definition of the deformation parameter of the quantum
group with respect to [41]. Our definition match with the relations defining the quantum group
(Egs. (3.14) and (3.15)) within the conventions adopted by Alvarez-Gaume et al. [47], while the def-
inition of the deformation parameter in [41] agrees with the convention adopted in [45]. To make con-
tact with the statistical Six-vertex model, one needs to take the Gauge group G = SU(2) and compute
the ‘Bob amplitude’. It was show using Skein theory that any four coupling (including over-crossing,
under-crossing and pair creation) is equivalent to the Bob-amplitude:

A=U- 5 5,05, 5, + VEs 5,€555,. 1) (4.11)

1

for some complex parameters u, v. Taking u=(qx~! — g~ 'x) and v = (x — x~!) the corresponding R-ma-

trix R, is given by:

R(x,q) = (qx ' —q %)+ (x —x "U(q), (4.12)
_[q 171... .

Ugq) = {1 q*l} if i <}, (4.13)

Uiq) =0, ifi=j (4.14)

which is a possible form of the R-matrix for the Six-vertex model [45]. For a Gauge group
G=SU(2), the Chern-Simons vertex models exhibit symmetry U,(sl(2)) in the same way that
the classical Six-vertex model does. Therefore, the mathematical structure of the quantum groups
encodes the topology of planar Wilson loops. A little of caution must be taken with the above de-
fined Boltzmann weights: first, note that since the Chern-Simons theory is well-defined for integer
values of the coupling constant k, not all real values of the Boltzmann weights are well defined if
we consider q =exp(mi/k). Second, the classical vertex model is defined in terms of classical de-
grees of freedom (the currents). However, the Chern-Simons action defines a non-dynamical the-
ory (i.e., there are no dynamical currents in CS theory). Both problems are solved by the following
argument: let us impose boundary conditions to the EFT, i.e., by compactifying the space domain
onto a torus. Cutting down the torus along any cycle induces a loose of the Gauge symmetry, so
that the Gauge fields become dynamical degrees of freedom, and as it is well-known that the CS
theory becomes then equivalent to a chiral Weiss-Zumino-Witten (WZW) model defined on a cir-
cle [42])
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Sewzw = —k | dédttr(g 9,82 og) +§ / e Tr]g 10,88 ' 0vge ' 0,8, (4.15)
CxR J ZXR

where g(z) is the chiral WZW field living in the group manifold of G. This is a conformal field theory

(CFT) with central charge c = (k + |SU(2)|)/(k + c,), where |SU(2)| is the number of generators of the

SU(2) Lie algebra, and ¢, is the dual coxeter number. The WZW model splits naturally into holomor-

phic and antiholomorphic pieces. The (holomorphic) energy-momentum tensor is given by the

Sugawara form [43]:

)= geyy 3 Jel@l@) - (4.16)

where k is the Chern-Simons coupling constant and c, is the dual coxeter number, which for SU(2) is
¢, = 2. In other words, after quantization of the WZW model, there is a shift of the parameter k — k + ¢,
implied by the Sugawara construction. The currents J,(z) and the tensor T(z) may be expanded in
modes in the usual way ( for a review see [44]):

J@> 2", (4.17)
T(z) =Y z " L. (4.18)

n

—

The WZW model has conformal and affine su(2), symmetries which can be written in terms of the
Fourier modes of the Virasoro and current operators:

[Ln;Lm] = (n - m)LrH-m +%(5n+m,0(n3 - n)7 (4]9)
[]ﬁ,ﬁ’n} = V2" + knd® oy mo, (4.20)
[Ln.Jn] = =I5 e (4.21)

The identification between the CS theory and WZW model was used in [41] to obtain an analytical
continuation in k, which follows from the Knizhnik-Zamolodchikov equation:

1 - 0 i -~
{82 “kig > 7 Z]} (&(z1,21)---8(2n,2n) = 0. (4.22)

i#j

This can be used to compute the braiding matrices of this CFT. It has been shown that these braiding
matrices correspond to the Boltzmann Weights of the associated ‘interacting round a face’ (IRF) model
[47], whichis equivalent to a vertex model (this is the so-called face-vertex equivalence). The Boltzmann
Weights can now be defined by Eq. (4.10), with the redefinition q = exp(mi/(k + 2)). As it is known, the
WZW model possesses a quantum group symmetry U,(sl(2)) ® Uq(sl(2)) [47], with q = exp(mi/(k + 2)).

