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Abstract

We consider best simultaneous approximation to k continuous functions on an interval [a, b] from
a finite dimensional subspace of C[a, b], with respect to the functionals ZI;‘:I W ( /ab #( fj|)) and
max) <<k f ah @ (| f;1) for suitable real functions ¢ and . We obtain the interpolation properties of the
best simultaneous approximations. As a consequence, we extend known results in LP-approximation over

small intervals.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

Let C = Cla, b] be the space of continuous real functions defined on the interval [a, b], a < b.
Let ¥,¢ : [0,00) — [0, c0) be two functions such that ¢(0) = ¢(0) = 0, and ¥ (x) >
0,¢(x) > 0 if x > 0. Further, we assume that i is a strictly increasing continuously
differentiable function in (0, c0) and ¢ is a convex differentiable function in (0, o0). For & € C
we denote

b
FiP ) = / (h)Ddx and  FE() = max (1) (1.0
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Letk e Nand h; € C, 1 < j < k. We consider the following functionals:

k
[a,b] _ la,b] ;. [a,b] _ la,b] 7
Gyl hi, . hi)y =Y Y (Fy" " (h)), Goinse i) = max Fy"l(hy). (12)

j=1
k

G, ) = Y W (FP ), G, ) = max FigP(hj). (1.3)
=1 =j=

Briefly we put G([;f;b] instead of G([)'é@) We shall omit [a, b] in the notation of the functionals
F and G when it is not necessary, or we simply shall write a instead of the interval [—a, a], p
instead of ¢(x) = x?, 1 < p < 00, and ¢ instead of ¥ (x) = x9,0 < g < 0.

Let S C C be a subspace of finite dimension and let f; € C,1 < j < k. We say that ug € S is
a best simultaneous Gy y-approximation to fj, 1 < j <k, from §, briefly a Gy y-b.s.a., if

Gy y(fi —uo, ..., fr —uo) = 32£G¢,1//(f1 — U, ..., fr—u). (1.4)

We have analogous definitions for a G, o0, Goo,y» OF Goo-b.s.a.

If a function & has derivative up to order n at zero we denote T (k) as its Taylor polynomial
of degree n. We also denote /1" the space of algebraic polynomials of degree at most n, and we
write

T(fO+T(fH)

T(f1, f2) = >

In [8] the authors prove that the best L?-approximation to % Zl;zl fj from II" is identical
with the G2 1-bs.a. to f;,1 < j < k, from II". It is well known that the G, ,4-b.s.a. generally
does not match with the best approximation to the mean of the functions f;,1 < j < k, even
if p = g (see [9]). However, it is useful to know if they are close when we set sufficiently small
intervals.

In [4] the b.s.a. from II" with respect to G;’Oo, 0<e <1,1 < p < o0, is considered.
The authors prove that for k = 2, the b.s.a. to f] and f, converges to T (f1, f2), as € — 0. Best
simultaneous L2-approximation on a pairwise disjoint intervals union was also considered in that
work for k = 2.

In [5] the authors study G;,I/P-b.s.a., 0<e<1,1< p < oo, from II". They prove that the
set of cluster points of G;l / p-b.s.a., as € — 0, is a convex and compact set and it is contained
in the convex hull of the Taylor polynomials of the functions f;, 1 < j < k, at zero for the cases
p = 2, k is arbitrary, and k = 2, p is arbitrary.

In this paper, we prove interpolation theorems of the Gy y-b.s.a. and Gy ~o-b.s.a. from a
subspace S which is a weak Chebyshev (WT)-system in C [12]. Our theorems extend classical
results of interpolation for best polynomial approximation on LP-spaces [16], and moreover
on spaces with a generalized integral norm [6]. Using the interpolation theorems we establish
asymptotic results for b.s.a. on intervals [—¢, €] for ¢ — 0. The existence of such limits when
f1 = f2,1s known in the literature as the existence of best local approximation [1,16]. In addition,
we extend a previous result proved in [4] for G;yoo—b.s.a., 1 < p < oo, to the cases p = 1 and
p = o0.

