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A new concept for the enclosure-acoustic prediction derived from the mathematical theory of diffusion
was proposed some years ago [J. Picaut et al., Acustica 1997]. This model has been applied to predict
the sound level distribution in rooms of simple geometries with good accuracy and a relatively low cal-
culation time. However, in situations related with (optimal) acoustic design, the need to evaluate multi-
ple simulations may increase the computational cost. The aim of this work is to provide an approximately
equivalent two-dimensional diffusion model achieving similar results with a significant reduction of the
execution time. The proposed simplified model is obtained by means of the Kantorovich method. Com-
parisons of numerical simulations performed with the full diffusion model and the software CATT-Acous-
tic� are presented to show the efficiency of the simplified diffusion model.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Ray-tracing method is one of the most well known and most
effective techniques for estimating the propagation characteristics
in rooms with complex geometries. This approach has been suc-
cessfully applied to a large number of practical situations [1,2].
However, the calculation time increases with the complexity of
the room shape or when several sound sources are considered.

A new method for predicting the sound field in rooms was
developed by Picaut et al. [3] some years ago. This model may be
considered as an extension of the classical theory of reverberation
to non-diffuse sound fields and can be easily solved by means of
the finite element method for arbitrary geometries and non-homo-
geneous boundary conditions. This acoustic diffusion model (ADM)
has been applied in several situations concerning indoor noise pre-
diction in empty, coupled and fitted rooms taking into account
both low and high absorption on interior surfaces [4–9] and atmo-
spheric attenuation [10]. The corresponding studies have demon-
strated that the ADM presents lower accuracy than ray tracing
technique. It is worth noting that both models are energy-based
methods, which ignore complex wave phenomena such as interfer-
ence and diffraction, so they are considered to be valid for high fre-
quency range only, where the acoustic wavelength is much smaller
than the room dimensions. The main advantage of the ADM com-
pared with the ray-tracing based method is the reduction in the
computation time. Despite this, in those cases where it is necessary
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to perform a large number of simulations to evaluate different sce-
narios (i.e. in optimal design situations) [11], the use of the ADM
may increase substantially the calculation time.

In this paper, a quasi-equivalent two-dimensional formulation
of the ADM, called simplified acoustic diffusion model (SADM), is
presented. This approach is proposed for predicting the sound field
in rooms with approximately flat ceilings. However, this type of
geometry represents a quite general class of rooms. The main
interest of the proposed method is the considerable reduction in
computation time with respect to the ADM although maintaining
a similar accuracy. Both diffusion models are compared in terms
of the steady-state sound pressure level (SPL) distributions and
evaluated using CATT-Acoustic� v8.0 which is based on the ray-
tracing technique. Numerical simulations are then presented tak-
ing into consideration different configurations.

2. Acoustic diffusion model (ADM)

In this section, a brief explanation of the ADM, originally pro-
posed by Picaut et al. [3], is introduced. This model describes the
non-uniform reverberant sound field in rooms by making use of
a mathematical analogy between the scattering of sound by sur-
faces with diffuse reflections and the diffusion of particles in a dif-
fusive medium. Following this assumption, it is possible to obtain
the stationary sound energy density w(r) corresponding to the
reverberant field, for a room of volume Vr, as the solution of the fol-
lowing governing system [5,9]:

Dr2wðrÞ � rwðrÞ þ qðrÞ ¼ 0 in Vr; ð1Þ
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Fig. 1. Geometry of the modelled L-shaped enclosure and the location of the
source: the model is parameterized by the length ratio b = L/l. The source–receiver
distance is taken along the dashed line (units in m).

