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Abstract We introduce, study and characterize orthogonally additive holomorphic
functions f: U — C where U is an open subset of C(K). We are led to consider
orthogonal additivity at different points of U.
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1 Introduction

Orthogonally additive polynomials were first studied by Sundaresan [11] in the con-
text of Banach lattices. He obtained a characterization of such functions for L”-
spaces. Interest in orthogonally additive polynomials was later renewed (see [2, 3,
5, 10]) and recently several papers have appeared dealing with various aspects of
orthogonally additive functions [4, 9].
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A function f : C(K) — Cis said to be orthogonally additive if f(x+y)= f(x)+
f(y) whenever x and y are orthogonal (i.e. xy =0 over K). As usual, we denote by
P(*C(K)) the space of all continuous n-homogeneous polynomials P : C(K) — C.
As was proved in [2, 3, 10], all orthogonally additive polynomials P € P(*C(K))
are of the form

P(x):/ x"du (%)
K

for some regular Borel measure w. A holomorphic function f : C(K) — C of
bounded type (i.e. one which is bounded on bounded sets) has a Taylor series ex-
pansion f =) ;. Px at zero which is uniformly convergent on any bounded set,
and it is easy to prove that f is orthogonally additive if and only if each Py is or-
thogonally additive. Note that this does not hold for expansions around other points.
Even so, as was shown in [4], a representation such as () above cannot be obtained
for such functions and in fact cannot be obtained even for non-homogeneous polyno-
mials. However, a characterization of such functions was given in [4].

Holomorphic functions f : C(K) — C which are not of bounded type cannot be
expressed globally as Taylor series [6], and their study requires expansions around
different points. More generally, in this paper we introduce an appropriate notion of
orthogonally additive holomorphic functions f : U — C, where U is an arbitrary
open subset of C(K). We are therefore led to study some form of localization of
the concept of orthogonal additivity. This is done in Sect. 2. In Sect. 3 we give our
characterization of locally orthogonally additive holomorphic functions, more or less
along the lines of [4], and we end with a concrete example of a locally orthogonally
additive holomorphic function on an open subset of £.

2 Preliminary results

Throughout, K will be a compact topological space and U a non-empty open subset
of C(K). We say u,v € C(K) are orthogonal if uv = 0 over K (we denote this by
u L v). If this happens, then (1 + v)* = u* + v* for all k > 1. In order to begin
our study of orthogonal additivity at different points of U, we require the following
definition.

Definition 1 Given a function f : U — C, and a € U, let f, denote the function
fax)=fla+x)— f(a), wherexeU,=U —a.

Note that fo(x) = f(x) — f(0), soif f(0) =0, then fy = f. This is the case for
non-constant homogeneous polynomials. We have the following proposition.
Proposition 2.1 Letn > 1 and P € P("C(K)). Then the following are equivalent.

(i) P is orthogonally additive.
(i) For every a € C(K), P, is orthogonally additive.
(iii) For some a € C(K) with P(a) =0, P, is orthogonally additive.
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Proof (i) implies (ii): Let a € C(K), and u L v. Since P is orthogonally additive,
there is a regular Borel measure ¢ on K (see [2, 3, 10]) such that

P(x) =/ x"du.
K

Thus,

P,(u+v)=Pla+u+v)— P(a)

=[K(a+u+v)”—a"d,u:/Kj;Cf)a"_j(u—i—v)jd,u
= / Z(“.)a”—f(uwvf)du
K\

n n
=f Z(é)a”‘ju"du—i-/ Z(n_)a"_jvjdy,
Ko N Ko N

=f(a+u)"—a”du+/(a+v)”—a"du
K K

=P(a+u)—P(a)+ Pla+v)— P(a)
= Py(u) + Py(v).
(i1) implies (iii): P is zero at some point.
(iii) implies (i): Say P, is orthogonally additive, P(a) =0, and u L v. Applying

[4, Theorem 2.3] to the non-homogeneous polynomial P,, one sees that there is a
regular Borel measure p on K and functions gy, ..., g, € L1(u) such that

n
P = [ Yg i
K
Jj=1

Thus,

Pu+v)y=Pla)+P,u+v—a)=P,(u+v—a)

