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A  mathematical  modeling  of  controlled  release  of  drug  from  one-layer  torus-shaped  devices  is presented.
Analytical  solutions  based  on  Refined  Integral  Method  (RIM)  are  derived.  The  validity  and  utility  of  the
model  are  ascertained  by  comparison  of the simulation  results  with  matrix-type  vaginal  rings  experi-
mental  release  data  reported  in the  literature.  For  the  comparisons,  the  pair-wise  procedure  is  used  to
measure  quantitatively  the  fit  of  the  theoretical  predictions  to  the  experimental  data.  A  good  agreement
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between  the  model  prediction  and  the  experimental  data  is  observed.  A  comparison  with  a  previously
reported  model  is also  presented.  More  accurate  results  are  achieved  for small  A/Cs ratios.
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. Introduction

The vagina has been studied and described as an alternative
oute for drug delivery since this has some advantages over the
ral and transdermal routes of administration (Alexander et al.,
004; Cicinelli, 2008; Hussain and Ahsan, 2005). Controlled release
evices for vaginal administration have been explored and the
ost widely used actually are the intravaginal rings (Ballagh, 2001;

ohansson and Sitruk-Ware, 2004; Sitruk-Ware, 2006; Yoo and Lee,
006). These rings can have one of several configurations: reservoir,
atrix, sandwich type, etc. (Burton et al., 1978; Kalkwarf et al.,

972; Malcolm et al., 2002, 2003a; Matlin et al., 1992; Woolfson
t al., 1999, 2003). The release kinetic varies depending on the type
f configuration. Of these, the matrix-type ring has the greatest
dvantages and better properties to be used in the pharmaceutical
rea. Basically, this type of ring is composed by a polymeric support
hat contains the active agents. The device can also contain other
ngredients such as fillers and plasticizers. Matrix-type rings can
e used for both local and systemic treatments. For example, these
ings have been used for local atrophy treatments, as a method of
irth control, to treat menopause-related symptoms, among others.
Clinical safety and user acceptability of vaginal rings have been
ested (Dieben et al., 2002; Novak et al., 2003; Roumen, 2008;
uppurainen et al., 2004). It seems that vaginal rings will emerge

∗ Corresponding author. Tel.: +54 342 4511597; fax: +54 342 4511597.
E-mail address: ihelbling@santafe-conicet.gov.ar (I.M. Helbling).

378-5173/$ – see front matter ©  2011 Elsevier B.V. All rights reserved.
oi:10.1016/j.ijpharm.2011.12.005
as one of the most important devices of this decade. Due to this,
it is important to have a mathematical tool to adequately pre-
dict and study the release kinetics of these devices. Mathematical
models allow the description, analysis and optimization of the sys-
tems. Only in some cases, the exact solution for a given system is
available. On the contrary, in most cases, an approximate solution
that predicts the cumulative amount of drug released should be
adopted.

Several strategies have been employed to derive approximate
analytical solutions. One of the most used is to consider the pseudo
steady state approximation (PSSA). This approach has been used
in the mathematical modeling of drug delivery from non-erodible
devices with different geometries like slab, cylinder and sphere
(Higuchi, 1963; Roseman and Higuchi, 1970; Zhou et al., 2005). Also,
the PSSA was  used in the derivation of the solution for non-erodible
laminated devices and for erodible devices, having the geomet-
ric shapes mentioned above (Fischel-Ghodsian and Newton, 1993;
Helbling et al., 2010b; Thombre and Himmelstein, 1984). In addi-
tion, it was successfully applied to derive an analytical solution
for the case of one-layer and two-layer matrix-type torus-shape
systems (Helbling et al., 2011a,b).

It is well known that the PSSA yields satisfactory results for the
cases in which the initial drug loading (A) is much higher than
its maximum solubility in the polymer (Cs). However when A → Cs
the PSSA introduces some error in the approximation and the pre-
diction of the model may  fail (Lee, 1980). This drawback can be
overcome if the Refined Integral Method (RIM) is used in the deriva-
tion of the solution. This method allows the derivation of models

dx.doi.org/10.1016/j.ijpharm.2011.12.005
http://www.sciencedirect.com/science/journal/03785173
http://www.elsevier.com/locate/ijpharm
mailto:ihelbling@santafe-conicet.gov.ar
dx.doi.org/10.1016/j.ijpharm.2011.12.005
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Nomenclature

adis area of the interface of the dispersed-drug
zone/depleted drug zone (cm2)

arel release area of the device (cm2)
A initial drug loading in the device (mg/cm3)
Ct dissolved-drug concentration in the depletion zone

(mg/cm3)
Cs maximum drug solubility in the polymer (mg/cm3)
Dp drug diffusion coefficient in the polymer (cm2/s)
k integration constant
m cumulative amount of drug released (mg)
Q cumulative amount of drug released per unit area of

the device (mg/cm2)
r spatial coordinates (cm)
Re distance from the rotation axis to the external sur-

face of the torus (cm)
Rg distance from the rotation axis to the center of the

generating circle (cm)
R0 radius of the generating circle (cm)
S(t) position of the “dissolution–diffusion moving front”

