GENERALIZED QUADRANGLES AND SUBCONSTITUENT
ALGEBRA.

F. LEVSTEINt AND C. MALDONADO?

ABSTRACT. The point graph of a generalized quadrangle GQ(s, t) is a strongly reg-
ular graph I" = srg(v, k, A, u) whose parameters depend on s and ¢t. By a detailed
analysis of the adjacency matrix we compute the Terwilliger algebra of this kind
of graphs (and denoted it by 7). We find that there are only two non-isomorphic
Terwilliger algebras for all the generalized quadrangles. The two classes correspond
to wether s2 =t or not. We decompose the algebra into direct sum of simple ideals.
Considering the action 7 x CX — CX we find the decomposition into irreducible
T -submodules of CX (where X is the set of vertices of the I').

1. INTRODUCTION

The subconstituent algebra was first introduced by P. Terwilliger in his paper [13].
It was defined on a class of combinatorial objects known as association schemes (see
also [2, 3]). It is a noncommutative, finite dimensional, semisimple C algebra. We will
denote it by 7.

It has been studied for many examples such as P- and Q- polynomial association
schemes [6], distance-regular graph that supports a spin model [7], group association
schemes [4, 5], strongly regular graphs [17].

In [8] it was given an explicit description of the 7 -algebra of the hypercube and more
generally in [10] of a Hamming scheme H(d; q). The case of the Johnson schemes it was
analyzed in [9].

In this paper we focus on the 7-algebra of a special family of strongly regular graphs,
which are examples of association schemes: generalized quadrangles GQ(s,t) .

They are indeed a subfamily of partial geometries defined in [1]. A strongly regular
graph is associated to them, so we can study the 7-algebra of such a family. We show
that there are only two non-isomorphic 7 -algebras for all the generalized quadrangles.
The two classes correspond to whether s? = ¢ or not. We obtain the dimension of 7 in
both cases. This is in agreement with the result expected from [17] that gives dimensions
of the T-algebra attached to a strongly regular graph. The particular class of GQ(s, s?)
has a combinatorial characterization given by J.A. Thas in [16].

With a detailed analysis of the adjacency matrix, we obtain restriction on the pa-
rameters (s,t) (also given in 1.2.2 of [12]).

The paper is organized as follows: in section 2 we give the basic definitions and
comment on some known basic results of algebraic combinatorics. In section 3 we
analyze the blocks of the matrices in 7 and we give a basis of 7 in Proposition 3.21.

In section 4 we find the simple ideals of 7 (Propositions 4.3, 4.4) and in Theorem 4.5
we decompose 7 into direct sum of simple ideals.

Finally in section 5 we give the irreducible 7-submodules of the action

TxC¥ —C*
(where X is the set of vertices of the I).
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2. DEFINITIONS
2.1. Strongly regular graphs.

Definition 2.1. (see [11]) A strongly regular graph T = srg(v, k, A, 1) is a graph with
v vertices that is regular of degree k and that has the following properties:
e for any two adjacent vertices x,y there are exactly \ vertices adjacent to x and
toy
e for any two nonadjacent vertices x,y there are exactly p vertices adjacent to x
and to y

2.2. Generalized Quadrangles.

Definition 2.2. (see [1] , [12])

A generalized quadrangle GQ(s,t) is a system of points and lines with an incidence
relation satisfying the axioms (1) — (4) below. We will use standard geometric language.
A point incident with a line is said to lie on the line and the line is said to pass through
the point. If two lines are incident with the same point, we say that they intersect.

Azxzioms

(1) for any two distinct points there is at most one line passing through them;

(2) there are exactly r =t + 1 lines passing for each point;

(3) there are exactly k = s + 1 points lying on each line;

(4) if a point p does not lie on the line I, then there is exactly one line passing
through p and intersecting |

If two points lie on a common line, we say that they are collinear and we write x ~ y.
The point graph of a generalized quadrangle is the graph with the points of the quad-
rangle as vertices, and edges {z,y} such that = ~ y.

It is well known by [1, 12] that the point graph of a GQ(k — 1,7 — 1) is a (possibly
trivial) I' = srg(v, k, A\, ) with:

(1) v=k(l+k-1)0r-1), s=rk-1), A=k—-2, p=r
2.3. Bose-Mesner algebra.
Let T' = srg(v, K, A, i) be a strongly regular graph, X be the set of vertices and
0: X xX —1{0,1,2}

be the path-length distance for I'. Let Matx (C) denote the C-algebra of matrices with
complex entries, where the rows and columns are indexed by X.