(a)

(b)

Fig. 2. SPL distribution as a function of the source–receiver distance in the L-shaped
enclosure shown in Fig. 1 for different values of aceiling and b = 4 (a) and for different
values of b and aceiling = 0.1 (b): Ray tracing technique (s), ADM (—) and SADM ( ).
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D
@wðrÞ
@n

þ AcwðrÞ ¼ 0 on @Vr; ð2Þ

where r2 is the Laplace operator, D is a diffusion coefficient, r is a
coefficient of volumetric absorption, q(r) is the source sound power
per unit volume, r is the position vector corresponding to an arbi-
trary point, n is the exterior normal to the boundaries, A is an
absorption factor of the interior surfaces and c is the speed of sound.
The terms involved in the previous equations adopt different
expressions in accordance with the selected configurations to be
analyzed. Accordingly, the diffusion coefficient D can be expressed
as [8],

D ¼
ckr
3 for empty rooms;

ckrkfitt

3ðkr þ kfittÞ
for fitted rooms:

8><
>: ð3Þ

For empty rooms, D considers the morphology of the room with
interior surfaces area Sr through the respective mean free path
kr = 4Vr/Sr. If a sub-volume Vfitt of Vr contains scatter objects (fit-
tings), the diffusion by fittings is described by the mean path
length for a sound ray between two collisions with objects
kfitt = 4/(Sfitt nfitt), where Sfitt represents the surface area of the ob-
ject and nfitt is the number of scattering objects per unit volume
in Vfitt. Thus, the diffusion coefficient D for fitted rooms is obtained
from a combination of the diffusely-reflecting surfaces of the room
and the scattering obstacles within the room [8]. The subscripts r
and fitt denote the variable referring to the room and the scattering
objects, respectively.

In addition, it is possible to include mixed specular and diffuse
reflections on the room boundaries by performing an empirical
adjustment of the diffusion coefficient. In particular, for rooms
with pure specular reflections, D is adjusted to the value Da by
introducing a correction factor K = 5 so that Da = K � D [8] (of
course, in the case of completely diffuse reflections, K = 1).

The absorption term in empty rooms r = mc takes into account
the atmospheric attenuation, where m is the absorption coefficient
of air [10]. In the case of fitted rooms, the absorption term
r = mc + cafitt/kfitt is obtained from the sum of the absorption con-
tribution of the room and the fittings, respectively, where afitt is
the absorption coefficient of the obstacles located in the room [8].

Eq. (2) corresponds to the boundary conditions on interior sur-
faces. The absorption factor (A) takes different forms depending on
the absorption coefficient a(r) of the considered surface [6,9]:

A ¼
aðrÞ

4 for low absorption ða < 0:2Þ;
� ln½1�aðrÞ�

4 for high absorption ða � 0:2Þ:

(
ð4Þ

Another expression of this factor can be found in Ref. [9]. The
frequency dependence is taken into account through the absorp-
tion coefficients of the room surfaces and the obstacles within
the room. The total sound pressure level (SPL) is determined by
adding the contributions of direct and reverberant fields, the last
one being obtained from the numerical solution of the preceding
equations. The resulting total sound field is then expressed as [5,8],

SPLðrÞ ¼ 10log10 qc
Z

VS

qðrÞ
4pr2 e�r=kfitt dVS þ cwðrÞ

� �� �
P2

ref

�
; ð5Þ

where r = ||r – rs|| denotes the distance from a receiver point to an
arbitrary point of the source rs in the subdominant Vs, q is the air
density and Pref = 2 � 10�5 Pa. The first term in expression (5) is for-
mulated in a general form. In this paper, only point sources are con-
sidered, hence the source term is defined as q(r) = RWs d(r � rs),
being Ws the stationary acoustic power.



Fig. 3. SPL distribution along z-axis at position (7,3.75) m for different values of
aceiling in the L-shaped enclosure shown in Fig. 1: ADM (—) and SADM ( ).