4.2.2. Abelian Chern-Simons theory and quantum groups

However, as it was pointed out by Witten [41], in the reduction from CS Gauge theory with group G
to any vertex model, one losses the local and global G symmetry so that the vertex models retain only
the maximal torus T symmetry of the group G. For the case at hand where G = SU(2), the vertex model
has a U(1) symmetry which naturally corresponds to the Gauge symmetry of the charged fermions
(charge density waves) propagating on the lattice. The extended Kac-Moody symmetry su(2); present
in the WZW model is obtained by taking the equivalent CFT of (two) chiral bosons at self-dual point
i.e., where the currents:

JE =2, (4.23)
J = iog, (4.24)

satisfy the algebra su(2), (Eq. (4.20)) at level k=1. As we have seen in the previous section, charge
density waves are also naturally accounted by a Abelian Chern-Simons theory on the circle.
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Imposing periodic boundary conditions on the square lattice amounts to consider the Abelian CS
theory on a (spatial) torus, such that the square lattice on the plane defines the homology cycles on
the torus. In this domain, new degrees of freedom associated to the global Gauge transformations
arise. To be more precise, let us consider the Lagrangian of the Abelian CS theory:

L— 4£ / dxes (A + AoFy), (4.25)
T Jr

where T denotes a torus with modular parameter T and homology cycle basis C, Cg. As it is known
([33,32]), the Gauge field A can be parametrized in this domain by using the Hodge decomposition,
which incorporates the windings around the non-contractible loops on the torus. In holomorphic coor-
dinates z=x +1iy, Zz=x — iy it is given by

. T
A= 9.9 4.2
021+ iy P20, (4.26)
where the 1-form w satisfies [, w =1 and fcb w =71 and a=a(t) is a complex (space independent )
function on time. The it can be shown that the Lagrangian, in the Gauge, Ag = 0 becomes [32]:

Les = iByy(aa® — a*a) + ik/(@zj(azx* — 02 02X)- (4.27)

The second term in the Lagrangian corresponds to Abelian CS theory on the plane with coupling con-
stant k. The first one shows that the degree of freedom labeled by the function ‘a’ behaves as the coor-
dinate of a quantum mechanical particle moving into an effective magnetic field Bey= mk/Img(t)
restricted to the lowest Landau level. The quantization of this theory is well known and can be done
in the Schédinger picture [31]. The wave functional is:

YAl =y (1) a), (4.28)

where y(y) = e~ J171e= 11 and 1= \/%(}{1 +iy,), 0: = (91 £19;). Small Gauge transformations do not
affect the wave functional. However, due to the existence of non-contractible loops on the torus, the
global Gauge transformations defined by Bos [34]:

a—a+n +1ty, Y — X (4.29)

A, — —i0,RR", (4.30)
D —ep(-"T [[o—w) -2 1@

R(z,2) = exp< It /Zn (00— ) It /ZO T (rw)) (4.31)

affect both the zero and a modes. These large Gauge transformations are precisely the magnetic trans-
lations across a parallelogram unit cell:

Try(a) = 3%y (a + R), (4.32)
where
TR — e(V+ieA)R7 TaTb _ eiB/Z\a/\b\Taer' (433)

The exponential factor involves the flux through the parallelogram defined by d and b. Now, following
[35] [36] we take the combination of the magnetic translations:

E= q_q! [T(a,a) - T(-a,a)], (4.34)
F= q—q1 [T(—a,—a) —T(a,—-a)], (4.35)
K = T(a,0), (4.36)

where the translations are made from the elemental square plaquette of side a. These operators satisfy
the relations:
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K—-K1!
E,F]= , 437
[E, F] e (4.37)
kE = q*EK  KF = q %FK, (4.38)

that define the quantum group Uy(sl(2). Here q = exp(i B/2 a®) = exp(i®/2) is the deformation param-
eter of the quantum group, and @ is the flux per plaquette. Note that for @ =27 we have g= -1 and
then

Tao(x) = —¥(x +a), (4.39)
T(za_o)lﬁ(x) = lﬁ(X + 2(1) (440)

