Journal of Pure and Applied Algebra 216 (2012) 2315-2337

Contents lists available at SciVerse ScienceDirect

Journal of Pure and Applied Algebra

journal homepage: www.elsevier.com/locate/jpaa

Non commutative truncated polynomial extensions

Jorge A. Guccione®, Juan J. Guccione *“*, Christian Valqui %¢

2 Departamento de Matemdtica, Facultad de Ciencias Exactas y Naturales-UBA, Pabellon 1, Ciudad Universitaria, Intendente Guiraldes 2160 (C1428EGA),
Buenos Aires, Argentina

b Instituto de Investigaciones Matematicas “Luis A. Santalo”, Facultad de Ciencias Exactas y Naturales-UBA, Pabellén 1, Ciudad Universitaria, Intendente
Guiraldes 2160 (C1428EGA), Buenos Aires, Argentina

¢ Instituto Argentino de Matematica-CONICET, Savedra 15 3er piso, (C1083ACA) Buenos Aires, Argentina

4 pontificia Universidad Catélica del Perii - Instituto de Matemdtica y Ciencias Afines, Seccion Matemdticas, PUCP, Av. Universitaria 1801, San Miguel,
Lima 32, Peru

€ Instituto de Matemadtica y Ciencias Afines (IMCA) Calle Los Biélogos 245, Urb San César, La Molina, Lima 12, Peru

ARTICLE INFO ABSTRACT

Article history: We introduce the notion of non commutative truncated polynomial extension of an algebra
Received 20 October 2011 A. We study two families of these extensions. For the first one we obtain a complete
Received in revised form 3 January 2012 classification and for the second one, which we call upper triangular, we find that the

Available online 18 May 2012

. obstructions to inductively construct them, lie in the Hochschild homology of A, with
Communicated by C. Kassel

coefficients in a suitable A-bimodule.

MSC: © 2012 Elsevier B.V. All rights reserved.

Primary: 16510
Secondary: 16580

0. Introduction

Let k be a commutative ring and let A, C be unitary k-algebras. By definition, a twisted tensor product of A with C over k,
is an algebra structure defined on A ®, C, with unit 1® 1, such that the canonical mapsis: A - A®Candic: C > A®,C
are algebra maps satisfying a ® ¢ = is(a)ic(c). This structure was introduced independently in [13] and [ 16], and it has been
formerly studied by many people with different motivations (in addition to the previous references, see also [1,2,5,4,3,8,14,
11,17]). A number of examples of classical and recently defined constructions in ring theory fits into this construction. For
instance, Ore extensions, skew group algebras, smash products, etc. (for the definitions and properties of these structures we
refer to [15] and [12]). On the other hand, it has been applied to braided geometry and it arises as a natural representative
for the product of noncommutative spaces, this being based on the existing duality between the categories of algebraic
affine spaces and commutative algebras, under which the cartesian product of spaces corresponds to the tensor product of
algebras. And last, but not least, twisted tensor products arise as a tool for building algebras starting with simpler ones.

Given algebras A and C, a basic problem is to determine all the twisted tensor products of A with C. To our knowledge, the
first paper in which this problem was attacked in a systematic way was [6], in which C. Cibils studied and completely solved
the case C := k x k. Subsequently, in [ 10], the methods developed in [6] were extended to cover the case C := k x --- X k
(n-times). Meanwhile, in [9], some partial results were obtained in the cases C := k[x] and C := k[[x]].

In this paper we consider this problem when C is a truncated polynomial algebra k[y]/(y"). We call these twisted tensor
products non commutative truncated polynomial extensions of A, because they have underlying module A[y]/(y") and include
A and k[y]/{y™) as subalgebras.
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It is well known that there is a canonical bijection between the twisted tensor products of A with C and the so called
twisting maps s: C ®, A — A ® C. So each twisting map s is associated with a twisted tensor product of A with C over k,
which will be denoted by A ®; C.

It is evident that each k-linear map s: k[y]/(y") ®A — A® kly]/(y") determines and it is determined by k-linear maps
yjr: A — A(0 <j,r < n)such that

n—1
SR =) ¥ @Y. (0.1)

=0

The map s so defined is a twisting map if the maps er satisfy suitable conditions. In particular, we will see that B := ker yol
should be a subalgebra of A, and yol a nilpotent right B-linear map.
The main results of this paper are the following: Theorem 3.2, which determines all the twisting maps such that

- Bis a subalgebra of the center of A,
- s(C®B) S B®C,
- there exist h > 2 and x € A such that y! = 0 and yg‘_l(x) is invertible,

and Theorem 4.1, which establish that the obstruction to “extend” a twisting map

klyl kly]
Sn - W kA — ARy )
with y; = 0'to one
_ klyl kly]
Sn41+ W QkA — AQx W,

lies in the Hochschild cohomology of A with coefficients in a suitable bimodule. We will call these non commutative
polynomial extensions upper triangular. An interesting fact of these extensions is that the evaluation in y = 0 is an algebra
homomorphism from A ®; k[y]/(y") to A. As we point out in Remark 4.9, Theorem 4.1 can also be used to construct a type
of non commutative extensions of an algebra A by power series, that we name upper triangular formal extensions of A. In
order to compare this construction with the formal deformations of A we first note that the power series k-algebra A[[y]]
has the following properties:

(1) The canonical inclusion k[[y]] < A[[y]] is a morphism of unitary k-algebras and the right k[[y]]-module structure on
A[[y]] induced by this map is the usual one.

(2) The canonical inclusion A < A[[y]] is a morphism of unitary k-algebras and the left A-modulo structure on A[[y]]
induced by this map is the usual one.

(3) The canonical surjection A[[y]] — A is a morphism of unitary k-algebras.
(4) The multiplication map A[[y]] x A[ly]ll — A[[y]] is k[[y]]-bilinear.

Let A, be the underlying k-module of A[[y]]. The formal deformations of A with unit 1 are the associative unitary k-algebra
structures on Ay that satisfy conditions (1), (3) and (4), while the upper triangular formal extensions of A are the associative
unitary k-algebra structures on A, that satisfy conditions (1), (2) and (3).

From now on we assume implicitly that all the maps are k-linear maps, all the algebras are over k, and the tensor product
over k is denoted by ®, without any subscript.

The paper is organized as follows: in Section 1 we make a quick review of the basic general properties of twisted
tensor products and twisting maps, we determine necessary and sufficient conditions for a family of maps yj’: A— A
(0 <j,r < n),in order that the map

S: K] RA—->AR ki)

om o

defined by the formula Eq. (0.1), is a twisting map, and we introduce a canonical representation of an arbitrary non

commutative truncated polynomial extension A ®; k[y]/(y"), of an algebra A, in the matrix algebra M,,(A). In Section 2, we

study a broad family of non commutative truncated polynomial extensions, which includes those with yol = 0. In Section 3

we classify the non commutative truncated polynomial extensions with )/01 # 0 that satisfy a few natural conditions. Finally,

in Section 4, we consider the non commutative truncated polynomial extensions with yol = 0. These can be constructed

inductively. For this, the main tool is Theorem 4.1. Using it, we obtain several families of these sort of extensions. In particular,
all extensions of a truncated polynomial algebra k[x]/(x™) satisfying s(y ® x) € xk[x]/{(x™) ® yk[y]l/(").

)
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1. Some basic facts

This section is divided in two parts. In the first one, we review the definitions of twisted tensor products and twisting
maps, and we establish some of the basic results about these structures. For the proofs we refer to [4,17,3]. Recall from
the introduction that a non commutative truncated polynomial extension of an algebra A is a twisted tensor product
A Qs k[yl/(y"). In the second one, we start the study of these extensions, by determining the conditions that a family of
maps yjr: A — A(0 <j,r < n)must fulfill in order that the map

iyl kiy]
: A A
Som BAT AL

given by

’

n—1
Y ®a) =) ¥ @ey,
j=0
is a twisting map.
1.1. General remarks

Let A and C be algebras. Let w4, na, ic and nc be the multiplication and unit maps of A and C, respectively. A twisted
tensor product of A with C is an algebra structure on the k-module A ® C, such that the canonical maps

iZ:A>A®C and ic:C—>AQC

are algebra homomorphisms and p o (is ® ic) = idagc, where o denotes the multiplication map of the twisted tensor
product.
Assume we have a twisted tensor product of A with C. Then, the map

S:CR®RA—->ARC,
defined by s := w o (ic ® ia), satisfies:

(1)so(nc ®A) =AQ@ncandso (CR®ny) =na®C,
(2) so(uc®A) =MAQuc)o(s®C)o(C®S),
(3)s0(CRuUA) =(a®C) o (A®S) o (sQA).