We remark that it is important to find the limit of the b.s.a. since as such it provides useful
qualitative and approximation analytic information concerning the b.s.a. on small regions, which
is difficult to obtain from a strictly numerical treatment.
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2. Interpolating of best simultaneous approximations
We begin by establishing the following Lemma.

Lemma 2.1. Let V be a linear subspace of Cla, bl, and f; € Cla, b],1 < j < k. Suppose that
ueVisaGyy-bsa tofi,1 <j=<k fromV,andu # fjforall1 < j < k. Then for all
veV

k
Zﬁj (/ ¢/(|fj —ul)sgn(f; — u)vdx + #'(0) IvIdX> >0, 2.1
j=1 {fj#u} (fj=u)

where Bj = ¥'(Fg(f; —u)),1 < j < k. Here ¢'(0) is the right derivative of ¢ at 0.

Proof. Let 1 < j < k,v € V,and G = Gy y. Since u # f; on a positive measure set,
Fy(f; — u) # 0. For sufficiently small # > 0, an application of Mean Value Theorem gives us

Y (Fp(fj —u+tv)) — v (Fp(f; —u) Fo(fj —u-+rtv) — Fe(fj —u)

; =¥ () ; . (22

where 7, is a value between the positive real numbers fab ¢ (| fj—u+tv])dx and fab o (| fj—uldx.
Our assumptions over the functions ¢ and , and (2.2) yield

i P Fs(fj —u+ 1) = f (F(fj — )

t—0t t

=B (/ ¢'(1fj — ubsgn(f; —wvdx + ¢'(0) IvIdX> : (2.3)
(fy7#u) (fy=u)

Since u is a G-b.s.a. we have
G(fi—u+tv,..., fr—u+tv)—G(fi—u,..., fr —u)

0 < lim
t—0t t
k
Fy(fi — ) — Y (Fyp(fi —
_ lim Y(Fp(fj —u+1v)) — v (Fe(f; u))’ 2.4)
= t—0t t
for all v € V. The lemma immediately follows from (2.3) and (2.4). U
For ¢ (x) = xP,1 < p < 00, we write
1 1 -
aj(p) = (BT ( 3 ﬂ,”') . l<js<k 2.5)
1<i<k

Remark 2.2. If ¥ (c0) = oo and ¢ satisfies the A, condition, i.e. there is a constant K > 0 such
that ¢ (2x) < K¢ (x), x > 0, then for any finite set of functions f; € C, 1 < j < k, the existence
of a Gy y or Gy co-b.s.a. from §, follows from a standard argument of compactness. In fact, let
G =Gy,y or G = Gy, o0, and let (v,) C S be a sequence that verifies

G(fi —vms.os fo— V) = ingG(fl—v,...,fk—v) asm — 0o,
ve

then {Fy(fj —vy) : 1 < j < k,m € N} is a bounded set. Now, it is easy to show that
{v, : m € N} is a bounded set in the Luxemburg norm induced by ¢. See [10] for the definition
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and properties of this norm. Since S has finite dimension, (v,,) has a subsequence converging to
a G-b.s.a.. Analogously, if ¥ (0c0) = oo we can prove that there is a Goo,y Or Goo-b.s.a.

We recall that a polynomial P € II" interpolates to a function A in the n 4 1 points,
tp <t < <ty ift_] <ty =--- =1t < ty], for some integer numbers s and r,
0<s <r <n,then

PP =hV (1), 0<j<r—s.

Here we put f_; = —oo and #,+1 = 0.

The next theorem for ¢ (x) = xpP 1 < p <oo,and § = "1 was proved in [S5] with a
similar technique.

Henceforth we assume that the subspace S is a WT-system in C.

Theorem 2.3. Let f; € Cla,bl,1 < j <k, andletu € Shea Gpy-bs.a. to f;j,1 < j <k,
from S. Then there is j, 1 < j < k, such that u = f; on a positive measure subset of |a, b], or

(@) If p =2, uinterpolates to Zl;=1 a;(2) f; in at least n different points of [a, b].