This is reminiscent to the staggered flux phase [37], where the fluxes are antiferromagnetically or-
dered. Alternatively, the quantum group symmetry can be also analyzed directly at the level of the
Gauge transformations acting on the wave functionals and the resulting quantum group is also Ug(sI2)
where the deformation parameter is identified directly in terms of the coupling constant k of the CS
theory as g = ¢™* [38]. Summarizing, the Gauge invariance of the Chern-Simons theory on the torus
implies the existence of a Quantum group symmetry hidden in the theory. Now following [19] we can
define the generators:

Eo = €'E, Ei=e"E, (4.41)
Fo = equ, Fi= equ7 (442)
Ko=K"' K =K, (4.43)

where x = " is an affinization parameter. These operators define a representation (e",1/2) of the affine
quantum group Uy(sl2). So that the double Abelian Chern-Simons theory on the torus possesses a
quantum group symmetry Ug(sl2) ® Uq(sI2), which is identified with the quantum group symmetry
of the Six-vertex model or, equivalently, with the symmetry Group of the two-dimensional lattice fer-
mion model. To write down the corresponding EFT on the square lattice with periodic boundary con-
ditions all we need to do is to take the modular parameter 7 =i and to restrict the motion of the
effective degrees of freedom (charge density waves) to the links on the lattice by replacing the
Chern-Simons term with the Lattice Chern-Simons term (which posses lattice differential operators).
Therefore, the EFT is defined by the action:

Socs :4’—; / xalK, af —4’—‘7[ / dxal K, at, (4.44)

with Ky = Smu€povde, Sif(X) = flx + aey), d fix) = (flx + ae,) — fix))/a, (where a is the lattice spacing),
which can also be written as a mixed Chern-Simons theory [39,40].

4.2.3. Identification of the Mott point (q=—1)

We are now ready to identify the Mott point in the two-dimensional case. As we have seen in Sec-
tion 3.2 the two dimensional fermion model (2.1) which is equivalent to the XXZ spin lattice, can be
split into one dimensional systems for each row or column of the square lattice, with Hamiltonian

TR +9"'
Hyz = (s,sm +8S - TS%) +Hp, (4.45)
i1
where H,, = (S} — S}) and o= (q — g )/2.

On the one hand the critical point of this system, which has been analyzed in Section 1, allows
us to identify the Mott transition point in the square lattice with the one-dimensional transition at
A=1. Since we have defined 4=—(q+q')/2, it implies q=—1. Besides the critical point in the
one-dimensional system was identified with the WZW model or a double Chern Simons theory
on the circle. On the other hand we have identified the critical point of the two dimensional (dou-
ble periodic) lattice fermion system (2.1) with the Double Chern Simon theory on the (space) torus
with quantum group symmetry Uq(sl(2)) ® Uq(sl(2)). As we discussed in the Section 4.2.1, cutting
down the torus the Gauge field become dynamical currents represented by a WZW model, which
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naturally splits its degrees of freedom in chiral components) with quantum group symmetry
Uq(sl( ) ®Uq(sl(2)) [47] with g =exp(ir/(k + 2)).However, since the identification of the deforma-
tion parameter q is done at the classical (Hamiltonian) level, there is no Sugawara shift in the
WZW coupling constant k due vacuum renormalization, an we should use q = exp(im/k). Therefore,
since we can cut down the torus on any cycle, the affine Quantum group symmetry of the double
Chern-Simons theory on the domain T x R implies the quantum Group symmetry of each XXZ spin
system cut down in any circle. We therefore conclude that g = —1 is the correct value of the defor-
mation parameter characterizing the Mott point.

The above statement is the EFT formulation of the statement discussed in [6] and reviewed in Sec-
tion 3: the Quantum TE implies the standard Yang-Baxter equation, so that the integrability in the
(2 + 1)-dimensional quantum system implies the integrability of the (1 + 1)-dimensional systems ob-
tained from it by the projection-like character of the solution (3.34). Sumarizing, the EFT of the lattice
fermion system (2.1) at the Mott transition point is represented by a double Chern-Simons theory at
coupling constant k = 1, in agreement with the analysis based on the magnetic algebra presented in
Section 4.2.1.