:/ Zgj~(u+v—a)-jdu

K
" J j . .
:/ Zgj'Z(.)(—a)’_’(quv)’du

K1 izo \

n J .
=fKZgj > (f)(—a)”(u" +v)dp
j=1

i=0
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G o
=/ 2g1'2<{)<—a>""u"du+f Zgj'Z(J.)(—a)j_ividu
Ko iz M i AN

=/ Zgj'(u—a)jdw/ Zgj-(v—a)jdu
K KD

=P,(u—a)+ P,(v—a)=Pw) — P(a)+ P(v) — P(a)
= P(u) + P(v). Il

We are going to apply the above result to the study of orthogonally additive holo-
morphic functions defined on an arbitrary open subset U of C(K). We denote as
usual by H(U) the space of all holomorphic functions f: U — C. We introduce the
following definition.

Definition 2 Given a function f € H(U), we will say f is locally orthogonally ad-
ditive on U fif for each a € U there exists a neighborhood V of a such that whenever
a+u,at+v,at+u-+veVandu L v, then

Jau+v) = fa(u) + fa(v).

For short, we will refer to this local condition as f is a-orthogonally additive
onV.

Proposition 2.2 A function f € H(U) is locally orthogonally additive on U if
and only if for each a € U the Taylor series expansion of f at a is f(a + x) =
f(@) + > 4~ Ok.a(x), where all Q. are orthogonally additive k-homogeneous
polynomials.

Proof =: Take a € U and u L v. Note that for small A we have a + Au,a + Av,a +
A(u+v) € V, where V is a neighborhood of @ on which f is a-orthogonally additive,
and the Taylor series at a converges on them. Then for each k > 1

k
dik s
dk
= i liso L

dk

= 7|,y e + faO) + f (@]

dk d*

= b 100+ g,y o)
dk d*

= K A:O(f(CH')»M) - f(@) + W‘A:

=k!Qk.a(u) + k! Qpa(v).

KQualutv) = 7| fla+hu+v)

JaGu +20) + f(a)]

, flatrv) = fla)
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«: For each a € U, consider f(x +a) = f(a) + Y ;~1 Qk,a(x) the Taylor se-
ries expansion of f at a, which is convergent to f for x 4+ a in some neighbor-
hood V of a. Being Qy , orthogonally additive as a k-homogeneous polynomial,
f is a-orthogonally additive on V. U

It follows from the proof above that the Taylor series expansion of f at a is com-
posed of orthogonally additive polynomials, whenever f is an a-orthogonally addi-
tive holomorphic function on a neighborhood of a. Recall that a set B C C(K), with
a € B, is said to be a-balanced if for each x € B and A in the closed unit disc A, then
(1—=2X)a+rx € B.

Proposition 2.3 Suppose f € H(U), a € U and f is a-orthogonally additive on a
neighborhood of a. Then f is a-orthogonally additive on any open a-balanced set
BcCU.

Proof Consider f(a+x) = f(a)+) ;~; Qk.a(x) the Taylor series of f ata, B C U
an open a-balanced set, and a +u, a + v,a+u-+ve B, where u L v.Itis known [8,
Theorem 7.11] that the Taylor series converges to f on any finite set of B. As shown
in the proof of Proposition 2.2, each O , is orthogonally additive. Then,

fau+v) = fla+u+v)— f(a)
=Y Oralu+v)

k>1

=Y Ora@) + ) Ora(v)

k>1 k>1
=(fla+u)— f(a) + (fla+v)— f(a))
= fa(u) + fa(v). O

Now we see that, for domains in C(K), it suffices to verify orthogonal additivity
for a single point.

Proposition 2.4 Consider a connected open subset U C C(K), f € H(U), and
a € U. If f is a-orthogonally additive on a neighborhood of a, then f is locally
orthogonally additive on U.