Definition 2.3. The adjacency matriz of T of is the following (0, 1)-matriz in Mat x (C):

1 dfo(z,y) =1
(A)ay = { 0 otherwise

Proposition 2.4. (see [11])
Let T = srg(v, k, A\, ) be a strongly reqular graph, A the adjacency matriz of T and
I,J € Matx(C) the identity and the full ones matrix respectively. Then

(2) AJ = kJ
(3) A+ (p—NA+(p—r) = pJ
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Proof. By definitions 2.1 and 2.3; A is a symmetric matrix with x 1’s on each row and
column. This proves equation (2). To prove (3) we observe that defining

(As)ay = { 1 ifd(x,y) =2

0 otherwise
axioms of definition 2.1 imply that
I+A+A=J

(Aa # J —I) otherwise I would be a complete graph).
Computing:

)

(Az)zy = ZJZGX AzzAzy

{z:0(z,2) =1 and 9(z,y) = 1}|
k if x=y
A it O(x,y) =1
po it d(z,y) =2

Therefore
A? kI +MA+ pAs

kI + XA+ p(J —1—A)
which implies the (3). O

Definition 2.5. (see [2], [3] )
The Bose-Mesner algebra of a strongly regular graph I is the 3-dimensional algebra
of matrices in Matx (C) which are linear combinations of I, J and A. We denoted it by

A.

That this is indeed an algebra is a consequence of equations (2) and (3) in Proposition
2.4.

The following facts are well known in algebraic combinatorics (see [2, 3]).
The algebra A consists of symmetric commuting matrices and identifying
C¥={f: X —-C}
we can consider for all M € A the action:
M x C* — CX.

Since {1, J, A} consists of symmetric commuting matrices , they are diagonalyzed simul-
taneously by a unitary matrix. That is, we have a decomposition of CX into common
eingenspaces of I, J, A. The number of eigenspaces is 2 4+ 1 since any strongly regular
graph has diameter= 2 (diameter:= the greatest distance in the graph).

Therefore, let I' be a strongly regular graph,
C*=VoaVioV

be such a decomposition and let E;, ¢ =0, 1,2 be the orthogonal projections

expressed in matrix form with respect to the canonical basis {e;} i = 1...|X|. Then,
1
Ey, = mJ (J the matrix of all 1,s)
Ey+E1+E, = 1
EZ‘E]‘ = 6”EZ

The FE; are called the primitive idempotents of T'.
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2.4. Dual Bose-Mesner algebra.
Definition 2.6. (see [13]) The i*" dual idempotent with respect to the vertex x denoted
by EF := Ef(x) is the diagonal matriz in Matx(C) defined by

1 ifo(z,y) =i

0 if O(z,y) #i

Lemma 2.7. The matrices {E;}2_, satisfy the following equations:

(Ez*)yy =

(4) ES+Ef+E5, = 1

(5) E' = E}

(6) BB = 0,

Proof. Its follows straightforward from definition above. O

Definition 2.8. Let I' be a strongly reqular graph. For x € X, the Dual Bose-Mesner
algebra of T with respect to x, is the 3-dimensional algebra of matrices in Matx(C)
which are linear combinations of {E;}?_,. We denoted it by A* := A*(x).

K2

That this is indeed an algebra is a consequence of equations (4),(5) and (6) in the
previous Lemma.

2.5. Terwilliger algebra.

Definition 2.9. (see [13]) Let ' be a strongly regular graph and X be its set of vertices.
The subconstituent or Terwilliger algebra of T' with respect to the verter x € X 1is the
algebra generated by the Bose-Mesner algebra A := A(xz) and the dual Bose-Mesner
algebra A* := A*(x). We denote this algebra by T := T (z).

Remark 2.10. 7 is closed under the conjugate-transpose map, so it is semi-simple.

3. T-ALGEBRA OF GQ(k —1,r — 1).

In this section we consider a connected strongly regular graph I' = srg(v, K, A, )
coming from a generalized quadrangle GQ(k — 1,7 — 1).
We fix 2p € X and we analyze the associated 7 (z()-algebra .

In the following we analyze the structure of the matrices belonging to 7 in a more
detailed way .

