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1. Introduction

The K(m,n) equation with generalized evolution term, was introduced by Biswas in [1] and it is given by

(ul)t +au™uy + b(un)xxx =0, (1.1)

where a,b € R* and [, m,n € Z". The first term is the generalized evolution term, the second and the third terms represent the
convection one and the dispersion one, respectively.

In [2], Bruzén and Gandarias presented a procedure to look for exact solutions of nonlinear ordinary differential equations
(ODE’s), which leads to solutions (not obtained in [1]) in terms of Jacobi elliptic functions for specific values of the param-
eters I,m,n,a and b of Eq. (1.1). This equation is a generalized form of the K(im,n) equation, usually introduced as

U+ a(u™), +bu),, =0 (1.2)

and, in turn, of the Korteweg-de Vries (KdV) equation, where [ = m = n = 1. On the other hand, Eq. (1.1) is equivalent to

v+ % V"1 v, + b(vh),, =0,
after using the transformation u = o1, so it is sufficient to consider the case | = 1 if just m=l; 1 ¢ 7+,

Different variants or particular cases of the K(m,n) equation are found in the literature [2-12]. Recently Chen and Li [3]
have studied the simple peak solitary wave solutions of the osmosis K(2,2) equation under the inhomogeneous boundary
conditions and they have obtained all smooth, peaked and cusped solitary wave solutions of it. The modified KdV (mKdV)
equations (Eq. (1.1) with =1, m =2 and n = 1) and their solutions have also been studied intensively. Liu and Li ([4]
and its references) considered an extended form of the mKdV equation of the form
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U + 01 Ugee + Aol + A3ULL, + AsU%U, = 0,

the all exact solutions based on the Lie group method were given, and the bifurcations and traveling wave solutions were
obtained. Rosenau and Hyman [5] studied the role of nonlinear dispersion in the formation of patterns in liquid drops of
the nonlinear dispersive equations.

U+ uuy + (Ut),,, =0

for m > 0, 1 < n < 3. They also introduced a class of solitary wave solutions with compact support, i.e. solutions with ab-
sence of infinite wings or absence of infinite tails, called compactons. In addition to compactons, Rosenau [6] proved that
the nonlinear dispersive equations K(m,n)

U + a(um)x + (un)xxx =0,

which exhibit a number of remarkable dispersive effects, can support both: kinks and solitons with an infinite slope(s), peri-
odic waves and dark solitons with cusp(s), all being manifestations of nonlinear dispersion in action. For n < 0 the enhanced
dispersion at the tail may generate algebraically decaying patterns. Other solitary-wave solutions of K(m,n) equations were
also found by Rosenau in [7,8].

It is known that many integrable equations arise naturally from motions of plane or space curves. In [9,10] the authors
investigated the possibility that the K(m + 1,m) and K(m + 2, m) models can be obtained from plane curves in certain geom-
etries, which provides the geometric interpretations to K(im,n) equations.

Existing techniques for solving nonlinear partial differential equations (PDE’s) include: Inverse scattering transform, Wadati
trace method, pseudo-spectral method, tanh-sech method, sine-cosine method, Riccati equation expansion method, expo-
nential function method, etc. ([ 1] and references within it). In spite of the key role of these particular techniques used for solving
the equations, one of their limitations is that they do not lay down the conserved quantities. This drawback is, for example,
partially overcome in [1], where a 1-soliton solution of Eq. (1.1) is obtained by using the solitary wave ansatz, and a conserved
quantity is calculated. Among the techniques, the methods of point transformations are a powerful tool. By means of the Theory
of Symmetry Reductions [13,14] a single group reduction may transform a PDE with two independent variables into ODE’s.
Local symmetries admitted by a PDE are useful for finding invariant solutions. These solutions are obtained by using group
invariants to reduce the number of independent variables. The basic idea of the technique is that, a reduction transformation
exists when a differential equation is invariant under a Lie group of transformations. The machinery of the Lie group theory pro-
vides a systematic method to search for these special group invariant solutions. Although symmetry constraints are powerful in
determining integrability of PDE’s, not all of them yield exact solutions of the equations, as pointed out in [15].