(cm)
t time (s)
Vs volume of the torus (cm3)

Greek letters
˛  radii ratio
ı(t) position of the dissolution–diffusion moving front
� �/ı, integration variable
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� dissolved-drug concentration in the depletion zone
� spatial coordinates

hat can be used on all range of values of A/Cs > 1. In the past, RIM
as been successfully employed to obtain analytical solution for the
elease from non-erodible planar (Helbling et al., 2010a; Lee, 1980)
ylindrical (Tan et al., 2001) and spherical (Lee, 1980) devices. Also,
IM was used in erodible planar devices (Lee, 1980).

The purpose of the present work was to derive a mathematical
odel to predict the release of drug from one-layer torus-shaped

evices (e.g., matrix-type vaginal ring) in a wider range of A/Cs,
ncluding the case where A → Cs. In order to achieve the aim, Refined
ntegral Method was applied.

. Model development

The mathematical model is developed for one-layer torus-
haped devices containing solid drug particles dispersed inside
Fig. 1a and b). When the torus is placed in the release medium,
he liquid takes contact with the device over its entire surface.
s the liquid contacts the device, the solid drug particles dissolve

n and then diffuse out of the matrix. The discrete crystals in the
ayer closer to the device surface are the first to elute. When this
ayer becomes “exhausted”, the solid drugs in the next layer begin
o be depleted. So, a drug depletion zone is created. The thick-
ess of this zone increases with time and as more solid drugs
lute out of the device, thus leading to the inward advancement of
he interface of the dispersed-drug zone/depleted drug zone, phe-
omenon commonly referred to as “dissolution–diffusion moving

ront”. The dissolved-drug concentration profile in the depleted-
rug zone is schematically illustrated in Fig. 1c. Because the liquid

omes in contact with the device over its entire surface at the same
ime, the formation of the depletion zone and therefore the inward
dvancement of the interface of the dispersed-drug zone/depleted
rug zone takes place in all radial directions at the same time
 Pharmaceutics 423 (2012) 240– 246 241

(considering a radial direction as the direction of the radius of the
generating circle). Therefore, for the mathematical analysis only
the half section of the area of the generating circle (Rg < r < Re)
is considered since in both halves the same phenomenon occurs
simultaneously (Helbling et al., 2011b).  The analysis can then be
extrapolated to the entire device (Helbling et al., 2011b).

The parameters present in Fig. 1 are: r is the dimensional spatial
coordinates, R0 is the radius of the generating circle, Rg is the dis-
tance from the rotation axis to the center of the generating circle,
S(t) is the dimensional position of the “dissolution–diffusion mov-
ing fronts”, Re is the distance from the rotation axis to the external
surface of the matrix, ω and ϕ are angles, Ct is the dimensional
dissolved-drug concentration in the matrix and Cs is the maximum
solubility of drug in the polymeric matrix.

2.1. General assumptions

The assumptions of the model to be mathematically formulated
are the following: (i) The system is a torus-shaped single-layer
device; (ii) the device is considered as an isotropic medium; (iii)
the device is composed by a polymeric matrix that contain solid
drug particles dispersed in its interior; (iv) the initial distribution
of the drug in the polymeric matrix is homogeneous; (v) the ini-
tial drug loading in the matrix is higher than the maximum drug
solubility in the polymer; (vi) for simplicity, all the drug particles
have the same size and a spherical form; (vii) the polymeric matrix
is inert, unswellable and non-erodible; (viii) the dissolution of the
solid drug particles in the polymeric matrix occurs at a high rate and
does not constitute a controlling step of the general release process;
(ix) the rate controlling step of the release process is the drug diffu-
sion across the polymeric matrix, which is described according to
Fick’s laws; (x) the mass transport of drug is assumed to be radial at
all points; (xi) the drug diffusion coefficient in the polymeric matrix
is considered constant; (xii) resistance to external mass transfer
is negligible; (xiii) the volume of the release medium is consid-
ered infinite to ensure the “sink” condition; (xiv) for a given time t,
there exist a drug depletion zone with a thickness Re − S(t); (xv) the
model formulated is valid till all solid drug particles dissolve in the
polymer and no discrete crystals remains in the device. This stage
is achieved when the “dissolution–diffusion moving front reaches
r = Rg; (xvi) at the initial time (t = 0), the elution medium has not
been yet in contact with the dispersed drug and therefore there is
no depletion zone. It is considered that the “dissolution–diffusion
moving front” is outside of the device (S = Re) at the initial time.

