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a b s t r a c t

The work focuses on the connections of strain localization modeling of material failure and discrete frac-
ture mechanics. It is an attempt to give an answer to the old question of whether the finite element solu-
tions of material failure problems based on strain localization techniques, using standard continuum
stress–strain constitutive models equipped with strain softening, have physical sense as solutions of
de-cohesive fracture mechanics problems. Based on some well-established links of the Continuum Strong
Discontinuity Approach (CSDA) to material failure and cohesive fracture mechanics, some objective indi-
cators are proposed to assess the quality of strain localization results. These indicators are simply derived
on the basis of the inelastic strain distribution provided by the strain localization solutions and the direc-
tion of propagation of the localization band. They can be computed without knowledge of the exact frac-
ture mechanics solution of the problem, and used as error indicators in a large variety of material failure
situations. The proposed indicators are assessed, by means of their application to evaluation of a number
of strain localization solutions of benchmark problems. Issues as the influence of the mesh structure and
alignment, type of constitutive model and considered finite element techniques are examined. On the
light of the obtained results, classical flaws in strain localization solutions, as mesh bias dependence
and stress-locking are reinterpreted.

� 2012 Elsevier B.V. All rights reserved.

1. Motivation

Strain localization methods are a set of tools of computational
mechanics widely used in modeling material failure. They are
based on the fact that the introduction of continuum (stress–strain,
r� eÞ irreversible constitutive models, equipped with strain soft-
ening, in standard solid mechanics formulations induces the con-
centration of the strains in a narrow band, the localization band,
the phenomenon being termed strain localization [1,2]. This strain
localization induces and apparent jump sut of the displacement
field across both sides of the localization band, which could be
thought as representative of a fracture passing along some diffuse
path inside the localization band (see Fig. 1).

As for the used constitutive model and its effects on the width
of the localization band, two main families can be distinguished:

(1) Standard continuum constitutive models: typically stress–
strain rate independent inelastic constitutive models,
equipped with (softening) stress-like and strain-like internal

variables [11,29,8], which can be inserted into the definition
of generalized standard materials [21]. In the context of finite
element analyzes, the localization band resulting from those
methods ideally encompasses one single row of elements
(see Fig. 1(a-1)).

(2) Continuum constitutive models equipped with localization lim-
iters: they implicitly (or explicitly) incorporate an internal
characteristic length, lch, which determines the bandwidth
of the localization band. Micro-polar [31], gradient enhanced
[5,32,20] and non-local [5,23] are typical models of this fam-
ily. In order to capture that internal length, the resulting
localization band has to encompass a certain number of
finite elements which, due to the small character of the
involved internal length, demands many times the use of
auxiliary re-meshing techniques and very fine finite ele-
ments, with the associated, and some times unaffordable,
computational costs (see Fig. 1(a-2)).

The first of these families of models was initially the most used
for strain localization modeling purposes, because its simplicity of
implementation. However, very soon two important drawbacks
were reported: (a) the lack of mesh size objectivity of the results,
which strongly depends on the bandwidth of the resulting
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localization band and, thus, of the finite element size, and (b) the
lack of mesh-bias objectivity: the localization band tends to prop-
agate following the structure of the finite element mesh and, there-
fore, the results strongly depend on this structure. Moreover, when
the obtained localization band is not specifically aligned with the
finite element mesh, the corresponding results tend to produce
the so called stress locking: i.e. the stresses are not completely re-
leased as the material softens, even for high levels of the strain
localization [24].

The first flaw can be easily removed by incorporating the con-
cept of softening modulus regularization [17]; by making this soft-
ening modulus proportional to the localization bandwidth, the
resulting mechanical dissipation in the localization band is inde-
pendent of that bandwidth. The introduction of the concept of frac-
ture energy, as a material property [7], and an appropriated
evaluation of the localization bandwidth [12] are fundamental
ingredients for that removal. Dealing with the second deficiency
is a much more difficult issue. The search for remedies to this
drawback was many times the main motivation for the develop-
ment of the family of constitutive models equipped with localiza-
tion limiters reported above, at the aforementioned cost of a large
increase of the associated computational cost and, also, the intro-
duction of, sometimes unphysical and difficult to characterize,
additional parameters in the model.

Specific finite element formulations for strain localization prob-
lems have also been devised to alleviate or remove the mesh bias
dependency in the first family. Mixed pressure–displacement
[4,27] and mixed strain–displacement [3] finite element formula-
tions have been advocated as a way of alleviation of this flaw.

Controversy has also historically arisen about the reasons for
the difficulties in strain localization modeling using standard con-
stitutive models. For instance, it has been asserted that the reason
for the observed spurious mesh bias dependence is that they lead
to the ‘‘loss of ellipticity of the equilibrium rate equations. . .as a nec-
essary condition for well-posedness of the rate boundary value prob-
lem’’ [2]. This argument has been counter-argued by stating: ‘‘this
standpoint ignores the well-known fact that well-aligned finite ele-
ment meshes produce good results. . . This evidence strongly suggests
that the flaw that produces spurious mesh-bias dependence of the dis-
crete problem is in the spatial discretization procedure’’ [3].

At any rate, it seems clear that the results obtained by strain
localization methods are some times much better than other, that
the ultimate reasons for these differences are not evident, and that
procedures to grade the quality of the strain localization results are
necessary.

The goal of this work is inscribed into this setting and it is
twofold:

I Developing a set of indicators allowing quantification of the
quality of the strain localization results, in terms of its abil-
ity to match a real fracture embedded into the localization
band, and

II Proposing a specific computational mechanics framework
for the development of these indicators, which can help to
clarify the ultimate reasons behind the observed flaws in
strain localization methods and, thus, to remove them in
subsequent developments.

Though much of what is said in the following is extendible to all
type of models and strain localization results, attention will be
essentially focused on the first of the families in item 1, above:
strain localization solutions obtained from constitutive models
with no localization limiters i.e. by using continuum stress–strain
rate independent constitutive models equipped with strain softening
[9]. This is the case in which mesh-bias dependency is most evi-
dent and where the necessity to assess the quality of the results
is more astringent. It is left for a subsequent work the application
of the developed indicators to the second family of models, be-
cause, apart from the high computational cost and modeling com-
plexity, in these models, flaws like mesh bias dependence are less
evident.