It is an interesting and important problem how to generally explore integrability of nonlinear PDE’s by integrable ODE’s.
There is a pretty general scheme to reduce PDE’s into integrable ODE’s. The separation of the time and space variables with-
out using any structure associated with evolution equations is analyzed in [16], and an extension by means of the Frobenius
integrable decompositions (FID) is introduced for partial differential equations in [17]. The resulting theory provides tech-
niques which are applied in particular to the celebrated KdV and MKdV equations. The resulting integrable decompositions
have exhibited many interesting solution relations with integrable ODE’s, including those relations of traveling wave solu-
tions with scalar differential equations and one-dimensional Hamiltonian systems. It also generalizes the Theory of Symme-
try constraints in soliton theory, since it does not require any structure associated with the equations under investigation,
such as Lax pairs for soliton equations and the symmetry property in symmetry constraints.

The dynamical systems theory [18-20] provides fundamental tools for dealing with ODE’s, by qualitative analysis and
conservative quantities. Previous works have used them to deal with ODE’s coming from PDE’s problems. In [21], solutions
that present behaviors like sources, asymptotic plane waves, and blow up process at finite time have been characterized. In
[22], singular perturbation theory has been applied for analyzing the solutions. In several works, Tang et al. have studied the
traveling wave solutions of a given PDE according to different parametric conditions. In [11,12,23,24], bifurcations of phase
portraits are discussed in detail, and although the conservative aspects of the system are not dealt with, a first integral
(conserved quantity) is deduced. In particular, this study is applied to a generalized KdV equation in [12] and to
K(n,—n,2n) equations in [11].

In this work we consider the K(m,n) equation with generalized evolution term (1.1). The paper is organized as follows: first,
a complete calculus of the different reductions admitted by this equation is developed (Sections 2 and 3). Second, among the
reduced equations, the most general case comes out suitable for qualitative analysis. Indeed, the reduced equation yields to a
conservative system, and this allows us to make a complete characterization of its possible dynamical behaviors (Section 4).

2. Classical symmetries

To apply the classical method to Eq. (1.1) with a,b # 0 we consider the one-parameter Lie group of infinitesimal trans-
formations in (x, t,u) given by
X' =X+ €E(x,t,u) + 0(€?),
t* =t + et(x,t,u) + 0(e?),
Ut =u+enx,tu) + 0(e?),
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where € is the group parameter. We require that this transformation leaves invariant the set of solutions of Eq. (1.1). This
yields to an overdetermined, linear system of equations for the infinitesimals &(x, t,u), t(x,t,u) and (x,t,u). The associated
Lie algebra of infinitesimal symmetries is the set of vector fields of the form

0 0 0

= é(xa t7 u) a + T(X’ ta u) a + n(xa t> U)a

Invariance of Eq. (1.1) under a Lie group of point transformations with infinitesimal generator (2.1), leads to a set of nineteen

determining equations. Solving them, we obtain 5 = "~ ! +L for ¢ = &(x,t), T=1(t), o =o(x,t) and p = B(x, t) related by the
following conditions:

(2.1)

%n—%:o,

(n—l)(iﬁ %) =

Z[;luH”Jralu +a3ﬁ "*m”+b%nu +b%nu +a3x u™1! =0,

Z"; W™ 4 apnu™™ — apmuttmt — gyl — ZaZ5 nHml 3b3 b nu? +bd énu "+ aonu™! — aomu™! — aqu™! =0,
ﬂlu"—ﬁnu"—%u +3%u +ol—an=0.

