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Abstract This paper is concerned with the links between the Value Iteration algorithm and
the Rolling Horizon procedure, for solving problems of stochastic optimal control under the
long-run average criterion, in Markov Decision Processes with finite state and action spaces.
We review conditions of the literature which imply the geometric convergence of Value It-
eration to the optimal value. Aperiodicity is an essential prerequisite for convergence. We
prove that the convergence of Value Iteration generally implies that of Rolling Horizon. We
also present a modified Rolling Horizon procedure that can be applied to models without
analyzing periodicity, and discuss the impact of this transformation on convergence. We il-
lustrate with numerous examples the different results. Finally, we discuss rules for stopping
Value Iteration or finding the length of a Rolling Horizon. We provide an example which
demonstrates the difficulty of the question, disproving in particular a conjectured rule pro-
posed by Puterman.

Keywords Markov decision problems - Value iteration - Heuristic methods - Rolling
horizon

1 Introduction

1.1 Statement of the problem: precision of the rolling horizon procedure

Consider a random dynamical system, observed at discrete times. At each time ¢ € N, the
state s, is observed and an action g, is chosen, resulting in an instantaneous gain r,(s;, a,).
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From here on, we work with time-homogeneous gains: r, = r, independent on the time.
The actions a; chosen at each time ¢ in the respective state s; determine a policy 7 whose
performance is evaluated through a long-run average criterion. More precisely, let

n—1
1
g7 (s) =lim inf ~E] > rsean). (1
t=0

The objective of the controller is to find (when it exists) the policy that solves, given the
current state s:

*(s) = argmax g” (s).

However, for a wide class of stochastic control problems in discrete time and infinite hori-
zon, obtaining an optimal policy explicitly is a difficult task. This is why practitioners often
use instead a heuristic method called the Rolling Horizon procedure (also, Receding Hori-
zon, Moving Horizon or Model Predictive Control), which works as follows. To the infinite-
horizon control problem is associated a finite-horizon problem (FHP): for a given integer n
(the horizon length) and a state s, find:

n—1
max E” |:Zr(s,,a,)|so :s:|. 2)

t=0

Solving this problem results in a sequence of decision rules:
n,j:(dnvdnflanwdbdl) (3)

where d (s,_1) is the best action to be applied at time # = n — 1 when only one step remains
to reach the horizon, d; is the best decision rule to be applied when two steps remain to get
the horizon, at time ¢t = n — 2, and so on. In particular, d, (s¢) is the best decision rule to be
applied to the initial state s,.

The Rolling Horizon method (abbreviated as RH from here on), prescribes to repeat-
edly consider a FHP, taking the current state as initial state. It is not necessary to solve it
completely: what is needed is to obtain the first action and to apply it.

Specifically, the procedure to construct a rolling horizon policy is the following one. Fix
some integer 7.

1. At time ¢, and for the current state x,, find the value of d,(x;) in the control problem
FHP.

2. Apply a;, =d, (x,).

3. Observe the achieved state at time ¢ + 1: x;4;.

4. Sett:=t+ 1and x; :== x;4; and go to step 1.

The RH procedure does not specify how to compute the value d, (x,). Its efficiency is based
on the idea that computing the value d, (x;) alone is usually much easier than solving en-
tirely the FHP, which involves computing the n decision rules in (3). On the other hand, the
performance of the resulting policy is not the optimal one, although the intuition is that when
n is “large enough”, the performance should be close to the optimal. The practical issue is
then to choose n so as to obtain a proper compromise between precision and the computa-
tional effort needed to obtain d,(x;). We address this issue through two formal qualitative
and quantitative questions. Let u,, (s) be the average gain achieved by the RH procedure with
horizon length n, starting in state s:
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Q1 Under which conditions on the problem is it true that lim,,_, o, u, (s) = g”* (5)?
Q2 Given a state s and € > 0, is it possible to compute n such that |u, (s) — g”* (s)| <€?

In this paper, we look at these questions in the context of Markov Decision Processes,
through the link it has with the Value Iteration (VI) algorithm and the RH procedure. We
focus on two objectives:

— make a review of the results about convergence of the VI algorithm in the literature,
including the multichain model,

— analyze the effects of those properties on the convergence of the RH procedure and, in
this way, make more practical and wide the use of this method.

We finally propose a modification of the RH procedure that makes convergence easier, and
discuss its efficiency.

The paper is organized as follows. We complete this introduction with a brief literature
review. In Sects. 2 and 3, we recapitulate the relationship between RH and the Value Iteration
algorithm concerning their convergence concepts. Then in Sect. 4 we propose and evaluate
a Modified Rolling Horizon procedure. Finally, in Sect. 5, we discuss about stopping rules
for both of algorithms and we conclude in Sect. 6.

1.2 Literature review

Markov decision problems have been widely studied during the last sixty years, and the
advances and applications have been synthesized in well-known books such as for example
(Derman 1970; Ross 1970; Bertsekas 1987; White 1993; Puterman 1994; Kallenberg 2009).
The value iteration algorithm is an usual topic in the bibliography, frequently associated to
discounted criteria. The analysis of the problem when the performance of the policies is
evaluated with the criterion of average rewards over an infinite horizon, in the most general
case, presents additional difficulties. This is why this topic has been developed more recently
in the literature. For example, it is not present in Derman (1970) and few words are devoted
to it in Ross (1970). In most of the references, convergence of the value iteration algorithm
for average rewards criterion is analyzed only for unichain models. Since the distinction
between unichain and multichain turns out to be NP-complete to decide (see Kallenberg
2009), it should be useful to give convergence results for multichain models.

We shall consider Markov Decision Processes as described for instance in Puterman
(1994), of whom we adopt the notation. We also refer to the classification of Markov de-
cision problems according to their deterministic stationary policies, i.e. unichain or multi-
chain, as it appears in Kallenberg (2009), Puterman (1994).

