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Abstract We introduce, study and characterize orthogonally additive holomorphic
functions f : U → C where U is an open subset of C(K). We are led to consider
orthogonal additivity at different points of U .
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1 Introduction

Orthogonally additive polynomials were first studied by Sundaresan [11] in the con-
text of Banach lattices. He obtained a characterization of such functions for Lp-
spaces. Interest in orthogonally additive polynomials was later renewed (see [2, 3,
5, 10]) and recently several papers have appeared dealing with various aspects of
orthogonally additive functions [4, 9].
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A function f : C(K) → C is said to be orthogonally additive if f (x+y) = f (x)+
f (y) whenever x and y are orthogonal (i.e. xy = 0 over K). As usual, we denote by
P (nC(K)) the space of all continuous n-homogeneous polynomials P : C(K) → C.
As was proved in [2, 3, 10], all orthogonally additive polynomials P ∈ P (nC(K))

are of the form

P(x) =
∫

K

xn dμ (∗)

for some regular Borel measure μ. A holomorphic function f : C(K) → C of
bounded type (i.e. one which is bounded on bounded sets) has a Taylor series ex-
pansion f = ∑

k≥0 Pk at zero which is uniformly convergent on any bounded set,
and it is easy to prove that f is orthogonally additive if and only if each Pk is or-
thogonally additive. Note that this does not hold for expansions around other points.
Even so, as was shown in [4], a representation such as (∗) above cannot be obtained
for such functions and in fact cannot be obtained even for non-homogeneous polyno-
mials. However, a characterization of such functions was given in [4].

Holomorphic functions f : C(K) → C which are not of bounded type cannot be
expressed globally as Taylor series [6], and their study requires expansions around
different points. More generally, in this paper we introduce an appropriate notion of
orthogonally additive holomorphic functions f : U → C, where U is an arbitrary
open subset of C(K). We are therefore led to study some form of localization of
the concept of orthogonal additivity. This is done in Sect. 2. In Sect. 3 we give our
characterization of locally orthogonally additive holomorphic functions, more or less
along the lines of [4], and we end with a concrete example of a locally orthogonally
additive holomorphic function on an open subset of �∞.

2 Preliminary results

Throughout, K will be a compact topological space and U a non-empty open subset
of C(K). We say u,v ∈ C(K) are orthogonal if uv = 0 over K (we denote this by
u ⊥ v). If this happens, then (u + v)k = uk + vk for all k ≥ 1. In order to begin
our study of orthogonal additivity at different points of U , we require the following
definition.

Definition 1 Given a function f : U → C, and a ∈ U , let fa denote the function

fa(x) = f (a + x) − f (a), where x ∈ Ua = U − a.

Note that f0(x) = f (x) − f (0), so if f (0) = 0, then f0 = f . This is the case for
non-constant homogeneous polynomials. We have the following proposition.

Proposition 2.1 Let n ≥ 1 and P ∈ P (nC(K)). Then the following are equivalent.

(i) P is orthogonally additive.
(ii) For every a ∈ C(K), Pa is orthogonally additive.

(iii) For some a ∈ C(K) with P(a) = 0, Pa is orthogonally additive.
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Proof (i) implies (ii): Let a ∈ C(K), and u ⊥ v. Since P is orthogonally additive,
there is a regular Borel measure μ on K (see [2, 3, 10]) such that

P(x) =
∫

K

xn dμ.

Thus,

Pa(u + v) = P(a + u + v) − P(a)

=
∫

K

(a + u + v)n − an dμ =
∫

K

n∑
j=1

(
n

j

)
an−j (u + v)j dμ

=
∫

K

n∑
j=1

(
n

j

)
an−j (uj + vj ) dμ

=
∫

K

n∑
j=1

(
n

j

)
an−j uj dμ +

∫
K

n∑
j=1

(
n

j

)
an−j vj dμ

=
∫

K

(a + u)n − an dμ +
∫

K

(a + v)n − an dμ

= P(a + u) − P(a) + P(a + v) − P(a)

= Pa(u) + Pa(v).