A map satisfying these conditions is called a twisting map. Conversely, if
sS:CRA—>ARC

is a twisting map, then A ® C becomes a twisted tensor product via
Hs = (A ® pc) o (A®s® C).

This algebra will be denoted A ®; C. Furthermore, these constructions are inverse to each other.
The following result is useful in order to check thatamaps: C®A — A® C is a twisting map, and will be used implicitly
in this paper.

Proposition 1.1. Lets: C ® A — A ® C be a map satisfying conditions (1) and (2). If (c;)ic; generates C as an algebra and
s(c®ad) = (ua®C)o(A®s) o (s®A(®a®ad)

foralla,d € Aand each index i, then s is a twisting map.

1.2. Non commutative truncated polynomial extensions

In the sequel we fix C := k[y]/(y"). Let A be a k-algebraands: C ® A — A ® C a k-linear map. The equations
n—1 )
SO @)=Y y@ey
j=0

define k-linear maps yjr: A — Afor0 < j,r < n. Moreover, we put yjr :=0ifr > nand 0 < j < n. Note that the yjr's are
defined forr > 0and 0 <j < n.
Proposition 1.2. The following assertions are equivalent:

(1) The map s is a twisting map.
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) @) v = oid.
(b) (1) = &

(c) Forj<nand0 <r < n,

n—1

yj (ab) = Z y,-’(a)yji(b). (Product law)

i=0

(d) Forj <n,r>1and0 <i<r,

Jj
Y = Z v o5 (Composition law)
=0

(3) (@) )’jo = joid.

(b) ¥ (1) = &1
(c) Forj < n,

n—1
y' (@) =Yy @y b).
i=0

(d) Forj <nandr > 1,
. 1 1
v= noni
1=0

Proof. (1) < (2) We know that s is a twisting map if and only if

(@)s(1®a)=a®1,

D) s =1y,

() s ®ab) = (ua®C) o (A®S) o (S®A)(Y ®a®b),
(@) sy ®a)=A®uc)o(s®C) o (CRHNY VY ®a),

forO < r,t <nanda, b € A.Butadirect computation shows that (a’) < (2)(a), (b’) < (2)(b), (c’') < (2)(c)and (d') < (2)(d).
(2) = (3) This s trivial.

(3)= (2) First note that (2)(b) follows immediately from (3)(a), (3)(b) and (3)(d). We now prove that condition (2)(d) holds.
Fori = 1andr > 1 this is the same as (3)(d). We suppose that (2)(d) is true for a fixed i > 0 and all r > i, and we prove it
fori4+ landallr > i+ 1.Fixr > i+ 1. Then

j
W= mon by (3)(d)
h:‘0
- Z Yaoviovin  byinductive hypothesis
! : .
= Z Z Vhl °Ylyo J/jr:ll_] settingl :==u+h
- Z Yh ooy
] ; .
=Y vey by (3)(d)

So (2)(d) is true. It remains to check that (2)(c) is also true. For r = 1 it is the same as (3)(c). Suppose (2)(c) holds for a fixed
rwith1 <r <n— 1.Then
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er+1 (ab) = l_O Vl V] ,(ab) by (3)(d)

= Z Y (Z y,r(a)y] ,(b)) by inductive hypothesis
’70 n—1 n1=10

=> Y (W @) ¥™ (v1(B)) by (3)(c)
EiE

=2 Y (@) Yy (L)
S

=3 vm (W @)y ) by (2)(a) and (2)(d)
m=0 i=0
n—1 n—1

= Z Vi (Va—m (@) ¥ (b) setting u := m + i, since y* = 0 foru > n
m=0 u=m
n—1 u

Vm (Vi-m(@) 7" (b)

Il
g

s
Il
- o
3
Il
<)

=) vt @y b). by (3)(d)

=
Il
<)

This finishes the proof. O
In the following three remarks we assume thats: C ® A — A ® C is a twisting map.

Remark 1.3. Let B := ker V()l' By items (3)(a), (3)(b), the Product law and the Composition law, B is a subalgebra of A and yol
is a right B-linear map. Consequently, if ’b = bb" = 1and b € B, then b’ € B.

Remark 1.4. The Composition Law is valid for r > 0 and 0 < i < r. This follows immediately from items (2)(a) and (2)(d),
and will be used freely throughout the paper.

Remark 1.5. From item (3)(d) of the above proposition it follows easily by induction on r that

ro__ 1 1
V= ) Vhorov (1.2)
Upseeey ur=0
up+-Fur=j

forall r > 1.In particular y§ =y o --- oy, (r times).

Corollary 1.6. Foreach0 <j < n, let yj] : A — A be a k-linear map satisfying yjl(l) = 8y;. Set yjo 1= 8gjid and

= Z Vay0:--0y, forr>Tlandj<n.
Ify/" = 0forallj < nand

n—1

v (ab) = Z v (@yj(b) fora,beAandj<n,
i=0

then the maps yjr satisfy the equivalent conditions of Proposition 1.2.

Proof. By hypothesis we know that (3)(b) and (3)(c) of Proposition 1.2 hold. Moreover, by the definition of the yjr's, it is
clear that the maps y]f satisfy items (3)(a) and (3)(d) of the same proposition, and that yjr =0forr>n O

Remark 1.7. Notice that when yo1 = 0, then the condition yj“ = 0 forj < n (in the above corollary) is automatically
satisfied.

Example 1.8. Assume that ! = 0 forallj > 1. Then, from formula (1.2) it follows immediately that yj’ =O0forallj > r.In
this case Conditions (3)(a) and (3)(c) becomes

Vol(l) =0,
V]l(]) =1,
Yo (ab) = yg (@b + v @y, (b)
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and

¥1 (ab) = y{ (a)y{ (b).

In other words y; is an algebra endomorphism and y, is a y,'-derivation. So, by Corollary 1.6, in order to have a twisting
map, we must require that

y'= Y. yao-oy.=0 forallj<n (1.3)

For example, for n = 2 this becomes
YooYy =0 and y oyl +yloy, =0.

We will call these twisting maps and their corresponding twisted products, lower triangular. Note that there is a close analogy
of these twisted products with the classical Ore extensions.

Associated with a twisting map
sS:CRA—->AQRC
we have the matrix M € M, (Endy(A)) given by

id 0 - 0
Yo Y o Vi

M = . . .
)/61_1 V1n_1 o ynn_—1l

Moreover, for a € A we define the matrix M (a) € M, (A) as the evaluation of M in a. That is

M(a)j :=y{(@) (0<ij<n).
Corollary 1.9. The matrices M (a) fulfill:
(1) M(1) = 1d.
(2) M(ab) = M(a)M(b).
Proof. This follows from the Product law and the fact that yjr(l) =dp. O

Theorem 1.10. The formulas ¢(a) := M(a) for a € A, and
o1 --- 0

oY) = o 0 (the nilpotent Jordan matrix Jo ),

00 - 0

define a faithful representation ¢ : A @ C — My(A).

Proof. Since ¢(y)" = 0, in order to check that ¢ defines an algebra map, we only need to verify that
PP@ = o(yy (@) + (] (@) W) + - + Py, (@)W

But note that

_|M®)iy1; fori<n-—1,
(IOM(b))ij = {0 otherwise,

and

M(b)jj_y forj > u,
0 otherwise,

(M), = {

and so
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(PWe@),; = (M(@),
— )/ji+1(a)

J .
=> v . )
u=0

M\

M(y, (a))i,jfu

s =
- O

Il
Ny

M(v, @)J5),

= =
Il
- o

=) (e @em"),,

0

=
Il

where the second equality is valid also in the case i = n — 1, since
oM@),_, ;= 0=y (@.

The injectivity follows from the fact that the composition of ¢ with the surjection onto the first row gives the canonical
linear isomorphism A ®; C — A". O

1.3. Simplicity of the noncommutative truncated polynomial extensions

Next we characterize the simple twisted tensor products A ®; C.
Proposition 1.11. A twisted tensor products A ®; C is simple if and only ianyC’f’] (A) =Aforalla € ker yol \ {0}.