®) If k=2and 1 < p < oo, u interpolates to o1 (p) f1 + az2(p) fa, in at least n different points
of la, b]. For ¥ (x) = x we get a1(p) = a2(p) = %

©) If p = 1, there are at least n different points x; € [a,b],0 < i < n — 1, such that
Zﬁ:] Bjsgn(fj — u)(x;) = 0. In addition, if k = 2 then B = B, or fi(x;) = falxi) =
ulx;),0<i<n-—1.

Proof. If there is j,1 < j < k, such that u = f; on a positive measure subset of [a, b], the
theorem is obvious. Now, suppose

{x ela,b]:ulx)=fi(x)}|=0, 1<j<k (2.6)
First we assume p > 1, so ¢’(0) = 0. By Lemma 2.1, we have
b
/ hvdx =0, forallves, 2.7
a
where
k
he=_" B¢ (If; — ulsgn(fj —u). (2.8)
j=1

If h(x) has m different zeros in [a, b], we shall show that m > n. Suppose that m < n — 1.
Since S is a WT-system, Corollary 12 ([12], p. 204) implies that there exists v € S such that
h(x)v(x) < 0 on the interval [a, b], and h(x)v(x) < O on a positive measure subset of [a, b]. It
contradicts (2.7).

Henceforth we suppose h(x;) =0,x; € [a,b],0 <i <n—1.

(@) If p =2, then ¢'(| fj — ul)sgn(fj —u) = 2(f; —u), 1 < j < k. From (2.8) we get

k
u(xi) =Y a;)fjx), 0<i<n—1 (2.9)

j=1
(b) Suppose k = 2, and let x € [a,b] be such that h(x) = 0. If (fi — w)(x)(fr —
u)(x) > 0, then fi(x) = u(x) = fa(x), while (f1 — u)(x)(f» — u)(x) < 0 implies
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u(x) = a1(p) fi(x) + a2(p) f(x). Therefore, in both cases we have u(x) = a1(p) f1(x) +
a2(p) f2(x). Consequently,
u(xi) = a1(p) filxi) +e2(p) fo(xi), 0<i<n-1

If (x) = x, from (2.5) we get a1 (p) = a2(p) = 1.
(c) Assume p = 1. By Lemma 2.1 and (2.6) we get

k
> B / sgn(fj — u)vdx > 0, (2.10)
j=1 {fj#u)

forallv € S.
From (2.10) we obtain fab hvdx > O for all v € S, where

k
h::Z,Bjsgn(fj—u). (2.11)

j=1
As in the proof of part (a), there are at least n points x; such that 2(x;) = 0,0 <i <n — 1.
If k = 2, the proof follows as in (b). [J

Remark 2.4. From the proof of Theorem 2.3(b), we observe that if f; ¢ S, j = 1,2, and we
consider a strictly convex function ¢, instead of p-power function, and ¥ the identical function
then (b) remains valid with oy = oz = 5.

The following corollary is an immediate consequence of Theorem 2.3.

Corollary 2.5. Let f; € Cla,b],1 < j <k, andlet]1 < p < oo. Letu € S bea G y-b.s.a.
to fi,1 < j <k, from S, then there are n points in [a, b], xg < x1 < --- < xp_1 such that u
interpolates to some convex combination of fj,1 < j < k, in those points if: (a) p = 2,k is
arbitrary, or (b) k = 2, p is arbitrary.

We need the following uniqueness result in order to establish other corollary of Theorem 2.3.

Lemma 2.6. Suppose that fj € Cla,b],j =1,2, 1 < p < 0o, and let V be a finite dimension
subspace of Cla, b]. Then there is a unique G , so-b.s.a. to fj, j = 1,2, from V.

Proof. Let
d(fi, f2:€) = Inf (G poo(fi —h, f2 = hy)'/p
and

d(fi, 23 V) = inf (Gpoo(fi = v, fo = )P,

It is easy to see that d(f1, f2;C) = le,l/p(fl — f2). Let v € V be such that d(f1, f2, V) =
max{Gp 1/,(f1—v), Gp,1/p(f2—v)}. First, we assume that fi € Vor fo € V. Ifd(f1, f2;0) =
d(f1, f2; V), wehavethat G, 1/, (fi —v)+Gp1/p(f2—v) = Gp1/p(f1— f2). Since G, 1/p(.)
is a strictly convex norm, it follows that there is § > 0 such that f; — v = §(v — f>), i.e.