Fig. 4. 2D and 3D geometries of the hypothetical factory and the locations of the
sound sources. The SPL distribution is evaluated along the dashed line (units in m).
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3. Simplified acoustic diffusion model (SADM)

The full diffusion model (ADM) may be approximately reduced
to a simplified two-dimensional diffusion equation by means of the
Kantorovich method [12,13]. This is a well known technique for the
dimensional reduction of differential equations. It occupies a posi-
tion intermediate between the exact solution and the solution
which is obtained by means of the methods of Ritz and Galerkin
[12].
According to this technique, the reverberant energy density
w(r) is represented approximately as the product of two functions,
one corresponding to the variation in the domain related to the
horizontal plane and the other considering the variation in height.
Following this methodology, the reverberant energy density can be
expressed as,

wðrÞ ¼ Pðx; yÞ � ZðzÞ; ð6Þ

where Z(z) is a function selected ‘‘a prori’’ in order to approximate
the vertical variation and P(x,y) remains as an unknown function.
In this study, the vertical variation of the reverberant energy den-
sity is approximated by means of the following second order
polynomial:

ZðzÞ ¼ 1þ a1zþ a2z2: ð7Þ

The corresponding coefficients a1 and a2 are determined from
the boundary conditions defined in the two extreme planes (floor
and ceiling),

D
dZðzÞ

dz
¼ �AZðzÞ: ð8Þ

Now, substituting the approximate expression (6) into Eq. (1), a
‘‘residual function’’ e(r,w) is obtained. Obviously, this function is
zero when w is the exact solution. In the same way, the integral
of the product between the residual function and an arbitrary func-
tion w must be zero for the exact solution of the problem,Z

eðr;wÞwðrÞ dVr ¼ 0: ð9Þ

This is called orthogonality condition (between e and w) [12].
According to the Kantorovich method, the function w is taken in
the form:

wðrÞ ¼ ZðzÞ/ðx; yÞ; ð10Þ

where Z(z) is the preselected function adopted in Eq. (7) and / is an-
other arbitrary function. Substituting Eq. (10) into Eq. (9) and reor-
dering the resulting expression, the following integral is obtained:Z

X
/ðx; yÞ

Z H

0
eðr;wÞZðzÞdz

� �
dxdy ¼ 0; ð11Þ

where the domain X represents the horizontal plane (2D geometry)
of the considered room and H is the height of the room. Considering
the arbitrary character of / it is clear from the last equation that the
expression between brackets must be zero. Accordingly,

Z H

0
eðr;wÞZðzÞdz ¼ 0: ð12Þ

Thus, from Eq. (1) and expression (6), the above equation can
now be written as,Z H

0
DZðzÞ2dzr2

pP þ
Z H

0
Dðd

2ZðzÞ
dz2 ZðzÞÞdz P �

Z H

0
rZðzÞ2dz P

þ
Z H

0
qZðzÞdz ¼ 0; ð13Þ

where r2
p is the Laplace operator in the plane. Operating in the

same way with Eq. (2) the reduced boundary condition is obtained.
Thus, the simplified acoustic diffusion model (SADM) may be ex-
pressed as,

DZ1r2
pP þ ðDZ2 � rZÞP þ qZ ¼ 0 in X; ð14Þ

DZ1
@P
@n
þ AZcP ¼ 0 on @X; ð15Þ
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Fig. 5. Differences between the ADM and the SADM in terms of the SPL distribution
at 2 m above the floor level for S1 active (a), S1 and S2 active (b) and S1, S2 and S3
active (c).

vertical line 1 vertical line 2 vertical line 3

Fig. 6. SPL distribution along the z-axis. Vertical line 1 passing through (4, 16) m,
vertical line 2 passing through (15,3) m and vertical line 3 passing through (37, 12)
m in the hypothetical factory shown in Fig. 4. Only one source (S1) is considered:
ADM (—) and SADM ( ).