Proof. Let D := A ®; C and B := ker yol. By definition D is simple if and only if DPD = D for all P € D \ {0}. Write
P:=ay +ag .y +- a1y !

with a; # 0. Since
ay™ ' =P yay" =y @@y,

and, by Remark 1.5, the map yol is nilpotent, in order to check that D is simple, it is necessary and sufficient to verify that
Day" 'D=D foralla e B\ {0}.

LetQ := Y bjy' and R := Y ¢;y' in D. Using that a € B, it is easy to see that
Qay" 'R = boayy '(co) + Sy whereS € D.

From this it follows immediately that if D is simple, then
Aay) '(A) =A foralla € B\ {0}.

Conversely, if this is true, then there exist Q1, Ry, . .., Q¢, R; such that

t
Z Qay" 'Ry =1+Sy whereS e D.

i=1
Hence, in order to finish the proof it suffices to note that if
1+ Sy’ € Day"'D,
then
1=S2 =145y —S(1+Sy)y'

also belongs to Day"~'D. O
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2. A family of twisting maps

Recall that C := k[y]/(y"). Let A be a k-algebra. The aim of this section is to study the broad family of twisting maps
s:CRA—->AR®C
satisfying the following conditions:

(A1) Thereexist 1 < h < nand x € A such that yé’ =0andq:= yé”l (x) is right cancelable,
(A2) yol is an endomorphism of B-bimodules, where B := ker yol.

Actually Condition (A1) is used throughout all the section, but Condition (A2) is not used until Lemma 2.12.

Remark 2.1. Condition (A1) is always fulfilled if A is a cancelative ring. On the other hand, by Remark 1.3, we know that )/01
is a right B-linear map. So, Condition (A2) is automatically fulfilled if B is included in the center of A. Hence Conditions (A1)
and (A2) are both satisfied if A is a commutative domain.

Remark 2.2. For some results we will need to ask that q is invertible. Since yél_l (A) is a right ideal of B, in this case we can
assume that g = 1.

Remark 2.3. The family that we are going to consider includes all the twisting maps with y = 0. However the results we
establish in this section only are relevant when yol # 0.

In the sequel, for every a €A we let M) (a) denote the h x h-submatrix of M (a) formed by the first h rows and columns
of M(a), and we fix both, x and q. Note that, by the Composition Law, q € B.

Lemma 2.4. Let )/ji: A— A(0 <j <nandi> 0)be afamily of maps satisfying the Composition law and (A1). Assume that

n—1

Yad) = Z vl @yld) foralla,d €A
Py

Then, foreachj =0, ..., h— 1andi > h, the map yji = 0. Consequently,
M (ab) = Mu (@)M@ (b) foralla,b € A.

Proof. By the Composition law it suffices to check this fori = h.For0 < j < h,letb; := y;' —1 (x). Again by the Composition
law,
ifr =,

Yo (by) = :g ifr > J. (2.4)

Let a be an arbitrary element of A. Since,

n—1

0=ygaby) =Y ¥ (@b = y{(@)q,
i=0

we have y'(a) = 0. Then,

n—1

0=y (ab) =Y ¥'@rib) = v (@),

pary
and so y'(a) = 0,etc. O

Proposition 2.5. Assume that the hypothesis of the previous lemma are fulfilled and let 0 < | < [n/h]. Then, for eachi > lh
and j < Ih, the map y; vanishes.

Proof. We proceed by induction on L. For [ = 1 the result is the previous lemma. Assuming it is true for [ > 1,
i : h . i-h
=2 vovi=0
u=0

foreachi > (I+ 1)handj < (I + 1)h, as we want, since in each summand yf o y]’:uh one of the factors vanishes. O
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The previous result can be rephrased by saying that the matrix M has the following shape:

id O 0
)/()1 )’11 )/hl_ 1 creectec et }/n17 1
h—1 h—1 h—1
Yo Y1 Yh_1 .. h .......... h ........... Vn-1
0 0 0 Yh Van-1
M= 21. 2h 1
1 _
: eyl
0 . 0
: -1
0o -.- Yooy

Proposition 2.6. Foreach0 <j < n, let yj1 : A — A be a k-linear map satisfying yjl(l) = &y;. Set yjo = §gjid and

= Z Va0 -0y, forr>Tlandj<n. (2.5)

(1) Thereexists 1 < h < nand x € A such that y(f’ =0andq := yoh_l(x) is right cancelable,
(2) yj” =O0forallj> |n/h]h,
(

3) y'(ab) = Y1) ¥ (@)} (b) fora,b € Aandj < n,
then the family of maps (yjr)oi,-,m,, defines a twistingmaps: CRQA — AQ C.
Proof. By the hypothesis, and the definition of the maps yjo, itis evident that items (3)(b) and (3)(c) of Proposition 1.2 hold.

Moreover, using Eq. (2.5) it is easy to check that the maps yjr satisfy the Composition law (and, in particular, item (3)(d) of
the same proposition). Hence, in order to finish the proof we only need to check that yj" =0for0 <j < n.But

(i) From item (1) and the Composition law it follows that y; = 0 forr > h,
(ii) Using (i) and arguing as in the last part of the proof of Proposition 1.2, we check that

n—1

Yo (ad’) = Z ¥/ (@ys(@) forallr >0anda,d €A
i=0

Hence yj” = 0forj < |n/h]h, by Proposition 2.5. By item (2) this finish the proof. O

Proposition 2.7. Under the hypothesis of Lemma 2.4, the elements b; := yng x)(=0,...,h— 1) introduced in the proof
of that result, satisfy

Ih ; ;

iy — Ve (bi-r) i <j,

Vi (bj) = {0 otherwise,

foro <1< [%1].

Proof. By the Composition law and Proposition 2.5,

lh

yﬁf“(b)—Z (Vih_u(®) = viit (vg (b))

The assertion follows now from the definition of the b;’s and equality (2.4). O
Proposition 2.8. Lets: C ® A — A ® C be a twisting map that satisfies (A1). If q is invertible, then h divides n.

Proof By Remark 2.1 we can assume q = 1.Letj € {0,...,h — 1}. By Propositions 2.7 and 1.2, we know that
Vih +J(b) Vzh "(1) = 1.But, if h t n, then the case j = n — lh, with | = L%J, leads to y;p(bj) = 1, which is impossible,
since y = 0. O
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Lemma 2.9. Let D be a k-algebra, and let g: D — D be a k-linear map. Assume that g" = 0 and that there exists x € D such that
q := g"~1(x) is invertible. Suppose also that E := ker g is a k-subalgebra of D and g is a right E-linear map. Then D is a free right
E-module of rank h. Moreover B := {x, g(x), ..., g"1(x)} is a basis.

Proof. Consider a null combination

h—1 )
Y g@n=0,
i=0

with coefficients in E. Applying g"~ to both sizes of this equality, we see that g"~"(x)1o = gAo = 0. Hence, Ao = 0. Now,
applying successively g" 2, ..., g!, wegetA; =0, ..., Ay_1; = 0. So B is linearly independent. It remains to check that 2B
generates D as a right E-module. Note that g~! € E, because g(q~')q = g(1) = 0. We will prove by induction on i that there
exist Ag, ..., Ai_1 € E, such that

i1
g ) = Zg”’”%x)k,» foralla e Dandi=0,...,h. (2.6)
j=0

The case i = 0 is trivial, since g"(a) = 0 and on the right side of (2.6) we have the empty sum (which gives 0). Assume
that (2.6) holds for a fixed i < h and set

G i=0a—xko — XA — - — g ()it (2.7)

From (2.6) it follows immediately that g"~i(a;) = 0. Hence g"~*~'(q;) € E, which implies that »; = q~'g""~'(a;) € E.
Consequently, by (2.7),

") =" WA +ETTOM - F 220N F g (O,
since g" () = qhi = g" (A D

Theorem 2.10. Lets: C ® A — A ® C be a twisting map that satisfies (A1). If q is invertible, then A is a right free B-module.
Furthermore

Bi={xy®.....%n ®)
is a basis.
Proof. Apply the previous lemma withD = AE = Bandg = yol. O

Corollary 2.11. Let k be a field and let A be a finite dimensional k-algebra. If there exists a twistingmaps: C® A — A® C that
satisfies Condition (A1), then dimy(A) = h - dimy(B).