The first difficulty found in achieving the goals mentioned
above is to find a solid connection of strain localization with dis-
crete fracture (see Fig. 1). In other words: to establish a link of
the strain localization results, obtained in a continuum-mechanics
framework using stress–strain r� e constitutive models, with
those that would be obtained if a fracture, modeled by cohesive
fracture mechanics techniques (typically by traction–separation
T � sut models embedded into the localization band) were used.
Hence, a number of relevant questions arise i.e:

� What is the traction separation law consistent with the contin-
uum stress–strain constitutive model considered in the strain
localization model?
� How the material properties of the cohesive fracture model can

be related to the ones in the continuum constitutive model?,
and
� What is the role, in that link, of the width of the strain localiza-

tion band? (typically the finite element size). . . How to make
the intended identification independent of this bandwidth (that
is, mesh-size objective)?

Answers to all these questions can be found in the so-called
Continuum Strong Discontinuity Approach (CSDA) to material failure.
This approach, developed in the 90’s [28,13,15], and subsequently

Fig. 1. (a) Strain localization modeled by means of a stress–strain constitutive law r ¼ RðeÞ : (a-1) standard continuum constitutive models; (a-2) continuum constitutive
models with localization limiters and (b) discrete fracture modeled by a cohesive traction–separation law T ¼ TðsutÞ.
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explored in the first 2000’s [14,19] offers a clear link of continuum
stress–strain models and cohesive fracture models. The concepts of
strong discontinuity and strong discontinuity kinematics are intro-
duced for describing a discontinuous displacement field and the
corresponding strain field in a continuum mechanics setting (see
Fig. 2).

The CSDA essentially shows that the insertion of a strong discon-
tinuity kinematics into a continuum (stress–strain) constitutive mod-
el equipped with strain softening, consistently induces a traction–
separation law at the strong discontinuity path [14]. The inherited
traction–separation law is a projection of the original continuum
r� e model (which lives in the 3D domain BÞ onto the 2D domain
of the discontinuity interface S, see Figs. 1 and 2(a), and inherits
the irreversible character and properties of that continuum model.

Typically, in a CSDA setting, the same continuum constitutive
model can be used for modeling both the bulk stress–strain rela-
tionship (during the elastic or the unloading stages) and the trac-
tion–separation law at the fracture path (in inelastic-strain-
softening stages of the material). Leaving aside the concept of
strong discontinuity kinematics, this is exactly what is intended
to do in strain localization models.

Therefore, the CSDA approach provides an intermediate link to
establish the intended connection of strain localization with mate-
rial fracture. . . but it only travels the second part of the way: the
connection of continuum models, in strong discontinuity settings, with
cohesive fracture mechanics. The first part of the intended link, the
connection of strain localization models with strong discontinuities re-
mains to be analyzed. This is the main goal of this work: connecting
strong discontinuities and strain localization, and providing an
evaluation setting to assess this connection. Indeed, in the evalua-
tion setting proposed here, a strain localization solution is consid-
ered to be as good as its ability to be interpreted as a strong
discontinuity embedded into the localization band. As long as a

localized strain solution, obtained with a certain continuum consti-
tutive model, matches a strong discontinuity kinematics, the CSDA
supplies the remaining part of the link with fracture mechanics,
and the solution can be considered representative of a fracture-
mechanics solution obtained with the corresponding degenerated
traction–separation law.

Therefore, in this framework, the problem of the assessment of
the quality of a certain localized strain solution is reduced to the
qualitative and quantitative evaluation of how much the strain
localization kinematics matches a strong discontinuity kinematics
embedded into the localization band.

This is the basis of the proposal in this work: a diagnosis of the
quality of the strain localization solution as a strong discontinuity
one. If this quality is good we can consider that solution coincident
with a real, physically meaningful, fracture mechanics solution but
if this quality is poor the solution can be questioned. Of course,
after the diagnosis, if the obtained quality is not sufficiently good,
next step is to supply the remedies for the identified problems and
the procedures to improve the obtained solutions. This is an issue
that is not tackled here and that will be addressed in a future work.
However the authors consider that an innovative approach to the
identification of the ultimate reasons for those problems found in
localized strain solutions, as it is done here, is not only the first step
but also a very important and necessary part of its solution.

The remaining of this paper is structured as follows: in Section 2
the basics of the CSDA are recalled, the structure of a regularized
strong discontinuity kinematics is compared with the strain local-
ization kinematics and the conditions for them to match with each
other are found. In Section 3 some indicators of the mismatch of
strain localization with respect to a strong discontinuity are pro-
posed and, in Section 4, they are assessed by means of a set of rep-
resentative simulations. Finally, in Section 5, the conclusions of the
work are presented.

Fig. 2. (a) Strong discontinuity kinematics, (b) regularized strong-discontinuity kinematics.
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2. The Continuum Strong Discontinuity Approach (CSDA) and
strain localization

Let us consider the body B in Fig. 2(a) exhibiting a strong dis-
continuity along the material surface S, of unit normal n, splitting
B into the portions Bþ and B�, across which the displacement field,
uðx; tÞ experiences a jump of intensity sutðx; tÞ � ujx2ð@Bþ\SÞ�
ujx2ð@B�\SÞ. The corresponding strong discontinuity kinematics
defining the displacement field uðx; tÞ and the strain field, eðx; tÞ
reads [16]:

u¼ �uþHSsut

e� ð$uÞsym ¼ ð$�uÞsymþHSð$sutÞsym|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�e ðregularÞ

þ dSðsut�nÞsym|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
ðsingularÞ

¼ �eþ dSðsut�nÞsym

ð1Þ

where �uðx; tÞ stands for the smooth part of the displacement field,
HSðxÞ stands for the Heaviside function ( HSðxÞ ¼ 0 8x 2 B� and
HSðxÞ ¼ 1 8x 2 BþÞ, the notation ð�Þsym ¼ 1