The solutions of this system depend on the parameters of Eq. (1.1). If a, b, n,l and m are arbitrary constants with a,b € R* and
n,l,m € z*, the only symmetries admitted by Eq. (1.1) are defined by the infinitesimal generators

Vi =0y, V2=0¢, V3= (%)x@x + (w

) to: + Udy.
The cases for which Eq. (1.1) has extra symmetries are given in the Table 1.

For the sake of completeness, we next provide the generators of the nontrivial one-dimensional optimal system, similarity
variables and similarity solutions (Table 2), the corresponding reduced equations (Table 3), where 4, it, € R* are arbitrary, and
k, is an integration constant. In Table 3 equation ODE; has been derived by integrating once respect to z. The reduced ODEs
and ODEg appear in Appendix A.

3. Symmetry reduction of the ODE’s

In several cases, the reduced ODE’s admit symmetries which lead to further order reductions by using again the techniques
of Lie group theory. In Table 4 we list the symmetries corresponding to ODE;, i =0,1,2. The corresponding reductions

Table 1
Each row shows the infinitesimals where f satisfies 2bfy + af, + 2f, = 0.
k Values vk Voo
I=n=2 m=1 L(x+at)dy + to, fula,
2 l=n m=2n-1 tox +1ul="9,
Table 2
Each row shows the infinitesimal generators U; of the optimal systems, as well as their similarity variables z; and similarity solutions u;, where
V1= 3(m”41rln+r]| 7 V2 = 3(m+12)—n72l‘
Values Ui z; Uj
0 Lnmez* Vi + vy ux — it h(z)
1 3m+1)—-n-2l#0 V3 xt™™" t™"2h(z)
2 I=n=2, m=1 v3+v} xt5 -4 th(z)
3 I=n=2, m=2n-1 Vo 4V x-5 (2 4+ h(z2))"
—_n—_ _ _ 1er2 1 ) 42 1
4 l=n= 2“, m=2n-1 AVy + UV3 Xt3 — g—ﬂ 3 R 2 3e23_hnt%/'.—1
u%u%z']'t%
5 3m+1)—-n—-2[=0 vy + V3 ell-m-Tyty he'
6 n-m-1=0,1%#n Vi +V3 X — i cos(t) he*
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Table 3
Each row shows the ODE’s, i = 1,2,3,4. ODEs and ODEg appear in Appendix A.
i ODE;
0 K + %(hy + b;zzn(amﬂ) hm—n+2 /4/3nh’ n+1 + b_/,;]ﬁhl n +k; =0
1 bk 2R — Igomensl o Zp 2y — o 2L B2 4 b(n — 2)(n — 1)nh" (H)? + 3(n— 1)nh™ WA — ah™ 2K =0
2 3bhh" — zhh' + 9bh'h" + 3h* = 0
3 abni*h” + a?)2hh' + n2 0
4 bh" —3zh' — 2bH'h" +§b(H')> — oL e ¥H +1=0
Table 4
Each row shows the infinitesimals ODE;, k, and k; are arbitrary constants.
ODE; j Values 14 @
i=0 1 nm,lez" ko 0
i=0 2 n=1,l=m+1, k=0, a3 =0, ks —ky(I-1)x 2kou
i=1 3 l=m+1, n#m+1, ky # — 1 kz(erm—H) n3r,r<12‘lu
i=1 4 I=2n, m=2n-1 —%(2nx+a) %u
i=1 5 I=2n, m=n-1 ks 0
i=1 6 n=m+1, I=2(m+1) Kk 0
i=2 7 0 kou + B(x)

(labeled with j) will be obtained from them; in some cases, We will also arrive to exact solutions. In relation to the reductions
of ODE,, it is useful to call oy = m, O = i and o3 = ; 3