Proof. This follows from Theorem 2.10, since in a finite dimensional k-algebra each right cancelable element q is
invertible. 0O

With the only exception of Lemma 2.15, in the rest of the results of this section s is a twisting map that satisfies
conditions (A1) and (A2).

Lemma 2.12. Ifb € B, then M (b) = bIj.

Proof. When h = 1, then My, = yoo = idy, and the result is trivial. Assume that h > 1. Note that yo1 (b) = 0 implies
y(g(b) =0foralli > 0.Lethj(j =1,...,h— 1)beasin Lemma 2.4. Consider the matrix

b 0 . 0

q )/11 (by) ce. )/hl_l(b1)
My (by) := . . :

0 ¥y ... ¥

By Condition (A2) and Lemma 2.4,
bq = by, (b1) = ¥, (bb1) = (M (b)Mu (b1)),, = ¥{ (b)q,

and so yll (b) = b, by Condition (A1). The same matrix product at the entries (j, 0) forj = 2, ..., h — 1, combined with
the facts that y(b;) = 0 and y, is left B-linear, yields yJ(b)q = 0, and so y1(b) = 0. Now, since y2(b) = y,/(b) = b and
y!(b) = 0fori =0, 1andj # i, the equalities

byg(b2) = M (bby)jo = (M(h)(b)M(h)(bz))jO j=1,...,h—1,

give yzz (b)y = band yﬁl (b) = Oforj # 2. Proceeding in the same way successively with M (b3), ..., M) (by—1), we obtain
the desired result. O



JA. Guccione et al. / Journal of Pure and Applied Algebra 216 (2012) 2315-2337 2325

Proposition 2.13. Fori,j=20,...,h — 1, the map yj": A — Ais left and right B-linear.

Proof. We only check the left linearity, since the right one is similar. Let b € Band a € A. By Lemmas 2.4 and 2.12,
¥} (ba) = (Mg (b)Mn, (a))ij = (blyMp, (a)),j = M (a)j = by; (),

aswewant. O

Proposition 2.14. For each b € B the matrix M (b) is upper triangular. Moreover,
n
Vi ®) = Vil ®) = - = i ) Jort < [ | andu <,
and

Vi (D) = - = yr i (b) foru <n— L%J h if h does not divide n.

Proof. In order to check that M (b) is upper triangular it suffices to verify that y,ff‘_;"(b) =0forl>0,0<j<handi>jIf

i > h, this follows from Proposition 2.5. So, we can assume thatj < i < h.Leti := lh +iandj := Ih +j. We have

vy (b) = Zm’“ i) + Z%’hv (ro(®) =

v=0
because yvi (b)y =0forb € Band v < i, by Lemma 2.12, and V;ih,,, = 0 for v > j, by Proposition 2.5. Now we are going to
prove the equalities. Assume first that | < |n/h]. Let
0O<v<h-—u, vVi=Ilh+v and v :=lh+u+v.
Then

v (b) = §jyu (P ®) + v (v b)) +§ i (P ) = i, ),
j=h
J#v

since ij(b) =0forj < h,j # v, y,j’?_j = Oforj > h,and y,(b) = b. The case | = |n/h] is similar, but we must take
O0<v<n—|n/hlh—u O

Lemma 2.15. Lets: C ® E — E ® C be a twisting map and let 2 < jo < n. Ifyj1 = dyjid for j < jo, then for alli < n the
following facts hold:

(1) y/ =0forl < iandy =id.

(2) yi’:H =0for0 < | < min(jo — 1,n —i).

(3) ¥iyjy1 = iy fori < n—jo.

Proof. Note first that item (1) follows from formula (1.2) and the fact that yol = 0and yll = id. We now prove item (2).
Again by formula (1.2)

i 1 1
V= ) Voo

Suppose y,-ﬂr, # 0. Then some y,}] 0---0 y,}i # 0. Since yjl = &yjid for j < jo, each u, is 1 or greater or equal than jo. But since
I >1anduy + - -+ u; =i+, there is at least one u, greater or equal than jo. Butthenu; +---+u; > i+jo—1>i+1,
which is a contradiction. We finally prove item (3). We proceed by 1nducti0n oni.The casei = 1is trivial. Assume thati > 1
and that the result is valid for i — 1. By item (1), we know that V1+]0 1_, = 0forv > jo. Moreover, y,! = 0for1 < v < jo.
Hence,

i+jp—1
1 1 .
Vi1 = 2 Hieg10 090 = Mgz 07 4 oy = (= Dy 4 g =,
where the third equality follows from item (1) and the inductive hypothesis. O
Proposition 2.16. Assume that q is invertible, B is included in the center of A, and h is greater than 1 and cancelable in B. Then,

sS(C®B) CB®Cifandonlyifs(c @ b) =b®c forallc € Candb € B.
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Proof. By Remark 2.2 we can assume that ¢ = 1. Suppose that s(C ® B) € B® C, which implies that yj" (B) C Bforalli,j. By
Lemma 2.12 we know that ;/11 (b) = bforall b € B. Hence, by items (1) and (2) of Lemma 2.15, in order to finish the proof its
suffices to check that yf = 0onB, forallj > 2. Again by Lemma 2.12 this is true for 1 < j < h, and we are going to prove it

for j > h by induction on j. So, we assume that )/j1 (b) =0, forallb e Band h — 1 <j < jo, and we consider two cases:
(a)Ifjo = lh for some | > 1, then

Yii(bx) = ng’l—l v (b)) by Propositions 1.2 and 2.5
= by (®) + ¥ Dy "' (x) by Lemma 2.15
= by (X) + Vi Dy (D). by Proposition 2.7

o the other hand = by (X) + Vi1 (D). by Proposition 1.2
n the other hand,

Yih(xb) = ZJ"; 23] vi(b) by Propositions 1.2 and 2.14
=yl ®)yub) + v x)b by Lemma 2.15
=y x)b. by Lemma 2.4

So, y,2+h_1 (b) = 0, since b is central, and then hyl,!, (b) = 0, by item (3) of Lemma 2.15. But this implies that 7/11]1 (b) = 0, since
h is cancelable in B.
(b)Ifjo = lh +jforsomel > 1and 1 <j < h, then on one hand

yibby) = Sy by (by) by Propositions 1.2 and 2.5
=y (b (b) + Zﬁg’oh_l ¥ (b)y(b;) by inductive hypothesis
=y )y (b)) + v by (1) by Proposition 2.7
= by(b) + vy (b), by Proposition 1.2 and Lemma 2.12
and, on the other hand,
vin(bib) =31y (byi(b) by Proposition 1.2
= ¥ (bpb. by Lemma 2.15

Hence y,; +j(b) = 0, which concludes the inductive step and finishes the proof of the proposition. O

Remark 2.17. Not all the non commutative truncated polynomial extensions that satisfy Conditions (A1) and (A2), also
satisfy the hypothesis of Proposition 2.8 or Proposition 2.16. For instance, take A := k[x] and n := 3. The following twisting
map is not of this type

Yo (bo + xby) = bix* for b, by € k[x*],
M) =D,
V(&) = (=)
Note that B = k[x?], h = 2 does not divides n and s(C @ B) ZB®C.

Proposition 2.18. Let D be a k-algebra, h > 1 a divisor of nand g: D — D (0 < | < n/h) k-linear maps satisfying g;(1) = 0.

Foreachj > 0, letgé denote the j-fold composition of go. Assume that g!' = 0 and that there exists x € D such that q := gg_l (%)
is invertible. Suppose furthermore that E := ker gy is a k-subalgebra of D and that gy is a right E-linear map. Then, there exists at
most one twistingmap s: C ® D — D ® C, such that y,, = g,.

Proof. Since q~! € E, because

20(q g =go(q 'q) =0,

replacing x by xq~!, we can assume that gg_l (x) = 1,and we doit. For 0 < j < h,let b; := gg_j_l (x). Note that by = 1. By

formula (1.2), the maps )/ji, withi > 2, are determined by the y,’s, with u < j. Moreover, by Propositions 2.7 and 1.2,

1 ifr=j
vir (b)) = {0 ifr > j.

