
This article was downloaded by: [Gregorio Meira]
On: 13 February 2012, At: 11:29
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Journal of Liquid Chromatography &
Related Technologies
Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/ljlc20

DETERMINATION OF THE BAND
BROADENING FUNCTION IN SIZE
EXCLUSION CHROMATOGRAPHY WITH
LIGHT-SCATTERING DETECTION
Mariana M. Yossen a , Jorge R. Vega a b , Taihyun Chang c & Gregorio
R. Meira a
a INTEC (Universidad Nacional del Litoral and CONICET), Santa Fe,
Argentina
b Facultad Regional Santa Fe (Universidad Tecnológica Nacional),
Santa Fe, Argentina
c Department of Chemistry and Polymer Research Institute, Pohang
University of Science and Technology, Pohang, South Korea

Available online: 23 Jan 2012

To cite this article: Mariana M. Yossen, Jorge R. Vega, Taihyun Chang & Gregorio R. Meira (2012):
DETERMINATION OF THE BAND BROADENING FUNCTION IN SIZE EXCLUSION CHROMATOGRAPHY WITH
LIGHT-SCATTERING DETECTION, Journal of Liquid Chromatography & Related Technologies, 35:1, 79-94

To link to this article:  http://dx.doi.org/10.1080/10826076.2011.597061

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-conditions

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation
that the contents will be complete or accurate or up to date. The accuracy of any
instructions, formulae, and drug doses should be independently verified with primary
sources. The publisher shall not be liable for any loss, actions, claims, proceedings,

http://www.tandfonline.com/loi/ljlc20
http://dx.doi.org/10.1080/10826076.2011.597061
http://www.tandfonline.com/page/terms-and-conditions


demand, or costs or damages whatsoever or howsoever caused arising directly or
indirectly in connection with or arising out of the use of this material.

D
ow

nl
oa

de
d 

by
 [

G
re

go
ri

o 
M

ei
ra

] 
at

 1
1:

29
 1

3 
Fe

br
ua

ry
 2

01
2 



DETERMINATION OF THE BAND BROADENING FUNCTION
IN SIZE EXCLUSION CHROMATOGRAPHY WITH
LIGHT-SCATTERING DETECTION

Mariana M. Yossen,1 Jorge R. Vega,1,2 Taihyun Chang,3

and Gregorio R. Meira1

1INTEC (Universidad Nacional del Litoral and CONICET), Santa Fe, Argentina
2Facultad Regional Santa Fe (Universidad Tecnológica Nacional), Santa Fe, Argentina
3Department of Chemistry and Polymer Research Institute, Pohang University of Science
and Technology, Pohang, South Korea

& This work describes the determination of the band broadening function (BBF) in a size
exclusion chromatograph fitted with 2 mixed-gel columns, a light scattering (LS) detector, and a
differential refractometer (DR). The raw data were the chromatograms of 4 narrow polystyrene stan-
dards. First, the interdetector volume shift was indirectly estimated from its upper and lower limit-
ing values. Then, for each of the standards, their ‘‘local’’ BBFs were estimated by application of an
existing theoretical method. Each local BBF is an assumed elution-volume invariant in the narrow
ranges of the analyzed standards and is represented by an exponentially-modified Gaussian of stan-
dard deviation rBB and exponential decay sBB. Finally, a ‘‘global’’ BBF (valid for the complete
fractionation range) was interpolated from the local BBF parameters. For increasing elution
volumes, the global BBF exhibits an increasing rBB and a decreasing sBB. In addition, the asym-
metry factor [sBB=rBB] and the global variance [r2

BB þ s2
BB] both decrease with elution volume.