M.E. Sequeira, V.H. Cortínez / Applied Acoustics 73 (2012) 842–848 845
where @X is the perimeter of the horizontal plane of the considered
room. From Eqs. (14) and (15) the following definitions have been
made,
DZ1 ¼
Z H

0
DZðzÞ2dz; ð16Þ
DZ2 ¼
Z H

0
D

d2ZðzÞ
dz2 ZðzÞ

 !
dz; ð17Þ
rZ ¼
Z H

0
rZðzÞ2dz; ð18Þ
qZ ¼
Z H

0
qZðzÞdz; ð19Þ
AZ ¼
Z H

0
AZðzÞ2dz: ð20Þ

Of course, once P is obtained as the solution of this problem, the
approximated reverberant energy density is given by expression
(6) and the acoustic field (SPL) is obtained by means of expression
(5). The present derivation assumes the ceiling to be flat. However,
from a pragmatic point of view, the methodology may also be ap-
plied for non-planar ceilings if at least they can be approximated as
a flat surface, in fact taking an equivalent constant height. A
numerical example for a non-flat ceiling is presented in the next
section.
4. Numerical applications

In this section, several enclosures are studied in order to com-
pare the proposed two-dimensional acoustic diffusion model
(SADM) with the full one (ADM). Additionally, both models are
evaluated with the ray tracing technique implemented in the soft-
ware CATT-Acoustic�. The diffusion models are solved by means of
the finite element method using the software Flex-PDE�. In the
first two examples, the reflections on the surfaces are considered
completely diffuse. Nevertheless, in the last example, both totally
diffuse and specular reflections are evaluated by means of the cor-
responding modification in the diffusion coefficient D according to
the stated in Section 2. The corresponding absorption factor (A) is
used according to the absorption coefficient (a) adopted in each
room surface.



(a)

(b)
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Fig. 7. SPL distribution as a function of the distance along the dashed line in the hypothetical factory shown in Fig. 4 for S1 active (a), S1 and S2 active (b) and S1, S2 and S3
active. (c) Ray tracing technique (s), ADM (—) and SADM ( ).
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Some preliminary simulations were performed to estimate the
required number of sound rays in the ray tracing software in order
to obtain a correct prediction of the sound field. All the numerical
results are presented in terms of SPL distribution and are evaluated
at the octave frequency-band of 1000 Hz.
Fig. 8. Geometry of the modelled enclosure with a fitted zone and the location of
the sound sources. The SPL distribution is evaluated along the dashed lines (units in
m).
4.1. L-shape enclosure

An L-shaped enclosure with varying dimension and varying
absorbing coefficients on the ceiling is considered (Fig. 1). This con-
figuration was proposed by Le Bot and Bocquillet [14] for calculat-
ing the acoustic pressure fields in rooms by means of an integral
formulation. Width and height are equal to l = 2.5 m and the length
L may vary according to the non-dimensional parameter b = L/l,
characterizing the shape of the room. An omnidirectional source
with a power level of 120 dB is located at (x = 1.25 m, y = 1.25 m
and z = 1.7 m). The sound pressure level (SPL) distribution is eval-
uated along a horizontal line centered inside the room. The absorp-
tion coefficients corresponding to the walls and the floor are taken
as 0.1 and the atmospheric absorption is m = 0.0007 m�1.

Results of the comparison among the ADM, the SADM and the
ray tracing technique are presented in Fig. 2. Fig. 2a compares
the SPL for a fixed shape with b = 4 and four different absorption
coefficients for the ceiling (aceiling = 0.1, 0.3, 0.7 and 0.9). The ray
tracing simulation was performed with a number of sound rays
of 6 � 104, 10 � 104, 50 � 104 and 100 � 104 for aceiling = 0.1, 0.3,
0.7 and 0.9, respectively. Fig. 2b compares the SPL for a uniform
absorption coefficient (a = 0.1) and three different values of the
length ratio (b = 4, 8 and 12). The ray tracing simulation was per-
formed with a number of rays of 6 � 104, 10 � 104 and 10 � 104

for b = 4, 8 and 12, respectively. Both graphics show a negligible
difference between the diffusion models and a good agreement
against the ray tracing software (<2 dB) except for b = 12 where
the maximum error is about 3.8 dB (Fig. 2b). In this case, several
receptors near the end of the enclosure appear to be underesti-
mated by the diffusion models. This behavior is inherent to the
diffusion model in long rooms where the sound prediction is not
accurate near the boundary [4,15].