Hence, by the Product law,

n—1 lh+j—1
yin(@ab) = >y @yiby) = > ¥ @y (b)) + i@,
i=0 i=0

and so, for each j > 1, the map y; ,; is determined by the y;"’s withi < lh +j. O

Under suitable hypothesis it is possible to say more about the maps )/ji. For instance we have the following result, which
will not be used in the sequel.
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Proposition 2.19. Let | < | ! |. Assume that

y,h " (ba) = yl,, (b)y, (a) forallae Aandb € B, (2.8)
and that there exist q; € yo 1(A) such that y, " (qi) is right cancelable in A. Then

y,ffjj(b) =0 forbeBand0<i<j<h.
Proof. Take x; € A such that yg’](xl) = q; and set b;l) = y:_l_j(x,) for 0 < j < h. By the Composition law and

Proposition 2.5,

ylﬁH'k Z Yir o yu =yhoys forallk > 0.

So,

- fh ifk = j,
O = O o) = o) = [ TR 22)

where the last equality for k > j, follows from the fact that q; € B C ker yo . Moreover, by Proposition 2.14 we know that
forb € B,

vy (b)) =0 foru> v. (2.10)
Hence,
vir )y b”) =y (bby") by (2.8)
= (M(b)M(bfl)))lh i by Corollary 1.9
= Z Vi Dy o) + vt By @), by (2.9) and (2.10)

for all b € B. Thus
Z Vit v bD) + yit )i = 0.

Now, an easy induction on j yields ylﬁlﬂ.(b) =0forj=1,...,h— 1. By Proposition 2.14 this finishes the proof. O
Remark 2.20. By the Product law and Propositions 2.5 and 2.14,

n—1
4 n
Yt (ab) = Z ¥ @y () = yy' @y (b) forallae A b e Bandl < LEJ

Hence, the first hypothesis of the previous proposition is automatically fulfilled when B is included in the center of A. In fact

Yi(b) € B, since

Yo (vin () = v "' (b) = 0
by the Composition law and Proposition 2.14.

If the hypothe51s of the previous proposition are fulfilled for all | < L” |, then from that result, Proposition 2.14 and
the fact that yo id, it follows that the matrix M(b) has the following shape

O b --- 0 yhl(b) 7/n]—1(b)
0 0 b
Vi (b) 0 0
0 ...... 0 0 VU () B 0
M(b) = : SR
0 0 ¥ (b)
szhh(b)
0 - 0 )
0

for each b € B.
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3. Twisting maps with y; # 0

Recall that C := k[y]/(y") and A is an arbitrary k-algebra. The aim of this section is to determine all the twisting maps
s: C®A— A® C with y, # 0 that satisfy:

- There exist 1 < h < nand x € A such that ! = 0 and /"' (x) is invertible,

- B:= kery, is included in the center of A,
-s(c®b)=b®cforallc e Candb € B.

Remark 3.1. By Proposition 2.8 the first condition implies that h | n; by the Product law the third condition is satisfied
if and only is the yj"s are B-linear maps; by Proposition 2.18 the map s is determined by the maps y,; (0 < I < n/h); by

Theorem 2.10 the algebra A is free over B with basis {1 = by, ..., by_1}, where b; := yoh_j_l (x). Finally, by Proposition 2.16
we know that if h is cancelable in B, then the third condition can be replaced by the requirement that s(C ® B) € B® C.

The next theorem says that the y,,’s can be chosen arbitrarily.

Theorem 3.2. Let h > 1 be a divisor of n and letgl A — A(0 < I < n/h) be k-linear maps satisfying g;(1) = 0. Assume that
g0 = 0 and that there exists x such that q := g0 1(x) is invertible. Suppose furthermore that B := ker gy is a k-subalgebra of the

center of A and that the g’s are B-linear maps. Then there exists a unique twisting maps: C @ A — A ® C such that Vu11 =g.
Moreover s(c ® b) =b®c forallc € Cand b € B.

Proof. Since 0 = go(q~'q) = g(q')q = 0, we have g~' € B. Replacing x by ¢~ 'x, we can assume g/ '(x) = 1. We set

yjo := dgjid and, based on the proof of Proposition 2.18, for increasing | we define yjr forr > 1andlh <j < lh+ h, as
follows:

- Firsty} := g,
- Then yy, for r > 2, using formula (1.2),
- Then, y,; by

Ih+j—1
Ving (@ = yp(aby) — D v @yh(by) for1<j<h,
k=0
1
where b; :=y, " (X).
- Finally, yj’ forr > 2andlh+ 1 <j < lh + h, using formula (1.2).

By construction the maps yjr are B-linear and yj] (1) = &5;. Hence, by Corollary 1.6, in order to prove the theorem it suffices
to show that yj” = 0 forj < n and that the maps yj“s satisfy the Product law. To carry out this task, we will need to
use the Composition law (which follows immediately from the definition of the yj"s) and that yjr(l) = &y for all r (which
follows easily from the case r = 1, using formula (1.2). Next we will check the Product law for every block of yjl’s with
Ih <j < lh + h, and that )/j” = 0 forj < n,in five steps.

First step: Check that ;™" '(x) = 1
Second step: Verify the Product law for y,}l.
Third step: Verify the Product law for yjr withr > 1andj < Ih.

Fourth step: Verify the Product law for y,0, 1, ..., ¥pp_1-
Fifth step: Check that yji =0forj<lh+handi>Ih+ h.

For | = 0, we have:
First step. This is true by assumption.
Second step. Since the maps yjr are B-linear and, by Lemma 2.9, {b; : 0 < j < h} is a B-basis of A, it is sufficient to show that

n
i) = Z)’kl(a)y (b)) for0<j<h.
k=0
For j = 0 this follows from the fact that y;(1) = 8, while, for j > 0, this follows from the definition of the y;"’s and the

facts that ] (b;) = 1and y£ (b)) = 0 for k > j.
Third step. Assuming that the result is valid for r and proceeding as when we checked item (2)(c) in the part (3) = (2) of
the proof of Proposition 1.2, we obtain

vs " (ab) = vy (v (ab)) = ny“m)yg‘(b).
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Fourth step. Let 0 < j < h. Assume that the Product law holds for )/,-1 withi < j. Then,

j—1
y,'(@b) = yg (abby) — Y v (ab)yq(by)
i=0

|
-

n

j—1
= @y bb) =)
i=0

n—1
v @y (b)yi(b) by inductive hypothesis
u=0

s =
[
- o

I
N

j—1
Y (@) (y&'(bbp - y,-“(b)y(;'(bj))
i=0

u=0
n—1 n—1 j—1
=Y 7@ (Z Y (b)ya(by) — Y yﬂ(b)y&(b;)) by Second and Third steps
u=0 i=0 i=0
n—1
=)@y (b,
u=0

where for the last equality we use that y(b;) = 1and yi(b;) = 0 fori > j.
Fifth step. This follows from Lemma 2.4.

Next, assuming we have carried out the five steps until [ — 1, we execute the five steps for .
First step. By the Composition law,

v 0 = Zyu (Vid 0) = (D) =1,

since ' = 0foru < h, ! = 0foru > hand y' ) (x) = 1.
Second step. Since the maps yj are B-linear and, by Lemma 2.9, {b; : 0 < r < h} is a B-basis of A, it is sufficient to show that

n—1

vin(aby) =Y vl (@yf(b) for0<j<h.
k=0

For j = 0 this follows from the fact y,’,‘[(l) = &k.n- Let now j > 0. By the Fifth step for [ — 1,

Ih
) =Y v (v i) = v (r(by) = (311)
i=0
and
Vllr,h+r(b) = Z Vi o Vl’qht](b) = VO_](ylh ﬂ(b )) =0 forr>j. (3.12)

The definition of the y,}lﬂ.'s for 1 <j < h — 1yields the desired result.
Third step. Assuming that the result is valid for r and arguing as in the case | = 0 we get

Jj
v @by =3 vl (i aab) = Z @y b).
k=0
Fourth step. Assume that the Product law holds for yil withi < [h-+j.Then, by the definition of y,,‘1 i the inductive hypothesis

and the Third step,
Ih+j—1

Vinyj(ab) = yj(abby) — Y v, (ab)y (by)
i=0
n—1 lh+j—1 n—1 )
=Y v @ybb) — > Y vl @y By by
u=0 i=0 u=0

lh+j—1
= Zyu (a)(y,hwb) - Z v <b>y,h<b>)
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Ih+j—1

n—1 n—1
=) 7@ (Z v OV — Y )/f”(b)mil(bj)>
i=0

u=0 i=0

n—1 n—1
Vi@ > v by (by)

u=0 i=lh+j

n—1
=Y v @y b,
u=0

where the last equality follows from (3.11) and (3.12).
Fifth step. By the Composition law, for eachi > [h + handj < lh + h,
J
=) voyi=0

u=0

since ! = 0foru < hand y— = 0foru>h. O

3.1. An algorithm

Now we give an algorithm to construct non commutative truncated polynomial extensions of a k-algebra A:

(1) Take a subalgebra B of the center of A such that A is a free B-module with basis {by = 1, by, ..., by_1},
(2) Take C = k[y]/(y"™), where n is a multiple of h,
(3) Finally, choose a family gj: A — A (1 <l < n/h) of B-linear maps satisfying g;(1) = 0.