Proof Let A={x € U : f is x-orthogonally additive on a neighborhood of x}. Since
a € A, the set A is nonempty. For any ¢ € A, there exists » > 0, such that f is c-
orthogonally additive on the open ball B(c, r) C U. If the Taylor series expansion of
fatcis fe+x) =Y 32 Qre(x), then fo(x) = flc+x) = f(c) = 300 Qr.e(x),

for all x € B(0, r). We are going to see that for every b € B(c,r),if s=r — ||b—c|,

then f is b-orthogonally additive on B(b, s). First note that the proof of Proposi-
tion 2.2 gives that each Q. is an orthogonally additive k-homogeneous polynomial.
Therefore, if we denote (Qk c)p—c(x) = Qk,c(b — c + x) — Ok,(b — ¢), we obtain
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from Proposition 2.1 that each (Qg,¢)p—c is also orthogonally additive. Now choose
u,v withu L v,and suchthatb+u,b+v,b+u+ v e B(b,s). Then,

fou+v)=fb+u+v)— fb)

= ZQk,C.(b—chquv) _ZQk,c(b_c)

k=0 k=0

=Y (Qk)b-c@+) = (Qo-c@) + D (Qk.c)p—c(v)

k=1 k=1 k=1
=Y Okclb—c+u) = Qrelb—c)+ Y Qb —c+v)
k=1 k=1
= Qk.cb—0)
= felb—c+u) = folb— )+ felb—c+v) — felb—c)
=(fb+u) = [(©) = (fB) = f(©)+ (fb+v) = [(©))
— (f(b) = f(c))
=fb+u) = fB)+ fb+v)— (D)
= fo(u) + fo(v).

This shows that A is open. Now, let {a,}, be a sequence in A converging to b € U.
Take § > 0 such that the open ball B(b, §) C U. Choose a; with ||b — ay|| < §/4. The
ball B(ag, §/2) is still contained in U and b belongs to it. So, being f ai-orthogonally
additive on B(ax, 8/2), f is b-orthogonally additive on a neighborhood of b, as we
have just proved. Then, b € A and the set A is closed. Therefore, A = U and the
result follows. 0

Note that the previous results show that our definition of “locally orthogonally
additive” extends the classical notion of “orthogonally additive”. More precisely, we
have the following:

Corollary 2.5 Let f : C(K) — C be a holomorphic function. Then f is orthogonally
additive if, and only if, f(0) =0 and f is locally orthogonally additive on C(K).

We remark that the definition of locally orthogonally additive imposes no restric-

tion on the value at any particular point and, in fact, if f € H(U) is locally orthogo-
nally additive on U, then so is f + ¢, for any ¢ € C.

3 Characterization of locally orthogonally additive holomorphic functions
onU

Given a Borel subset A C K, we denote the corresponding characteristic function
by 14. Recall [3] that for any k-homogeneous polynomial Q on C(K) we may define
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a k-homogeneous polynomial Q 4 by setting

Qa(u)=0(14u),

where O denotes the Aron-Berner extension of Q to the bidual of C(K) [1]. Note
that when Q is orthogonally additive, there exists a regular Borel measure p on K
such that Q(x) = f X x¥du, and the proof of [3, Corollary 2.1] shows that for any

Borel subset A C K andu € C(K), Qa(u) = fA ukdu. It is easily checked by using
[7] that the norm of Q4 is bounded by the norm of Q.

Definition 3 Let f € H(U) and u be a Borel measure on K. We will say that f < u
ata € U if, given ) ;2 ) Ok 4 the Taylor series expansion of f at a, for every Borel
set A C K we have that if £1(A) =0, then Q¢ 4, =0forall k > 1.
Definition 4 If 14 is a Borel measure on K, a L{(u)-valued function 4, defined near
a will be called a power series function if h,(u) = c + Zkzl gk - (u— a)k, where
¢ € C, we have that g € L1(w) for all £ > 1, and the series converges in L (u).
Note that the radius of convergence of the series above can be computed in terms
of (llgkllL,)k,and is given by the Cauchy-Hadamard formula. A power series function
is a special type of holomorphic function, for it uses the algebra structure of L (u).
Theorem 3.1 Given f € H(U) locally orthogonally additive on U, and u a prob-

ability measure on K, then f < u at a if and only if there exists a power series
function h, defined near a, such that

f(u):/ha(u)d,u for u near a.
K

Proof Suppose f < pata,and u(A) =0. Thus for each k > 1, O 44 = 0. We have
Qk.a < ata for all k. By Proposition 2.2, Oy , are all orthogonally additive so by
[3] there are Borel measures (x4 such that