Keywords band broadening, differential refractometer, HPLC, interdetector volume,
light scattering detector, SEC

INTRODUCTION

Size exclusion chromatography (SEC) is the main analytical technique
for determining the molar mass distribution (MMD) of synthetic polymers.
However, ideal fractionation in SEC is according to hydrodynamic volume
rather than by molar mass, in the absence of Band Broadening (BB) or any
other spurious fractionation mechanism. A linear homopolymer chain
exhibits a one-to-one relationship between its hydrodynamic volume and
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its corresponding molar mass. Linear homopolymers are considered to be
chromatographically-simple, as perfect fractionation by hydrodynamic vol-
ume also ensures perfect fractionation by molar mass. In contrast,
random-branched homopolymers, copolymers, and homopolymer blends
are all chromatographically-complex, as at any given hydrodynamic volume
they exhibit a whole variety of molar masses.[1,2] When due to this effect,
broad instantaneous MMDs are present in the detection cells, then intoler-
able errors are to be expected in the estimates of the total MMD. With
long-branched homopolymers, the problem arises from a hydrodynamic
volume contraction of the more highly branched molecules with respect
to the less branched homologues of identical molar mass.[3–5] The determi-
nation of high local dispersities in the detector cells by a combination of
measurements from an on-line light scattering (LS) detector and an on-line
viscometer=universal calibration does not solve for the errors in the total
MMD but provides an alert for detecting such problems.[6–8] In all that fol-
lows, only linear homopolymers are analyzed, and for this reason, the
instantaneous broadening caused by chromatographically-complex samples
will not be further considered.

In the simplest SEC configuration, the chromatograph is fitted with a
concentration detector [typically, a differential refractometer (DR)]; and
the MMDs of linear homopolymers are determined from their DR chroma-
tograms and a direct molar mass calibration [logM(V)] obtained with nar-
row standards of the same chemical nature. When a LS detector is fitted
before the DR, then the calibration with standards is in principle no longer
required, and the following expression can be used for transforming elu-
tion volumes into molar masses:[2,9]

MwðV Þ ¼ K
sLSðV Þ

sDRðV þ dÞ ð1Þ

where V is the elution volume of the LS cell; Mw is the (weight-average)
molar mass of the instantaneous MMD inside the LS cell; K is a constant
that is estimated from the gains of the LS and DR detectors;[9] sLS(V) is
the LS chromatogram at a scattering angle of 0�; d is the interdetector
volume (IDV); and sDR(Vþ d) is the DR chromatogram shifted by d toward
lower V’s. In Eq. (1), Mw(V) can be considered as a (local or ad-hoc) molar
mass calibration, as it depends on the analyzed MMD. The following prob-
lems are associated with Eq. (1):[2,9–11] a) the signals ratio is only accurate
enough in the mid-chromatogram region; b) the LS signal is insensitive to
low molar mass molecules; c) Mw(V) is highly sensitive to errors in d; d) K
depends on the specific refractive index increment of the analyzed polymer
(@n=@c); and e) the evaluation of sLS(V) requires an extrapolation to 0�

scattering angle.

80 M. M. Yossen et al.
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The accurate determination of d [in Eq. (1)] is a difficult problem. For nar-
row standards, it has been proposed[12] to shift the DR signal until the average
slope of logMw(V) fits the average slope of logM(V) in the mid-chromatogram
region. However, it can be proven that such a method provides an underesti-
mated IDV, because logM(V) is always steeper than logMw(V).[13] Alternatively,
it has been suggested to first estimate an IDV-independent molar mass cali-
bration from the radius of gyration obtained by LS and then to adopt d as
the shift which forces Mw(V) to fit such calibration.[14] Unfortunately, this
method suffers from a large propagation of errors.

The main source of BB is axial dispersion in the fractionation columns;
however, other minor sources include column-end effects, finite injection
volumes, finite detection cell volumes, and laminar flow profiles in the
interconnection capillaries.[15–17] In addition to introducing a pure V shift,
the interdetector capillary and DR cell volume also induce a (minor) extra
distortion in the shape of the DR chromatogram.[18] Such distortion has
been represented by an exponentially-modified Gaussian (EMG), obtained
by convolution between a Gaussian function (characterized by a standard
deviation r) and a decreasing exponential function (characterized by a
decay constant s).[18] For example, an interdetector capillary of internal
diameter 0.2 mm and length 50 cm induces a Gaussian component of
r� 0.005 mL;[15] and a 10mL DR cell induces an exponential component
of s� 0.01 mL.[18] As we shall see later in this work, these values are almost
one order of magnitude lower than the EMG parameters of the BBF pro-
duced by our chromatographic system from the injector to the LS detector.
Thus, it will be hereafter assumed that the interconnection capillary and
DR cell only introduce a pure lag d in the DR signal, but no extra shape
distortion in the DR chromatogram with respect to the LS chromatogram.