The theoretical analysis of RH for MDPs has comparatively received less attention in
the literature, where this procedure is often encountered in a heuristic presentation, without
precise references to accuracy or convergence. In the discounted case, Puterman (1994, The-
orem 6.3.1, p. 161) proves that both VI and RH converge at the same time (see the definitions
of convergence below). Results for the case of average costs include those of Herndndez-
Lerma and Lasserre, who present in Herndndez-Lerma and Lasserre (1990) error bounds for
rolling horizon policies in general, stationary and nonstationary, Markov control problems
on Borel spaces, with both discounted and average reward criteria. They give a condition
(Assumption 5.1 in their work and Condition 5 below in this work) under which the reward
of the rolling horizon policy converges geometrically to the optimal reward function, uni-
formly in the initial state, as the length of the rolling horizon increases. The convergence
rate is explicit in their result. Previously, Alden and Smith (1992) provided an error bound,
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still for nonstationary MDPs, between a rolling horizon policy and an expected-average op-
timal policy, considering finite states and finite policies under a Doeblin-like condition (see
Meyn and Tweedie 2009). Guo and Shi (2001), deal with the limiting average criteria for
nonstationary Markov decision processes on Borel state spaces with possibly unbounded
rewards. They give conditions under which the existence of both a solution to the optimal-
ity equations and the limiting average e¢-optimal Markov policies can be derived and also
present a rolling horizon algorithm for computing limiting average ¢-optimal Markov poli-
cies. The proof of the convergence is under a condition similar to those in Herndndez-Lerma
and Lasserre (1990).

2 The Value Iteration algorithm for the average reward criterion

In what follows, the state space, S, and the decision set for each s € §, A; are both finite.
Also, without losing generality, we consider r(s,a) >0, V(s,a) € § x A;.

We shall focus on stationary policies 7 = (d)* = (d,d, ...) where d is a decision rule
that maps every state s of S to A,. Every decision rule can be seen as a vector with |S|
components. When vectorial notation is possible, for short we write r, for the vector whose
components are r (s, d(s)) and P, for the transition matrix where P,;(s, s") = p(s'|s, d(s)).
Moreover, making an abuse of notation, we use D indifferently for the set of decision rules
or the set of stationary policies.

In this finite state space/finite action space setting, it is well-known that there exists an
optimal, pure stationary policy, for the infinite-horizon average reward criterion (1). Let g*
denote the associated optimal gain vector.

Consider now the Value Iteration algorithm:

Value iteration algorithm

1. n= 0, Vg = 0.
2. Compute
Unt1 = max{rd + Pdvn} =:Tv, “4)
deD
and some
dyy) € arg mjlx{rd + Pyv,}. 5)

3. If an adequate stopping rule holds, then go to step 4. Otherwise, set n :=n + 1 and go to
step 2.
4. Returnd, ;.

When VI stops, for some N, it has computed a sequence of decision rules (dy, ..., d;)
which actually solves the FHP in (2). On the other hand, it has been observed in the liter-
ature (e.g. in Herndndez-Lerma and Lasserre 1990) that the RH procedure with horizon n
generates decisions precisely according to the stationary policy (d,)*> = (d,, d,, ...).

Convergence concepts  The usual theoretical and practical challenge for VI is to determine
the “adequate stopping rule” of step 3, so that the algorithm does stop at some iteration n
such that the policy computed is “good enough”.

It is known that v, /n always converges to g*, see Kallenberg (2002, Corollary 2.8, p. 49),
but this result alone does not help to identify optimal or e-optimal policies. We choose
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therefore the following, more practical, notion of convergence. The VI algorithm is said to
converge if the following limit exists, for some vector A* !:

lim v, —ng* =h". (6)
n—o00

In addition, the convergence is said to be geometric if there exists N e N, C > 0and § < 1
such that, with a suitable norm, Vn > N,

lv, —ng* —h*|| < Cs".

These definitions are motivated by the fact that the (nonstationary but periodic) policy
dy,...,d1,dy, ...) has the performance vy /N for the average criterion (1). On the other
hand, most practitioners are likely to use instead the decision rule dy alone repeatedly (out
of simplicity, or the belief that this rule must be the “best” of those computed by VI), thereby
implementing effectively a RH procedure with horizon N. The average value obtained by us-
ing this stationary policy is uy = g~ and in general, uy # vy /N and uy # vy41 — Un,
nor is there a particular order between these sequences. We illustrate this fact below. As a
consequence, any convergence result or stopping rule for VI is not guaranteed to provide a
performance bound for RH. This motivates further the need for results concerning specifi-
cally RH.
By analogy, the RH procedure is said to converge if

(dn)*>® — of

lim g g".

n—+0oo

The convergence is said to be geometric if there exists N € N, C > 0 and § < 1 such that,
with a suitable norm, Vn > N,

g™ — g*|| < C8".

This is an abuse of terminology, since the RH procedure itself does not “converge”. It merely
means that the procedure can be made to perform arbitrarily close to optimal through the
choice of a suitable horizon length n.

Example I The example detailed in the Appendix serves to illustrate these issues concerning
the convergence of the different sequences involved in the previous discussion. We have
applied to this model the transformation to be described in Sect. 4 with 7 = 0.99. In Fig. 1,
we show the evolutions of the sequences

(dn)*>® (dn)*>®

Un41 — Un, Uptl —Un — & vn/n and vn/n -8

respectively, evaluated at state 4. Clearly, these sequences do not have a constant sign, and
are not monotonously converging.

10bserve the discrepancy with the general notion of convergence of algorithms in Computer Science, which
requires that an algorithm stops and returns the correct result.
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Fig. 1 Evolution of v, — vy (t0p), Vi1 — vn — g9 (top, right), v /n (bottom, lefr) and vy, /n — g (@™
(bottom, right), for state 4

3 Convergence of the VI and RH procedures

The issue of convergence of the VI algorithm has attracted quite some attention in the liter-
ature. In Sect. 3.1, we review some of the conditions that have been proposed for ensuring
the convergence of either VI or RH. In Sect. 3.2, we state the convergence results, including
a new one which we prove (Theorem 2). In Sect. 3.3, we have a look at convergence rates.
In Sect. 3.4, we discuss the relative strength of these conditions.