2.2. Mathematical modeling

In the following analysis, all the variables (except time) were
transformed to dimensionless variables in order to generalize the
analysis. Even though other authors have considered dimensionless
time, the present work has excluded the dimensionless time vari-
able since it is considered that otherwise the notion of real-scale
applicability of the devices would be lost (Helbling et al., 2010b). For
the transformation step to dimensionless variables, the following
relationships are used:

� = Re − r

R0
, ı(t) = Re − S(t)

R0
, � = (Cs − Ct)

Cs

U(0)
U

,  ̨ = Re

R0
(1)

where � is the dimensionless spatial coordinates, ı(t) is the dimen-
sionless position of the “dissolution–diffusion moving fronts”, � is
the dimensionless dissolved-drug concentration in the matrix and
U is a function that allows us to simplify the governing equation for

diffusion for one-layer torus-shaped devices (see Appendix).  From
Fig. 1, the following relationship can be expressed:

Re = Rg + R0 (2)
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ig. 1. Schematic illustration of a torus: (a) Construction of a torus. (b) Schematic re
rofile in the drug depletion zone. I. Dispersed-drug zone; II. Dissolved-drug zone; 

For one-layer torus-shaped device with solute diffusion being
adial at all points, the governing equation for diffusion in the
epletion zone formed inside the matrix is (Helbling et al., 2011b):

∂Ct

∂t
= Dp

r(Rg + r)
∂

∂r

(
r(Rg + r)

∂Ct

∂r

)
(3)

here t is the time and Dp is the drug diffusion coefficient in the
olymeric matrix. Assuming equilibrium between the surface of
he device and the external fluid at all t, the initial and boundary
onditions are:

t = Cs t = 0 Rg ≤ r ≤ Re (4)

t = Cs t > 0 Rg ≤ r ≤ S(t) (5)

t = 0 t > 0 r = Re (6)

parel
∂Ct

∂r
= (A − Cs)adis

∂S

∂t
r = S(t) (7)

 = Re t = 0 (8)

here A is the initial drug loading in the device, arel is the release
rea of the device and adis is the area where the dissolution process
ccurs (area of the interface of the dispersed-drug zone/depleted
rug zone). With reduced dimensionless variables defined in Eq. (1)
nd using Eqs. (A.5) and (A.6) given in the appendix, a more general
et of equation is obtained:

∂�

∂t
= Dp

R2
0

∂2�

∂�2
(9)

 = 0 t = 0 0 ≤ � ≤ 1 (10)

 = 0 t > 0 ı(t) ≤ � ≤ 1 (11)

 = 1 t > 0 � = 0 (12)

∂�

∂�
=

(
A

Cs
− 1

) R2
0(3˛  − 1 − 2ı)
Dp(3˛  − 1)

∂ı

∂t
� = ı(t) (13)

 = 0 t = 0 (14)

Utilizing Eqs. (9) and (11), Eq. (13) can be rewritten as:(
∂�

∂�

)2

=
(

1 − A

Cs

)
(3˛  − 1 − 2�)

(3˛  − 1)
∂2�

∂�2
� = ı(t) (15)

The approximate solution of Eq. (9) can be obtained using the
efined Integral Method (Lee, 1980; Tan et al., 2001). Integrating
irectly twice, combining with Eq. (13) gives:

∂

∂t

[
ı2

∫ 0 ∫ 2

� ∂� ∂� +
(

A

Cs
− 1

)
(3˛  − 1 − 2ı)ı2

2(3  ̨ − 1)

]
= Dp

R2
(16)
1 1 0

here � is an integration variable defined as � = �/ı. The next step is
o assume a functional form which approximates the solute concen-
ration distribution in the partially extracted region. A polynomial
ntation of a torus in Cartesian coordinate system. (c) Dissolved-drug concentration
nite release medium.

concentration profile satisfying the boundary condition (11), (12)
and (15) has the form:

� = a0 + a1
�

ı
+ a2

(
�

ı

)2

(17)

where

a0 = 1 (18)

a1 = −1 − a2 (19)

a2 = A

Cs

(
1 − 2ı

3  ̨ − 1

)
+ 2ı

3  ̨ − 1

−
[(

A

Cs

(
1 − 2ı

3  ̨ − 1

)
+ 2ı

3  ̨ − 1

)2

− 1

]1/2

(20)

Upon substitution of Eq. (17) into Eq. (16), an implicit expression
of the dimensionless position of the “dissolution–diffusion moving
front” can be obtained:

12Dpt

R2
0

= − 12
(3˛  − 1)

(
A

Cs
− 1

)
ı3 +

(
6A

Cs
− 4 − a2

)
ı2 (21)

Thus, the dimensionless position of the “dissolution–diffusion
moving front” can be obtained from Eq. (21) using an adequate
computational software that finds zeros of a function of one vari-
able. The cumulative amount of solute released (m)  in a given time
is calculated from a mass balance equation (Helbling et al., 2011b):

m = 2�2Rg

[
AR2

0 − A(S − Rg)2 − 2

∫ Re

S

Ct(r − Rg)∂r

]
(22)