Due to BB, a whole distribution of molar masses is present in the detec-
tion cells, even when linear homopolymers are analyzed. The following
model has been proposed for describing the effect of BB on the LS and
DR chromatograms:[19–23]

sLSðV Þ ¼
Z 1

0
g ðV ;V Þsc

LSðV ÞdV ð2aÞ

sDRðV þ dÞ ¼
Z 1

0
g ðV ;V Þsc

DRðV þ dÞdV ð2bÞ

where sLSðV Þ and sDRðV Þ are the measured LS and DR chromatograms,
respectively; sc

LSðV Þ is the BB-corrected LS chromatogram; sc
DRðV þ dÞ is

the IDV- and BB-corrected DR chromatogram; g ðV ;V Þ is the global
BBF; and V is the elution volume at which a hypothetically impulsive
chromatogram would appear when analyzing a strictly uniform standard

BBF Estimation in SEC with LS Detection 81
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in the absence of BB.[22,23] Note that the common g ðV ;V Þ of Eqs. (2.a) and
(2.b) is a consequence of having assumed that the effect of the IDV is only a
pure lag in the DR signal.

The bivariate function g ðV ;V Þ is here considered ‘‘global,’’ because it
describes the BBF in the complete fractionation range. In contrast, at
any given V ; g ðV ;V Þ reduces to a univariate or ‘‘local’’ BBF gV ðV Þ. Each
univariate BBF is in general unimodal, narrow, and skewed. Even though
the true value of V is strictly unknown, it is typically adopted at the
maximum of symmetrical gV ðV Þ functions, or at any other measure of cen-
tral tendency for skewed gV ðV Þ functions. For estimating the local BBFs,
g ðV ;V Þ will be assumed V -invariant in the narrow range of each standard.
In this case, g ðV ;V Þ reduces to gV ðV � V Þ; that is, the different gV ðV Þ func-
tions are simply shifted along the V-axis.

When a narrow polymer is analyzed by DR=LS, then the global
weight-average molar mass (Mw) directly obtained from sDR(Vþd) and
Mw(V) [Eq. (1)] results unaffected by BB. However, the global
number-average molar mass (Mn) results are overestimated, and therefore
the global dispersity, Mw=Mn, are underestimated.[13] For DR=LS detec-
tion, the combined effects of BB and IDV have been investigated in several
publications.[24–28] When analyzing a log-normal MMD with a linear
calibration logM(V) and a Gaussian and V -invariant BBF, then the ad hoc
calibration logMw(V) [Eq. (1)] is also linear and counterclockwise-rotated
with respect to logM(V).[26,27] For this reason, the (otherwise underesti-
mated) Mw=Mn can be indirectly corrected for BB through an appropriate
underestimation of d in Eq. (1).[28]

Chromatograms can be corrected for BB by numerical inversion of
Eq. (2a) and (2b). Unfortunately however, such operations are ill-
conditioned and can provide multiple solutions. Most inversion algorithms
assume a priori knowledge of the BBF. While some methods are restricted to
Gaussian BBFs,[20,21,28,29] others admit asymmetric BBFs.[22,30,31] To avoid
numerical inversions, it has been proposed to indirectly correct
MMDs for BB through a counterclockwise rotation of logM(V).[25,32]

Unfortunately, these methods are based on the rather strong assumption
that the DR chromatogram and the V -invariant BBF are both Gaussian
functions.

Accurate estimates of the BBF and the IDV would be simple to deter-
mine if strictly uniform standards of different molar masses were available.
In effect, in this hypothetical case, any (DR or LS) chromatogram would
directly provide the shape of the local BBF, and d would be directly given
by the difference in the elution volumes of the chromatogram peaks.
Hatada et al.[33] described a fractionation procedure that could eventually
lead to the production of uniform standards. Unfortunately however,
strictly uniform standards are so far not commercially available. Instead,

82 M. M. Yossen et al.
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narrow-distributed standards are available, with MMD dispersities that gen-
erally increase with their average molar masses. Manufacturers provide
information on the average molar masses of their standards, but no infor-
mation on their true MMDs. This is unfortunate, since if such information
were known, then their local BBFs could be estimated by inversion of
Eq. (2b). Of course, accurate determinations of the MMDs of narrow sam-
ples via SEC are impossible, due to the inevitable presence of BB.