Lemma 3.1. For allT € T, T is generated by A, E§, ES, E5

Proof. By definition 7 is generated by the algebras A = ({I,J, A}) and A* = ({E§, EY, E5}).
That is 7 consist on sum and products of matrices in {I, J, A4, E}, EY, E5}.

Equation (3) shows that J can be obtained as a linear combination of A%, A, T and
equation (4) shows that the identity is the sum of {E;}7 . O

K2

Remark 3.2. It is well known that for the point graph of a generalized quadrangle the
isomorphism class of 7 (z) is independent on the vertex z, since the group of automor-
phism of the graph I' acts transitively on X preserving the distance.

Then any automorphism

g: X — X
x — Y, induces an isomorphism
Ty T(x) — 7 (y).
M= — MY
where MY, := Mg -1 for M* € T (x), MY € T (y); u,v € X

and then 7 (z) ~ T(y)
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In view of Lemma 3.1 we consider the products
EfAEY i,j=0,1,2
where A is the adjacency matrix and E; the dual idempotents of definitions 2.3 and 2.6

respectively.

3.1. Block analysis. We will use an order of the set of vertices X that allows us to
analyze the matrices in 7 (z¢) in a convenient way.
Let 2 be a fixed vertex of X. Take

Qo = {zo}, Qi ={ye X |9(xo,y) =i}

We consider the matrices in Matx (C) indexed by the blocks Q; x ;.
Just to give examples, we have:

xo Ql QQ
e [ 1 0 0
* Q1 0 0 O
EO B Qo 0 0 0
o Ql QQ
2 [ 0 0 0
of) 0 I 0
Ef =
! Q2 0 0 0
o Ql Qz
@ [ 0 0 0
BiAE; =" 010 | Aaa,

We will denote

P = Ajg,xa, Q= Ao, xq, S := Aja,xq,
and L := Iig,xq,, Jik := Jja,xq,, that is the submatrix of I or J of size ; x (.
Then A x0, = Jor = (1,...,1) and since A is symmetric we have

AlQQXQl = Qt? A|Ql><:v0 = Jél = (17 (S l)t'
Then A looks like:

xo Q1 Qo

z | O 1...1 0 7
1

Q P Q
A= 13

2 | 0 Q! S

The following lemma gives some descriptions of blocks of A.

Lemma 3.3.

Let T = srg(v, k, A, 1) be a srg associated to a generalized quadrangle GQ(k—1,r—1)
(that is the parameters (v, k, A\, i) satisfy equations in (1)). Let Jy, P,Q, S be defined
as above. Then



6 F. LEVSTEINT AND C. MALDONADO?

) A|a:0><Ql = JOl

) Jio = Ju

) 1] = rlk — 1): ] = (r — 1)(k — 1)?
) P is a block of size || x || with (k
) Q is a block of size || x |Qa| with (r
each column and

(6) S has size |Qa| X |Qa| with r(k —2) 1's on each row and column.

2) 1's on each row and column,
1)(k—1) 1’s on each row and r 1's on

e (1) holds since by definition of A, the block indexed by xg x £ is the set of
neighbors of xq.

e (2) holds since A is symmetric.

e (3) holds since |Q1] = k (the degree of T') and 1+ |Q1] + |Q2| = v (the number
of vertices of I'). Parameters x, v are given in Equations (1).

e Assertion (4) holds since for a fixed x € §; there are A = k — 2 neighbors of
in Ql.

e On the same way for a fixed x € 5 there are p = r neighbors of x in 27 which
implies that @ has r 1’s on each column. The number of 1’s on each row of @
is || —(k—2)—1.

e The number of 1’s on each row and column of S is || — r.

O

Remark 3.4. We have already discussed that in order to describe 7" we should analyze
the products among the matrices in { EfAE?}; j=o,1,2. That is essentially the products
among the blocks Jy1, Jig, P, @, Q@ and S.

In the following subsections we analyze the structure of each block €2; x 2; and finally
we give a basis for each one.

3.2. Ql X Ql-bIOCk.

We start giving expressions for some products belonging to the ; x ;-block:
{P", QQ', PJi1, JuP,JioJo1}.

We describe the powers of P.

Lemma 3.5. P satisfies P? = (k—3)P + (k — 2)I1;

Proof. The Qy x Q4-block has size r(k — 1) x r(k — 1) and P has (k —2) 1’s on each row
and column. It is indexed by the vertices in ;.
It has a one in the (z;,z;) entry if and only if the common neighbors z;, z; of z¢ form
an edge of the graph T.