Introducing the reduced dimensionless variables defined previ-
ously and with the use of Eq. (17), Eq. (22) results in:

m = Vs

[
(A − Cs)(2ı − ı2) − Cs(3˛ − 1)(  ̨ − 1)

24ı2

[
4(a2 − 3)ı3

(  ̨ − 1)

+ 18(a2 + 2)ı2 − 18(3  ̨ − 1)a2ı + 9g1 ln
(

3  ̨ − 1
3  ̨ − 1 − 2ı

)]]
(23)

where

g1 = 4ı2 − (3˛  − 1)(2 + 2a2)ı + (3˛  − 1)2a2 (24)

and Vs is the volume of the torus. The cumulative amount of drug
released in a given time can be calculated from Eq. (23) for the case
of one-layer torus-shaped devices. This analysis is valid till all drug
dispersed in the device is dissolved (this stage is achieved when
ı = 1).
3. Results and discussion

In order to use the developed model to predict the drug release
profiles, it is convenient to use suitable computational programs



I.M. Helbling et al. / International Journal of Pharmaceutics 423 (2012) 240– 246 243

Fig. 2. Comparison of release profiles calculated according to Eq. (23) (—) and the
experimental data reported by Jackanicz (1981) (symbols) for levonorgestrel release
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Fig. 3. Comparison of release profile calculated according to Eq. (23) (—) and the
experimental data reported by Chien et al. (1974) (�), for ethynodiol diacetate

the model predicts very well the drug release data reported in the
literature.

Fig. 4. Comparison of release profiles calculated according to Eq. (23) (—) and
rom  a silicone vaginal ring: (�) A/Cs = 86.47 (�) A/Cs = 258.56. The parameters used
re: R0 = 0.42 cm; Re = 2.85 cm;  arel = 40.29 cm2; Vs = 8.46 cm3; Cs = 0.016 mg/cm3.

o simplify the calculations (for example MATLAB®, FORTRAN® or
APLE®). These programs allow the creation of a “routine” in pro-

ramming language to perform the simulations. Once the routine
s created, the user only needs to load the values of the parameters
hat make up the model and then run the program. In the present
ork, all the simulations were performed in the computational

oftware MATLAB®.

.1. Model validation with experimental release profiles

In order to illustrate the validity and usefulness of the model
n the analysis and prediction of controlled drug release from
ne-layer torus-shaped devices, several examples of vaginal rings
xperimental release reported in the literature are presented
nd compared with the theoretical results given by the devel-
ped mathematical model. To compare drug release profiles, the
ifference factor and the similarity factor were used (Center for
rug Evaluation and Research, 1995; Committee for Proprietary
edicinal Products, 1999; Costa and Sousa Lobo, 2001; Moore and

lanner, 1996; Pillay and Fassihi, 1998). The difference factor (f1)
easures the percent error between two curves over all time points
hile the similarity factor (f2) is a logarithmic transformation of the

um-squared error of differences between both curves over all time
oints. In all cases shown below, the experimental data reported

n the literature was selected as the reference product while the
odel prediction was chosen as the test product. The difference

actor is zero when the test and reference profiles are identical
nd increase proportionally with the dissimilarity between the two
rofiles (Costa and Sousa Lobo, 2001; Pillay and Fassihi, 1998). The
imilarity factor is 100 when the test and reference profiles are
dentical and tends to 0 as the dissimilarity increases. In general, f1
alues lower than 15 (0–15) and f2 values higher than 50 (50–100)
how the similarity of the profiles (Costa and Sousa Lobo, 2001;
illay and Fassihi, 1998).

Figs. 2–4 present experimental examples of controlled release of
rug from one-layer torus-shaped devices. In all the examples, the

nitial drug loading in the device is higher than the maximum sol-
bility of drug in the polymeric matrix. Fig. 2 shows experimental
ata reported by Jackanicz (1981) and the release profiles calcu-

ated according to Eq. (23) for levonorgestrel release from silicone
aginal rings. The values used for the parameters were taken from

ackanicz (1981) except for the levonorgestrel solubility in the sili-
one which was reported by Chien (1982).  The diffusion coefficient
p = 3.21 × 10−7 cm2/s was obtained from the fitting.
release from a silicone device. The parameters used are: A/Cs = 517.13; R0 = 0.30 cm;
Re = 3.15 cm;  arel = 33.75 cm2; Vs = 5.06 cm3; Cs = 1.4791 mg/cm3.

Fig. 3 shows experimental data reported by Chien et al. (1974)
and the release profile calculated according to Eq. (23) for ethyn-
odiol diacetate release from a silicone device. To obtain the
cumulative drug released in the units of mg/cm2, the result of Eq.
(23) was  divided by arel. The values of the parameters employed
were taken from Chien et al. (1974).  The drug diffusion coeffi-
cient in the matrix was  found to be Dp = 5.51 × 10−7 cm2/s from the
model adjustment and is in accordance with the value of 10−7 cm2/s
reported by Chien et al. (1974).