3.1 Convergence conditions

The two following conditions are stated by Schweitzer and Federgruen (1977).

Condition 1 There exists a randomized maximal gain policy whose transition probability
matrix is aperiodic (but not necessarily unichain) and has R* = {i € S : i is recurrent for

some pure maximal gain policy} as its set of recurrent states.

Condition 2 Every optimal (pure) stationary policy gives rise to an aperiodic (but not nec-
essarily unichain) transition matrix.

The following condition, known as weak unichain condition appears in Tijms (1986,
p. 199) as Assumption 3.3.1.

Condition 3 Every optimal stationary policy has a transition probability matrix unichain
and aperiodic
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Puterman (1994, p. 370), presents the following one.

Condition 4 Every stationary policy is unichain and gives rise to an aperiodic transition
matrix.

The following condition appears in Herndndez-Lerma and Lasserre (1990) as Assump-
tion 5.1.

Condition 5 There exists a positive number 6 < 1 such that

sp(p(.ls,a) — p(.Is',d")) <28

for every (s, a) and (s’, a") with s, s’ € S, a € A;, @’ € Ay and for a measure A, sp(A) denote
the norm

sp(A) :=supA(B) — ing(B)
B
for B C S.

Remark 1 In Sect. 3.4 we show that Condition 5 = Condition 4. It is easy to see that
Condition 4 = Condition 3 = Condition 2 = Condition 1.

Condition 1 is the weakest condition under which the convergence of v, — ng* to h* is
guaranteed: it is established in Schweitzer and Federgruen (1977) that this is a necessary
and sufficient condition of convergence.

Condition 5 for the convergence of RH is related to some ergodicity properties of the
chain structure: see Appendix in Herndndez-Lerma and Lasserre (1990), or Meyn and
Tweedie (2009, Chap. 15). Other convergence conditions have been proposed in Alden
and Smith (1992), Guo and Shi (2001). More precisely, the hypothesis of Alden and Smith
(1992), related to the conditions described above, is similar to a Doeblin condition while
Guo and Shi (2001), assume that 8 := sup{l — infjcginf,ca, P"(jli,a) < 1:n > 0}. Both
assumptions, similarly to Condition 5 (see in Theorem 3 below) imply that the model is
unichain.

3.2 Convergence results

It is known from the literature that, in general, there is no convergence of the sequence
{v,}n, which is unbounded (it actually grows asymptotically linearly, r being positive, since
v, /n converges to some g* as mentioned earlier), nor of {v, — v,_1},. Also, it is proved, see
Kallenberg (2009, Lemma 5.5, p. 157), that if the sequence {v, — ng*}, is bounded,

1 1 <
g'=lim —v, = lim = > (v — v_1),

n—>o0o N n—>oonk l

but this is not enough to compute an ¢-optimal policy or an g-approximation of g*. To have
one, the convergence of {v, — ng*}, is needed, and it is known that it may fail to happen if
some of the matrices involved in the MDP are periodic.

The analysis of average-cost MDPs often involves the notion of “span” of a function (or
vector), defined as: sp(w) := maXxcs(w(s)) — mingcs(w(s)). The geometric convergence of
the sequence sp(v,+1 — v,) to 0 implies the geometric convergence of VI, and the limit of
Un4+1 — U, 1S a vector with zero span, that is, a constant vector.
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Theorem 1 (Convergence of VI) The VI algorithm converges geometrically under any of
Conditions 1-5.

Proof Obviously, in view of Remark 1, it is sufficient to prove the result for Condition 1.
It is interesting for this review to point out that proofs under specific conditions have been
obtained independently, since these may involve different techniques and possibly provide
different estimations for the convergence rate. See Sect. 3.3 below.

The convergence under Conditions 1 and 2 is proved in Schweitzer and Federgruen
(1977, Theorems 5.1 and 5.5) respectively. The fact that the convergence is geometric is
proved by the same authors in Schweitzer and Federgruen (1979, Theorem 4.2).

The claim for Condition 3 is proved in Tijms (1986, Theorem 3.4.2, p. 209).

We can find the proof of the convergence under Condition 4 in Puterman (1994, Theo-
rem 8.5.4, p. 370). The arguments do not include geometric convergence, but this property
holds since Condition 4 implies Condition 3 (for this last one, again, see Sect. 3.3 below).

Finally, the result under Condition 5 is not proved, but commented in Herndndez-Lerma
and Lasserre (1990). However, it is not hard to check that Condition 5 is equivalent to Con-
dition a) in Puterman (1994, Theorem 8.5.3, p. 368) and this theorem, together with Theo-
rems 8.5.1 and 8.5.2, provide the geometric convergence of sp(v,+; — v,) to 0. U

The previous theorem means that under the conditions mentioned the sequence {v, —
ng*} converges geometrically to 2*. Now we ask if under any of these conditions the se-
quence {g“” — g*} converges geometrically to zero.

Theorem 2 (Convergence of RH) If the VI algorithm converges geometrically then also
does the RH procedure.

Proof By assumption, IN; € N, C; > 0 and @ < 1 such that whenever n > Ny,
v, —ng* — h*|los < Cr".