4.3. The order parameter

We would now like to discuss the emergence of the order parameter characterizing the transition.
We can do this either from the point of view of the double-Chern-Simons theory or from the point of
view of the equivalent CFT. First, we recall that, as we stated in Section 3.2, each row and column of
the lattice system (2.1) can be considered as a one-dimensional system, which exhibit charge density
wave order as we have stated in Section 1. At 4 =1 + € the one dimensional system in the row is in
gap-full state which correspond to the antiferromagnetic phase of the equivalent XXZ spin chain.
For 4 =1, the one-dimensional fermion system is in a gapless phase and is described by a CFT with
su(2); ® su(2); symmetry, which is encoded in the WZW action or in a chiral-antichiral bosonic sys-
tem compactified on a circle at the self-dual radius. Let us now consider the transition in the square
lattice: since we can cut along any cycle of the torus (defined in Section 4.2.2, we can obtain the above
bosonic CFT at the self-dual radius in any row or column in the lattice. Invariance under surgery of the
states in the CS theory, implies by consistency that the fermion system on the lattice should be de-
scribed by a CFT with ¢ = 1. This is interpreted as the theory of the free boson on the (space) torus, with
partition function:

_ ﬁ Z ql/2(e/RemR/2) g1 /2(e/R-mR/2), (4.46)

where #(7) is the Dedekind function, 7 is the modular parameter of the torus and e and m are the elec-
tric and magnetic charges. Under R-duality (i.e., the interchange R < 2/R) the partition function is
invariant if one exchanges the electric and magnetic charges (e < m).2 This is also the partition func-
tion of an equivalent two-dimensional Coulomb gas described by the action:

Se = ZZK +m; g)G(Rj—Rk)<%+mk\/§>} (4.47)

where G is the two-dimensional lattice Green function. Note that the above action describes the
charge-charge, vortex-vortex and charge-vortex interactions. The Mott transition on the tours
(square lattice with periodic boundary conditions) is given by the above partition function at the
self-dual radius R = v/2, such that the system exhibits electric-magnetic duality.

We would now like to discuss the behavior of the EFT away from the Mott critical point. We
consider first the one-dimensional theory describing one of the orientations on the lattice. For

2 By including all possible boundary conditions (periodic and anti-periodic) one obtains the S;/Z, orbifold partition function that
is also related to the Six-vertex model at the critical line [46]. We are not focusing in this case because we are working at half-
filling states, which fixes the boundary conditions to be periodic.
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A >1, the massive antiferromagnetic phase is represented in the continuous limit by a Sine Gordon
theory:

Ss6 = / AX[0,u90,h + 200 COS B, (4.48)

It is well-known that the partition function may be written as [48]:

2
Z=li Lo 2n g /Hd pa exp( > qigilnizi -z + € > (4.49)

l#j

Here z = x + iy denotes the position of the cparges g; in complex coordinates, that take values 1. The
renormalized coupling constant ot = ao(ez)én plays the role of a fugacity (€ is a short distance regula-
tor). This describes the antiferroelectric phase of the Coulomb gas model.

Moreover, the staggered flux phase revealed by the quantum group analysis of the previous Sec-
tion can be described by a CS theory defined on a torus with punctures, by defining pseudo-spins
on the dual lattice representing these fluxes. If we define the dual system as the two-dimensional
XXZ model made from these pseudo-spins with coupling constant A’ = A~!, then the self-dual point
is defined by 4 =1. Here the self-duality in defined by invariance under exchange among the spins
with coupling constant 4 in the direct lattice, and spins in the dual lattice with coupling constant
A’. Just below the Mott transition,i.e., for 4 =1 — ¢, the dual system is in the frozen (Mott) state with
the pseudo-spins in an Neel state, so that the fluxes are also antiferromagnetically ordered. In this a
case the EFT is given by a:

’ !
= ﬁ /d3xa”1<,1,va,: + 3 °0(xa,Yq) = 0(Xa + 1,Y) = 5(xa,Yg + 1) +6(Xa + 1,y4 + 1)),
p
(4.50)

where a; is an Abelian CS field and Z; means that the sum is taken over all fundamental domains.
Each domain has period 2a and contains four vortices in antiferromagnetic array. The emergence of
only one CS term reflects the breakdown of the chiral symmetry (as can be seen comparing Eq.
(4.50) with Eq. (4.44) which contain two chiral fields), and the classical low-lying states reproduce
an staggered-flux phase current pattern. This fact coincides with the quantum group analysis at
q=—-1 presented in Section 4.2. At the quantum level, Gauss law selects the physical states from
the lattice CS Gauge theory on the torus with punctures. Therefore, the quantum order of the ground
state of this theory is characterized as a staggered flux phase.