2 ½ð�Þ þ ð�Þ
T � is used for

the symmetric part of ð�Þ and dS stands for the Dirac’s distribution
shifted to S [30] fulfilling:Z
B�

uðxÞdSðxÞdB ¼
Z

s�
uðxÞdS ð2Þ

for any test function uðxÞ sufficiently regular and for any portion B�
of BðB� � BÞ containing a portion S� of SðS� � SÞ and S� � ðB� \ SÞ,
see Fig. 3(a). Assuming the required regularity for the term
ðsut� nÞsym, the specific application of Eq. (2) to the second term
of the left-hand side of Eq. (1) reads,Z
B�

dSðsut� nÞsymdB ¼
Z
S�
ðsut� nÞsymdS ð3Þ

2.1. Regularized strong discontinuities and strain localization

Let us now consider a finite band Bloc in B, of very small band-
width k (the regularization parameter) containing S(S 2 Bloc � BÞ,
which from now on will be termed the strong discontinuity band
(see Figs. 2(b) and 3(b)). The Dirac’s delta function in Eq. (1) can
be now regularized over Bloc as dS ! lBloc

n k, where lBloc
is the

colocation function on Bloc (lBloc
ðxÞ ¼ 0 8x R Bloc and

lBloc
ðxÞ ¼ 1 8x 2 Bloc) and k > 0 is a (small) regularization parame-

ter. The regularized version of Eq. (1) reads (now in rates):

_e � ð$ _uÞsym ¼ _�eþ
lBloc

k
ðs _ut� nÞsym ð4Þ

so that the term 1=k in Eq. (4) intensifies the strains at Bloc . Thus, we
can state that Eq. (4) describes a localization of the strains inside the
strong discontinuity band Bloc .

As k! 0 then Bloc ! S and ðlBloc
=kÞ ! dS , in the sense of distri-

butions, i.e.

lim
k!0

Z
B�

uðxÞ
lBloc

k
dB ¼

Z
S�

uðxÞdS ¼
Z
B�

uðxÞdSðxÞdB ð5Þ

Therefore, we can state that the strain localization kinematics in
Eq. (4) is representative (as k! 0Þ of the strong discontinuity
kinematics in Eq. (1). However, this is not generally true: let us
consider a strain field exhibiting strain localization in a localization
band Bloc (see Fig. 3(c)). In a general format its structure will be as-
sumed to have a non-localized component, _�e, and a localized com-
ponent whose support is Bloc and whose intensity is proportional to
the inverse of the bandwidth k, i.e.1:

_eloc � ð$ _uÞsym ¼ _�eþ
lBloc

k
_L|fflffl{zfflffl}

localized components

ð6Þ

For expressions (4) and (6) to be equivalent, _L is constrained by
some specific conditions; in fact, comparing Eqs. (4) and (6), and
taking into account Eq. (5), for they to be equivalent the following
equality has to be fulfilled:

lim
k!0

Z
B�

lBloc

k
_LdB ¼

Z
S�

_LdS ¼ lim
k!0

Z
B�

lBloc

k
ðs _ut� nÞsymdB

¼
Z
S�
ðs _ut� nÞsymdS ð7Þ

Taking now DB� � B� such that the corresponding portion of
discontinuity path DS� � ðDB� \ SÞ is sufficiently small for n to
be considered constant, Eq. (7) reads:

lim
k!0

Z
DB�

lBloc

k
_LdB _¼

Z
DS�

_LdS ¼
Z

DS�
ðs _ut� nÞsymdS

¼
Z

DS�
s _utdS

� �
� n

� �sym

8DB� � B; DS� � ðDB� \ SÞ ð8Þ

More specifically, if we consider at every point of S the local
orthonormal basis ê1 � n; ê2; ê3f g, see Fig. 3(c), the components
in that basis of entities s _ut; s _ut� nð Þsym and _L are:

s _ut �
s _ut1

s _ut2

s _ut3

2
64

3
75; ðs _ut� nÞsym� �

�
s _ut1

1
2 s _ut2

1
2 s _ut3

1
2 s _ut2 0 0
1
2 s _ut3 0 0

2
64

3
75;

½ _L� �
_L11

_L12
_L13

_L12
_L22

_L23

_L13
_L23

_L33

2
64

3
75 ð9Þ

and the following requirements appear for _L to fulfill the requested
equivalence and, thus, Eq. (7):

lim
k!0

Z
DB�

lBloc

k
_L22dS ¼

Z
DS�

s _utdS � n
� �sym� �

22
¼ 0

lim
k!0

Z
DB�

lBloc

k
_L33dS ¼

Z
DS�

s _utdS � n
� �sym� �

33
¼ 0

lim
k!0

Z
DB�

lBloc

k
_L23dS ¼

Z
DS�

s _utdS � n
� �sym� �

23
¼ 0

ð10Þ

Expression (10) can be formalized to:

lim
k!0

Z
DB�

lBloc

k
_LMdB ¼ 0 8DB� � B; DS� � ðDB� \ SÞ ð11Þ

with

_LM � PM : L ¼ L22ê2 � ê2 þ L33ê3 � ê3 þ L23ê2 � ê3 þ L32ê3 � ê2

PM � ê2 � ê2 � ê2 � ê2 þ ê3 � ê3 � ê3 � ê3 þ ê2 � ê3 � ê2 � ê3

þ ê3 � ê2 � ê3 � ê2 ð12Þ

where _LM will be termed the (rate of) strain localization mismatch, i.e.
that part of _L not matching the strong discontinuity format
ðs _ut� nÞsym, andPM stands for the appropriate strain localization mis-
match operator. Eq. (11) then characterizes the ability of the localized
strain field (6) to represent a strong discontinuity and constitutes the
basis for the intended link between strain localization and fracture.