Since v, 41 — v, — g = (V1 — (n+ 1)g* — h*) — (v, —ng* — h*), with C = 2C; we have,
forn > Ny,

lvit1 — vn — 8" lleo < Ca”,
or put differently,
g—Ca"l<v,y—v, <g*+Ca"l. @)
Let d, be defined as (see (5)):

dyy1 € argmjlx{rd + Pyv,},

so that

Unt1 =Fdyyy + Pa, iy Un- ®)
Denoting with P;  :=lim, .« " Yo P" , the Cesaro limit for Py, ,, by well-known
properties of Markov chains we have g™ = px . Tdyy and g )™ = =P, g™,

Moreover, according to Puterman (1994, Lemma 9.4. 3) there exists N, such that for all
n> N, Py, g" = g*, which implies Pd.m g* = g*. Then, using successively the definition
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:I);k

1 WE have:

of g™, (8) and the fact that P} P,

n+1

(dpy1)> —_ p*
+1 — Pd

— *
g - Pdn+1 T4 n+1

1 (Vn+1 — P,y 0n) = PtZlH (Vnt1 — V). )
It is clear that for all s € S, g*(s) > g“+D (s). Consequently, for n > max{N;, N,} and
any s, (9) and (7) imply respectively

P*

dpt1

(Vns1 — V)(5) = g9+ (5) < g*(5) (10)

P

n+1

Was1 — ) () > P (8" — Ca"1)(s) = g*(s) — Ca". (11
From (10) and (11), for n > max{N;, N,}, it follows that

0<g*(s) — g7 (s) < Ca”,
which concludes the proof. O

Theorems 1 and 2 imply:

Corollary 1 Any of Condition 1 to 5 implies the geometric convergence of the RH proce-
dure.

As mentioned in Sect. 1.2, it is known from Puterman (1994, Theorem 6.3.1, p. 161) that
both VI and RH converge (geometrically) at the same time when a discounted criterion is
analyzed. However, in the average case, analyzed here, the reciprocal of Theorem 2 cannot
hold: there are MDP models in which RH converges, whereas VI does not. The simplest such
example is perhaps that of an uncontrolled, two state, periodic Markov chain (see Example 7
below): since there is only one policy, RH converges, but since the model does not satisfy
Condition 1, VI cannot converge. Up to our knowledge, in the average case, there are no
previous works which compare these convergences.

3.3 Convergence rates

Having an estimate of the convergence rate is useful in many practical situations, especially
for determining horizon lengths or stopping rules (see Sect. 5). We discuss this point now.
The question is to find values of N, C and § such that, for alln > N:

lng* — v, — h*|| < C8" (12)

or for the RH procedure,
lg* — g™ || < Cs". (13)

Under Condition 5, inequality (13) holds with N =1, C =2||r||/(1 — §) and § given
accordingly to Herndndez-Lerma and Lasserre (1990, Proposition 5.1).

Under Condition 3, Federgruen et al. (1978, Theorem 5) states that for M = % ISI(IS|—1),
and any pair of M-tuples of decision rules 7y, 7, € D™,

min min{ P (s1, j), P (s2, )} =: pry .y (M) > 0. (14)
51,82
Jjes
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As S and D are considered finite in this discussion, taking

§=1- min - pa 0, (M), (15)

wy,mpeD

we have § < 1 and from Puterpan (1994, Theorem 8.5.2.a., p. 368) T is a M-step contrac-
tion operator with coefficient § and then

0<g"— g™ (s) <sp(g* — vam) < C&", (16)

and C = sp(g* — vp). Therefore, (13) holds with § = (8)/M at least when n is a multiple of
M. In Schweitzer and Federgruen (1979), the authors claim that, for the same value of M,
andd e D,

min min{ P} (s1, j), P} (52, ))} = pa(M) > 0,

S1,82€8 ies
and that there is geometric convergence with rate
=1—minp,;(M). 17
y min py (M) (17)

They do not present a proof but they also refer to Federgruen et al. (1978, Theorem 5). While
it is clear that § > y, the fact that y is also a rate of convergence is not obvious.

In the following example we compute both § and y defined in (15) and (17), in order
to illustrate the facts that: these numbers are different, and also that the importance of this
result is essentially theoretic. It is clear that the complexity of the task grows exponentially
with the number of states and actions.

Example 2 Let us consider a model with three states S = {sy, s», 53} and two available action
in each state, A, = {a}, a3}, i = 1,2, 3. The (positive) transitions probabilities are defined
as follows:

p(si+1|si,ai) = p(si,| |s,-,a§) =0.9 and p(si|si,ai) = p(s,-|s,-,a§) =0.1

(where the sum within subindices is modulo 3).

Since we have a 3-state model, the value of M is 3. Since there are two actions in each
state, there are 8 different stationary policies, and 8 different matrices appearing in the defi-
nition of pr, r, (M) > 01in (14).

In the computation of y, we obtain a value p = 0.297 for two policies: (all, af, af) and
(6121, a%, ag), and a value p = 0.487 for the rest. We find then the value y =1 — 0.297 =
0.703.

In the computation of §, we obtain a largest value of Pr,,7, as 0.244, obtained for instance
with 7 = (all, a%, ag) and , = (all, a%, al3). We then have § = 0.756. As established above,
§>y.

The corresponding convergence rates are respectively §'/3 ~0.911 and y'/3 ~ 0.889.

In summary, only Condition 5 readily provides bounds on the convergence rate. It is
an open question to design algorithms which compute bounds on the convergence rate in
an efficient way for generic models. This does not preclude the possibility that bounds be
established based on (15) for specific models.
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3.4 Discussion and comparison of convergence conditions
3.4.1 Discussion on the practicality of convergence conditions

Conditions 1-4 of Sect. 3.1 all involve aperiodicity, irreducibility and/or the classification
of MDP models.

Although determining whether a MDP is irreducible is polynomially solvable, there is no
polynomial algorithm to determine whether a MDP is unichain or multichain (see comments
in Kallenberg 2009, p. 127). It is worth mentioning that a simple transformation, discussed
below, makes aperiodic any transition matrix of the MDP model without changing the op-
timization problem. Conditions requiring aperiodicity can therefore be applied without this
requirement.

Comparison Among the five conditions we have reviewed, Condition 5 is the only one
not referring to structural properties of the underlying matrices. We investigate here these
structural implications.

The following lemma provides a convenient characterization of cases where Condition 5
does not hold. Remember that, given a probability measure p, supp(u) is the smallest set B
such that u(B) = 1.