Reduction 1. From Table 4, for ODE, and j = 1, we can see that ODE, admits one group corresponding to the operator
W, = 8,. We have that for the new variables y = h and ¢ = h’ (invariants of the first prolongation of W;) ODE, takes the

form
o ) o3 (n—1)p? do

yn-m=2 "~ yn-I-1 FJr y +q0@+k1:0

Reduction 2. For ODE, and j = 2, we can see that ODE, admits forn =1, [=m + 1, [ # 1 two groups corresponding to the
operators Wy = 9,, W, = z0, +%0h. It is easily checked that [W;, W,] = W, consequently, we can perform two order
reductions. First, we use Wy, and we have that for the new variables y = h and ¢ = h’ (invariants of the first prolongation
of W) ODE, takes the form

d
0 G+ (o — )y =0.
In terms of these variables the operator W, is given by W,, where
= 2 2
W, = ﬁyc‘)y + (ﬁ — 1) (,Daq,
Second, using as new variables the invariants of the first prolongation of W,, ie w= [0 oy = @'y'z, we obtain
. Oy — 0q
V="
In terms of the previous variables
(Pz B yl+1
B M
(h/)Z B hl+1
—(052 O(])l+1+C.

For some values of I this equation can be solved in terms of the Jacobi elliptic functions.
In what follows, ¢’ = 42 and ¢" = ‘Zy‘"
Reduction 3. For ODE; and j = 3, we can see that ODE; admits one group corresponding to the operator W, = (z + i H)c‘)

+C,

+

nml

ho,. We have that for the new variables (invariants of the first prolongation of W;) y = (z+m +1> h and

1-—
Q= (z+ m“) Ch’,ODE1 takes the form
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bn* "y (3ny + pe)* + bn* (p + 3n)(2p + 3n)y? — 3bn’ @'y(3ny + p@)(py + ny — npe + p)
+bn’p(¢)’y*(3ny + ) — p(p +n*)yr2(2ny + p@) — 3b(n — H)n*p(p + 3n)@?y + b(n — 2)(n — )n’p*@> =0,
where
p=(k+1-n)n

Reduction 4. For ODE; and j=4, we can see that ODE; admits one group corresponding to the operator
Wi = — % (2nz + a)0, + 4% ho,. We have that for the new variables (invariants of the first prolongation of W1) y = (2nz + a)*h
and ¢ = (2nz + a)""'h’, ODE, takes the form

— bng"y*(6y + ¢)* + 3bn@'y(6y + @)(2ny + 2y — ne + @) + @y*(y" — 8bn> — 36bn* — 36bn)
+6b(n — 1)n(n+3)@*y — b(n — 2)(n — 1)ne® + 4y™> — bn(¢')*y*(6y + ¢@) = 0.

Reduction 5. For ODE; and j = 5, we can see that ODE; admits for | = 2n, m =n — 1, n # 1, one group corresponding to the
operator W; = 9,. We have that for the new variables (invariants of the first prolongation of W;) y = h and ¢ = h', ODE,
takes the form

bn(@*@" + @*(¢)")y"? — agy™? + 3b(n — 1)n@?@'y"™" + b(n - 2)(n — Nn@y" + 2> = 0.

Reduction 6. For ODE; and j = 6, we can see that ODE; admits one group corresponding to the operator W; = 9,. We have
that for the new variables (invariants of the first prolongation of W;) y = h and ¢ = h', ODE; takes the form

bki 92"y 113 + b "yt + bl 0 (¢ ?y11 2 + b ()Y + 292115 — aqoyh1 3 + 3bki 'y
+3bk @ @'y % + bl @°Y T — by Pyt = 0.

Remark. For ODE, and j =7, ¢ = 0 and there do not exist possible reductions.

4. Qualitative study of ODE,

Traveling wave solutions have been derived in [2] by means of ODE, (Section 2)
n-1
h

This ODE also admits a qualitative study for the different values of n,m,l € Z*. By means of suitable changes of variables, we
state sufficient and/or necessary conditions on the parameters to identify different dynamical behaviors.