Several theoretical models have been developed for predicting the BBF
in SEC. For example, a deterministic model[34] was proposed as an extension
of the classical van Deemter expression.[35] Also, stochastic models were
investigated by several authors,[36–40] as an extension of the classical theory
by Giddings-Eyring.[41] Other methods are based on the assumption that the
analyzed polymers exhibit Poisson MMDs.[42–44] A review article on methods
for estimating the BBF in SEC was coauthored by several of the participants
of the IUPAC Project 2003-023-2-400: ‘‘Data Treatment in Size Exclusion
Chromatography of Polymers.’’[45] It was concluded that local BBFs are
skewed distributions that can be adequately represented by EMGs. Further-
more, it was found that the Gaussian component (of standard deviation rBB)
slightly increases with V , while the exponential component (of time constant
sBB) slightly decreases with V . In addition, the total EMG variance of the
local BBFs (r2

EMG ¼ r2
BB þ s2

BB) remains almost constant (or slightly
decreases) with V , while the asymmetry (sBB=rBB) decreases with V .[44,45]

Near to the total exclusion limit, the local BBF cannot be properly repre-
sented by an EMG, due to a large increase in the BBF kurtosis.[46]

The aim of this work is the determination of the BBF in SEC via DR=LS
detection. An accurate estimation of the BBF is important for: 1) obtaining
unbiased estimates of narrow or multimodal MMDs; 2) producing accurate
mathematical models that describe the fractionation processes that take place
in a column;[34–41] and 3) improving the estimates of rate coefficients of rad-
ical polymerizations obtained from the analysis of the produced MMD.[47,48]

This work applies the theoretical method proposed by Yossen et al.;[49]

that is summarized in the Appendix. Several narrow polystyrene (PS) stan-
dards were analyzed by LS=DR for estimating the global BBF introduced by
the chromatographic system from the sample injector to the LS detector.
First, a novel technique is proposed for estimating the IDV. Then, the local
BBFs of 4 polystyrene standards were calculated. Finally, the global BBF was
obtained by interpolation of the local EMG parameters.

EXPERIMENTS AND DATA TREATMENT

Six PS standards (PS1-PS6) were analyzed; and their nominal average
characteristics are given in the first columns of Table 1. The fractionation

BBF Estimation in SEC with LS Detection 83
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system consisted of 2 mixed-gel columns PLgel Mixed-C (Polymer Labs), of
particle diameter 5 mm and length 60 cm. The LS detector was a MiniDawn
(Wyatt Tech.), and the raw measurements were the excess Rayleigh scatter-
ing Rh(V) at h¼ 45�, 90�, and 135�. The concentration detector was a DR
Model 2414 (Waters Corp.). The carrier solvent was tetrahydrofurane
(THF) at 0.8 mL=min and 40�C. The injection loop volume was 0.1 mL,
and the nominal concentration of the injection samples was 0.3 mg=mL.
The signals were sampled at 300 points per mL (i.e., every
DV¼ 0.0033 mL). The LS signal, sLS(V) � R0�(V), was obtained through a
linear extrapolation to 0� of the function 1=Rh(V) vs. sin2(h=2). All the com-
puter programs were coded and implemented in Matlab (MathWorks).

Figure 1 presents the measured chromatograms and the non-linear
molar mass calibration logM(V). The calibration was obtained from the
pairs fVp,DR, M pg, that is, the elution volumes and molar masses at the
peaks of the DR chromatograms (see values in Table 1). For the standards
PS2-PS6, the molar masses at the chromatogram peaks were calculated
from the Mn and Mw values through: M p ¼ ðMn MwÞ1=2. This last
expression implicitly assumes a Gaussian mass chromatogram and a linear
calibration in the absence of BB. For the (broader and more highly
skewed) chromatograms of standard PS1, the M p value was estimated by
trial-and-error, with the aim of recuperating the nominal Mw from the
adjusted calibration. The final calibration (Figure 1) is represented by
the following third-order polynomial: logM(V)¼ 25.9014� 3.98227

FIGURE 1 PS standards PS1-PS6: measured DR and LS chromatograms, sDR(V) and sLS(V); direct molar
mass calibration based on the DR signals [logM(V)]; and shifts between the chromatogram peaks of
standards PS1-PS4.