Lemma 1 Condition 5 does not hold if and only if there exist (s,s') € S X S,a € Ay, a’ €
Ay, such that supp(p(-|s, a)) Nsupp(p(:|s’,a’)) = 0.

Proof Since the state and action spaces are finite, Condition 5 fails if and only if there exist
s,s’,a,a’ such that: sp(L) =2, with A(.) = p(.|s,a) — p(.|s’, a’). This in turn is equivalent
to: supz A(B) =1 and infg A(B) = —1, and finally: 3B, B": p(B|s,a) =1, p(B'|s,a) =0,
p(B|s’,a’) =0 and p(B’|s’,a’) = 1. The set B can be taken as supp(p(.|s,a)) and B’ =
supp(p(.Is’, a")). O

Next, Condition 5 implies structural properties on the MDP model.

Theorem 3 Every model where Condition 5 holds is (a) unichain and (b) aperiodic. The
converse is not true.

Proof The proof of the first statement is by contradiction. Consider first part (a) of the
statement, and assume there is some d, a decision rule associated to a multichain Markov
chain with transition probabilities P;, B; and B, two distinct irreducible recurrent classes.
Then choosing s; € By, d(s) € Ay, 52 € By and d(s;) € Ay,, we have supp(p(:|s1, d(s1))) C
By, supp(p(-|sa2, d(s2))) C B,, implying that both sets are disjoint. Lemma 1 applies and
Condition 5 cannot hold.

Next, consider part (b) of the statement: we prove that periodic chains do not verify
Condition 5. We use for this the following result (see Cinlar 1975, p. 161):

Lemma 2 Let X an irreducible Markov chain with recurrent states of period y . Then states
can be divided into y disjoint sets By, B,, ..., B, where p(j|i) =0unlessi € By and j € B,
orieBrand jeBs,...,ori € B, and j € B;.

Thus, let us suppose a MDP unichain and periodic for the decision rule d. Denote with
y > 1 the period of P;. Then, there exists By, Bs, ..., B, sets as provided in Lemma 2.
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By construction, for every s; € B;, supp(p(-|s;,d(s;))) C B;+1, where it is understood
that “y + 17 means 1. The supports are therefore disjoint for s; and s; if i # j. Therefore,
Lemma 1 applies with any s € B, a =d(s), s’ € By, a’ =d(s).

Finally, to prove the converse statement, we exhibit an aperiodic model for which Con-
dition 5 does not hold.

Example 3 Let S = {s1, 52, 83}, As, = {al, a1}, A,, = {a}}, A, = {a}}. The controlled tran-
sition probabilities can be associated to the rules d; = (a} s af, af) yd, = (azl, alz, af) and
the

0o 1 0 1/3 13 1/3
p,=0 o 1], pP,=[0 o 1
1/3 1/3 1/3 13 13 1/3

Taking k = (sq, all) and k' = (s,, af), we have supp(p(-|k)) = {s»} and supp(p(-|k") = {s3}.
These sets are disjoint, so that by Lemma 1, Condition 5 fails.

To conclude this section, we discuss the idea of possibly relaxing the aperiodicity as-
sumption. We show through the following example (obtained as a simplification of Exam-
ple 4 in Lanery 1967) that the RH procedure may not converge on MDPs for which the
optimal policy gives rise to an unichain periodic Markov process. The following section
will explain how to handle this problem.

Example 4 Let S = {s1, 52, 53} be the state space, and the action sets Ay, = {a} s aé}, Ay, =
{a?}, Ay, = {a;}. The rules we can construct are d; = (a},a?,a;}) and d, = (a3, a?, aj). The
transition matrix are P;, and Py,. Py, is periodic of period 2.

1 2

1 0 0 010
P,=10 0 1], P,=10 0 1

01 0 01 0
‘We consider the rewards

r(sl,all):2, r(sl,azl):2, r(sz,alz):i r(S3,af):l.

The RH algorithm leads to a sequence where d, appears for odd horizons and d; for even
horizons. When d, is considered as stationary policy in the infinite horizon problem, it pro-
duces an average value equal to (3, 3, 3), while d;, an average reward equal to (2, 3, 3). In
consequence, the sequence of values does not converge. Moreover, it is immediate that the
subsequence corresponding to odd horizons is better than that to even horizons.

4 Modified rolling horizon procedure

We use in this section a standard transformation under which all policies are perturbed to
give rise to aperiodic Markov chains without modifying the corresponding gain. This trans-
formation is similar to what Puterman presents in Puterman (1994, Sect. 8.5.4) and, up to
our knowledge, it is originally due to Schweitzer (1971). Although these authors proposed
it in the context of unichain models, it is clear that it works also in multichain models. Our
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proposal related to this property consists in applying it to pre-process the data of the RH pro-
cedure (Sect. 4.1). We then argue that this makes possible to use the RH procedure in multi-
chain cases, without making any analysis of the periodicity of the sub-chains (Sect. 4.2). The
transformation uses a parameter t € (0, 1) which affects the convergence. We illustrate this
influence numerically in Sect. 4.3, and we show in Sect. 4.4 that the transformation affects
negatively the convergence rate when the original model is already aperiodic and unichain.

4.1 Transformation and modified procedure
LetO0 <7 < 1.Define S; =8, A, = A forall s € S. Forall s and all a € A; .,
r.(s,a)=r(s,a)

and forall j € S,
pe(ils,a) = (1= 1)8,({j}) + tp(jls, a), (18)

where §;(-) is the Dirac measure concentrated at s. Thus, for every decision rule d,
Pi.=(0—0)+71Ps, rg:=rq
and Py ; is the transition matrix of a Markov chain with aperiodic recurrent classes.

Remark 2 Since the state set and the action sets are those of the original problem the policy
sets also coincide.

For the sake of completeness we present the following results already proved in Puterman
(1994). We want to highlight that these results are valid also for the multichain case.