As the equation for P does not depend on the order of the vertices of 21 we will
consider a special ordering in which P has a simple form.
We label the vertices in the following way: Qo = {zo} and I, k...I. the r lines passing
through the point zo. We call 11, 21,2, ...¢1,5,—1 the (k—1) points lying on the i1 \ {zo};
T2,1,%2,2,...T2 k—1 the points lying on the & \ {zo} and so on.
All the points lying on the same line are collinear points. Then any two of them form
an edge on the point graph of the generalized quadrangle. If we order the vertices of
the Q1 x Q1-block with the order of the lines, that is

ll lg e lr

T1,1,%1,25 - L1 k—15 L21,L22y L2 k15 -+ Lrly Ly 2, Ly k-1

P has the form:
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and is not difficult to see that P? = (k—3) P+ (k—2)I11, which implies the lemma. O

Corollary 3.6. The matrices P, 111 and Ji1 are independent and P? depends on P and
Ill~

Proof. P,I;; and Jy1 are independent, otherwise the relation among them should be
P = Ji; — I;. But this would imply that the graph is not connected. Since we omit
these cases we have the conclusion. O

Lemma 3.7. Using the same ordering as above for Q1 and any order for Qs we have

QQ" = (==~ (=P +(r—1)Jun
JioJor = r(k—1)J1;
PJy = (k—2)Jn

Proof. Equating the € x Qp-block of (3) we have
JioJor + P2+ QQ" + (1 — AP+ (u— k)11 = pJur.

Replacing the parameters ), u, & by Equation (1) and P? as in the previous lemma, we
get

J11 + (k — 3)P + (k — 2)]11 + QQt + (T’ —k + 2)P - T(k - 2)[11 = TJll.
which implies the expression for QQ*. The other equations are easy to check. O

Proposition 3.8. The products P™, QQt, JioJo1 y PJi1 can be expressed as a linear
combinations of P, 111, J11 and they are linearly independent.

Proof. 1t follows directly from lemmas 3.5 and 3.7. O

3.3. Ql X QQ- block.
Now we give expressions for the products PQ, @S, J11Q, QJaz, J125

Lemma 3.9. Using the same ordering for )y as in the Lemma 3.5 the following equation
holds:

PQ=1J2-Q

Proof. The Q1 x Q5 -block has size 7(k —1) x (r —1)(k — 1)2. From Lemma 3.3, we now
that @ has (r —1)(k— 1) 1’s on each row and r 1’s on each column. By hypothesis, the
rows of @) are indexed by the vertices of the lines Iy, o, ...0;.
The columuns are indexed by the set 5 (the vertices which are not neighbors of ).
Let (x;5,y) be an entry of the product PQ) where y € Qs and z;; is the it" vertex of the
line /;. Then

r k-1

(PQ) ) = D D Plass ) Qe )

m=1n=1
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Since P vanishes on the vertices lying on different lines (P,,; 4,,) = 0 for i # k),

k—1
(PQ)(xu,y) = Z P(z”,acm)Q(:vm,y)
n=1

Each vertex of 2 has exactly one neighbor on the line ; (fourth axiom of definition
2.2). Therefore for y € Qs there exist a unique Tin, € l; such that

1 if J=ny
Lij, = . .
Qi y) {o if #ny
Then
k—1
(PQ)(CE”,y) = anl P(Iij,Iin)Q(Tz‘my)

P(%‘jwmy)

= (- I)(Iijyrmy)
. 0 if j=mny
h { L odf j#ny
= (J - Q)(wij,xmy)a

which proves the lemma. O

Lemma 3.10. @ and S satisfy:

QS = (T—l)Jlg—F(k‘—l—’l“)Q, JnQ = TJ12,
QJQQ = (Tfl)(kfl)Jm, Ji2S = T(k*Z)Jlg

Proof. The Q; x Qa-block of identity (3) for A gives PQ 4+ QS + (r — k +2)Q = rJi2.
Replacing PQ by the result of the lemma 3.9 we have the first equation. For the other
equations, we use that @ has (r — 1)(k — 1) 1’s on each row and r 1’s on each column,
and S has r(k — 2) 1's on each row and column. O

Proposition 3.11. The products P"Q, S"Q, J11Q, QJae, J125 can be expressed as
linear combinations of Q and Ji2.