Fig. 3 illustrates a comparison between the diffusion models in
terms of the SPL variation on the vertical axis (z) at position
(x = 7 m and y = 3.75 m) for different values of aceiling. The results
show an excellent agreement between both models with a maxi-
mum discrepancy of 0.1 dB.

The employed average computation times, for the chosen oc-
tave band, are of the order of 200 s for the ray tracing model,
10 s for the ADM and less than 1 s for the SADM.
4.2. Enclosure with non-flat ceiling and several obstacles

This configuration is similar to that proposed by Le Bot and Boc-
quillet [14]. The enclosure represents a hypothetical factory with a
non-planar ceiling and absorbing obstacles (Fig. 4). Three omnidi-
rectional sources (S1, S2 and S3), each one with a sound power



(a)

(b)

Fig. 9. Differences between the ADM and SADM in terms of the SPL distribution at
1.5 m above the floor level for diffuse surface reflections (a) and specular surface
reflections (b).
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vertical
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Fig. 10. SPL distribution along the z-axis. Vertical line 1 passing through (20,7) m,
vertical line 2 passing through (15,5) m and vertical line 3 passing through (4,7) m
in the enclosure with a fitted zone shown in Fig. 8 for diffuse surface reflections (a)
and specular surface reflections (b): ADM (—) and SADM ( ).
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level of 120 dB, are considered. They are located at (x = 5 m, y = 5 m
and z = 1 m), (x = 20 m, y = 5 m and z = 1 m) and (x = 35 m, y = 15 m
and z = 1 m), respectively. The selected absorption coefficients of
the different surfaces are: 0.05 for floor and ceiling, 0.02 for walls
and 0.2, 0.3 and 0.35 for obstacle 1, 2 and 3, respectively. The atmo-
spheric attenuation is the same as in the previous example.

For the SADM implementation, the room ceiling is modeled as a
flat surface with a mean height of 11 m according to the limitation
mentioned in Section 3.

Fig. 5 shows a comparison between the ADM and SADM in
terms of the SPL distribution on a plane at z = 2 m for one source
(S1) active (Fig. 5a), two sources (S1 and S2) active (Fig. 5b) and
three sources (S1, S2 and S3) active (Fig. 5c). Despite the approxi-
mation adopted for the height in the SADM, the results are suffi-
ciently accurate with a negligible error in the far field and a
maximum error of 1.5 dB at a region near the source S1 (Fig. 5a).

Fig. 6 illustrates a comparison of the SPL vertical variation ob-
tained with the ADM and SADM along three receiver paths: vertical
line 1 passing through (x = 4 m and y = 16 m), vertical line 2 pass-
ing through (x = 15 m and y = 3 m) and vertical line 3 passing
through (x = 37 m and y = 12 m). Only one source (S1) is consid-
ered. In all the cases the SADM model has a good accuracy with
a maximum error of about 0.3 dB.

Comparisons of the SPL distributions, along a horizontal line
2 m above the floor level, among the diffusion models and the
ray tracing technique are presented in Fig. 7. Evaluation is per-
formed for S1 active (Fig. 7a), S1 and S2 active (Fig. 7b) and S1,
S2 and S3 active (Fig. 7c). In all the cases, the number of rays for
the ray tracing simulations was set to 10 � 104. Results show that
both diffusion models produce very similar results against the ray
tracing model with a maximum error of about 2.5 dB. In particular,
an increased level of accuracy is obtained as more sources are con-
sidered due to the greater diffusivity of the reverberant sound field
(i.e., see Fig. 7c).