Proposition 1 Let us suppose that S finite, so that for each (d)*, a stationary policy, P},
the Cesaro limit matrix, is stochastic. Then it follows that

g7 (s) = Pira(s).
Proposition 2 For every decision rule d
P;,=P; and g§d>°° (5) = gD (s)
forevery s € S.

Proof We shall use the fact that, since S is finite, given d any decision rule, the limit matrix
P . is the unique one that satisfies

Pio Py =Py Pac=Fi Pir =Py,
Note that V7 € (0, 1], we have

P/Pi.,=(1—-0)P;I1+tP;P;=P]
and

Py Pf=(—0)IP;+1P;P; =P}
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By well-known results, described for example in Puterman (1994, Appendix A, p. 599), it
follows that P} = Pj.
To establish the second equality, notice that, by Proposition 1, gid)oo = P} a4z, S0

&> ™
g =P} ry.=Pirg=g"". O

Corollary 2 The optimal stationary policies d* for the original problem and for the trans-
formed one are the same. In addition, gf* (s)= gd* (s) foralls € S and all T € (0, 1].

Proof Similar to that of Puterman (1994, Corollary 8.5.9). ]

Our contribution in this direction is to propose to use this transformation as a pre-
processing of the problem in order to deal only with aperiodic models.

More precisely, we propose the following procedure. Consider a MDP with state set S,
actions A; for s € S, transition probabilities p(j|s,a) for j,s € S, a € A; and rewards
r(s,a), s € S, a € As. Being t € (0, 1), transform the problem to a new one with S; = S,
As.=Asforse Sy, ri(s,a)=r(s,a) s € S;,a e A and p.(-|j, a) given by (18).

Modified Rolling Horizon Procedure (MRH)

1. Given 0 < 7 < 1, make the transformation described above.
2. Apply RH procedure to the new problem.

4.2 On the theoretical convergence of MRH

The MRH procedure can be applied to MDP whose optimal stationary policy gives rise to
chains with several irreducible classes. Through the transformation at Step 1, every finite
model becomes, in the most general case, a multichain aperiodic model. Since the number
of states and actions are finite and due to aperiodicity, the model satisfies the condition of
Schweitzer and Federgruen (Condition 1). Then, by Corollary 1, the geometric convergence
of RH is assured. In the particular case where the model is unichain (Condition 4), a param-
eter associated to the contraction might be computed explicitly, but likely just in small or
very simple examples.

4.3 Practical convergence of the MRH procedure

Clearly, the transformed transition matrix converges towards original transition matrix when
T — 1. How is the convergence of v, (s)/n toward g*(s) modified when t increases? We
have a quantitative look at the question with the two following examples.

Example 5 Consider again the example with five states described in the Appendix.
The optimal gain g* = (2,2,4,4,4) and it is produced by the stationary policy d =
(a2, a2, a1, a2, ay),

We have applied the 7-transformation described above. With T = 0 the model is trans-
formed in an uncoupled one where all the states are absorbing. As it is shown in Fig. 2, when
7 increases to 1 the periodicity effects are more evident.
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4.00 4.00
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0 50 100 150 0 50 100 150

Fig. 2 Evolution of v, (4)/n forn =1...150, with T = 0.7 (top left), 0.9 (top right), 0.99 (bottom left) and
1 (bottom right)

Example 6 Consider again the example of the Appendix. This model has a multichain
and periodic structure. The RH procedure applied directly on this problem produces in-
finitely (and periodically) many times two policies, one of them is not two policies,
(a2, az,a1,a1,ay) and (az, ay, ay, az,a;). The first one produces a gain g = (2,2, 3,3, 3)
and then it is not optimal since g* = (2,2, 4, 4,4).

When we pre-process the data, the Rolling Horizon procedure gives the optimal policy
for the original problem, for any value of 7 € (0, 1).

4.4 Preservation of Condition 5

Next we investigate the connection of the transformation with Condition 5. Does the trans-
formation preserve this property? Can it be expected obtaining Condition 5 through this
transformation? The result and examples below show that this transformation does not de-
stroy but weakens Condition 5, and that it does not produce it necessarily when it is not
initially present, even with uncontrolled Markov chains. This is possibly due to the known
fact that Condition 5 is related to some ergodicity property of the Markov chain involved
and the transformation proposed by Schweitzer does not produce ergodicity properties, only
aperiodicity.

Applying Lemma 1, it is easy to prove that Condition 5 is preserved by the aperiodicity
transformation. We proceed with an estimation of the constant “§” involved in this condition,
which quantifies the convergence of VI and RH as we have seen in Sect. 3.3.
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Theorem 4 If a MDP model satisfies Condition 5, then its transformation according to
Sect. 4.1 still satisfies this condition. The constant “8;” of the transformed model can be
chosen as: 1 —t + 7.

Proof According to Lemma 1, Condition 5 holds for the MDP if and only if, for all
(s,s) e S x S,all a € A, all @’ € Ay, supp(p(-|s,a)) Nsupp(p(-|s’,a’)) # @. From the
transformation (18), it is easy to see that supp(p. (s, a)) = supp(p(-|s, a)) U{s}. Therefore,
supp(p(-ls,a)) Nsupp(p(-|s’, a)) # ¥ implies supp(p. (|5, a)) Nsupp(p: (-|s’, a")) # ¥, and
Condition 5 holds also for the transformed MDP. We proceed with estimating the value of
the constant “§” corresponding to this transformed model.