Qk.a(x) = / Mg
K
Since Qx4 K [, pk,a K pu: indeed, if u(A) =0,
pra) = [ 1tk = Qa1 =0
A
Now by the Radon-Nikodym theorem, there are g , € Li(p) such that
Ok.a(x) = / xkgk,a du.
K
We may see as in [4, Theorem 2.1] that ||gk 4|l, < I| Qk,«ll. Now define i, near a by

ha() = f(@+ ) gka-—a)

k>1
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This series converges absolutely as in [4]. Now note that for u neara € U,

@) =f@+) Oralu—a)

k>1
=f(a)+Z/ u—a)gradu
k>1 K
= / <f(a) +) gk (- a)k) du
K k>1
=/ ha(u)dp.
K

Now suppose a € U is such that there exists a power series function &, defined
near a, with

f(u)=/ hga(u)dp for u near a.
K

Then for u near a,

F = f@+ [ 3 gra-te-ad

K1

—r@+Y [ seaw—afdu.

k>1
Thus for each &,
Okalx) = / x gk adp.
K

Now if A is such that £ (A) =0,
Q) = / 1 dpui g
K

= / Klagradu
K

=f Keradu
A
Os

50 Ok L pforallk>1,and f < pnata. U

Proposition 3.2 Let f € H(U) be locally orthogonally additive on U. Then for each
a € U there is a probability measure |1, such that f < g at a.
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Proof Fix a € U. If f is constant on a neighborhood of a, the result is obvious.
Otherwise, let

f@)=f@+) Qalu—a)

k>1

be the Taylor series expansion of f ata. By Proposition 2.2, all Oy , are orthogonally
additive. As in [4, Proposition 2.2] there is a sequence of measures (14x), depending
on a, such that

Ok,a(x) 2/ xFduy,
K

and || < || Qk.qll- There is then a positive number » > 0 such that Zkzl luklrk = 1.
We define

ta(A) =Y r* il (A).

k>1

Thus pr < g for each k, so Qp K u, foreach k and f <« u, ata. U

We can now characterize holomorphic functions which are locally orthogonally
additive on U.

Theorem 3.3 f € H(U) is locally orthogonally additive on U if and only if for each
a € U there exists a probability measure u, on K and a power series function h,
defined near a such that

f @) =/ ho(w)du, for u neara.
K

Proof =: Follows immediately from the previous results.
«: For any a € U and small x,

Ja) = fx+a) = f(a)

=/K(ha(x-|-a)—f(a)) dita
:Zf gk'xkd,ua'
k>1 K

Thus if x L y (and both are small),

fa(x+y)=2ﬁ(gk~(x+y)kdua

k>1

=Z/ g - (K5 dpg
K

k>1
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=Z/ng~x"dua+2/l<gk~ykdua

k>1 k>1

= fo(x) + fa(y).

Thus f is locally orthogonally additive on U. g

We conclude with a concrete example of a locally orthogonally additive holomor-
phic function which is not of bounded type, and its representation as in the previous
theorem.

Example 1 We take K = BN, the Stone-Cech compactification of the natural num-
bers, and C(K) = £~. Consider the open subset of £,

U={z€ly:d(z,cp) <1},

and f: U — C given by f(z) =) .o z(n)". This is a locally orthogonally additive
holomorphic function on U. Nevertheless, f cannot be extended to all of £, for all
entire functions on £, are of bounded type on cq (see [6, Corollary 6.17]), and f
clearly is not.

For each a € U, define the probability measure on SN with support in N and
na({n}) = zi,, Also, define—for z sufficiently near to a—the power series function

ha(2)(n) = 322 gk (n)(z(n) — a(n))*, where

(n) = 0, ifn <k
= (M amy*2n, ifn >k

(hereif a(n) = 0 and n = k we understand 0° = 1). Note that s, (z) € L, (q). Indeed,
say b € cp is at a distance s < 1 from a; and that for n > ng

1—=s 1+s
la(n)| < la(n) —bm)| + |b(n)| <s+T= S =r< 1.

Then

00
n 1

du, = n—kzn_

/ﬂ eldig n}_lj(k)mmn >

n>n
nk rh

<c+ Z
= k! rk

1
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Moreover, integrating /,(z), we have

o0 o0 1
/,3 @i =33 s ) —a) 5

n=1k=0

-y (Z) a(n)" 2" (2(n) — a(n)) 2i

n=1k=0

> (am) + (z(n) — a(m)))"
n=1

()" = f(2).

M

3
I
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