Then, there is a unique twisting maps: C ® A — A ® C such that
n—1 )
syea =) yl@ey,
j=0

where

- ¥, : A — Ais the B-linear map defined by y, (b;) := b;_; fori > 1and y, (1) := 0,
- yp=gfor1 <1<n/h,
- Vinyj: A — Ais the B-linear map defined by

Ih+j—1
Ve (@ = yi(ab) — Yyl @y for1<j<h. (3.13)
k=0

Remark 3.3. Sinces(c ® b) = b® c forallc € C and b € B, the algebra B is included in the center of D := A ®; C, and so, D
is a free B-algebra of dimension hn.

Remark 3.4. As was said before, all the twisting mapss: C ® A — A ® C such that

- B:=ker yol is a subalgebra of the center of A,
-s(c®b)=b®cforallc e Candb € B,
- there exist h > 2 and x € A such that y = 0 and y; "' (%) is invertible,

are of this type. In particular, for all such algebras, h|n and A is free over B.

We next apply the above algorithm to construct a very specific example of truncated noncommutative polynomial
extension.

Example 3.5. Let A := k x k where k is a field of characteristic different from 2 and let B := k(1,1). Letn = h =
bp = (1, 1) and b; = (1, —1). It is evident that the B-linear map Vol : A — A, determined by the conditions y(} (by) :
and y, (bo) := 0, is given by

AM—A A — A
2 7 2
A direct computation applying (3.13) gives
i k1, A2) = (Aa, Ap).

2,
bo

Yo (A, Ap) = (
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Hence,
A=Ay A=A
2 72

s(Y ® (A1, A2)) = ( >®1+(12,M)®}’-

Note that by Proposition 1.11, the algebra D := A ®; % is simple. Since (1, 1) ® y is nilpotent and dimy (D) = 4, necessarily
D =~ M, (k).

The above example is a particular case of a general result.

Proposition 3.6. Let D := A ®; C be an algebra constructed using the algorithm introduced in Section 3.1. Then D is simple if
and only if Bis a field and h = n, where we are using the same notations as in that subsection. Moreover, in this case, D ~ M,(B).

Proof. Suppose that D is simple. Since yg‘ = 0, it follows from Proposition 1.11 that h = n and
Ab = ABb = AbB = Aby; "' (A) = A,

forall b € B\ {0}. Hence, Bis a field by Remark 1.3. Conversely, if Bis a field and h = n, then
Abyy~'(A) = AbB = AB = A,

and so, again by Proposition 1.11, the algebra D is simple. The last assertion follows immediately from the fact that
dimg(D) = n? and 1 ® y is nilpotent of ordern. O

4. Upper triangular twisting maps

The aim of this section is to study twisting mapss: C ® A — A ® C with Vol = 0. Under this assumption the low
dimensional Hochschild cohomology plays a prominent role. The obstructions to inductively construct twisting maps are
cohomology classes. For the sake of simplicity, given a twisting map with yol = 0,weseta := yf. Moreover, we let o™
denote the m-fold composition of & with itself. Note that formula (1.2) implies yji =0forj < iand )/ = &'.In particular M
is upper triangular. Therefore, as in the introduction, we call these twisting maps and the corresponding twisted products,
upper triangular. Note moreover that, by the Product law, « is an algebra endomorphism. Throughout this section Z(A)
denotes the center of A and we set A; := o — o/,

From now on we set C, := k[y]/(y"), and we let ,A,» denote the k-module A endowed with the A-bimodule structure
givenbya- b - c := a(a)ba"(c).

Theorem 4.1. Lets,: C, ® A — A ® G, be an upper triangular twisting map and let yj" (i > 0and0 < j < n) be the family of
k-linear endomorphisms of A associated with s,. Consider the map F: A @ A — ,Ayn, defined by

n—1
Fla®b) := Y 3 @yib),

i=2
where

Y= Z Va0 oy, fori=2. (4.14)

Upyeeny uj>1

uq+--Fuj=n

Then, F is a normalized cocycle in the canonical Hochschild cochain complex of A with coefficients in ,A.n. Moreover, there exists
an upper triangular twisting map

Spt1: Cor1 ® A —> AQ® Coga,s
with the same yj1 sassyforj=0,...,n— 1, ifand only if [F] = 0 in H*(A, 4Aqn). In this case F = —b?(y,}), where b? is the
Hochschild coboundary.
Proof. It is easy to check that yr';(l) = 0for 1 < i < n.Hence F is normal. We next prove that it is a cocycle. In fact

b*(F)(@® b ® c) =a(a)F(b® c) — F(ab® c) + F(a ® bc) + F(a ® b)a"(c)

n—1

n—1 n—1 n—1
V1 @y B)yi(©) = Y v @by (©) + Y v @yibe) = Y ¥ @yi (b)Y, (©)
2 i=2 i=2

i=

N

—_

n—1

Y@y 0yi©) = >y @yl (b))

i=2 i=2 I=1

=
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n

n—1 n-1
+) Y @y bya©) = Yy @y by
i=2

i=2 =i

n—1 i n—1 n—1
=Y ) W@y by + YD v @y by
i=2 =2 i=2 I=i

=0.

Now, note that, since y, = 0,

§ 1 1
yu]o...oyui’

is well defined for each i > 2 (independently of the value assigned to y,!), and gives y,i. Hence, we can use Corollary 1.6 to
conclude that there exists s,;1 satisfying the required conditions, if and only if there is a k-linear map yn] : A — Afulfilling

n—1

vi (@) = 7 @y, (0) + ¥ @y 0) + Y v @y, b, (4.15)

i=2
or, equivalently, bz()/nl)(a ® b) = —F(a ® b). In fact, the maps yji (i > 2andj < n) are the same as for s;;, and so, ifa, b € A
andj < n, then
y'(ab) = Sl vl y}(b) since s, is a twisting map
=Y Lo¥' @y (b) because y =0,
while the equality

vl (ab) = Z v (@yl(b) fora,beA

i=0
is the same as (4.15). O

Next, we are going to describe the first serious obstruction to construct an upper triangular twisting map, when « is the
identity map. In the following result 8’1 means the j-fold composition of §;.

Corollary 4.2. Under the assumptions of Theorem 4.1, if « = id, then the following facts hold:

(1) Any derivation 8, of A defines a twistingmap s3: C; ® A —> A® G, via y, := 0, y, :=idand y, := §;. Moreover, all upper
triangular twisting maps from C3 ® A to A ® Cs, with yf = id, are of this type.

(2) Any pair of derivations 81, 8, of A gives a twisting map s4: C4 @ A > A® Cy,viay, = 0,y := id, y, := §; and
y; = 8% + 8. Moreover, all upper triangular twisting maps from C4 @ Ato A ® Cy4, with yf = id, are of this type.

(3) Let 51 and &, be derivations of A. Consider the upper triangular twisting map s5: C4 @ A — A ® C4, defined by §; and §,.
Then, there exists an upper triangular twisting map ss: Cs ® A — A ® Cs, with the same yf, 7/21 and y31 as sy, if and only if
[61]1U [82] = 0in H?(A, A).