BBF Estimation in SEC with LS Detection 85

D
ow

nl
oa

de
d 

by
 [

G
re

go
ri

o 
M

ei
ra

] 
at

 1
1:

29
 1

3 
Fe

br
ua

ry
 2

01
2 



Vþ 0.269972 V2� 0.00682263 V3. Then, the average molar masses were
directly calculated from logM(V) and sDR(V) (i.e., without correction for
BB); and the results are in the last 3 columns of Table 1, rows (a). For stan-
dards PS2–PS5, the resulting global dispersion indexes are lower than the
nominal values, and the opposite is observed for standards PS1 and PS6.

For the lower molar mass standards PS5 and PS6, the LS signals are low
and insensitive; and for this reason, their measurements were discarded for
estimating the local BBFs. The following 3-steps procedure was applied
onto the chromatograms of standards PS1-PS4: 1) the IDV (d) was esti-
mated from limiting values indirectly obtained through the measured chro-
matograms; 2) the local BBF parameters (rBB and sBB) were estimated
through Eqs. (A1); and 3) a global BBF was determined by interpolation
of the local BBF parameters. Consider each of the mentioned steps.

Estimation of the IDV

The IDV was determined on the basis of the upper and lower IDV lim-
its, as calculated from the chromatograms of standards PS1-PS4. The upper
IDV limits (dp) were adopted as the difference between the peak volumes of
the DR and LS chromatograms: dp�Vp,DR – Vp,LS (see Table 1 and
Figure 1). The lower IDV limits (dslope) were obtained by adjustment of d
in Eq. (1), to force the average slope of the ad-hoc calibrations to coincide
with the average slope of logM(V). Figure 2 illustrates this adjustment for
standard PS3. As expected, the resulting logMwjdslope

is parallel to logM(V)

FIGURE 2 Evaluation of the IDV-limits for standard PS3. In the mid-chromatogram region, the lower
limit dslope¼ 0.0567 mL forces the average slope of logMwjdslope

ðV Þ to coincide with the slope of logM(V),
and the upper IDV limit dP¼ 0.0867 mL produces the almost horizontal calibration logMwjdp

ðV Þ. After
analyzing the four standards, the resulting average IDV (d¼ 0.0733 mL) produces the calibration
logMwjd(V).

86 M. M. Yossen et al.
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in the mid-chromatogram region (but highly oscillatory at the chromato-
gram tails). In contrast, note that when d is equal to the upper limit dp, then
logMwjdp

results are almost horizontal.
Table 1 presents the values of dslope for standards PS1-PS4. The final

common IDV was estimated from a simple average between the highest
lower IDV value (dslope¼ 0.0600 mL) and the lowest upper IDV value
(dP¼ 0.0867 mL); yielding d¼ 0.0733 mL (Table 1). With this last value,
the ‘‘true’’ ad-hoc calibration of standard PS3 is represented by logMwjd in
Figure 2.

For standards PS1-PS4, Figure 3a presents the IDV-corrected DR chro-
matograms sDR(Vþd) and the IDV-corrected calibration logM(Vþd).
Table 1, rows (b) present the average molar masses and dispersions directly
estimated from sDR(Vþ d) and log Mw (V) [as obtained through Eq. (1)

FIGURE 3 Standards PS1-PS4. a) Measured chromatograms [sDR(V) and sLS(V)], IDV-corrected DR
chromatograms with d¼ 0.0733 mL [sDR(Vþ d)]; original molar mass calibration based on the DR signal
logM(V); and shifted calibration based on the LS signal logM(Vþ d). b) IDV-corrected DR chromato-
grams [sDR(Vþ d)] and resulting local BBFs [gV ðV Þ]. The vertical arrows indicate the origins V of
the local BBFs.
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with d¼ 0.0733 mL]. As expected, the global dispersion indexes of rows (b)
are in all cases lower than those of rows (a). Except for PS2, the estimates of
Mw in rows (b) are close to the (independently-obtained) nominal averages
of the second column of Table 1.