The EFT that we have presented above allows one to study some properties of the system under
doping. By analogy with the CS theory of the quantum Hall effect, we could expect a ground state sta-
ble against small doping. In that case, for the simplest inverse filling fractions k = m (m odd integer),
the ground state is described as a droplet of incompressible quantum liquid [49] (however, other
phases with more exotic quantum orders, like Nematic phases are also possible in other regimes
([52]) ([53]) ([54]) and is stable under small perturbations away from the center of a given plateau
in the conductivity. In the Mott system, we have already assumed that the dynamically generated vor-
tices act as external statistical fields for the new electrons injected in the system by doping (this can be
considered as an extension of the R-duality). At the self-dual point, statistical magnetic fields can be
interchanged with statistical electric fields (on a torus). After imposing the lattice symmetries, the
low-lying effective Hamiltonian for the injected electrons (in first quantization) is:

21 @ P o
H= Z o \ gt ayz ) T A YD) (451)

where J; can take the values */. Therefore, the electric potential changes sign in x = ty, producing do-
main walls between regions with different electron densities. Similar results can be obtained using the
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W, symmetry, which is related to the relevant perturbations of the Ashkin-Teller and Six-vertex mod-
els away from the critical point [50,51].

One consequence of having discussed the EFT is that, a posteriori, the behavior of the electrons can
be more easily understood. It can be shown that the interaction term in the Hamiltonian (2.1) in the
continuum limit contains a chemical potential term of the form —up, with u = 4, which ensures the
half-filling condition. Therefore, changing the chemical potential by doping in éu modifies the Ham-
iltonian (in the spin representation (2.6) by:

H(4) — H(4) + ou) _SiS;. (4.52)
(i)

For A =1, the dynamics of the electron system is given by the double CS theory (4.44), whose Ham-
iltonian can be defined as the temporal component of the stress-energy tensor H. = Tyo, Where
T,y = 0Scs/9g,v and gy, is the metric tensor. However, the CS action is topological and, therefore, inde-
pendent of the metric implying H.s = 0 for each chiral component, which leads to H(4 = 1) = 0. This
means that doping the system away from the critical point, the dynamics is controlled by an effective
I[sing Hamiltonian.

5. Conclusions

In this paper, we have studied the Mott transition in an interacting electron system with a hopping
term and nearest neighbors density—density coupling defined on a square lattice (2.1). We have first
reviewed the one-dimensional case with periodic boundary conditions (i.e. when the system lives on a
circle) in Section 1, and we have written down a conformal field theory description leading to the
identification of the Mott transition point (i.e., when the coupling constant is A = 1) as the Lutter—-Em-
ery point in the bosonic formulation, and the degrees of freedom with charge density waves. We have
also pointed out that the low-energy dynamics at the transition is described by a Wess-Zumino-Wit-
ten model, as it was already implicit in the literature.

We have also discussed the two-dimensional Mott transition, starting with the study of the inte-
grability of the two-dimensional fermion system (2.1). To do that, we have used a two-dimensional
Jordan-Wigner transformation and a new solution of the Zamolodchikov tetrahedron equation, which
allowed us to identify the fermion system (2.1) as a ‘quantum vertex model’, and shown that the fer-
mion system is characterized by an affine quantum group symmetry. As a consequence of the projec-
tion-like property of the new solution, we concluded that the two-dimensional lattice system
factorizes into two one-dimensional systems, one for any row and one for any column of the two-
dimensional square lattice. This fact allowed for the identification of the two-dimensional Mott tran-
sition with the one-dimensional one, which occurs when the coupling parameter is 4= —(q+q~!)/
2 =1. The identification of the symmetry and of the effective degrees of freedom (charge density
waves) led to the construction of the Effective Field Theory at the critical point, which is a double
(Abelian) Chern-Simons theory with quantum group symmetry U, (sl(2)) ® Uq(sl(2)) and deformation
parameter given by q = exp(—in/k). Furthermore, this effective theory may be considered as the broken
phase of a non-Abelian Chern-Simons theory associated to the vertex models (which has been already
pointed out by Witten).

Finally, the behavior of the system near the Mott point has also been investigated using the ideas of
EFT. We have found that the transition is of the Kosterlitz-Thouless class, characterized by an array of
Chern-Simons vortices in a anti-ferromagnetic order. This description corresponds to a d-density-
wave order parameter for the matter currents. Upon doping with electrons, the magnetic-electric
duality of the KT transition implies the appearance of domain walls between region of different
densities.
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