Let us consider a MDP where Condition 5 is verified and a parameter t such that 0 <
T < 1. Then, for all B C S, and all admissible pair (s, a), after transforming the problem we
have the new transition probabilities p, defined by

p(Bls,a) = (1 —1)8,(B) + tp(Bls, a),
or equivalently
1 1—1
p(Bls,a) = ;pr(Bls, a) — TSS(B).
Now, for all subsets B, B, C S,

Sp(p('|sva) - p('ls/!a/))
= mgx(p(B|s, a) — p(B|s/, a/)) — mBin(p(Bls, a) — p(Bls/, a/))

> (p(Bils,a) — p(Bils'.a")) — (p(Bals, a) — p(Bls'.d))
1 -1 1 PP e 4
= —p:(Bils,a) — ——38,(B)) — —p-(Bils',a’) + ——38,(By)
T T T T
1 1—1 1 B
— —p:(Bals,a) + ——38,(Ba) + = p:(Bals’, a') — ——3y(By).
T T T T
Since 0 < §,(-) <1 for any s, we have the following inequalities:

sp(pCls,a) — p(Is', d’))

1—1

1 -7 1 o1 1 o
> —pe(Bils,a) — —— — —p.(Bils’.a’) — = p:(Bals,a) + = p:(Bals'.a’) —
T T T T T

1—1

1
[p:(Bals,a) — p(Bals’,a’)] — 2

1 o
— [ B0 = (Bl )] - 1 f

Then, as Condition 5 holds, there exists §, 0 < § < 1 such that, for any pair of subsets B;
and B,,

1—1

1
[pe(Bals.a) — pe(Bals'.a')] —2

1
28 > ;[pr(Bl |s,a) — pc(Bils’.a')] — - =

and taking the maximum over B; and minimum over B, gives

1 1—
%z;w@mmm—p&wﬂ»—zf’
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or equivalently:

sp(p:Cls,a@) — p-(-Is'.a)) <2(1 — 7 4 87).
As expected, Condition 5 holds with a constant §; =1 — t + §t. O
It is readily checked that § < §; < 1 since 0 < t < 1. Hence, the transformation makes
Condition 5 weaker: the smaller 7 is, the weakest is the condition.
To conclude this section, we provide two examples which show that the aperiodicity
transformation may or may not produce Condition 5, even for uncontrolled unichain prob-

lems (multichain models remain multichain after transformation). It is known that this con-
dition is related to the structure of the Markov chain and not to the policies considered.

Example 7 This example is a case where Condition 5 appears after transformation.
Let us consider a MDP with state space S = {s, 52}, and one admissible action in each
state, i.e. an (uncontrolled) Markov Chain, where the transition probabilities are given by

the matrix
0 1
(1)

This is a periodic and unichain model, and then it does not verify Condition 5.
After apply the aperiodicity transformation we have the new transition probability matrix

1—1 T
Pd’f=< T 1—7:)'

It is not hard to see that Lemma 1 applies to this matrix: supp(p(:|s)) = {s1, 52} for s =1, 5;.
More precisely,

pe(silsi,d(s) — pe(sils2,d(s)) =1 —1)—Tt=1-21
p1(32|51:d(sl)) — p,(szlh,d(sz)) =t—-(1—-1)=21-1
sp(pe (-Is1,d(s1)) — pe (152, d(s52))) = {i;j; ilff7f>511//22.

Condition 5 therefore holds for the transformed model with a constant §, = |1 — 27| < 1.

Example 8 In this example, Condition 5 does not appear after transformation.
Let S = {5y, 52, §3, 84, 85, S6}, and again consider just one action at each state. Transition
probabilities are specified in the matrix

1/2 1/2 0 0 0 0
0 0 1 0 0 0
p_| 0 0 0 1 0 0
=l o o0 0 12 1/2 0
0 0 0 0 0 1
1 0 0 0 0 0

The chain is unichain and aperiodic and again Condition 5 does not hold. In fact we can see
that as a consequence of Lemma 1, since there exist the pair (sq, s4) € S x S, for which

supp(p (-Is1, d(s0))) N supp(p(-lss, d(s2))) = Ls1, 52} O s, 55} = 0.
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Through transformation for some 7 € (0, 1), we have the new transition matrix

1—7/2 /2 0 0 0 0

0 1—1 T 0 0

P — 0 0 1—1 T 0 0
dr = 0 0 0 1—7/2 /2 0
0 0 0 0 1—1 T

T 0 0 0 0 1—1

where again the pair (s, s4) € S X S, gives us

supp(p- (-Is1, d(s1))) N supp(pe (+Isa, d(54))) = {51, 52} N {54, 55} =0

and Condition 5 does not hold.

5 On stopping rules

When a geometric convergence result exists, with a computable convergence bound, a sim-

ple stopping rule for VI is easily derived. Likewise, if RH converges geometrically with a

known rate, the value of the horizon n can be chosen so that the RH policy is e-optimal.
Assume that some computable § and C exist such that, for VI,

lng* — v, — h*|| < C§"

or for the RH procedure,
lg* — g™ < Co".

Then consider the following stopping rule (or horizon choice rule for RH):

Stopping Rule 1 Srop if n > log(e/C)/log(é).

Obviously, when VI stops under this rule, the policy (d,, ..., d;, d,, ...) is e-optimal, and
when the time horizon for RH is chosen according to this rule, the policy (d,)* is e-optimal.
We have discussed in Sect. 3.3 when this rule can be used in practice.

When no explicit convergence bound is known, the following practical convergence rule
is proposed in Puterman (1994).

Stopping Rule 2 Stop if sp(v,+1 — v,) <E€.

For the aperiodic irreducible, unichain, communicating and weakly communicating mod-
els, or even if any of these properties is required only for optimal policies, all of them with
g* a constant vector, Stopping Rule 2 is adequate as proved in Puterman (1994, Sect. 8.5.4,
p. 370). More precisely, it is proved that if Stopping Rule 2 applies, the value of the policy
is e-optimal. Indeed, the classical proof of this claim involves passing to the limit in the
following inequalities

min(v, — v,-1)(s) < (7)) < 8 (5) < Max(vy — V1) (s).
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Clearly, (d,)*> will be e-optimal for n large enough if

lim max(v,, —V,_1)(8) = l1m mm(vn — V,_1)(s).

n—oo seS — 00
When we deal with arbitrary MDP’s, we do not have a priori information about its structure
and, in consequence we cannot guarantee that g* is a constant vector. In this case, Stopping
Rule 2 does not provide a suitable stopping criterion, since the span sp(v,+; — v,) fails to
converges to zero.