Estimation of the Local BBFs of Standards PS1-PS4

Four local BBFs were adjusted to EMGs; with each of such functions
characterized by the parameters: rBB, sBB, and V . For each standard, rBB

and sBB were estimated through Eqs. (A1); while V was adopted as the elu-
tion volume of the nominal Mw according to logM(Vþd). This criterion for
the selection for V forces the (in principle accurate) estimates of Mw

directly obtained from the LS=DR chromatograms [Table 1, rows (b)], to
coincide with the expected estimates of Mw after correction of the chroma-
tograms for BB. The final values of V are presented in Table 2 and are illu-
strated by vertical arrows in Figure 3b.

Consider the estimation of rBB and sBB. The minimal values of J were
determined from plots of J vs. rBB, with sBB as parameter. Figure 4 presents
such a plot for standard PS3, where the final optimal parameters resulted:
rBB¼ 0.09 mL and sBB¼ 0.06 mL. The multiple cross-points of Figure 4 are
indicative of correlation between the adjusted parameters. Table 2 presents
the final EMG parameters for standards PS1-PS4, together with the follow-
ing derived variables: the global asymmetry (sBB=rBB) and the global stan-
dard deviation [rEMG ¼ ðr2

BB þ s2
BBÞ

0:5]. Figure 3b compares the resulting
local BBFs gV ðV Þ with their corresponding IDV-corrected DR chromato-
grams. As expected, each local BBF is skewed, with the longer tails toward
the higher V’s. Note that in general, the elution volumes of V do not
coincide with the elution volumes of the peaks of gV ðV Þ.

Estimation of the Global BBF

A global V -dependent BBF was obtained by interpolation of the values
of rBB and sBB in Table 2. Those values are also represented by black dots in

TABLE 2 Local BBFs of standards PS1-PS4: the estimated EMG parameters V , rBB, and sBB, and some
derived parameters; the skewness (sBB=rBB) and the local standard deviation rEMG ¼ ðr2

BB þ s2
BBÞ

0:5

Standard V [mL] sBB [mL] rBB [mL] sBB=rBB [-] rEMG [mL]

PS1 9.923 0.13 0.07 1.86 0.1476
PS2 11.115 0.09 0.08 1.13 0.1204
PS3 12.259 0.06 0.09 0.67 0.1082
PS4 13.585 0.04 0.10 0.40 0.1077
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FIGURE 4 Selection of the EMG parameters for standard PS3. The optimal parameters result
rBB¼ 0.09 mL and sBB¼ 0.06 mL.

FIGURE 5 a) EMG parameters (sBB and rBB) for standards PS1-PS4 (in black dots) and interpolated
polynomials (in continuous trace). Also represented are sBB=rBB and rEMG ¼ ðr2

BB þ s2
BBÞ

0:5. b) The four
resulting local BBFs are shown in thick dashed lines, and the global interpolated BBF is shown in solid
trace. The vertical arrows indicate the V origins of the interpolated local BBFs.
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Figure 5a. The following second-order polynomials were adjusted:

rBBðV Þ ¼ �0:053 þ 0:0156V � 0:000315V
2 ð3aÞ

sBBðV Þ ¼ 0:950 � 0:1252V þ 0:004285V
2 ð3bÞ

These functions are shown in continuous trace in Figure 5a, together with
the derived functions sBB=rBB(V ) and rEMGðV Þ ¼ ðr2

BB þ sBBÞ0:5ðV Þ.
Figure 5b compares the local BBFs (in discontinuous trace) with the inter-
polated global BBF (in continuous trace). For increasing V’s, rBB increases
while sBB and sBB=rBB decrease. Also, the BBF variance generally decreases
with V, but it remains almost constant at high V’s (Figure 5a). These general
tendencies are coincident with previous published results.[44–46]

CONCLUSIONS

Several narrow PS standards were analyzed by SEC with dual LS=DR
detection, to estimate their (skewed and V -invariant) local BBFs. The
strong interdependence between the sought BBF, the IDV, and the molar
mass calibration obtained from the narrow standards complicates the calcu-
lation procedure. In our case, such difficulty was overcome through the fol-
lowing sequential procedure. First, a molar mass calibration based on the
raw DR signals was determined. Then, a common IDV was estimated from
limiting values provided by the DR=LS measurements; and such common
IDV was used to shift the raw DR chromatograms and their corresponding
direct calibration. Finally, the local BBFs of each standard were determined,
and the global BBF was obtained by interpolation of the local EMG
parameters.