2.2. Strong discontinuity conditions

Let us now consider the localized strain field in Eq. (6) and let us
also assume, as it is usually done in computational material failure,
that, after strain localization, the localized part of the strain, _e cor-
responds to the inelastic strain, _eðiÞ, whereas the remaining of the
strain is its elastic counterpart, _eðeÞ, being defined as:

1 This structure is typically found in inelastic strains based models when _�e ¼ _ee

stands for the (non-localized) elastic strain counterpart and
lBloc

k
_L ¼ _ei defines the

(localized) inelastic strain.
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_eloc ¼ _�eþ
lBloc

k
_L ¼ _eðeÞ þ _eðiÞ

_eðeÞ ¼ _�e � CðunlÞ�1
: _r

_eðiÞ � 1
k

_L

ð13Þ

where CðunlÞ is the in-unloading tangent constitutive operator and r
is the stress tensor. Under the above assumptions, the application of
restriction (11) to the strain field in Eq. (13) reads:

lim
k!0

Z
DB�

_eðiÞM dB ¼ lim
k!0

Z
DB�

lBloc

k
_LMdB ¼ 0 8DB� � B; DS� � ðDB� \ SÞ

_eðiÞM ðr; _rÞ ¼ PM : _eðiÞðr; _rÞ
ð14Þ

establishing a restriction on the inelastic strain mismatch, _eðiÞM , for
localized strain patterns capturing a strong discontinuity. Eq. (14) con-
stitute the so-called strong discontinuity conditions already identified
in the CSDA [15]. Eq. (14)2 emphasizes, for standard constitutive
models based on the internal variables theory, the dependence of
the inelastic strain _eiðr; _rÞ on the stress state (r) and on the stress
evolution ( _rÞ. In addition, after some algebraic manipulations, Eq.
(14) can be written, in a specific fashion for every family of consti-
tutive models, only in terms of the stresses [19] as:

PM : _eðiÞðr; _rÞ ¼ 0! RðrÞ ¼ 0 ð15Þ

this constituting a typical CSDA result indicating that strong discon-
tinuities can only be induced for specific stress-states (fulfilling restric-
tion (15)) at the discontinuity path. In the CSDA the so called
variable bandwidth model is devised as a specific ingredient to in-
duce such a stress state prior to the introduction of a strong discon-
tinuity inside the localization band [16].

3. Strain localization mismatch indicators

Results in the previous section suggest the use of Eq. (14) to de-
rive indicators of the quality of the strain localization patterns ob-
tained in finite element computations.

For this purpose, let us consider the body B discretized in nel fi-
nite elements and the set of elements I loc :¼ 1; . . . ;nlocf g, of typical
size h � k, defining the strain localization band Bh

loc (see Fig. 4). Let
us also consider a specific element e 2 I loc of the mesh occupying
the spatial domain BðeÞ � Bh

loc.
The discretized version of Eq. (14) is obtained by considering

DB� � BðeÞ � Bh
loc yielding:

lim
h!0

R
BðeÞ _eðiÞM dX ¼ 0

_eðiÞM ¼ PM : _eðiÞ
8e 2 I loc ð16Þ

Assuming a small enough mesh size, k � h	 ‘ (‘ standing for a
typical dimension of BÞ Eq. (16) can be established at the asymp-
totic stage as:R
BðeÞ _eðiÞM dX ’ 0

_eðiÞM ¼ PM : _eðiÞ
8e 2 I loc ð17Þ

Finally, Eq. (17) can be integrated from the bifurcation (onset of
localization) time, tðeÞB , to the current time, t, as:Z
BðeÞ

Z t

tðeÞ
B

_eðiÞM dt

 !
dX ’ 0 8e 2 I loc ð18Þ

3.1. Local mismatch indicator

Motivated by Eq. (17) the following indicator of the strain local-
ization mismatch at element e is proposed:

iðeÞðtÞ ¼

1
BðeÞ

R
BðeÞ

_eðiÞM ðx;tÞdX

			 			
1
BðeÞ

R
BðeÞ

_eðiÞðx;tÞdX

			 			 ¼
R
BðeÞ

_eðiÞM ðx;tÞdX

			 			R
BðeÞ

_eðiÞðx;tÞdX

			 			 for e 2 I loc

0 otherwise

8>><
>>: ð19Þ

Inspection of the equation reveals that iðeÞðtÞ is, at a given time t and
for the specific element ðeÞ, the ratio of the rate of the inelastic strain
mismatch and the rate of the total strain (in elemental averages and
measured in Euclidean norms).

The local mismatch indicator iðeÞ displayed in Eq. (19) has the
following properties:

Fig. 3. (a) Strong discontinuity surface S, (b) strong discontinuity band Bloc and (c) strain localization.

Fig. 4. Strain localization band in the discretized medium.
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� For perfectly localized elements (fully representing a strong dis-
continuity) iðeÞ is null;
In fact, for those elements the inelastic strain _eðiÞ fulfills Eq. (17),
which substituted in Eq. (19) returns a null value of the
indicator.
� For imperfectly localized elements in Bh

loc the indicator will return
a value 0 < iðeÞ 6 1. The larger is the value of iðeÞ the larger is the
localization mismatch of the element e. Therefore the map of
elemental values iðeÞðtÞ (in the interval 0;1½ �Þ across the finite
element mesh provides a spatial description of the quality of
the incremental strain localization (in terms of its match with a
regularized strong discontinuity) and the distribution of the local-
ization mismatch across the mesh. The examples presented in
Section 4 illustrate this point.
� If the indicator is computed for the case of embedded strong discon-

tinuities, E-FEM [16], it will return a null value since, again, the
inelastic strain fulfills identically Eq. (17).