Proof. Using lemmas 3.5 and 3.9 we can prove inductively that P™(Q is a linear combi-
nation of @) and Jy2. On the same way Lemma 3.10 proves inductively the assertion for
S™Q . The other equations were also proved in Lemma 3.10. d

3.4. Q5 x Qa-block. In the following, we give an expression for S, Q'Q and J2»S.
Lemma 3.12.
(7) QtQ = —52 + ’I“(k — 2)[22 + (k -2 — ’I“)S + rJog, SJog = T(k — 2)]22

Proof. The Qy x Qs-block of identity (3) for A gives the first equation. The matrix S
has r(k — 2) 1’s on each row and column thus we get the second equation. O

Proposition 3.13.
S = (k=1-r)+(k-2-r)S+(rk-2)—(k—1-1)(k—2-7))S
— (k=1=r)4+rk—2)) I+ (r(r — 1)(k —2)) Jaa.
Equivalently if we denote
M=k—r—1 da=k—2, A\g=—r,
then S satisfies the equation
(8) (S — Aila2) (S — Aala2) (S — Aglag) = 7(r — 1) Ja2
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Proof. Postmultiplying Q*Q given in (3.12) by S we have
Q'QS = -S4+ r(k—2)S+ (k—2-7)S* +7%(k — 2)Ja
Replacing @S by the expression given in the lemma 3.10
Q' (k—1-7r)Q+(r—1)Jog) = =8> +7(k—2)S + (k—2—71)S? +r?(k — 2).Jog,
S =—(k—1-7)Q'Q —r(r—1)Jog +7(k —2)S+ (k — 2 —1)S% +1r(k — 2)Ja2.
Replacing Q'@ by 3.12 we have the first equation, that is equivalent to
S3 —(k=1-7)+k—-2-r)S?-(r(k-2)—(k-1-7)k—-2—-71))8
+ (k=1=r)4+rk—2))1Ise = (r(r—1)(k—2)) Jao
O

At this moment we can not tell whether 52, S, Iy and Joo are independent or not.
In what follows we are going to show that S? depends on S I and Joy if and only if
the parameters of the generalized quadrangle satisfy (k — 1)2 = r — 1.

Corollary 3.14. Denoting

)\0 = 7“(]{7—2)7 )\1 = k‘—?‘—L
/\2 = k‘—Q, )\3 = T

S satisﬁes the equatz’on (S - AOIQQ) (S - )\1[22) (S - )\2[22) (S — )\3[22) =0

Proof. By Lemma The Q5 x Qs-block has size (r — 1)(k — 1)? x (r — 1)(k — 1)%2. S has
r(k —2) 1’s on each row and on each column. So we have S.Jas = r(k — 2)Ja3. Thus, if

we multiply (8) by S — r(k — 2)I22 we have the corollary.
g

This corollary implies that S has at most four different eigenvalues. We know that
r(k — 2) is an eigenvalue associated to the one dimensional eigenspace generated by
(1,1,...,1). then by Perron-Frobenious Theorem it has multiplicity one.

Let d; = dim V), where V), is the eigenspace corresponding to A;. We have the following
linear system of equations on dy and the unknowns: {d;}?_;

trl = 0 o di = (r—1)(k-1)2
trs = S Nids =0
and trS? = S oAl = rk=2)(r—1)(k—-1)2
then
trl = SO d; = (r=1)(k-1)2-1,
trS = S Nid; = —r(k-2)
and trS? = SN2 = r(k—=2)0r—1)(k—1)2— (r(k—2)),

with set of solutions

dy = r(k—2)

— ’I”(k‘—l)z(r_Q)

dy = T,
.

As the dimensions are non negative integers we have (k —1)? > (r — 1), which is known
as the inequality of D.G. Higman.(page 3 of [12])

In general k+7 —2 must divide both (k—2)(r —1)((k—1)?—(r—1)) and r(k—1)%(r —2)
if the parameters correspond to a generalized quadrangle.
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Dimensions {d;}?_; are always positive integers unless (k—1)? = r — 1, in which case
ds = 0 and A3 is not an eigenvalue. Thus we have the following:

Proposition 3.15. S has A3 = —r as eigenvalue if and only if the parameters r and k
satisfy (k —1)2 > r — 1.