Proof. LetF: AQ A — AbeasinTheorem 4.1. When n = 2, we have F = 0. When n = 3, a direct computation shows that
F =28, U§; = —b?(8?). Finally, when n = 4, we have:

F@a®b) = y; @y (b) + 5 (@y; (b)
= 81(a) (387 (b) + 282(b)) + 3(83(a) + 82(a))81(b)
= —b*(83 + 281 08,)(a®b) + (8, U 81)(a ® b).
Items (1), (2) and (3) follow now immediately from Theorem 4.1. O

Proposition 4.3. Let o be an endomorphism of A. Assume that there existb,, . .., by_1 € Asuchthat Ay(by), As(b3), ..., Ap_q
(bs—1) are not zero divisors and {b;, a(b;) : j = 2,...,n — 1} C Z(A). Then, given elements a,, . .., G, € A, there is at most
one upper triangular twisting map s: C, ® A — A ® C, with y! = « and yj‘ (b)) =aqjforj=2,...,n—1.

Proof. Assume that there is a twisting map s that satisfies the hypothesis. Since )/01 = 0, it follows easily from Corollary 1.6
that, for eachj < n, the maps y;, .. ., yjll define a twisting map s;: G ® A — A ® (. It is clear that in order to complete
the proof we only need to check that the uniqueness of s; implies the one of s; . By Theorem 4.1, to carry out this task it
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suffices to show thatif6: A — ,A,; is a derivation (that is, a 1-cocycle in the cochain Hochschild complex) which vanish in
b;, then § = 0. But, from the equalities

8(a)a? (bj) = 8(abj) = 8(bja) = a(b)8(a) = 8(a)a(b;) foralla € A,

it follows that § = 0, since A;(b;) is not a zero divisor of A. O

Lemma44. Lets,: C;, ® A > A® C, and F be as in Theorem 4.1, and let b € Z(A). Define G,: A — A by
Gpy(a) :=F(@a®b) —F(b® a).

Then,
b?(Gy)(a®d) =Fla® a)a"(b) — a(b)F@a® d).

Proof. Since
b*(Gy)(a®d) = a(a)F(d ® b) — F(ad ® b) + F(a ® b)a"(d)
—a(@F(b®d)+F(b®ad)—F(b®aae"(d)
and F is a cocycle,
0 =b’F)a®d ®b)+P’F)b®a®d)—b’F)a®b®d)
= a(a)F(@ ® b) —F(ad' ® b) + F(a® a'b) — F(a ® a')a" (b)
+a(b)F(a®d) —F(ba®d)+F(b®ad) —F(b® a)a"(d)
—a(@F(b®d)+Fab®d)—F(a® bd) +F(a® b)a"(a")
=b*(Gp)a®d) +ab)F(a®d) — Fla® d)a"(b),
as desired. O

Proposition 4.5. Lets,: C;, ® A — A ® C, be an upper triangular twisting map and let b € Z(A). If A, (b) is invertible and
a(b), a"(b) € Z(A), then, for any a € Z(A), there is a twisting map

Snt1: Car1 ®A —> A® Coyy

with y,! (b) = a and the same y;'’s as s, forj =0, ..., n — 1.

Proof. Set yn] = aA,(b)" 1A, + A, (b)~'Gp, where Gy, is the map introduced in Lemma 4.4. Notice that
Yl (b) = a+ Gy(b) = a.

Using Lemma 4.4 it is easy to check that this map fulfills bz(y,}) = —F, where b? is the coboundary of the Hochschild
complex of A with coefficients in ,A,n. Then Theorem 4.1 guarantee the existence of such s, 1. O

Theorem 4.6. Let o: A — A be an endomorphism. Assume that there exist b,, ..., b,_1 € Z(A) such that cc(b;), ozj(bj) eZ(A)
and A;j(b;) is invertible for all j. Then, given elements a,, ..., a,—1 € Z(A), there is a unique upper triangular twisting map

S:CGiRA—-ARC,,
with y| = aand y;' (b)) = a;, forj=2,...,n— 1.
Proof. The uniqueness it follows immediately from Proposition 4.3, and the existence can be checked easily by induction
on 1, using the previous proposition. O

Example 4.7. It is not difficult to find examples in which the hypotheses of the previous theorem are fulfilled, for instance,
we have the following cases in which b; = b for all j:

(1) Let k be a characteristic zero field, A := k[xy, ..., x;] and take b; = x; for all j in the theorem. Let o be an algebra
morphism with o (x1) = x; + A, for some A € k\ {0}. Then A;(b) = (1 — j)A is invertible.

(2) Let K /k be a field extension and assume there exists an o € Gal(K/k) and b € K such that b # a/(b) for 1 <i <n — 2.
Then A;(b) is invertible for 1 < j < n.

Remark 4.8. For upper triangular twisting maps, the map « := y;' seems more important than in the case y, # 0. For
instance, it is an endomorphism of algebras, moreover it is easy to check that if « is an injective map, then s is also injective;
and that if s is surjective, then so is «. Hence, when A is finite dimensional, s is bijective if and only if « is.

Remark 4.9. Let A be a k-algebra. Consider the k-module A[[y]] consisting of the power series with coefficients in A. It is
easy to check that having an associative and unitary algebra structure on A[[y]] such that:
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- Aand k[[y]] are unitary subalgebras of A[[y]],
- (e ay)y =2, ayt

- The canonical surjection A[[y]] — A is a morphism of algebras,

which we call an upper triangular formal extension of A, is the same that having a associative and unitary algebra structure
on each A[y]/(y") such that

- Aand k[y]/(y") are unitary subalgebras of A[y]/(y"),
- The multiplication map takes a ® y' to ay’,
- The canonical surjection A[y]/(y") — A is a morphism of algebras,

in such a way that the canonical maps

Ayl AbI

Ty T )

are k-algebra morphisms. Hence, in order to construct such an algebra structure on A[[y]], Theorem 4.1 can be applied.

In particular, we have the following result, which shows the close relationship between formal deformations and formal
extensions (compare with [7, p.64]).

Corollary 4.10. If H?>(A, ,A,n) = 0 for all endomorphism « of A and all n € N, then any upper triangular truncated polynomial
extension can be extended to an upper triangular formal extension.

Proof. It follows immediately from Theorem 4.1. O

Consider now the following rigidity result for deformations [7, Corollary Sec. 3, p. 65]: If HH*(A) = 0, then A is rigid, i.e.
any deformation is equivalent to the trivial one. In our setting we have to consider HH'(A), and we have to define the notion
of equivalency.

Definition 4.11. Two upper triangular formal extensions As[[y]] and A;[[y]] are equivalent, if there is an algebra isomorphism

¢ As[lyll — Aclyll,
such that ¢(a) = aforalla € Aand ¢(y) = y + R, where R € A[[y]]y>.

Remark 4.12. It is easy to see that if A;[[y]] and A;[[y]] are equivalent, then the maps yf determined by s and t coincide.

Given an automorphism « of A we let A“[[y]] denote the unique upper triangular formal extension satisfying ya = a(a)y
for all a € A. We will name this extension the trivial formal extension associated with c.
Let A[[y]] be an upper triangular formal extension with )/11 = « and let (a;);~1 be a sequence of elements of A. Set

{P{ : i > j > 1} be the family of elements of A recursively defined by

P =1,
Pil =q; fori>1,
Pli= ) PLat(P a2 (Py) -t (B,
ug,...uj=1
u1+---+uj:i
Note that in the definition ofP{ we only use a, ..., g;_j+1 and that PJ’ = 1forallj > 1.

Let ¢ : As[[y]] — A*[[y]] be the left A-linear map defined by

o) i=y+ay’ +ay’ fay 4o and o (Y by) =D biew),

Lemma 4.13. Let v, u € N. The following assertions are equivalent:

(1) p(y°a) — e(y)’a € A[[y]ly* ™ foralla € A.
(2) We have

Plal(a) = Z yj”(a)P{ forallae Aandv <i < u+v.

=
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Proof. Note that ¢(y) = P where P :=y 4+ ayy?> + asy® + - - -. Clearly
. > ;.
p=3oy
=

Hence, we have
o0

e =Y o @y)

Jj=v

0 .