1 5
s T T

V=
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It is the unique convex combination of f; and f, which belongs to V, otherwise we obtain
that fi, fo € V. So, v is the unique G, oo-b.s.a. to f;, j = 1,2, from V. If d(fi1, f2;C) <
d(f1, f2; V) the uniqueness of G «-b.s.a. follows from [11], Theorem 3. Finally, we suppose
that fi, fo € V. Then %(fl + f2) is the unique G o-b.s.a. U

Since we shall establish results concerning the space 11", some considerations about interpo-
lation polynomials are also necessary. We recall the Newton’s divided difference formula for the
interpolation polynomial of a function A(x) of degree n at xg < x1 < --- < x, (see [14,2]),

P(x) = h(xo) + (x — xo)h[xo, x1] + - + (x = x0) - - - (x = xu—1)h[x0, ..., xx]. (2.12)

Here h[xg, ..., x;;] denotes the mth order Newton divided difference. If 4 has continuous deriva-
tives up to order m in [a, b] containing to xg, ..., X;;, then the m-th divided difference can be
expressed as

R (&)

m!

h[-x()s'-'a-xm] = ’ (213)

for some £ in the interval [xg, x,, ]. It is well known that the mth divided difference is a continuous
function as a function of their arguments xo, . . ., X;,.
We also observe that the space II" is a WT-system in C.

Corollary 2.7. Let fi, f» € Cla, b] be with continuous derivatives up to order n in [a, b]. If
l<p<ooandu, € II" isthe G, oo-bs.a. to fj, j = 1,2, from II", then there are points in
[a,b],to <ty <--- < ty, such that u, interpolates to some convex combination of fj, j = 1,2,
at the points t;,0 < i < n.

Proof. Let | < p < oo. For | < g < oo, we consider the functional G, 4/,. As (G 4/p) "4

is a strictly convex norm, we call u, , to the unique G, 4/p-bs.a. to f;, j = 1,2, from II".
Theorem 2.3(b), implies that there are points in [a, b], say xo(¢g) < --- < x,(g), and real
numbers, 0 < 1;(g), j =1, 2, such that 11(g) + A2(g) =1, and

upq(xi(q)) = r1(q) fi(xi(q)) + 22(q) f2(xi(g)), 0=<i <n. (2.14)

By Lemma 2.6 we have uniqueness of the G, «-b.s.a. to fj, j =1, 2, from II". Since,

(Uy11? + 1y21DY4 — max{|yil, Iy21}, asq — oo, forall yj, y2 € R,

the Pdlya’s algorithm (see [7]) implies that u, , — up, as ¢ — oo. Let (g,,) be a sequence such
that ¢, — oo. Since the sequences (A1(gm), A2(gm)) and (xo(gm), - - . , Xn(gm)) are bounded, we
can find convergent subsequences, which we denote other times with the same index ¢,,. Suppose
that A;(gm) — vj,j = 1,2, and x;(gm) — 1,0 <i <n.Notethatt; <1,41,0<i <n-1
Using (2.12) and (2.14), and the continuity of the divided differences we get that u, interpolates
to y1f1 + 2 f> at the points #;, 0 < i < n.

Now we assume p = oo. Let p,, 1 co. We proved that for each p,, there are n + 1 points in
[a, b] such that u,, interpolates to a convex combination at those points. By Pélya’s algorithm
Up, converges to U, the unique b.s.a. respect to G (see [15], for the uniqueness). Therefore,
Uoo interpolates to a convex combination of fj and f> in at least n + 1 points. [

Corollary 2.8. Let 1 < g < oo and let f; € Cla, b], j = 1,2, be with continuous derivatives
up to order n in [a, b]. Then there exists a G1 4-b.s.a. to fj, j = 1,2, from II", say u,, such that
uq interpolates to some convex combination of the functions f; in at least n + 1 points of la, b].