Proof. Tt follows by the comments above. O

Corollary 3.16. The matrices S, Isz, Joo are linearly independent. S? depends on such
matrices if and only if (k—1)> =7 —1

Proof. We have seen in Proposition 3.13 that the vector space generated by {S™},>0
has dimension 3 or 4. This depends on the minimal polynomial of S and we have shown
it has 3 different eigenvalues if and only if (k — 1) = r — 1. a

Proposition 3.17. The products {Q'Q, J22S, {S™}n>0} can be expressed as a linear
combinations of S, Iso and Jos , if and only if the parameters r, k of the generalized
quadrangle satisfy (k —1)? =r — 1. Otherwise S?,S, Iys and Joo span these products.

Proof. Follows directly from Lemma 3.10 and Corollary 3.16 . O

Theorem 3.18. The following spanning set are basis for the corresponding blocks.

{.%’0} X Qi = <J01> 1 =0,1,2
Ql X Ql = <{1117 J11,P}>
M xQ = ({J12,Q})
Qg XQQ = <{122,J22,S}> @(k—l)zz’f’—l
= ({22,J22,5,5%}) & (k—1)*#r—1
Proof. 1t follows straightforward from Propositions 3.8, 3.11 and 3.17. 0

3.5. Basis for 7 as a vector space.

The previous block-analysis allows to give a basis (as a vector space) of the T-algebra
attached to a GQ(k—1,7—1). Actually we have analyzed the blocks of arbitrary matrices
in 7. To be rigorous we should embed each block in Matx(C) . To do this we propose
the following

Definition 3.19. Let B an arbitrary block indexed by the vertices in
{Q; x Q;} 1,§ =0,...2. We identify the block B with a matriz 1(B) in Matx(C) in the
following way:

UB)ay = { 0 otherwise

Example 3.20. Let B be a block-matrix indexed by s x €. Then

o Ql Qz

z [ 0 0 0

o, [0 [0 [ o0
“B) = Q | 0 B 0

Proposition 3.21. If the parameters of GQ(k — 1,7 — 1) satisfy (k — 1) #r — 1 then

T {AUTi) Y2 o {eT35) 2o, 1(P), (@), 1(Q1), 1(S), 1(S?) }) otherwise
T <{ {L(Jij)}?,j:m{L(Ijj)}§:1’L(P)’L(Q)vL(Qt)’L(S) }>

Therefore dim(T) =16 or dim(7T) = 15 respectively.
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Proof. By Theorem 3.18 ,the matrices
{L(Jmn)}?n,nz()a {t(mm) fn:la u(P), (@), L(Qt)a u(9)

and eventually +(S?) (when (k —1)% # r — 1) give a basis (as a vector space) of a subal-
gebra of 7. This subalgebra contains the adjacency matrix A and the dual idempotents
{E?} since

A = u(Joo) + t(J10) + t(J10)" 4+ o(P) + 1(Q) + 1(Q) + (S)
EX = 1(Lnm).
Therefore it coincides with 7. O

4. SIMPLE IDEALS OF 7

In this section we decompose 7 as a direct sum of orthogonal simple ideals. We will
guide us by the expression given by Proposition 3.21. There is one ideal present in every
T-algebra: the ideal M linearly generated by {v(Jmn)}2, n—o-

Definition 4.1. For m,n =0,1,2 let My,, € Matx(C) be:

_ 1
an - /7|Qm||QnIL(Jmn)

Proposition 4.2. The vector subspace M = <{an}$n,n:0> is a simple ideal of T and
M ~ End(C3).

Proof. It not difficult to prove that
anMpq = 5anmq m,n,p,q = 07 1, 2
which implies the proposition. O

Using standard techniques we compute the following basis for the second ideal.
Let us denote

. _ _ 1 _ _
N11 = —q L ((/{ 2)[11 P) , N12 =D/ (=D (—1) L ((k‘ I)Q Jlg) y
N21 = NfQ, N22 = m L ((k‘ — 1)QtQ — TJQQ)

We have the following

Proposition 4.3. The vector subspace N = <{Nmn}$n’n:1> is a simple ideal of T
orthogonal to the ideal M and N ~ End(C?).