(ii) implies (iii): P is zero at some point.
(iii) implies (i): Say Pa is orthogonally additive, P(a) = 0, and u ⊥ v. Applying

[4, Theorem 2.3] to the non-homogeneous polynomial Pa , one sees that there is a
regular Borel measure μ on K and functions g1, . . . , gn ∈ L1(μ) such that

Pa(x) =
∫

K

n∑
j=1

gj · xj dμ.

Thus,

P(u + v) = P(a) + Pa(u + v − a) = Pa(u + v − a)

=
∫

K

n∑
j=1

gj · (u + v − a)j dμ

=
∫

K

n∑
j=1

gj ·
j∑

i=0

(
j

i

)
(−a)j−i (u + v)i dμ

=
∫

K

n∑
j=1

gj ·
j∑

i=0

(
j

i

)
(−a)j−i (ui + vi) dμ
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=
∫

K

n∑
j=1

gj ·
j∑

i=0

(
j

i

)
(−a)j−iui dμ +

∫
K

n∑
j=1

gj ·
j∑

i=0

(
j

i

)
(−a)j−ivi dμ

=
∫

K

n∑
j=1

gj · (u − a)j dμ +
∫

K

n∑
j=1

gj · (v − a)j dμ

= Pa(u − a) + Pa(v − a) = P(u) − P(a) + P(v) − P(a)

= P(u) + P(v). �

We are going to apply the above result to the study of orthogonally additive holo-
morphic functions defined on an arbitrary open subset U of C(K). We denote as
usual by H(U) the space of all holomorphic functions f : U → C. We introduce the
following definition.

Definition 2 Given a function f ∈ H(U), we will say f is locally orthogonally ad-
ditive on U if for each a ∈ U there exists a neighborhood V of a such that whenever
a + u,a + v, a + u + v ∈ V and u ⊥ v, then

fa(u + v) = fa(u) + fa(v).

For short, we will refer to this local condition as f is a-orthogonally additive
on V .

Proposition 2.2 A function f ∈ H(U) is locally orthogonally additive on U if
and only if for each a ∈ U the Taylor series expansion of f at a is f (a + x) =
f (a) + ∑

k≥1 Qk,a(x), where all Qk,a are orthogonally additive k-homogeneous
polynomials.

Proof ⇒: Take a ∈ U and u ⊥ v. Note that for small λ we have a + λu,a + λv, a +
λ(u+v) ∈ V , where V is a neighborhood of a on which f is a-orthogonally additive,
and the Taylor series at a converges on them. Then for each k ≥ 1

k!Qk,a(u + v) = dk

dλk

∣∣∣
λ=0

f (a + λ(u + v))

= dk

dλk

∣∣∣
λ=0

[
fa(λu + λv) + f (a)

]

= dk

dλk

∣∣∣
λ=0

[
fa(λu) + fa(λv) + f (a)

]

= dk

dλk

∣∣∣
λ=0

fa(λu) + dk

dλk

∣∣∣
λ=0

fa(λv)

= dk

dλk

∣∣∣
λ=0

(f (a + λu) − f (a)) + dk

dλk

∣∣∣
λ=0

(f (a + λv) − f (a))

= k!Qk,a(u) + k!Qk,a(v).
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⇐: For each a ∈ U , consider f (x + a) = f (a) + ∑
k≥1 Qk,a(x) the Taylor se-

ries expansion of f at a, which is convergent to f for x + a in some neighbor-
hood V of a. Being Qk,a orthogonally additive as a k-homogeneous polynomial,
f is a-orthogonally additive on V . �

It follows from the proof above that the Taylor series expansion of f at a is com-
posed of orthogonally additive polynomials, whenever f is an a-orthogonally addi-
tive holomorphic function on a neighborhood of a. Recall that a set B ⊂ C(K), with
a ∈ B , is said to be a-balanced if for each x ∈ B and λ in the closed unit disc �, then
(1 − λ)a + λx ∈ B .