W'+ = (W) + oy h™ ™2 — ™™ osh'™" 4 ky = 0. (4.1)

4.1. Casen=1

Forn=1Eq. (4.1)is
h + o h™" — aph! + o5 + ky = 0. (4.2)

Making the change of variables x = h, x = I, Eq. (4.2) becomes an analytical Hamiltonian system of the form

x=y,
. (4.3)
{y =f(x),
with f(x) = —ox™1 + opx' — (03 + kq). The Hamiltonian of the system (4.3) is
yZ
Hix,y) = + U,
where
Ux) = _/Xf(s)ds: D _nez _ %2 el 4 kg )x
0 m+2 I+1 2T

is the potential energy function. The trajectories of the system (4.3) lie on the c-level curves of H(x,y)

2
Yo, % yma %2

2 P2 X st kox=c

and they are symmetric with respect to the x-axis.
In order to describe qualitatively the phase portrait of the system (4.3) for the different possible situations, we first con-
sider the case f(x) = O for all x. Fig. 1 shows the schematic phase portrait for the cases f(x) > 0 and f(x) < 0. In both, it is
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Fig. 1. (a) f(x) = —3x* — 1. (b) f(x) = x> + &

needed the degree r of polynomial function f(x) to be even, r = max{m + 1,1}. We find that the parameter conditions are as
follows:

(1) When m + 1 =, the necessary and sufficient conditions for f(x) > O are:
(i) ifooy =0 = a3 +k <0,
(ii)if o oy =03 +k; <OA0p—0q >0
and, for f(x) < 0 are:
(i)if o = 0ty = o3 + kg >0,
(11) ifOC] # 0y :>OC3+k1 >0A0 —oy <O.
(2) When m + 1 # I, the necessary conditions for f(x) > O are:
(ifm+1<l=0>0A03+k <0,
(iifm+1>Il=0;<0A03+k >0
and, for f(x) < 0 are:
ifm+1<l=0<0A03+k >0,
(ii)ifm+1>I1=0a;>0A03+k >0.
Second, we consider that f has real roots. Note that the fixed points of the system (4.3) all lie on the x-axis. P = (x,,0) is a
fixed point of (4.3) if and only if x, is a critical point of U(x), i.e. a zero of the polynomial function f(x):

U'x) = —f(x.) = oqx™" — ox! 4 (03 + k1) = 0. (4.4)

It can be pointed out the following [18]:

(1) If x. is a strict local maximum of U(x), P is a saddle for (4.3)

U'(x,) = —f'(x,) = oz (m + 1)x™ — o, Ix" " < 0. (4.5)
(ii) If x, is a strict local minimum of U(x), P is a center for (4.3)
U'(x,) = —f'(x.) = aq (m+ 1)x™ — o, Ix" > 0. (4.6)
(iii) If x. is a horizontal inflection point of U(x), P is a cusp for the system (4.3)
U'(x.)=—f'(x.) = oy(m+ 1)x™ — oczlxi‘l =0. (4.7
411 m+1=1
The system (4.3) becomes
x=y,
. 48
{y= (=0 + o)X — (o3 + ki ). 8
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If o1 = op, then (4.8) can be easily solved by y(t) = — (a3 + k1)t + c1, x(t) = —(ot5 + k1)§+ cit+ ¢z, C1,62 €R.
If oy # o and o3 + k; # 0, then Eq. (4.4) implies that x, must verify x| = ;‘;:’2 and so U"(x.) = —x_ (03 + k1). We see from

Eq. (4.8) that for the equilibrium points of this system, the following conclusions hold.

(1) When [ is odd,
(i)ifos +ky <OA0p —0; >00r a3 +ky >0A0 —o0yq >0, then

X, = ,’/%—M and U’(x,) <0, so P is saddle.
Oy — 0q

(ii)ifos +ky <OA0p —0g <0o0raz+ky >0A0, -0y <0, then

(a) (bl ]

2.