The average computation times, for the selected octave band,
are of the order of 300 s for the ray tracing model, 25 s to the
ADM and less than 1 s for the SADM.

4.3. Enclosure with a fitted zone

The enclosure shown in Fig. 8 is analyzed. A fitted zone is in-
cluded inside the room with a volume of 6.75 � 5.5 � 3 m3. Three
omnidirectional sources are considered: source 1 (S1) at position
(x = 2 m, y = 1 m and z = 0.5 m), source 2 (S2) at position (x = 4 m,
y = 1 m and z = 1 m) and source 3 (S3) at position (x = 5 m,
y = 1 m and z = 1 m). The corresponding sound power levels are:
105, 102 and 102 dB, respectively. The selected absorption coeffi-
cients are: 0.02 for floor, 0.5 for ceiling, 0.08 for walls and 0.3 for
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Fig. 11. SPL distribution as a function of the distance along the dashed lines at
position y = 3 m (a) and y = 8 m (b) in the enclosure with a fitted zone shown in
Fig. 8: Ray tracing technique with diffuse (s) and specular (⁄) surface reflections,
ADM with diffuse (—) and specular ( ) surface reflections and SADM with diffuse
( ) and specular ( ) surface reflections.
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fittings. The fitting zone is simulated in the software CATT-Acoustic
considering 30 rectangular blocks distributed uniformly with a
mean path length equal to that adopted in the diffusion model
(kfitt = 2.37 m). The complete ray tracing simulation was performed
with 300 � 104 sound rays.

Fig. 9 shows a comparison between the diffusion models in
terms of the SPL distribution on a plane at z = 1.5 m considering
both pure diffuse (Fig. 9a) and pure specular (Fig. 9b) reflections
on the room surfaces. Fig. 10 shows the SPL differences along the
vertical axis (z) in three different positions: vertical line 1 passing
through (x = 20 m and y = 7 m), vertical line 2 passing through
(x = 15 m and y = 5 m) and vertical line 3 passing through
(x = 4 m and y = 7 m). Comparisons are performed for diffuse
(Fig. 10a) and specular (Fig. 10b) reflections. Both graphics illus-
trate a close fit between the diffusion models with a maximum dis-
crepancy of the order of 0.8 dB.

Fig. 11 shows a comparison against the ray tracing method for
two horizontal lines (z = 1.5 m) located at y = 3 m (Fig. 11a) and
y = 8 m (Fig. 11b). The diffusion models exhibit a good agreement
with the ray tracing technique with a maximum error of about
2.5 dB.

The average computation times, for the selected octave band,
are around 900 s for the ray tracing model, 30 s for the ADM and
1 s for the SADM.
5. Conclusions

A two-dimensional acoustic diffusion model (SADM) has been
proposed as a simplification of the full diffusion model (ADM) for
predicting the distribution of sound pressure levels in enclosures.
Some numerical comparisons among both diffusion models and a
well-known ray tracing technique have been conducted to study
the effectiveness of the present approach.

From the results, a close similarity between the ADM and SADM
is observed in terms of the SPL distribution along both horizontal
and vertical directions with maximum differences generally less
than 1 dB. The numerical comparisons with the ray tracing tech-
nique show consistent results with mean errors of the order of
0.2–0.7 dB.

Computing times for the ADM are at least 10 times lower than
those of the ray tracing software while the SADM is around 10–30
times faster than the ADM. This becomes a significant computa-
tional advantage when a large number of simulations for optimal
design are needed. Thus, for example, if an optimal iterative pro-
cess is intended and 250 calculations are adopted to evaluate dif-
ferent combinations of design variables, the resulting
computation time would be 5000 s (�1.5 h) for the implementa-
tion of the ADM, while only 250 s (less than 5 min) for the SADM.
In that sense, the SADM is well-suitable to use in the preliminary
stages of a design. The application of this methodology in the
framework of an optimal acoustic design will be presented in a fu-
ture work.
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