Proposition 2.3 Suppose f ∈ H(U), a ∈ U and f is a-orthogonally additive on a
neighborhood of a. Then f is a-orthogonally additive on any open a-balanced set
B ⊂ U .

Proof Consider f (a+x) = f (a)+∑
k≥1 Qk,a(x) the Taylor series of f at a, B ⊂ U

an open a-balanced set, and a +u,a + v, a +u+ v ∈ B , where u ⊥ v. It is known [8,
Theorem 7.11] that the Taylor series converges to f on any finite set of B . As shown
in the proof of Proposition 2.2, each Qk,a is orthogonally additive. Then,

fa(u + v) = f (a + u + v) − f (a)

=
∑
k≥1

Qk,a(u + v)

=
∑
k≥1

Qk,a(u) +
∑
k≥1

Qk,a(v)

= (f (a + u) − f (a)) + (f (a + v) − f (a))

= fa(u) + fa(v). �

Now we see that, for domains in C(K), it suffices to verify orthogonal additivity
for a single point.

Proposition 2.4 Consider a connected open subset U ⊂ C(K), f ∈ H(U), and
a ∈ U . If f is a-orthogonally additive on a neighborhood of a, then f is locally
orthogonally additive on U .

Proof Let A = {x ∈ U : f is x-orthogonally additive on a neighborhood of x}. Since
a ∈ A, the set A is nonempty. For any c ∈ A, there exists r > 0, such that f is c-
orthogonally additive on the open ball B(c, r) ⊂ U . If the Taylor series expansion of
f at c is f (c + x) = ∑∞

k=0 Qk,c(x), then fc(x) = f (c + x)−f (c) = ∑∞
k=1 Qk,c(x),

for all x ∈ B(0, r). We are going to see that for every b ∈ B(c, r), if s = r − ‖b − c‖,
then f is b-orthogonally additive on B(b, s). First note that the proof of Proposi-
tion 2.2 gives that each Qk,c is an orthogonally additive k-homogeneous polynomial.
Therefore, if we denote (Qk,c)b−c(x) = Qk,c(b − c + x) − Qk,c(b − c), we obtain
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from Proposition 2.1 that each (Qk,c)b−c is also orthogonally additive. Now choose
u,v with u ⊥ v, and such that b + u,b + v, b + u + v ∈ B(b, s). Then,

fb(u + v) = f (b + u + v) − f (b)

=
∞∑

k=0

Qk,c(b − c + u + v) −
∞∑

k=0

Qk,c(b − c)

=
∞∑

k=1

(Qk,c)b−c(u + v) =
∞∑

k=1

(Qk,c)b−c(u) +
∞∑

k=1

(Qk,c)b−c(v)

=
∞∑

k=1

Qk,c(b − c + u) − Qk,c(b − c) +
∞∑

k=1

Qk,c(b − c + v)

− Qk,c(b − c)

= fc(b − c + u) − fc(b − c) + fc(b − c + v) − fc(b − c)

= (f (b + u) − f (c)) − (f (b) − f (c)) + (f (b + v) − f (c))

− (f (b) − f (c))

= f (b + u) − f (b) + f (b + v) − f (b)

= fb(u) + fb(v).

This shows that A is open. Now, let {an}n be a sequence in A converging to b ∈ U .
Take δ > 0 such that the open ball B(b, δ) ⊂ U . Choose ak with ‖b − ak‖ < δ/4. The
ball B(ak, δ/2) is still contained in U and b belongs to it. So, being f ak-orthogonally
additive on B(ak, δ/2), f is b-orthogonally additive on a neighborhood of b, as we
have just proved. Then, b ∈ A and the set A is closed. Therefore, A = U and the
result follows. �

Note that the previous results show that our definition of “locally orthogonally
additive” extends the classical notion of “orthogonally additive”. More precisely, we
have the following:

Corollary 2.5 Let f : C(K) → C be a holomorphic function. Then f is orthogonally
additive if, and only if, f (0) = 0 and f is locally orthogonally additive on C(K).