= y'@P
jo:: N (4.16)

=3 ¥ @Prly
j=v i=j

=3 ¥’ @Ply.
i=v j=v

On the other hand
¢(¥)'a=Pa= ZPi”yia = ZPi”ai(a)yi. (4.17)
i=v i=v

Comparing the coefficients of y' in (4.16) and (4.17) for v < i < v 4+ u, we obtain that (1) < (2). O
Lemma 4.14. Letu € N. If

9(ya) —p()a € A[lylly'"™ VaeA
then
0 (v Y o) — e (X o) e A yIly™ Vv eNand ) gy e Allyll
Proof. We have
<P<YZ iji> = w(Zycjy’)
= Z Py
=Y o)y
=Y oGewyY (mod A*[[ylly'™")
=owe(Y ).
An inductive argument shows now that
0 (VY ) =00"¢ (Y ay)  (mod A[yIly"* forall v e

as desired. O
Lemma 4.15. Let u, v € Nsuch thatu > v. If

i
Pla‘(a) = Z ' (@P] forallacAand1 <i<u+1
j=1
then
Plal(a) = Zyj”(a)P,.’ forallae Aandv <i < u+v.
j=v
Proof. Follows from Lemmas 4.13 and 4.14. O
Proposition 4.16. The following assertions are equivalent:

(1) The formal extension As[[y]] is equivalent to the trivial formal extension associated with «, via the map ¢ determined by

o) =y +ay* +asy} +ay + - and o (Z biyi) = bip(y).
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(2) We have

Pla‘(a) = Zyj] ()P foralla e Aandi> 1. (4.18)
=

Proof. (1) = (2) by Lemma 4.13. We next prove that (2) = (1). By Lemma 4.13 with v = 1, we get that ¢(y)a = ¢(ya)
for all a € A. Hence, by Lemma 4.14

@ (yi chy’) =o()g (Z gy’) foralli e N.

Consequently,

(E)(5e) = (3003))
= Soe(y Tev)
._§:a¢w>w<§:qﬂ>
~o( o) (quf)

as desired. O

Theorem 4.17. Let o be an automorphism of A. IfH' (A, 4A,i) = 0 foralli > 1, then any upper triangular formal extension with
yll = « is equivalent to the trivial formal extension associated with .

Proof. It suffices to find (a;);~ 1 such that (4.18) is fulfilled. We proceed by induction on i. Since P11 = land yf =a,
Plloc(a) = yll (a)Pl1 foralla e A
and so condition (4.18) is satisfied for i = 1. Suppose we have ay, ..., a, such that (4.18) holds fori = 1,...,u.Fora € A

we define
u+1

A@—Z%@w

We notice that equallty (4.18) fori = u + 1is equivalent to

A(a) = P}, "1 (a) — a(a)P,

1> (4.19)

and so we have to find P!, ., such that equality (4.19) is satisfied. We claim that A is a (¢, o**1)-derivation. In fact,

u+1’
u+1
A(ab) =y (ab)Pl
j=2
u+1 j
=ZZ Vi (@, (b)PL
j=2 h=1
u+ u+1 j
= 1@wmw+zzn@mmw
j=2 j=2 h=2
u+1 u+1
=a(@Ab) + Y v @)y B)PL,,.
h=2 J_

Since, by Lemma 4.15,

u+1

ZV] (b) ut1 = +1O‘u+](b)

we have

u+1
A(ab) = a(@ADb) + 3 7 @PL, " (b) = a(@Ab) + A@a+ (),
h=2
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which proves the claim. Since H!(A, ,Au+1) = 0, every (a, «“*!)-derivation is inner, and so, there exists an element
ay+1 € Asuch that

1
A(@) = ayra"t (@) — a(@)ay.

Consequently (4.19) is satisfied if we take PL}H =dayq. O

4.1. Non commutative truncated polynomial extensions of k[x]/(x™)

Theorem 4.18. Let P, ..., P,_1 be polynomialsin A := k[x]/(x™) such that x divides P; for all j. Then there exists a unique upper
triangular twistingmap s,: G, ® A —> A ® C, with yj1 (x) = P; for each j.
Proof. For n = 1 the result is trivial (the unique twisting map is the flip). Suppose that it is true for n = [, and that x divides

)/ji (x) foralli,j < L Define y,z, e y,’ as in the proof of Theorem 4.1 or, which is equal, as in Proposition 2.6. By that result,
in order to construct s, it suffices to define y,1 satisfying y,l (x) = P; and the Product law. Consider the matrix
X 0 e 0 0
0 Y@ - m;,] © P
Mo =[O 0 - a0 r®
0 0 .- 0 Y ()

and take y;'(x") := (M(x)"), . By the formula of the matrix product

1
B =)y 6 ), (4.20)
=

provided that u 4+ v < m. To conclude that (4.20) also holds when u 4 v > m it suffices to verify that x divides M, (x).
We leave this task to the reader. O

Corollary 4.19. If Py, P, ... is a sequence of polynomials in A := k[x]/(x™) such that x divides P; for all j, then there exists an
algebra structure on A[[y]] such that
- A and k[[y]] are unitary subalgebras of A[[y]],
- (X ay)y = Y, ayt,
- The canonical surjection A[[y]] — A is a morphism of algebras,
-yx =31 Py

Proof. Apply Remark4.9. O
Acknowledgements

The research of Jorge A. Guccione and Juan ]. Guccione research was supported by UBACYT X095, PIP 112-200801-
00900 (CONICET) and PICT 2006 00836 (FONCYT). Christian Valqui’s research was supported by PUCP-DGI-2010-0025, Lucet
90-DAI-L005, SFB 478 U. Miinster, Konrad Adenauer Stiftung. Juan J. Guccione thanks the appointment as a visiting professor
“Catedra José Tola Pasquel” and the hospitality during his stay at the PUCP.

References

T. Brezinski, S. Majid, Coalgebra bundles, Comm. Math. Phys. 191 (1998) 467-492.

T. Brezinski, S. Majid, Quantum geometry of algebra factorizations and coalgebra bundles, Comm. Math. Phys. 213 (2000) 491-521.

S. Caenepeel, B. Ion, G. Militaru, S. Zhu, The factorisation problem and smash biproducts of algebras and coalgebras, Algebr. Represent. Theory 3 (2000)

14-42.

A. Cap, H. Schichl, J. VanZura, On twisted tensor products of algebras, Comm. Algebra 23 (1995) 4701-4735.

P. Cartier, Produits tensoriels tordus, in: Exposé au Séminaire des groupes quantiques de I’ Ecole Normale Supérieure, Paris (1991-1992).

C. Cibils, Non-commutive duplicates of finite sets, ]. Algebra Appl. 5 (3) (2006) 361-377.

Murray Gerstenhaber, On the deformation of rings and algebras, Ann. of Math. 79 (2) (1964) 59-103.

J.A. Guccione, J.J. Guccione, Hochschild Homology of Twisted Tensor Products, K-Theory 18 (4) (1999) 363-400.

J.A. Guccione, ].J. Guccione, C. Valqui, Twisted planes, Commun. Algebra 38 (5) (2010) 1930-1956.

P. Jara, ]. Lopez Pefia, G. Navarro, D. Stefan, On the classification of twisting maps between k" and k™, arXiv:0805.2874v3 [math.RA] 24 Sep 2009.

P. Jara Martinez, J. Lopez Pefia, F. Panaite, F. Van Oystaeyen, On iterated twisted tensor products of algebras, Internat. J. Math. 19 (9) (2008) 1053-1101.

C. Kassel, Quantum groups, in: Graduate Texts in Mathematics, vol. 155, Springer-Verlag, New Xork, 1995.

S. Majid, Physics for algebraists: Non-commutative and non-cocommutative Hopf algebras by a bicrossproduct construction, J. Algebra 130 (1990)

17-64.

] S. Majid, Algebras and Hopf algebras in braided categories, in: Advances in Hopf Algebras, Marcel Dekker, 1994, pp. 55-105.

] S. Montgomery, Hopf algebras and their actions on rings, in: CBMS Regional Conference Series in Mathematics, vol. 82, AMS Providence Rhode Island,
1993.

[16] D.Tambara, The coendomorphism bialgebra of an algebra, J. Fac Sci. Univ. Tokio Sect. IA Math 34 (1990) 425-456.

[17] A.Van Daele, S. Van Keer, The Yang Baxter and the pentagon equation, Compos. Math. 91 (1994) 201-221.

W N =

jpryryy—
WN O VNN

==
(S0



	Non commutative truncated polynomial extensions
	Introduction
	Some basic facts
	General remarks
	Non commutative truncated polynomial extensions
	Simplicity of the noncommutative truncated polynomial extensions

	A family of twisting maps
	Twisting maps with γ 10not =0
	An algorithm

	Upper triangular twisting maps
	Non commutative truncated polynomial extensions of k[x]/ langlexmrangle

	Acknowledgements
	References