Fig. 4 presents experimental data reported by Malcolm et al.
(2003b) and the release profiles calculated according to Eq. (23) for
norethisterone release from silicone intravaginal rings. Again, to
obtain the cumulative drug released in the units of mg/cm2, the
result of Eq. (23) was  divided by arel. The values of parameters
were taken from Malcolm et al. (2003b). The diffusion coefficient
Dp = 5.90 × 10−7 cm2/s was  calculated from the model fitting.

The f1 and f2 factors calculated for the release profiles shown
in Figs. 2–4 are presented in Table 1. The A/Cs ratios and the val-
ues of Dp obtained from the model fitting for each system are also
presented. From the results it can be seen that in all cases f1 are
lower than 15 and f2 are higher than 50. So, the two profiles under
analysis can be considered similar. Then, it can be concluded that
the experimental data reported by Malcolm et al. (2003b) (symbols) for norethis-
terone release from a silicone intravaginal ring: (�) A/Cs = 475.53 (♦) A/Cs = 1188.80
(�)  A/Cs = 2377.53 (©) A/Cs = 4755.13. The parameters used are: R0 = 0.375 cm;
Re = 2.90 cm;  arel = 37.40 cm2; Vs = 7.01 cm3; Cs = 0.015 mg/cm3.
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Table  1
The difference and similarity factors for experimental and theoretical drug release
profiles comparison.

Reference A/Cs Dp (×10−7 cm2/s) f1 f2

a 86.47 3.21 4.37 98.58
a 258.56 3.21 2.81 98.58
b 517.13 5.51 2.63 99.19
c 475.53 5.90 2.90 100.00
c 1188.80 5.90 3.49 100.00
c 2377.53 5.90 3.28 99.99
c 4755.13 5.90 3.53 99.98

a Jackanicz (1981).
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Table 2
Comparison of analyses between theoretical releases of solute from torus-shape
single-layer devices.

A/Cs Q/Cs

√
Dpt

PSSAa RIMb % Difference

1.1 2.5289 1.1526 54.42
1.2  2.1112 1.2282 41.82
1.3  1.9809 1.3022 34.26
1.4  1.9366 1.3734 29.08
1.5  1.9295 1.4415 25.29
1.8  1.9930 1.6302 18.20
2.0  2.0616 1.7451 15.35
2.5  2.2533 2.0044 11.05
3.0  2.4457 2.2342 8.65
5.0  3.1305 2.9836 4.69
8.0  3.9586 3.8461 2.84

10.0  4.4284 4.3277 2.27
15.0  5.4310 5.3473 1.54
25.0  7.0235 6.9554 0.97
50.0  9.9517 9.8985 0.53
86.0  13.0660 13.0210 0.34

a Helbling et al. (2011a,b).
b This work.
b Chien et al. (1974).
c Malcolm et al. (2003b).

Dp values calculated from the model fitting for each release pro-
le and presented in Table 1 are very similar to those obtained in
ur previous work (Helbling et al., 2011b). This result indicates that
oth models behave similarly under the conditions analyzed. It is
nown that, regardless of the device geometry, when A � Cs the
seudo-steady state approximation gives satisfactory results. As
an be seen in Table 1, the A/Cs ratio for the systems in Figs. 2–4
aries between 86.47 and 4755.13, which are large values of the
atio. Hence, the obtained results were expected since A � Cs in all
xperimental situations analyzed and therefore for this condition
he PSSA gives results with an accuracy similar to those obtained
y the Refined Integral Method.

However when A → Cs the PSSA introduces some error and the
ccuracy of predictions decreases. For small A/Cs ratios, the PSSA-
ased model reported previously (Helbling et al., 2011b)  and the
odel presented in this work have different behaviors. In order to

llustrate this, fractions of drug released at a given time predicted by
oth models for systems with small A/Cs ratios are presented in Fig.
a. To obtain the fraction of drug released, the result of Eq. (23) was
ivided by the initial amount of drug present in the device (A × Vs).

t can be seen that the difference between the predictions of both
odels is greater at low A/Cs ratios and decreases with increas-

ng the value of A/Cs. The simulation shown in Fig. 5a corresponds
o two time points. To generalize the analysis, the complete drug
elease profiles predicted by both models were compared using the
ifference factor for different A/Cs ratios. The prediction of the model
eveloped in the present work was considered as the reference
hereas the prediction of the PSSA-based model was  chosen as the

est product. The results are shown in Fig. 5b. It can be observed
hat as expected, for systems in where A � Cs, the drug release
rofiles predicted by both models are similar (f1 < 15). However,
hen A → Cs, the PSSA is less accurate and therefore the profiles are
ifferent (f1 > 15). This difference between the theoretical profiles

ncreases as the value of A/Cs decreases. This behavior is reflected
n an increase in the value of f1. The analysis was made for three
alues of Dp and similar conclusions can be obtained.