We remark that the definition of locally orthogonally additive imposes no restric-
tion on the value at any particular point and, in fact, if f ∈ H(U) is locally orthogo-
nally additive on U , then so is f + c, for any c ∈ C.

3 Characterization of locally orthogonally additive holomorphic functions
on U

Given a Borel subset A ⊂ K , we denote the corresponding characteristic function
by 1A. Recall [3] that for any k-homogeneous polynomial Q on C(K) we may define
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a k-homogeneous polynomial QA by setting

QA(u) = Q(1Au),

where Q denotes the Aron-Berner extension of Q to the bidual of C(K) [1]. Note
that when Q is orthogonally additive, there exists a regular Borel measure μ on K

such that Q(x) = ∫
K

xk dμ, and the proof of [3, Corollary 2.1] shows that for any
Borel subset A ⊂ K and u ∈ C(K), QA(u) = ∫

A
ukdμ. It is easily checked by using

[7] that the norm of QA is bounded by the norm of Q.

Definition 3 Let f ∈ H(U) and μ be a Borel measure on K . We will say that f � μ

at a ∈ U if, given
∑∞

k=0 Qk,a the Taylor series expansion of f at a, for every Borel
set A ⊂ K we have that if μ(A) = 0, then Qk,aA = 0 for all k ≥ 1.

Definition 4 If μ is a Borel measure on K , a L1(μ)-valued function ha defined near
a will be called a power series function if ha(u) = c + ∑

k≥1 gk · (u − a)k, where
c ∈ C, we have that gk ∈ L1(μ) for all k ≥ 1, and the series converges in L1(μ).

Note that the radius of convergence of the series above can be computed in terms
of (‖gk‖L1)k , and is given by the Cauchy-Hadamard formula. A power series function
is a special type of holomorphic function, for it uses the algebra structure of L1(μ).

Theorem 3.1 Given f ∈ H(U) locally orthogonally additive on U , and μ a prob-
ability measure on K , then f � μ at a if and only if there exists a power series
function ha defined near a, such that

f (u) =
∫

K

ha(u)dμ for u near a.

Proof Suppose f � μ at a, and μ(A) = 0. Thus for each k ≥ 1, Qk,aA = 0. We have
Qk,a � μ at a for all k. By Proposition 2.2, Qk,a are all orthogonally additive so by
[3] there are Borel measures μk,a such that

Qk,a(x) =
∫

K

xk dμk,a.

Since Qk,a � μ, μk,a � μ: indeed, if μ(A) = 0,

μk,a(A) =
∫

A

1dμk,a = Qk,aA(1) = 0.

Now by the Radon-Nikodým theorem, there are gk,a ∈ L1(μ) such that

Qk,a(x) =
∫

K

xkgk,a dμ.

We may see as in [4, Theorem 2.1] that ‖gk,a‖L1 ≤ ‖Qk,a‖. Now define ha near a by

ha(u) = f (a) +
∑
k≥1

gk,a · (u − a)k.
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This series converges absolutely as in [4]. Now note that for u near a ∈ U ,

f (u) = f (a) +
∑
k≥1

Qk,a(u − a)

= f (a) +
∑
k≥1

∫
K

(u − a)kgk,a dμ

=
∫

K

(
f (a) +

∑
k≥1

gk,a · (u − a)k
)

dμ

=
∫

K

ha(u)dμ.

Now suppose a ∈ U is such that there exists a power series function ha defined
near a, with

f (u) =
∫

K

ha(u)dμ for u near a.

Then for u near a,

f (u) = f (a) +
∫

K

∑
k≥1

gk,a · (u − a)k dμ

= f (a) +
∑
k≥1

∫
K

gk,a · (u − a)k dμ.

Thus for each k,

Qk,a(x) =
∫

K

xkgk,a dμ.