H.H. Cuenya, FE. Levis / Journal of Approximation Theory 162 (2010) 1577-1587 1583

Proof. First, we assume g < oo. For 1 < p < oo, we consider the functional G, 4/p. Let
Vpg € II"beaGpy/p-bsa.to f;,j = 1,2, from II". By Theorem 2.3(b), there are points
xi = xi(p,q) € [a,b], xo < x1 < --- < Xy, such that v, , interpolates to some convex
combination of the functions f; at those points. On the other hand, since

(Gp.g/pht, o)9 — (G4 (hy, b)), as p — 1,

Pélya’s algorithm implies that there exists a sequence py, p, | 1, and u, € II" such that
Vp,.q —> Uq. Moreover, u, is a G 4-b.s.a. to f, j = 1,2, from II". Now, we proceed as in
the proof of Corollary 2.7 to get points 7(q) < t1(q) < --- < t,(q) € [a, b], such that u,
interpolates to some convex combination of f;, j = 1,2, att;(g),0 <i < n.

Next, we assume ¢ = oo and we consider the functional G, . We take a sequence g, 1 oo.
As a consequence of that we have above proved, we geta Gy 4,-b.s.a. to f;, j = 1,2, from II",
say ug,,, and points #; (gn) € la, b], to(gm) < t1(gm) < --- < t,(gm), such that u,,, interpolates
to some convex combination of fj, j = 1,2, at t;(gm), 0 < i < n. Since (G1,4,)"4" — G| e,
as m — oo, other applications of Pélya’s algorithm give us a cluster point of the sequence ug,,,
say U, wWhich satisfies the theorem. [

Remark 2.9. In general, there is not uniqueness of the G 4-b.s.a. exceptifn =0and 1 < g <
oo (see [13]).

3. Best simultaneous approximation in small regions

In this section using the interpolation results of Section 2, we study asymptotic behavior of
the b.s.a. when the measure of the interval tends to zero.

The following theorem extends to Theorem 2.3, [S]. There, it was proved for ¥ (x) =
xr 1< p < o0.

Theorem 3.1. Let (€,,) be a sequence such that €, | 0. Suppose that f; € C[—e€,€1],1 <
Jj =< k, are functions with continuous derivatives up to order n in [—e1, €1], and let u,, be a
G;’t’]//-b.s.a. to fj,1 < j <k, fromII".If p =2, kisarbitrary or 1 < p < 00, k = 2, there
exists a subsequence (ep,) and y; > 0,1 < j <k, such that

k k

Zyj =1, and uy, — Zij(fj), as s — 00. 3.
j=1 j=l1

In addition, if k = 2, ¢ is a strictly convex function and f; & II", j =1, 2, then for all net (u.)

of G;’l—b.s.a. to fi,j =12 fromII",uc — T(f1, f2), ase — 0.

Proof. Corollary 2.5 implies that there are at least n+1 different points x; = x; (m) € [—€p,, €],
and non-negative numbers A; = A;j(m),1 < j < k, Zé:l Aj = 1, such that u,, interpolates
to gm = Z’;zl Ajfj at x;. Since {A;,1 < j < k} is bounded, then there exist convergent
subsequences (A (my)), 1 < j < k. Suppose that A;(ms) — y; € [0,1],1 < j <k,ass — oo.
From (2.12) and (2.13) follows that

U, (X) = gm, (x0) + (x — x0)gy) E(s, 1)) + - -

e (& (s, n))
n! ’

+ (& —x0) - (x = Xp-1) (3.2)
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where £(s, i) € [—€p,, €m,], 1 <i < n,s € N. Taking the limit for s — oo in (3.2), and using
the continuity of the derivatives of the functions f; we get (3.1).
Assume now k = 2 and ¢ is strictly convex. The second part of the theorem, immediately

follows from Remark 2.4. In fact, we have A;(m) = Ar(m) = 2, forallm e N. [

The next theorem for 1 < g < oo was proved in [5].