To complete the analysis, theoretical dimensionless releases
alculated according to Eq. (23) and according to the analytical solu-
ion reported by Helbling et al. (2011b) were compared for various
alues of A/Cs. Dimensionless release was calculated for each model
s follows: Q/Cs

√
Dpt where Q is the cumulative amount of drug

eleased per unit area of the device (and is obtained by dividing
he result of Eq. (23) by arel). The comparison result is presented in
able 2. The dimensionless release comparison was employed pre-
iously by others authors for geometries like slab or spheres (Lee,
980). The “% Difference” is defined as the subtraction between the
alues predicted by both models, divided by the value predicted
y the PSSA-based model and multiplied by hundred (Lee, 1980).

rom the table it can be observed that for small values of A/Cs,
he percentage difference between the equations is high, reach-
ng approximately 55%. This discrepancy decreases with increasing
the ratio between A and Cs. Note that for A/Cs = 86, which corre-
sponds to the lowest ratio of the experimental profiles presented
in Table 1, the percentage difference is 0.34. This shows that for
this experimental example the PSSA gives results with accuracy
similar to those obtained by the Refined Integral Method. Nat-
urally, for the others experimental profiles discussed in Table 1,
which have a ratio greater than 86, both models behave similarly.
This conclusion is in total agreement with the results previously
obtained.

The release kinetics from torus-shaped matrices presents the
typical proportionality between the cumulative amount of drug
released and the square root of time characteristic of the matrix
devices in which diffusion is the dominant mechanism. For this
reason, several diffusion-based models have been used in the past
to predict drug release from vaginal rings. Examples of these are
the Higuchi equation and the Fickian diffusion model. Although the
mentioned models can provide a good fit to the vaginal ring release
profiles, their uses are inadequate from a conceptual point of view.
Some of the assumptions made in the derivation of these equations
are not fulfilled for the case of vaginal rings. For example, Higuchi’s
model was  originally developed for a planar device where the sur-
face parallel to the release area remains constant throughout the
thickness of the device. This assumption is clearly not fulfilled for
the case of a ring. For geometries different than planar geometry,
the variation of the area along the thickness must be taken into
account in the derivation of the analytical solution. This task was
performed for cylindrical and spherical devices by others authors
(Higuchi, 1963; Roseman and Higuchi, 1970; Zhou et al., 2005).
For torus-shaped devices, the variation of the area was  taken into
account in the derivation of the analytical solution in our previously
published article (Helbling et al., 2011b). A similar situation occurs
with the Fickian diffusion model which was originally derived for
thin films.

Unfortunately, these models are often misused and applied to
controlled drug delivery systems which do not fulfill with all the
assumptions made in the derivation of the models. In these cases,
any conclusion should be viewed with great caution. In contrast,
the model presented in this paper was  developed exclusively for
torus-shaped devices. Thus, the equations obtained can be prop-
erly applied because the system fulfills all the assumptions made

in mathematical development.
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Fig. 5. (a) Comparison of the fraction of drug released at 1 h and 9 h calculated according to Eq. (23) (�) and according to the model previously reported by Helbling et al.
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Committee for Proprietary Medicinal Products, 1999. Note for Guidance on Quality
2011a,b)  (�) for different A/Cs ratios. (b) Values of f1 for comparison of drug relea
ifferent A/Cs ratios: (—) Dp = 5.51 × 10−7 cm2/s; (—) Dp = 5.51 × 10−8 cm2/s; (···) Dp

s = 5.06 cm3; Cs = 1.4791 mg/cm3.

. Conclusions

Analytical solutions based on the Refined Integral Method
ave been successfully derived for both the position of the
dissolution–diffusion moving front” and the cumulative amount
f drug released from one-layer torus-shaped devices. The validity
nd usefulness of the model were corroborated by comparison with
everal examples of matrix-type vaginal rings experimental release
eported in the literature. The results given by the developed equa-
ions are consistent with the experimental data. A comparison with

 previously reported model (Helbling et al., 2011b)  was  also pre-
ented. For systems in where A → Cs the model developed in the
resent work gives better results than the previously one. For large
/Cs ratios both models can be employed with excellent accuracy.

t should be noted however, that the developed model can be used
nly in matrix-type torus-shaped devices in where the initial drug
oading exceeds its solubility in the polymer. In systems where all
he initial amount of solute is dissolved or when the device has

ore than one layer, the model loses its applicability.
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ppendix A.