Now if A is such that μ(A) = 0,

Qk,aA(x) =
∫

K

xk1A dμk,a

=
∫

K

xk1Agk,a dμ

=
∫

A

xkgk,a dμ

= 0,

so Qk,a � μ for all k ≥ 1, and f � μ at a. �

Proposition 3.2 Let f ∈ H(U) be locally orthogonally additive on U . Then for each
a ∈ U there is a probability measure μa such that f � μa at a.
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Proof Fix a ∈ U . If f is constant on a neighborhood of a, the result is obvious.
Otherwise, let

f (u) = f (a) +
∑
k≥1

Qk,a(u − a)

be the Taylor series expansion of f at a. By Proposition 2.2, all Qk,a are orthogonally
additive. As in [4, Proposition 2.2] there is a sequence of measures (μk), depending
on a, such that

Qk,a(x) =
∫

K

xk dμk,

and |μk| ≤ ‖Qk,a‖. There is then a positive number r > 0 such that
∑

k≥1 |μk|rk = 1.
We define

μa(A) =
∑
k≥1

rk|μk|(A).

Thus μk � μa for each k, so Qk � μa for each k and f � μa at a. �

We can now characterize holomorphic functions which are locally orthogonally
additive on U .

Theorem 3.3 f ∈ H(U) is locally orthogonally additive on U if and only if for each
a ∈ U there exists a probability measure μa on K and a power series function ha

defined near a such that

f (u) =
∫

K

ha(u)dμa for u near a.

Proof ⇒: Follows immediately from the previous results.
⇐: For any a ∈ U and small x,

fa(x) = f (x + a) − f (a)

=
∫

K

(ha(x + a) − f (a)) dμa

=
∑
k≥1

∫
K

gk · xk dμa.

Thus if x ⊥ y (and both are small),

fa(x + y) =
∑
k≥1

∫
K

gk · (x + y)k dμa

=
∑
k≥1

∫
K

gk · (xk + yk) dμa
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=
∑
k≥1

∫
K

gk · xk dμa +
∑
k≥1

∫
K

gk · yk dμa

= fa(x) + fa(y).

Thus f is locally orthogonally additive on U . �

We conclude with a concrete example of a locally orthogonally additive holomor-
phic function which is not of bounded type, and its representation as in the previous
theorem.

Example 1 We take K = βN, the Stone-Čech compactification of the natural num-
bers, and C(K) = �∞. Consider the open subset of �∞

U = {z ∈ �∞ : d(z, c0) < 1},

and f : U → C given by f (z) = ∑∞
n=1 z(n)n. This is a locally orthogonally additive

holomorphic function on U . Nevertheless, f cannot be extended to all of �∞, for all
entire functions on �∞ are of bounded type on c0 (see [6, Corollary 6.17]), and f

clearly is not.
For each a ∈ U , define the probability measure on βN with support in N and

μa({n}) = 1
2n . Also, define—for z sufficiently near to a—the power series function

ha(z)(n) = ∑∞
k=0 gk(n)(z(n) − a(n))k , where

gk(n) =
{

0, if n < k(
n
k

)
a(n)n−k 2n, if n ≥ k

(here if a(n) = 0 and n = k we understand 00 = 1). Note that ha(z) ∈ L1(μa). Indeed,
say b ∈ c0 is at a distance s < 1 from a; and that for n ≥ ns

|a(n)| ≤ |a(n) − b(n)| + |b(n)| < s + 1 − s

2
= 1 + s

2
= r < 1.

Then

∫
βN

|gk|dμa =
∞∑

n=1

(
n

k

)
|a(n)|n−k 2n 1

2n

< c +
∑
n≥ns

(
n

k

)
rn−k

< c +
∑
n≥ns

nk rn

k! rk

= c + 1

k! rk

∑
n≥ns

nk rn < ∞.
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Moreover, integrating ha(z), we have

∫
βN

ha(z) dμa =
∞∑

n=1

∞∑
k=0

gk(n)(z(n) − a(n))k
1

2n

=
∞∑

n=1

n∑
k=0

(
n

k

)
a(n)n−k 2n (z(n) − a(n))k

1

2n

=
∞∑

n=1

(a(n) + (z(n) − a(n)))n

=
∞∑

n=1

z(n)n = f (z).
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