3.2. Global mismatch indicators

The local indicator in Eq. (19) provides a spatial map of the
distribution, at every time of the analysis, of the localized strain
mismatch over the finite element mesh. As an alternative the
following global incremental strain localization mismatch indicator
is proposed:

I1ðtÞ ¼

P
e2I loc

R
XðeÞ

_eðiÞM ðx;tÞdX

			 			P
e2I loc

R
XðeÞ

_eðiÞðx;tÞdX

			 			 for I loc – ø

0 for I loc ¼ ø

8>><
>>: ð20Þ

Notice that I1ðtÞ 2 0;1½ � is an extension of the local indicator, in
Eq. (19), from the local elemental domain, BðeÞ to the global domain
Bh

loc . It possesses the following properties:

� The indicator is bandwidth objective, in the sense that, for given
domain B and discontinuity path S, the result, at the asymptotic
stage, is independent of the localization bandwidth h � k. In
fact, assuming a (not necessarily perfect) localized strain field
eloc we can write (see Eqs. (6), (13) and (14)):

_eloc¼ _eþ
lBloc

k
_L¼CðunlÞ�1

: _rþ _ei

_ei¼
lBloc

k
_Lðx;tÞ; _Lffiðs _ut�nÞsym

_ei
M¼PM : _ei¼

lBloc

k
PM : _Lðx;tÞ¼

lBloc

k
_LMðx;tÞ; _LM¼PM : _L –0

ð21Þ

and entities in Eq. (20) can be computed, taking into account Eq. (5)
as:

lim
k!0

Z
BðeÞ

_eðiÞM ðx;tÞdX¼ lim
k!0

Z
BðeÞ

lBloc

k
_LMðx;tÞdX¼

Z
SðeÞ

_LMðx;tÞdS

lim
k!0

Z
BðeÞ

_eðiÞðx;tÞdX¼ lim
k!0

Z
XðeÞ

lXloc

k
_Lðx;tÞdX¼

Z
SðeÞ

_Lðx;tÞdS

ð22Þ

where SðeÞ ¼ BðeÞ \ S stands for the portion of the discontinuity path
in the element e. Substitution of Eq. (22) into Eq. (20) yields:

lim
k!0

I1ðtÞ ¼
P

e2I loc

R
SðeÞ

_LMðx; tÞdS
			 			P

e2I loc

R
SðeÞ

_Lðx; tÞdS
			 			 ð23Þ

not depending on the width of the localization band k.
� For time steps with no localizing elements the index is null

(I1ðtÞ ¼ 0Þ.
This stems from the fact that, in this case, I loc ¼ ;.
� For time steps with perfect localization in all localizing elements

the index is null, since in this case _eðiÞM ¼ 0 in all elements. The
same happens for the case of using embedded strong disconti-
nuities (E-FEM approach).
� Otherwise the index returns a value 0 6 I1ðtÞ 6 1.

The localization mismatch index I1ðtÞ has an incremental character
and informs about the quality of the localization of the rate (incre-
mental) strains. In view of Eqs. (17) and (18) the extension to the
total strain case follows immediately giving raise to the following
global accumulated strain localization mismatch indicator as:

I2ðtÞ ¼

P
e2I loc

R
XðeÞ

R t

tB
_eðiÞ
M
ðx;sÞds

h i
dX

			 			P
e2I loc

R
XðeÞ

R t

tB
_eðiÞðx;sÞds

h i
dX

			 			 for I loc – ø

0 for I loc ¼ ø

8>><
>>: ð24Þ

with properties similar to index I1ðtÞ. In Eq. (24), tB stands for the
onset of localization time, i.e. the bifurcation time defined in next
section.

3.3. Identification of the localization band and the propagation
direction. Discontinuous material bifurcation analysis.

The indicators in Eqs. (19), (23) and (25) are based on the
knowledge of the mismatch strain _eðiÞM , which, in turn, requires
computing the normal to the discontinuity path n (see Eqs. (12),
(14) and Fig. 3(c), and the localization band Bloc where the

Fig. 5. Discontinuous material bifurcation problem (DMBP).
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indicators are computed. For this purpose, we resort to the discon-
tinuous material bifurcation analysis.

The discontinuous material bifurcation problem (DMBP) is a
classical one in computational material failure mechanics. In the
seminal work of Hill [6] the strong ellipticity character of the, at
that time termed, acoustic tensor was associated to the existence
of discontinuous acceleration propagating waves. Later on, the
works of Rice [22] and Rudnicki and Rice [25], among others,
linked that condition to the onset of strain localization in dynamic
or quasi-static problems in terms of the singularity of the, then
termed, localization tensor.

In early formats, the DMBP was stated as finding the conditions
for a spatially smooth stress–strain field, at a given material point
x, to bifurcate into discontinuous rate of strain fields while keeping
the tractions continuous along a certain direction n.

In the context of the CSDA the problem is stated in a slightly dif-
ferent way, as finding those conditions to trigger, at the bifurcation
time tBðxÞ and at given material point x sustaining a smooth stress–
strain field r� e, a regularized strong discontinuity in the format
of Eq. (4) (see Fig. 5). If _eBloc

ðtBÞ and _eBnBloc
ðtBÞ stand, respectively,

for the incremental rates of strain at the point and at its immediate
neighborhood, according to Eq. (4) we impose the rate of strain
field to have the format:

_eBloc
ðx; tBÞ ¼ _eBnBloc

þ 1
h

s _ut� nð Þsym ð25Þ

We also assume that, at the considered point, the incremental strain
_eBloc
ðx; tBÞ translates into loading status, whereas _eBnBloc

ðx; tBÞ trans-
lates into a neutral loading status as a precursor of a subsequent
unloading process at the neighborhood B n Bloc (see Fig. 5). Imposing
the traction continuity along the direction of n we obtain

n � s _rtðx; tBÞ ¼ n � _rBloc
� _rBnBloc

� �
¼ n � CðloadÞ � ðs _ut� nÞsym

¼ ðn � CðloadÞ � nÞ � s _ut ¼ 0 ð26Þ

which retrieves the classical condition on the localization tensor
Q loc :

Q locðr;nÞ � s _ut ¼ n � CðloadÞðrÞ � n
h i

� s _ut ¼ 0 ð27Þ

as necessary for the onset of the regularized strong discontinuity.
On the basis of Eq. (27) the DMBP can be appropriately re-

phrased [18], in terms of the strong discontinuity mode m, defined
through s _ut ¼ _fm, as:

GIVEN CðloadÞðrðx; tÞÞ x 2 Bloc; t 2 ½0; T�
FIND the first t � tB 2 ½0; T� and all n 2 I :¼ fm 2 R3jkmk ¼ 1g;

FULFILLING : Q loc;tB
ðnÞ �m ¼ n � CðloadÞðx; tBÞ � n

h i
�m ¼ 0

for some m 2 I ð28Þ

where ½0; T� is the time interval of interest. Eq. (28) can be solved
analytically for simple cases [26,16]. For most general cases in
[18] a robust algorithm to numerically compute the solutions of
Eq. (28) is provided.