Theorem 3.2. Let 1 < g < oo and let €, be a sequence such that €, | 0. Suppose that
fi € Cl—e1, €1, j = 1,2, are functions with continuous derivatives up to order n in [—€y, €1].
Then there exist subsequences (€p,), (Um,) of Ge'"(; -b.s.a. to fj,j = 1,2, from II", and real
numbers y; > 0, j =1, 2, such that they verify (3.1) with k = 2.

Proof. Let 1 < g < oo. From Corollary 2.8, for each ¢, there exists u, a G " -b.s.a. which
interpolates a convex combination of f;, j = 1, 2, with coefficients depending on m, in at least
n + 1 points of [—¢€,,, €,]. Now, using (2.12) and (2.13) we prove the theorem in the same way
as we get Theorem 3.1. [

The next theorem extends the result established in [4] to the case p = oo and it gives a weaker
version for p = 1. It also shows what convex combination the b.s.a. converges.

Theorem 3.3. Let 1 < p < oo and let f; € Cl[—1,1], j = 1,2, be with derivatives continuous
uptoordern+1in[—1,1]. Letu., 0 <€ <1, bea G;oo-b.s.a. to fj, j =1,2, from II". Then

ue - T(f1, ), ase — 0. (3.3)

In addition, if p = 1, for each €,0 < € < 1, there exists a Gioo—b.s.a., say u., such that the net
(ue) satisfies (3.3).

Proof We assume 1 < p < oo. If there is some subsequence €, | 0 with Gp ]/p(fl — Ue,) F

p’l / p( f> — ue,,) the theorem follows from [4], Theorem 2.6. So, we can suppose that there
exists €g > 0 such that

G4y (f1 =) = G5 1), (fo — ue), (3.4)
forall 0 < € < €y. If T(f1) = T(f>) the theorem follows from [4], Theorem 2.1. So, we
also assume that T(f1) # T(f2). By Corollary 2.7 we know that there exist t; = t;(€) €
[—€,€],0 <i <n,suchthatfy <1 <--- <t,,and u, interpolates to some convex combination
he == X1(€) fi+A2(€) fo att;. Given a sequence €, |, 0, clearly we can find a subsequence, which
we denote in the same way, such that A ;(¢,,) — ¥, j = 1,2, as m — oo. The error formula for
interpolation is well known (see [2]):

R ()
Ue, (X) = he, (x) — (x —t0)(x —11) - (x — 1 )W, (3.5)

where &, belongs to the more small segment containing to #;,0 < i < n, and x. On the other
hand, using the error formula for the Taylor polynomial we have

1
Wm0
( + 1!

where 7, belongs to the segment between the points x and 0. From (3.5) and (3.6) we get

Ue, (X) = A1 (€m)T (f1) + A2(em)T (f2))(x)

he, (x) = (A (em)T (f1) + A2(€m)T (f2))(x )+ , (3.6)
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R €, hé’:,“)(mxm

— (=) = 1) (= h) =S S 3.7
If we put t; (€,,) = €n5i(€y) With s; € [—1,1],0 <i < n, from (3.7) we have
Gy (e, = Gt (en) T (1) + Aa(en) T (f2))
< K (G}, ((x = €mso)(x — €ms1) -+ (¥ = €msn)) + Gy, (")
-0 (E:ln-i-l-‘rl/p) , 3.8)

where K = maxye(—1,17( f; l(nH)(x)I + | f2("+1)(x)|). The last equality is immediately followed
by a change of variable.
On the other hand, from Lemma 2.1 in [3], there exists a constant M > 0 such that

1Ollco,—1,1] < (Q), forall Q € II".