For one-layer torus-shaped device with solute diffusion being
adial at all points, the governing equation for diffusion is (Helbling
t al., 2011b):

∂Ct

∂t
= Dp

r(Rg + r)
∂

∂r

(
r(Rg + r)

∂Ct

∂r

)
(A.1)

Using the dimensionless relationship defined in Eq. (1) and solv-
ng the derivative symbolically, Eq. (A.1) becomes:

∂�

∂t
= Dp

R2
0g2U

[
�

∂

∂�

[
g2

∂U

∂�

]

+g2

(
∂U

∂�

∂�

∂�
+ U

∂2�

∂�2

)
+ ∂�

∂�

∂

∂�
[g2U]

]
(A.2)
files predicted by Eq. (23) and the model reported by Helbling et al. (2011a,b) for
 × 10−9 cm2/s. The parameters used are: R0 = 0.30 cm;  Re = 3.15 cm; arel = 33.75 cm2;

where

g2 = �2 + (1 − 3˛)� + 2˛2 −  ̨ (A.3)

To eliminate the terms containing � and ∂�/∂� in Eq. (A.2), two
conditions are necessary:

∂

∂�
[g2U] = −g2

∂U

∂�
∂

∂�

[
g2

∂U

∂�

]
= 0

(A.4)

Developing both conditions and replacing the second condition
in the first, the expression of U can be found:

U = 2	

(3˛  − 1 − 2�)
(A.5)

where 	 is a integration constant. Naturally,

U(0) = 2	

(3˛  − 1)
(A.6)

Using Eq. (A.5), Eq. (A.2) becomes:

∂�

∂t
= Dp

R2
0

∂2�

∂�2
(A.7)

References

Alexander, N.J., Baker, E., Kaptein, M.,  Karck, U., Miller, L., Zampaglione, E., 2004.
Why  consider vaginal drug administration? Fertil. Steril. 82, 1–12.

Ballagh, S.A., 2001. Vaginal ring hormone delivery systems in contraception and
menopause. Clin. Obstet. Gynecol. 44, 106–113.

Burton, F.G., Skiens, W.E., Gordon, N.R., Veal, J.T., Kalkwarf, D.R., Duncan, G.W., 1978.
Fabrication and testing of vaginal contraceptive devices designed for release of
prespecified dose levels of steroids. Contraception 17, 221–230.

Center for Drug Evaluation and Research, 1995. Food and Drug Administration. Guid-
ance for Industry: Immediate Release Solid Oral Dosage Forms. Scale-Up and
Postapproval Changes: Chemistry, Manufacturing, and Controls, In Vitro Disso-
lution Testing, and In Vivo BE Documentation. US Department of Health and
Human Services, Food and Drug Administration, Rockville, MD.

Chien, Y.W., 1982. Fundamentals of controlled-release drug administration. In:
Swarbrick, J. (Ed.), Novel Drug Delivery System. Marcel Dekker Inc., New York
and  Basel, pp. 465–574.

Chien, Y.W., Lambert, H.J., Grant, D.E., 1974. Controlled drug release from polymeric
devices. I. Technique for rapid in vitro release studies. J. Pharm. Sci. 63, 365–369.

Cicinelli, E., 2008. Intravaginal oestrogen and progestin administration: advantages
and disadvantages. Best Pract. Res. Clin. Obstet. Gynaecol. 22, 391–405.
of  Modified Release Products: A: Oral Dosage Forms, B: Transdermal Dosage
Forms. Section I (Quality). CPMP/QWP/604/96. London, England.

Costa, P., Sousa Lobo, J.M., 2001. Modeling and comparison of dissolution profiles.
Eur.  J. Pharm. Sci. 13, 123–133.



2 rnal of

D

F

H

H

H

H

H

H

J

J

K

L

M

M

46 I.M. Helbling et al. / International Jou

ieben, T.O.M., Roumen, F.J.M.E., Apter, D., 2002. Efficacy, cycle control and user
acceptability of a novel combined contraceptive vaginal ring. Obstet. Gynecol.
100, 585–593.

ischel-Ghodsian, F., Newton, J.M., 1993. Analysis of drug release kinetics from
degradable polymeric devices. J. Drug Target 1, 51–57.

elbling, I.M., Ibarra, J.C.D., Luna, J.A., Cabrera, M.I., Grau, R.J.A., 2010a. Modeling of
dispersed-drug delivery from planar polymeric systems: Optimizing analytical
Solutions. Int. J. Pharm. 400, 131–137.

elbling, I.M., Ibarra, J.C.D., Luna, J.A., Cabrera, M.I., Grau, R.J.A., 2010b. Modeling of
drug delivery from erodible and non-erodible laminated planar devices into a
finite external medium. J. Membr. Sci. 350, 10–18.

elbling, I.M., Cabrera, M.I., Luna, J.A., 2011a. Mathematical modeling of drug deliv-
ery  from one-layer and two-layer torus-shaped devices with external mass
transfer resistance. Eur. J. Pharm. Sci. 44, 288–298.

elbling, I.M., Luna, J.A., Cabrera, M.I., 2011b. Mathematical modeling of drug deliv-
ery  from torus-shaped single-layer devices. J. Control. Release 149, 258–263.