In general, solving the DMBP consists of finding the bifurcation
time, tB, and a set of two solutions for the normal to the propaga-
tion direction n1;n2f g. Discriminating them is not possible just in
terms of the elements of the DMBP, but, for evolving strain locali-
zation problems, this discrimination can be efficiently made as:

nðx; tBÞ ¼ arg min
m2 n1 ;n2f g

ð r _uk kðx; tBÞ � mj jÞ ð29Þ

Eq. (29) selects the normal n as the element of n1;n2f g closer to the
gradient of the norm of the (rate of) displacement field.

Once the bifurcation time tB is available, the localization do-
main BlocðtÞ is computed, at the current time t, as the set of mate-
rial points x 2 B fulfilling the following three conditions:

(1) The material at point x has already bifurcated at a previous
time tBðxÞ 6 t and, therefore, it is amenable to develop a dis-
continuity in the strain field.

(2) The point is in-loading state, since in unloading processes the
strain localization cannot develop. This is evaluated in terms
of the typical strain-like internal variable aðx; tÞ [29] by
imposing it to grow at the current time ( _aðx; tÞ > 0).

(3) The material at the point has experienced enough softening
so as to be able to develop significative localization. This is
evaluated in terms of the stress-like internal variable
qðx; tÞ (decreasing along the deformation process for soften-
ing models, see Fig. 6), in terms of a localization threshold
defined as qloc ¼ cqbif ; c 2 0;1ð Þ being a factor very close to
1 (typically c ¼ 0:95 for the examples presented in Section 4)
and qbif ¼ qðx; tBÞ. This keeps off the evaluation those mate-
rial points with a very reduced amount of strain localization,
which can produce noise in the proposed localization
indicators.

For the discretized problem, n and Bh
loc are computed by apply-

ing the previous rules to the element centroid xðeÞC of every element
(see Fig. 4) as

Bh
locðtÞ ¼ [B

ðeÞj _aðxðeÞC ; tÞ > 0; qðxðeÞC ; tÞ 6 cqbif ðx
ðeÞ
C Þ ð30Þ

nðxÞ ¼ nðxðeÞC Þ 8x 2 BðeÞ

4. Representative numerical simulations

In this section, the proposed strain localization indicators are
assessed through its application to a set of well-known bench-
marks. The goal is to analyze the ability of these indicators to grade
the quality of the numerical solutions furnished by strain localiza-
tion methods, in terms of its correlation with well-established
solutions in the CSDA and cohesive fracture mechanics.

4.1. Mode I fracture modeling using an isotropic damage model

Fig. 7(a) shows a strip, of length ‘ ¼ 1:0 m, undergoing horizon-
tal stretching. The material is modeled by means of an isotropic
continuum damage model [19] characterized by the elastic modu-
lus E ¼ 50:0½MPa�, Poisson’s ratio m ¼ 0:0, ultimate tensile stress

Fig. 6. Thresholds in the evolution of the stress-like/strain-like internal variables:
a0 ¼ aðx;0Þ; q0 ¼ qðx;0Þð Þ are the initial values, for
aðx; tÞ; qðx; tÞ; abif ¼ aðx; tBÞ; qbif ¼ qðx; tB


 �
Þ are values at the bifurcation time, for

t ¼ tB , and qloc ¼ cqbif


 �
is the strain localization threshold.
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ft ¼ 1:0 MPa½ � and linear softening. In order to warrant mesh size
objectivity, the continuum softening modulus H is regularized as

H ¼ HlðeÞ, where H ¼ ð1=2Þ ftð Þ2=ðEGf Þ
� 


is the intrinsic softening

modulus computed in terms of the fracture energy

Gf ¼ 40000 N=m½ � and lðeÞ � h is the elemental bandwidth evalu-
ated, for every element, as the consistent characteristic length in
[12].

For these material and properties, the plane-strain problem ad-
mits an analytical solution corresponding to a vertical crack, in
mode I of fracture. The structural failure of the strip is intended to
be captured by means of strain localization modeling, using quadri-
lateral finite elements and three different finite element meshes:
(1) structured mesh, uniformly-sized and vertically oriented, (see
Fig. 7(b)), (2) unstructured and irregularly-sized coarse mesh (see
Fig. 7(c)) and (3) unstructured and irregularly-sized fine mesh
(see Fig. 7(d)). In all cases, the ultimate stress has been slightly per-
turbed, to f �t ¼ 0:98½MPa�, in one element of the upper part of the
mesh, in order to break the homogeneity of the problem and trigger
the strain localization at this element. In order to check the mesh-
bias dependence of the strain localization solution, the first mesh
is thus specifically aligned with the expected crack direction,
whereas the other two meshes are on purpose misaligned.

In Fig. 7(b–d) the corresponding localization bands, obtained at
final stages of the simulation, are displayed by plotting the con-
tours of the iso-displacement fields, which group inside the local-
ization band. In all cases, the strain appears, sharply localized, in
bands of one element width, but for the unstructured meshes it
can be observed a clear trend to follow the mesh alignment break-
ing the desired vertical alignment. Indeed, in those cases a vertical
crack path cannot be completely placed inside (and all along) the
localization band.

The solution of the problem in terms of r� d, for a monotonic
increase of d > 0, is independent of the strip dimensions, and it
can be analytically calculated. It corresponds to the classical trian-
gular-shaped response in Fig. 8(a), i.e. an elastic loading branch,
until reaching the tensile stress f �t , followed by an inelastic soften-
ing branch, till the total stress release, and a final horizontal branch
with null stress.

The obtained results for the different meshes are plotted in the
same figure. The structured mesh provides an almost exact solu-
tion, only slightly deviated from the analytical one by the perturba-
tion in the uppermost element. As for the other two unstructured
meshes, the flaws of the localization direction, observed in Fig. 7,
do not translate into large deviations from the exact response, as
it can be checked in Fig. 8(a). However, the proposed strain

Fig. 7. Mode I fracture modeling by means of strain localization: (a) model; (b–d) iso-displacement curves at the end of analysis: (b) structured mesh; (c) unstructured coarse
mesh; (d) unstructured fine mesh.