1.5¢

1}

-2

Fig. 2. (a) f(x) =x> — 1, P=(1,0) is saddle. (b) f(x) = —x*> + 1, P = (1,0) is a center. (c) f(x) = —x*> + 1,P_ = (—1,0) is saddle and P, = (1,0) is a center.
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1oz +k .
X, = oc3 oc] and U"(x,) >0, so P is a center.
2 — W

(2) When [ is even,
(i) if a3 +k; > 0 A0tz — 0oy > 0, then

o3+ k .
xt =B and U'(x') <0, so P. is saddle;
Oy — 01
o3+ k .
Y X and U'(x;) >0, soP_ is a center.
0 — 0

(i) if a3 + k1 < O Az — 0y < O, then

oz +k .

xt =B and U'(x') >0, soP. is a center;
Oy — 01
o3+ k .

x = /B and U'(x) <0, soP. is saddle.
Oy — 01

(iii) if s + k1 >0 A0y —0og <0oros +ky <OAo0p —oy >0, then there are no fixed points.
Some representative situations are sketched in Fig. 2, where the presence of periodic and homoclinic orbits is appreciated.
In this case, we can see also that & = a3 + k; is a parameter of the system (4.8), and when o = 0, it undergoes a local bifur-
cation of saddle-node type [19] at (x.,y.) = (0,0), which results a degenerate critical point of (4.8).

412.m+1#1
In this case fis a polynomial function of r degree, where r = max{m + 1,1}, so f has at most r real roots.
From Eq. (4.4), if a3 + k1 # 0 then x, # 0, and so

L1 O3tk

5

o X" = 0pX

5

Replacing into the expression of U”(x,), we have
U'(x) =x"[oa(m+1—DxL — (m+1)(o3 + ky)],

so, if x! = % then U"(x,) = 0 and P = (x,,0) is a cusp for the system (4.3). The parameter conditions for the change of

sign of U”(x) are as follows:

(1) When ap(m+1—1) >0,

(i) if x. > 0 A x! > (mEUEa)

(i) if x, > 0 AX. < %
(2) When ap(m+1—1) <0,
(i) if x. > 0 AxL < i) or x, < O AL > X)) then P s a center;

(i) if x, > 0 A XL > m%ﬁ” orx, <0Axl > m%ﬁ” then P is saddle.

In Fig. 3 we illustrate some of the possible phase portraits, where the presence of periodic and heteroclinic orbits is
appreciated.

If a3 + k; = 0 then x, = 0 is a critical point in any case (that coexists with one or two other equilibrium which are center

or saddle according to the different system parameters values).

orx, < 0 AxL < mbstky) thepn pis a center;

NG :
orx, <0Ax, >, then P is saddle.

4.2. Casen > 1

Let us go back to Eq. (4.1), consider separately the solutions h > 0 and h < 0. In both cases, x = h, y = i'h""" comes out a
change of variables that convert Eq. (4.1) into the system

X=x"""y,
49
{y‘ —g(x), *9)

with g(x) = —o;x™! + apx! — 03 — kX", As a consequence, the phase portrait is split into two invariant half planes x > 0
and x < 0. Note that for n =1 the system (4.3) becomes a particular case of the system (4.9) -which is not analytical at
x = 0. The system (4.9) is not of Hamiltonian type either, however it is conservative, since the quantity defined by the dif-
ferentiable function E,
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7},_2 L m+n+1 _i l+n ﬁ n ki 2n-1
E(X’Y)_2+m+n+lx an +nx +2n—1X (4.10)

is constant on trajectories, i.e. dE/dt = Exx + E,y = 0. Hence, the trajectories lie on the curves E(x,y) = constant, and they are
symmetric with respect to the x-axis.
Note that
Vo5
E(x,y) =%+ U(v),

where

(a) (b)