iguchi, T., 1963. Theoretical analysis of rate of release of solid drugs dispersed in
solid matrices. J. Pharm. Sci. 52, 1145–1149.

ussain, A., Ahsan, F., 2005. The vagina as a route for systemic drug delivery. J.
Control. Release 103, 301–313.

ackanicz, T.M., 1981. Levonorgestrel and estradiol release from
an  improved contraceptive vaginal ring. Contraception 24,
323–339.

ohansson, E.D.B., Sitruk-Ware, R., 2004. New delivery systems in contraception:
vaginal rings. Am.  J. Obstet. Gynecol. 190, S54–S59.

alkwarf, D.R., Sikov, M.R., Smith, L., Gordon, R., 1972. Release of progesterone from
polyethylene devices in vitro and in experimental animals. Contraception 6,
423–431.

ee, P.I., 1980. Diffusional release of a solute from a polymeric matrix – approximate
analytical solutions. J. Membr. Sci. 7, 255–275.

alcolm, R.K., McCullagh, S., Woolfson, A.D., Catney, M.,  Tallon, P., 2002. A dynamic
mechanical method for determining the silicone elastomer solubility of drug

and  pharmaceutical excipients in silicone intravaginal drug delivery rings. Bio-
materials 23, 3589–3594.

alcolm, R.K., Woolfson, A.D., Russell, J., Andrews, C., 2003a. In vitro release of
nonoxynol-9 from silicone matrix intravaginal rings. J. Control. Release 91,
355–364.
 Pharmaceutics 423 (2012) 240– 246

Malcolm, R.K., Woolfson, A.D., Russell, J., Tallon, P., McAuley, L., Craig, D., 2003b.
Influence of silicone elastomer solubility and diffusivity on the in vitro release
of drugs from intravaginal rings. J. Control. Release 90, 217–225.

Matlin, S.A., Belenguer, A., Hall, P.E., 1992. Progesterone-releasing vaginal rings for
use in postpartum contraception. I. In vitro release rates of progesterone from
core-loaded rings. Contraception 45, 329–341.

Moore, J.W., Flanner, H.H., 1996. Mathematical comparison of dissolution profiles.
Pharm. Technol. 20, 64–74.

Novak, A., De la Loge, C., Abetz, L., Van der Meulen, E.A., 2003. The combined con-
traceptive vaginal ring, NuvaRing®: an international study of user acceptability.
Contraception 67, 187–194.

Pillay, V., Fassihi, R., 1998. Evaluation and comparison of dissolution data derived
from different modified release dosage forms: an alternative method. J. Control.
Release 55, 45–55.

Roseman, T.J., Higuchi, W.I., 1970. Release of medroxyprogesterone acetate from a
silicone polymer. J. Pharm. Sci. 59, 353–357.

Roumen, F.J.M.E., 2008. Review of the combined contraceptive vaginal ring,
NuvaRing® . Therap. Clin. Risk Manage. 4, 441–451.

Sitruk-Ware, R., 2006. Contraception: an international perspective. Contraception
73,  215–222.

Tan, W.C., Wu,  W.Y., Yan, Z.Y., Wen, G.B., 2001. Moving boundary problem for dif-
fusion release of drug from a cylinder polymeric matrix. Appl. Math. Mech. 22,
379–384.

Thombre, A.G., Himmelstein, K.J., 1984. Modelling of drug release kinetics from a
laminated device having and erodible drug reservoir. Biomaterials 5, 250–254.

Tuppurainen, M.,  Klimscheffskij, R., Venhola, M.,  Dieben, T.O.M., 2004. The combined
contraceptive vaginal ring (NuvaRing®) and lipid metabolism: a comparative
study. Contraception 69, 389–394.

Woolfson, A.D., Elliott, G.R.E., Gilligan, C.A., Passmore, C.M., 1999. Design of an intrav-
aginal ring for the controlled delivery of 17�-estradiol as its 3-acetate ester. J.
Control. Release 61, 319–328.

Woolfson, A.D., Malcolm, R.K., Gallagher, R.J., 2003. Design of a silicone reservoir

intravaginal ring for the delivery of oxybutynin. J. Control. Release 91, 465–476.

Yoo, J., Lee, C.H., 2006. Drug delivery systems for hormone therapy. J. Control. Release
112, 1–14.

Zhou, Y., Chu, J.S., Zhou, T., Wu,  X.Y., 2005. Modeling of dispersed-drug release from
two-dimensional matrix tablets. Biomaterials 26, 945–952.


	Application of the Refined Integral Method in the mathematical modeling of drug delivery from one-layer torus-shaped devices
	1 Introduction
	2 Model development
	2.1 General assumptions
	2.2 Mathematical modeling

	3 Results and discussion
	3.1 Model validation with experimental release profiles

	4 Conclusions
	Acknowledgments
	References
	Appendix A Appendix