Fig. 8. Mode I fracture modeling by means of strain localization: (a) plot of the stress r vs the displacement d for the three FE meshes; (b) global accumulated indicator I2.
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localization mismatch indicator I2, in Eq. (24), when applied to the
different meshes displays a much larger sensitivity to the devia-
tions from the exact solution. This can be checked in Fig. 8(b):
whereas for the structured vertically aligned mesh the indicator
is practically null all along the simulation (only a tiny, non-zero,
value is observed at the beginning of the propagation process in
the vicinity of d ¼ 0:02, due to the introduced perturbation in the
uppermost element of the band) the indicator is clearly non-zero

for the two unstructured meshes. Moreover, the finer is the mesh
the larger is the strain localization mismatch displayed by the in-
dex, this showing that refinement of unstructured meshes does
not provide a convergent sequence of the solution to the right frac-
ture representation.

Fig. 9 displays the spatial map of the distribution of the local
mismatch indicator iðeÞðtÞ in Eq. (19), at different stages of the anal-
ysis, characterized by the displacement d, for the two unstructured

Fig. 9. Mode I fracture modeling by means of strain localization. Distribution of the strain localization mismatch indicator iðeÞðtÞ, in both unstructured meshes, at different
stages of the deformation process.

Fig. 10. Mode II fracture modeling by means of strain localization: (a) model; (b–d) iso-displacement curves at the end of analysis: (b) structured aligned mesh; (c) structured
diagonal-aligned mesh; (d) unstructured mesh.
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meshes. In both cases, all elements of the localization band show a
non-negligible strain localization mismatch. Alternatively, for the
aligned structured mesh (not shown in the figure), the indicator re-
mains practically zero.

4.2. Mode II fracture modeling using a J2 plasticity model

The same strip problem is now considered in Fig. 10 by modify-
ing the constitutive behavior of the material to a J2 plasticity mod-
el. The material properties are: elastic modulus E ¼ 120:0 MPa½ �,
Poisson’s ratio m ¼ 0:49, yield stress ry ¼ 1:00 MPa½ � and linear soft-
ening, with continuum softening modulus regularized as H ¼ HlðeÞ,
where H ¼ ð1=2Þðr2

y=Gf Þ is the intrinsic softening modulus computed
in terms of the fracture energy Gf ¼ 22727:0 N=m½ �. For the stated
quasi-incompressible plain strain problem, subjected to the corre-
sponding biaxial stress state, the analytical solution displays a
mode II fracture characterized by a straight slip-line (with only
tangential component in the displacement jump) crossing the strip
at 45�.

In order to model the problem trough a strain localization pro-
cess, the three finite element meshes of quadrilateral elements, in
Fig. 10, are considered: (1) a structured mesh in which the central
row of elements is exactly aligned with the inclination of the slip
line intended to be captured (Fig. 10)(b)), Fig. 2) a mesh of squared
elements structured in such a way that the diagonals of the ele-
ments are aligned with the 45

�
inclination of the slip line

(Fig. 10(c)) and, finally, an unstructured mesh with irregular mesh
size (Fig. 10(d)). Again, the two uppermost elements of the corre-
sponding localization bands are slightly perturbed in the yield
stress, to r�y ¼ 0:98, in order to break the initial homogeneity of
the strip, and to induce only the þ45� inclination of the two possi-
ble slip line solutions and its corresponding position in the strip. To
overcome the locking effects due to the incompressible character

of the chosen J2 plasticity model, a mixed bilinear-displace-
ments/constant-pressure (Q1-P0) formulation [29] has been used.

In Fig. 10(b–d), the strain localization bands are identified by
means of the iso-displacement contours at the end of the analysis.
The aligned and diagonal-aligned meshes display a sharp resolu-
tion of the localization band of one element bandwidth but, for
the completely unstructured mesh, the strain localization is
smoother and the bandwidth encompasses more than one element
in some places. This displays the well-known, qualitative ability of
mixed quads, with J2 plasticity models, to capture slip-lines aligned
with the element sides or diagonals, and the deterioration of this
ability in other cases.

In Fig. 11(a) the corresponding structural responses r� d are
displayed. As expected, the solution obtained with the aligned
mesh (with all elements of the localization band equally per-
turbed) exactly matches the expected triangular solution of the
analytical response, the peak value being r ¼ ð2=

ffiffiffi
3
p
Þr�y. The diag-

onal-aligned squared elements mesh separates from the theoreti-
cal solution at the beginning of the softening branch, and then
approaches it at final stages of the deformation process. This initial
mismatch is because, for the adopted level of perturbation, the ini-
tial bandwidth of the localization band (not shown in Fig. 10) is
wider than one element, but it gradually reduces to the one ele-
ment bandwidth localization band, in Fig. 10(c), at final stages. Fi-
nally, the solution for the unstructured mesh exhibits a much
larger deviation from the analytical solution.

In addition, in Fig. 11, evolutions of the incremental, I1 (Fig. 11(b)),
and accumulated, I2 (Fig. 11(c)), global strain localization mismatch
indicators, in Eqs. (20) and (24), are presented. Both indicators are
in good correspondence with what has been mentioned above: (1)
the strain localization mismatch is null for the aligned mesh, (2) it
is relatively small (but not negligible) for the diagonal-aligned mesh,
and (3) is much larger for the completely unstructured mesh. This is
in good accordance with the quality of the solution in terms of the

Fig. 11. Mode II fracture modeling by means of strain localization: (a) plot of the structural response r� d for the three FE meshes; (b) global incremental mismatch indicator
I1 ; (c) global accumulated mismatch indicator I2.
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sharpness of the strain localization band in Fig. 10 and of the quan-
titative structural responses in Fig. 11(a).

These conclusions are supplemented by the information pro-
vided in Fig. 12 in terms of the local mismatch indicator, iðeÞðtÞ in
Eq. (19), for different stages of the deformation process. Notice the
aforementioned variation of the strain localization mismatch for
the diagonal-aligned mesh, which has some relevance at stages
immediately after the onset of localization displaying a band encom-
passing 3–4 elements. However, it almost vanishes at the ultimate
stages in accordance with the sharp localization band of Fig. 10(c).