€ T1/P P 1/P
Therefore (3.8) implies
uEm - le(fl) + )/ZT(fZ)a as m — OQ. (39)

Next we shall prove that y1 = ya2. Since T(f1) # T(f>2), thereexistsr € Z, —1 <r <n —1
such that £”(0) = £7(0),0 <i < r,and £V 0) # £ (0). From (3.7) we also have

Gy (fi = tt,) = Aa(em) Gy (T (f1) = T(f2)) + OGen™ /P, (3.10)
and
em n+1+1/p
Gy (= tte,) = M(em)Gy (T (1) = T(f2) + Oen /7). 3.11)
Let
(r+1) (r+1)
0) 0 (
A= o O2s O GL ., "th (3.12)
- (r+ 1! p1/p ' '
Now, (3.10) and (3.11) imply
6,,1 Em
. p]/p(fl uem . p1/p(fl ) _
T G-13)
€m €m
and
. pl/p(f2 ufm _ . pl/p(f] f2) _
mIme €:n+1+1/17 =N mleOO G;{H—H/p =1k (3.14)

Finally, from (3.4), we observe that the first members of (3.13) and (3.14) are equals, so
ViI=v=73.

For the proof in the case p = oo, it analogously follows replacing G
proof also analogously follows from Corollary 2.8. [

pl/pbng.’Z’.przl,the

Theorem 3.4. Let 1 < p <00, 1 <q <ooandlet f; € C[—1,1], j =1, 2, be with derivatives
continuous up to order n + 1 in [—1,1]. Let ue, 0 < € < 1, be a G¢ -bsa.to fj, j=1,2,
from II"". Then

ue — T(f1, fr), ase — 0. (3.15)

p.q/p
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Proof. Let (¢,) be a sequence such that ¢, | 0, as m — oo. Clearly

Gy ha) = (G, ()T + (G, (1)), ki ho € CMHY (3.16)

and

G (i = T(fr. ) < G5y (fi = T(F) + Gpl/p(T(fl)—T(fz))

= O(en TPy + Gp (T = T(£) (3.17)

fori =1, 2. Since u,,, € G"  _b.s.a., from (3.16) and (3.17) follows that

P.q/p

;mq/p(fl Ue,, f2 — Ue,) = C’v;”fq/p(f1 — T 12, 2= T f2)

q
(0( nkllpy L 2 Gp (T — T(fz))) . (3.18)
Further, we have
;'nl/p(fl Ue,) + Gp 1yp U2~ lhey) = Gp 1yp(1 = 1)

= 0ent ) + G (T (1) = T(f). (3.19)

From the inequality (a 4+ b)? < 297'(a? + b?),a, b > 0, (3.16) and (3.19) we get

(0@ + 6o, () - 1)
29-1 ’

We suppose T(f1) = T(f2). Then (3.16), (3.18) and (3.20) imply Gp 1/,,(T(fi) — Ug,) =

O™y i — 1, 2. Therefore, ue,, = T(f1, fr) asm — oo.

Now, we assume 7' (f1) # T (f>). We choose r € Z as in the proof of Theorem 3.3. According
to (3.18) and (3.20), we have

pq/p(fl Ue,, s fZ_uem)E (3.20)

T pq/[,(fl uem»fZ_Mem) _ pXi 321
oo CITHTH]p) = 2T ©21)
m

where A is defined in (3.12).

Analogously to the proof of Theorem 3.3 we know that there are nonnegative real numbers y;
and y2, y1 + y2 = 1, such that u.,, = y1T(f1) + y2T(f2) as m — oc. Thus, (3.13), (3.14) and
(3.16) imply

Gy — e 2 — ue,) 4y ot
mh—I>noo AT/ p) = A" (3.22)
m

Finally, from (3.21) and (3.22) we have y; = y» = % ie,ue, = T(f1, p)asm — oco. O

Concluding remarks. To conclude, we abstract the results obtained in this Section over
convergence of the G¢ b.q D-s.a. to two functions. If 1 < p < 00,1 < g < o0orl < p <
00,q = oo then any net of b.s.a. converges to T (f1, f2) (see Theorems 3.1, 3.3 and 3.4).
If p =11 < g < oo, then any subsequence of b.s.a. has a subsequence which converges
to a convex combination of 7 (f1) and T (f>) (Theorem 3.2). This convex combination can be
different from 7' (f1, f2) (see [5]). If p = 00, 1 < g < o0, is an open problem.
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