Puterman (1994, Sect. 9.4.2, p. 477) states a conjecture about a stopping rule for the

multichain case. It involves the following rule.

Stopping Rule 3 Srop if sp(v,+1 — v,) — sp(v, — v,—1) < €.

The next result shows that this rule not appropriate either.
Theorem 5 For any € > 0, there exist MDP models such that, for the sequence {v,} ob-
tained using the VI algorithm, it is possible to have, for some n € N, sp(v,.1 — v,) —

o0
sp(Vy — V1) < € and ||g* — g7 || = €.

Proof We construct such a model as follows. Consider a two-state model with state space

S = {s1, 2}, action sets A, = {al , az} and A, {af}, transition probabilities
p(silsia)) =1 p(nalsna)=1  p(sls.a)=1
and gains
r(s1,a;) = 10; r(sia)=1; r(s2,a7) =10+e.

In this model, there exist only two stationary policies: d; = (al, 2) and d, = (az, a ) As
the gains that they produces are, respectively, (10, 10 + ¢) and (10 + ¢, 10 4 ¢), the second
policy is the optimal one.

The sequence of functions v,, obtained with the VI algorithm is such that, for m <
N(&):=9/e+ 1, V1 — Vo = Vp/m = 2 330 (0 — vmy) = g7 = (10, 10 + &).

On the other hand, as we have said, for any ¢ > 0, there exist N (¢) (who tends to infinity
as e tends to zero), such that, if m < N (¢) implies g*(s;) — g“" (s;) =& > 0. O

Actually, this example serves to show that a larger family of stopping rules, containing
Stopping Rule 3, is not adequate.

In fact, consider the values &, = v,,/1, By = Ui — Unm»> Vi = % > vn — vy and
8w = g™ form =1, ...,n. Define the rule A : (RShH#* - R,

4n  4n

AXy, X2, ..., Xap) = Zzaijsp(xi —X;),

i=1 j=1

where the a;; are arbitrary constants.

Theorem 6 There exist finite-state, finite-action MDP models such that, for some n,
A(alvaZa "'7amvﬂlaﬁ27~"ﬂﬂm7 Y1, V2, "~s%n7817827 ~~«58m) <g, and

d o0
lg* —g“™ || > .
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As a consequence of Theorem 5, Stopping Rule 3 cannot work in general, and Theorem 6
even shows that no immediate generalization will work either. No alternative seems to be
known in the literature, and Kallenberg (2009) mentions that formulating a stopping rule for
VI without chain analysis for multichain MDPs and provide a valid stopping rule remains
an open problem.

As it is observed in Tijms (1986, p. 208), in the proof of Theorem 3.4.1, for models which
verify Condition 3 (under which g* a constant vector) we obtain

(d)>® _ 5%

sp(v, — Vp—1) < = 0<8 g .

minsES(Un - Unfl) - g*

which induces the following
Stopping Rule 4 Stop if sp(v,+1 — v,) < & minges(v, — Vy—1).

Observe that, in general, this is not an admissible rule, since it is not effective in the cases
with non constant optimal rewards.

This stopping rule differs form the other ones in the sense that, in this case, when the VI
algorithm terminates iterating, it returns a policy whose relative error is not greater than ¢.

6 Conclusions

We have reviewed in this paper convergence conditions for the Value Iteration procedure,
and applied them to the question of “convergence” of the Rolling Horizon procedure.

Our analysis concludes that Condition 1 is a sufficient condition to ensure geometric con-
vergence of the RH procedure in finite models. Condition 5, proposed earlier in Herndndez-
Lerma and Lasserre (1990) is less general.

In addition, we introduce for the Rolling Horizon procedure a standard pre-processing
of the problem for eliminating periodicities, resulting in the MRH procedure. We show that
this transformation does not change the near optimal policies nor their values.

Theorem 2 claims that convergence is geometric, including for Multichain models. How-
ever, since a general stopping rule is not available, this result remains mostly theoretical. It
remains to find an adequate bound for the error.

Appendix

Each month an individual must decide how to allocate his wealth between different con-
sumptions and investments. Each state represents a level of individual’s wealth at the start
of a month. Wealth levels give access to two different investment opportunities, prudent or
risky. Choosing an investment profile at each level results in a probability transition for the
next wealth level, as well as an instantaneous gain. The individual’s objective is to maximize
the average gain.

There are five levels of wealth, ordered from the smallest to the largest. At the medium
level, connected to the risky behavior, there exists positive probability to pass to the next
inferior level of wealth. It is also possible to cycle among the two inferior levels, but there
is no action which permit the access to the three superior levels from the inferior ones.
Besides, being at the poorest level, by some external help we achieve level 2. There is a
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common action space A = {a,, a,}, where a; represents the prudent investment profile and
a, the risky attitude. We show the data below. P, (s, j) is the transition probability from the
state s to state j when action ay is used, i.e. P, (s, j) = p(jls, ax).

0 1 0 0 0 0 1 0 0 O
04 06 0 O O 1 0 0 0 O
P,=]10 0 07 03 0], P,=]10 03 04 03 0
0 0 0 1 0 0 0 0 0 1
o o0 O 1 0 0 0 O 1 0

The gains can summarize as follows: r(s, a;) in the matrix below is the gain when at
state s, the action ay is chosen.

1 2
1 2
1 1
3 2
6 6

Through the implementation of the MRH procedure the optimal average wealth can be com-
puted: g* = (2,2,4,4,4). It is produced by the stationary policy associated to the decision
rule d = (a,, a», ay, a», a;) whose transition matrix is:

o1 0 0 O
1 0 0 0 O
0 0 07 03 O
00 0 0 1
00 O 1 0

Clearly, it is a multichain periodic model. When RH procedure is applied directly, there is
no convergence: the procedure gives infinitely (and periodically) many times two policies,
(az,az,a1,a1,a,) and (az, az, ay, az,a;). The first one produces a gain g = (2,2, 3,3, 3)
and then it is not optimal.
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