For each local BBF, rBB and sBB were obtained through an optimization
procedure, and V was chosen as the elution volume that reproduces the
nominal Mw value according to the direct calibration logM(V). This forces
the (in principle, accurate) estimates of Mw directly obtained from the LS=
DR chromatograms, to coincide with the same estimates obtained after BB
correction. As expected,[44–46] all the local BBFs exhibited a positive skew-
ness, and global variances and asymmetries that decreased with V. For each
standard, the true unbiased global dispersion Mw=Mn is expected to fall
within the following limits: a) the overestimated value directly obtained
from the DR chromatograms and the independent calibration with narrow
standards [Table 1, rows (a)], and b) the underestimated value directly
obtained from the LS=DR chromatograms [Table 1, rows (b)].

The numerical algorithm for estimating the BBF proved robust to
unavoidable errors in the detector gains and in the concentration of the
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injected samples. The reason for such robustness is that the mentioned
errors are essentially cancelled off by the signals ratio of Eq. (A1b). On
the negative side, the algorithm could not be applied onto the lower molar
mass standards, due to the low sensitivity of their LS signals. Fortunately,
however, uniform low molar mass compounds are available, and this
enables a direct estimation of the BBF at the high elution volume limit.

APPENDIX: REVIEW OF THE METHOD BY YOSSEN ET AL.[49]

Consider the theoretical method proposed for determining the BBF in
SEC with DR=LS detection, through the analysis of narrow PS standards.[49]

For each standard, the EMG parameters frBB, sBBg of the local BBFs
[gV ðV � V Þ] are obtained from their DR and LS chromatograms, by mini-
mizing an average squared error between the measured LS chromatogram
and its estimate based on the DR chromatogram; that is:

min
frBB;sBBg

J ¼ min
frBB;sBBg

ð~eeT
sLS;DR

~eesLS;DRÞ ðA1aÞ

with:

~eesLS;DR ¼ sLS

ksLSk1

� G½Md�G½�1�sDR;d

kG½Md�G½�1�sDR;dk1

ðA1bÞ

where J is the scalar functional to be minimized; vector ~eesLS;DR (m� 1) is the
error between the normalized LS chromatogram [first term in the right
hand side of Eq. (A1b)] and its estimate obtained from the DR chromato-
gram [last term of Eq. (A1b)]; rBB and sBB are the sought EMG parameters;
vectors sDR,d (m�1) and sLS (m�1) are discrete versions of sDR(Vþd) and
sLS(V), respectively; matrix G (m� p) represents the local BBF gV ðV � V Þ
defined by rBB and sBB; G[-1] is a regularized pseudo-inverse of G[22,23];
and Md (p�p) is a diagonal matrix containing the ordinates of M(V) shifted
by d towards the lower V’s, that is: Md(V) � M(Vþd); j � j1 indicates the
1-norm of a vector, that is: jxj1¼

P
ijxij. Each column of G contains the ordi-

nates of gV ðV � V Þ, and its elements are shifted one position downwards
with respect to the previous column.[22,23,49]

Unfortunately, the sought rBB and sBB parameters are highly correlated
within each other, and this complicates the resolution of Eq. (A1). To
understand the reason for this correlation, note that the total variance of
any sDR or sLS chromatogram (represented in general by sk), is given by:[43]

r2
sk
¼ r2

skc þ r2
EMG ¼ r2

skc þ r2
BB þ s2

BB ðA2Þ
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where r2
sc
k

is the variance of the BB-corrected chromatogram, and r2
EMG is

the total variance of the local BBF. Clearly, many different pairs of rBB

and sBB can provide similar values of r2
EMG that verify Eq. (A2).
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