Fig. 3. (a) f(x) =x® —x, C; = (-1,0) and G, = (1,0) are centers, and S = (0,0) is saddle. (b) f(x) = —x> +x, S; = (-1,0) and S, = (1,0) are saddle, and
C = (0,0) is a center. (c) f(x) = x* — 2x*> —x? + 2x, C; = (—1,0) and C, = (1,0) are centers, S; = (0,0) and S, = (2,0) are saddle.
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The equilibrium points of (4.9) - if any - all lie on the x-axis and correspond to the critical point of E(x,y), since

OF n . OF .

v Ur(x) = —x"g(x) =0«<=y=0 and 8—y_y_0<:>x_0,

P = (x.,0) is a fixed point of (4.9) if x, is a critical point of U(x), i.e. a zero of the polynomial function g(x). We can set down
the analogous of properties (4.5), (4.6) and (4.7).

Theorem 4.1. If x. is a strict local maximum of the analytic function U (x), then P is a saddle for (4.9) if x. > 0, and a center for
(4.9)ifx. < 0.Ifx. is a strict local minimum of the analytic function U (x), then Pis a center for (4.9) ifx. > 0, and a saddle for (4.9)
if x. < 0. If x, is a horizontal inflection point of U(x), then P is a cusp for the system (4.9).

Proof. In fact, the Jacobian matrix of the linearized system (4.9) at P = (x.,0) is

0 x''"
J(P) = :
gx) 0

Let A = det(J(P)) = —x!~"gi(x.) be its determinant value. Since tr(J) = O the eigenvalues of the characteristic polynomial, p(5),
of | are of the form

0 =+V-A. (4.11)
On the other hand, the second derivative of U is
U(x) = —nx""g(x) — x"g' (x)

so, U”(x.) = —x"g’(x.). Note that, since the signs of the values x"g’(x,) and x_"g’(x,) are the same, then the difference between
the sign of U”(x.) and A depends on the sign of x,. According to this, if x, is a local maximum of U(x), i.e. U”(x,) < 0, then
A <0 if x, >0, and by Eq. (4.11), P is a saddle for the system (4.9). If x, < 0, then A > 0, and by Eq. (4.11), P is a center
for the linearized system of (4.9).

-}

So P is either a center or a focus for (4.9). But since both, attractive fixed points and repellers, can not occur in a conservative
systems [19], P results a nonlinear center for the system (4.9).

Analogously, if x, is a local minimum of U(x), ie. U”(x*) > 0, then A < 0 if x. <0, and by Eq. (4.11), P is a saddle for the
system (4.9). If x, > 0, then A > 0, and by Eq. (4.11), P is a center for the system (4.12), and so, a nonlinear center for the
system (4.9). Finally, if x, is a horizontal inflection point of ﬁ(x), ie. lNJ”(x*) =0, then A =0, and by Eq. (4.11), P is a cusp for
the system (4.9). O

With these tools at hand, the analysis of the case n > 1 keeps the essential features of the case n = 1. As g(x) is a poly-
nomial function, the condition for g(x) # 0 for all x may be stated as for fin the subsection 4.1. Four different types of phase
portraits are possible according to the g-sign and the n-parity. If g has real roots, the phase portraits of the system (4.9) will
look in each half plane, x > 0, x < 0, as the phase portraits of the system (4.3), according to: (i) how much positive real roots
and negative ones does the function g have, (ii) which of them are centers or saddles, and (iii) the n-parity.

5. Conclusions

We have studied the one-dimensional K(m,n) equation with generalized evolution term (1.1), by applying the Theory of
Symmetry Reductions to differential equations. Using the characteristic equation, we have stated a complete classification
(depending on the values of the parameters a,b,m,n and [) of the Lie symmetries admitted by (1.1) and we have found
the similarity variables. Then, reduced forms of the original nonlinear ODE have been obtained as nonlinear differential
equations. By applying the classical Lie method we have reduced the order of these ODE’s.