Fig. 13 displays the stress-locking level, for the diagonal-aligned
and the unstructured meshes, in terms of the distribution of the
elemental horizontal stress rx that, for the theoretical fracture
mechanics solution, is uniformly distributed on the strip, all along
the process, and null at the end of the process. This is exactly the re-
sult obtained with the aligned mesh in Fig. 13. Notice also the cor-
relation of the resulting distribution of the elemental stress, for the
other two meshes in the figure, with the distribution of the strain
localization mismatch indicator in Fig. 12.

4.3. Propagating slip line modeling: Slope stability problem.

In the previous examples initially near-homogenous problems,
where the propagation of the localization band is almost instanta-

neous, were considered. But in most cases of engineering interest,
material failure takes place under heterogeneous stress states
where an initial physical perturbation provokes high stress inten-
sification in a certain point determining the onset of the failure
and giving rise to a propagating localization band [10].

This is the case of next example: Fig. 14(a) describes the inden-
tation of an embankment by a loaded footing, using a J2 plasticity
model, under plain strain conditions. In a strong discontinuity
solution, a slip line (mode II fracture) is triggered at a certain load
level, just below the footing in the right lower corner. As the load-
ing increases this slip-line band evolves leading to the final
embankment failure by loss of its stability.

Since an analytical elasto-plastic solution is not available in this
case, the numerical solution of the problem using the CSDA is con-
sidered as the reference solution. This solution consists of a slip line,
which can be nearly approximated by a portion of a circle as it is
shown in Fig. 14(a). Then, for the strain localization modeling pur-
poses, a first mesh of quadrilateral finite elements is constructed
approximately aligned with the theoretical slip line solution, as it
is shown in Fig. 14(b), and a second misaligned mesh is considered
as shown in Fig. 14(c). A J2 plasticity model is used for the material,
with the following properties: elastic modulus E ¼ 10000:0 MPa½ �,
Poisson’s ratio m ¼ 0:45, yield stress ry ¼ 100:0 MPa½ � and linear
softening, with continuum softening modulus regularized as

Fig. 12. Mode II fracture modeling by means of strain localization. Distribution of the local mismatch indicator iðeÞðtÞ, for the diagonal-aligned and unstructured meshes, for
different stages of the deformation process.
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H ¼ HlðeÞ, where H ¼ ð1=2Þðr2
y=Gf Þ is the intrinsic softening modulus

computed in terms of the fracture energy Gf ¼ 8:0 MN=m½ �. In order
to get the solution rid of locking effects, a mixed bilinear-displace-
ments/constant-pressure (Q1-P0) formulations has been used [29].

Fig. 14(b) and (c) display the obtained localization bands. For
the aligned mesh, in Fig. 14(b), the shear band is well captured
by the aligned band of elements containing the slip line: the con-
tours of the iso-displacement field are sharply concentrated inside
the portion of the, one-element-width, localization band capturing
the propagating discontinuity at the considered time of the

simulation. Instead, for the misaligned mesh, in Fig. 14(c), though
the propagation of the discontinuity path seems to be correct,
the bandwidth of the localization band is wider than one element
in a large portion of it, this translating into additional dissipation of
the corresponding failure mechanism.

In Fig. 15(a) the structural force–displacement, P � D, curves are
presented for the two meshes. Again, it can be observed that the
misaligned mesh exhibits a substantially stiffer response as com-
pared with the aligned mesh, which suggests an extra-dissipation,
in the former, due to the strain localization mismatch. This is

Fig. 13. Mode II fracture modeling by means of strain localization. Distribution of the horizontal stress rx , for different stages of the deformation process.

Fig. 14. Slope stability problem: (a) model; (b) aligned mesh; (c) misaligned mesh.
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confirmed by the indicator in Fig. 15(b) that, for the aligned mesh,
is much smaller than for the unaligned mesh, but not exactly zero
because a perfect alignment of the mesh with the (unknown) exact
position of the slip line is not possible.

Notice that, in this case, no exact analytical solution is available;
however the small values of the strain localization mismatch indi-
cator in Fig. 15(b), suggest that, for the aligned mesh, the obtained
P � D solution is very close to the fracture mechanics one. This
shows how the proposed indicators can also be considered as error
indicators with respect to fracture mechanics solutions.

Fig. 16 displays the distribution of the local incremental strain
localization mismatch indicator, iðeÞðtÞ, for the misaligned mesh,
at different stages of the strain localization propagation. The
resulting spatial distribution of the indicator clearly shows as the
mismatch extends to a band encompassing several elements, this
indicating an imperfect representation of a discrete fracture.

5. Concluding remarks

Along this work, the issue of identification of strain localization
solutions and the discrete fracture mechanics ones has been tack-
led, and some mismatch indicators to characterize the quality of
the former, in terms of their ability to represent the later, have
been derived. The application of such indicators to the strain local-
ization solution of some well-established benchmarks allows arriv-
ing to the following conclusions:

� Strain localization solutions, using standard continuum constitu-
tive models, do not always match fracture mechanics solutions.
Excepting for very specific cases, typically finite element meshes
specifically aligned with the (in general a priori unknown) frac-
ture path, they exhibit a certain degree of mismatch.
� This mismatch is caused by the limited ability of standard finite

elements to reproduce a regularized strong discontinuity

embedded into them, this leading to the classically reported
flaws of mesh-bias dependence, stress-locking etc. This inability
is here identified as the ultimate reason for those flaws.
� Some constitutive models tend to produce a larger degree of

mismatch than others and, in this sense, J2 plasticity models
seem to be more demanding than isotropic damage models, as
it can be checked from the values of the indicators in the con-
sidered examples. Also, mesh misalignment and the element
size irregularity constitute sources for this mismatch, to be
carefully considered when assessment of strain localization
methods for modeling material fracture is addressed.
� The proposed indicators, or similar ones to be derived, can then

constitute an objective tool for the quantitative evaluation of
more sophisticated strain localization formulations to capture
material fracture. This is an ongoing research that will be
addressed in a future work.
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