Among the reduced equations obtained in Table 3, the ODE, has distinct features. The applied reduction is valid for arbi-
trary n,m,l € Z* and yields to a second order autonomous differential equation. Under a suitable change of variables
(depending on if n =1 or n > 1), this equation is transformed into an autonomous two-dimensional system which is able
to be studied by means of Hamiltonian and conservative systems properties. Let us note that there is no restriction on
the parameters values for computing the conserved quantity. Therefore, a rather complete scenario of the qualitative behav-
iors in terms of its parameter values has been obtained, with the typical presence of periodic, homoclinic and heteroclinic
orbits which correspond [12] respectively to solitary wave solutions, kinks (or anti-kinks) and periodically traveling wave
solutions of Eq. (1.1).



10104 M.S. Bruzon et al./Applied Mathematics and Computation 218 (2012) 10094-10105

Interestingly, from the qualitative analysis a new reduced equation has arisen. In fact, writing the conservative quantities
H(x,y) or E(x,y) in the original variables h and k', from Eq. (4.10), we have

1,202 o4 mins1 Oz ppn | O3 pn ki o1
LR L B S Lo LS

which may be interpreted as a reduced first order equation of ODE,. Note that, different from Reduction 1 and 2, this one is
valid for arbitrary n,m,l € Z*, and the reduced equation comes out autonomous. However, when n=1, [=m+1 and
ki1 = 0, it coincides with the last reduction of Reduction 2 obtained in Section 3.

In ODE,, the order is reduced by integrating once respect to z yielding to a two-dimensional dynamical system. This is not
the case in any other ODE; with i > 1. These ODE’s and even their worked reductions (Section 3), derive into higher dimen-
sional dynamical systems; so, the qualitative study developed for ODEy may not be straightfully extended to those cases, and
requires further research.
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Appendix A. EDOs and EDOg
The reduced equations that fullfil Table 3 in Section 2 are:
fori=5

h3ph/pz(p —m— l) _ 8bh3m+1 (h/)3p3 + 36bh3m+1 (h/)Bmpz + 12bh3m+2h/h//p2 + 24bh3m+l (h/)sz
_ 54bh3m+1 (h/)3m2p _ 36bh3m+2h/h//mp _ 72bh3m+1 (h/)Emp + h3p+1p _ 2bh3m+3h///p _ 30bh3m+2h/h//p
_ 22bh3m+l (h/)3p + 27bh3m+l (h/)3m3 + 27bh3m+2h/hum2 + 54bh3m+1 (h/)3m2 + 3bh3m+3hmm + 45bh3m+2h/hum
+33bR°™ (') m + 3bh>™ PR + 18> W'R" + 6bR°™ (W')? + ah®™ ™ H = 0

and, fori=6

p2>m242m41y

WP pe™ et 1 { [hm(—b(h/f—3bh(h’)2—3bh2h’—bh3)m3+hm ((—3bhh’—3bh2)h”—6bh(h’)2—9bh2h’—3bh3>m2 +h"
X (fbhzh’” + (=3bhh' — 6bh*)h" + b(h')> — 3bh(K')? — 9bh*H — 3bh3)m
R (—bhzh”’ —3bK?h" + (=3b — a)h®h + (=b — a)h3)] p
+h" (b(h/)3 +3bh(I')? + 3bh*h + bh3> m* + h™ (<3bhh/ + 3bh2>h”
+b(H')> + 9bh(H')? + 12bh*H + 4bh3) m? +h" (thh”’ + (6bhH’ + 9bh*)h"
— b(H)? + 9bh(N')* + 18bh°h’ + 6bh3) m? + h" (2bh2h”’ + (3bhh' + 9bh*)h" — b(K')?

(2m+2)pz
p-m—

+3bh(h)? + (12b + a)h*h' + (4b + a)h3>m +h" (bhzh"’ +3bh?*h" + (3b + a)h*h' + (b + a)h3) }e T 0.
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