Proof. Tt not difficult to prove that

Nmanq = 5nmeq m,n,p,q = 152
MN = 0 YVMeM, NeN,
which implies the proposition. O

Now we give the expressions for the remaining one-dimensional ideals of 7. One can
easily prove the following:

Proposition 4.4. The matrices
Py = ﬁ L (P+ I — %Ju)
R22 = mL(S2*(k*l*Q’l")S*T’(k*l*T‘)IQQ*TJQQ)

S» = goho—ert (52 —@2k—=r=3)S+(k—1-r)(k—2)l— 7@7(?_(;;1%]22)
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are idempotents and orthogonal to the ideals M and N
Moreover, if (k—1)? = (r — 1)

Ry = -1 L(S—(k—l—r)]gz—ﬁjﬂ)a S22 =0

r—1

If not, Raa y Sao are linearly independent and orthogonal.
Then P = (P11),R = (Raz), S = (S22) are ideals of T, orthogonal among them and
orthogonal to M and to N

We get directly the following:

Theorem 4.5. Let M, N ,P,R,S CT be the simple ideals described above.
Then, the T -algebra of a GQ(k — 1,7 — 1) has the following decomposition as a direct
sum of orthogonal simple ideals:
T = MoeNePoRaS
~  End(C® @ End(C?* @ End(C') @ End(C') @ End(C')
= (k-1 #r—-1

T MeNOPER
~  End(C?) @ End(C?) @ End(C") @ End(C")
= (k—-1)?=r-1
Proof. Tt follows straightforward from Propositions 4.2, 4.3 and 4.4. d

5. DECOMPOSITION OF CX INTO IRREDUCIBLE 7 -SUBMODULES
In this section we consider the action of the 7-algebra
T xC¥ — ¥

(X is the set of vertices of the generalized quadrangle).
We have that

T7CX cCX
and since I € 7 it holds
T7CX =C¥X.

In the following we give a decomposition of C¥ into irreducible left 7-submodules.

5.1. Isotypic left 7-submodules.

Let T=MONOPORDS

be the decomposition of Theorem 4.5. We can associate to each simple ideal a left
T —submodule in the following way:

{simple ideals of 7} : —  {left 7-submodules of C*}
Z — ZCcX

They are indeed left 7-submodules since by the orthogonality of the simple ideals we
have

TZCX C ZCX for any simple ideal Z € {M,N,P,R,S}.

We call them isotypic T -submodules.
Then the decomposition of C¥ is :

(9) C* = MC*¥oNC¥ @ PCY oRCY @SCY
(10) SCX = 0 = (k—1)*=r—-1
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5.2. Irreducible left 7-submodules.

In this section we decompose each of the left isotypic 7-submodules into irreducible
left 7-submodules.

To give the needed definitions we use as a guide the simple ideal N' = {N11, Ni2, Naj, Noa }
associated to the left isotypic T-submodule NC¥X.

The matrices of the basis satisfy
(11) Nij Ny =051 Ny 4,5,k 1=1,2
In particular, {IV;; };=1,2 are idempotents and they have a (not unique) decomposition

as a sum of rk(NV;;) projectors of rank one.(Here rk(A) denote rank of A.)
That is, there exist

(12) {Nl({)};i(lNll) , ANSDYEN2) onerank projectors such that
’l‘k}(Nll) ) Tk(NQQ)
(13)  Nu= > NJ , Ne= Y N which satisfy
j=1 I=1
(14) NINB = 5, N9 fori=1,2
Remark 5.1. By equation (11) we have for example,
N21 == N21N11 then
’l‘k}(Nll) )
Ny = Y Ny N
j=1

The remark carries out to define the following subspaces of NCX

Definition 5.2. Fori=1,...,7k(N11)

WNI(? = {Nl(?v + (NglNl(i))w v,weCX }

Then we have:

Proposition 5.3.

Fori=1,...,rg(N11); W

N 18 an irreducible left T -submodule of dimension 2 and
11

w

-

w

N =~
Proof. Equation (9) and the fact that mutually different ideals are orthogonal implies
that W,y € NCX and that W ¢ is a left T-submodule. W is two dimensional

N}l Nll Nll
since Nl(zl) is a one-rank projector Vi =1,...,rk(N1).

; |X]
Therefore given {e; }‘])jl the canonical basis of CX, the subspace <{N1(i) ej} ' 1> has
]:

; 1X]
dimension one as well has <{N21 N. 1(? ej} >, which implies that W ) has dimension
j=1 11
two.

It is irreducible since if we consider a one dimensional subspace, it should be of the
form

{(aNl(? + ﬂNglNl(?) UHEINS (CX}
but the following actions of 7 would imply
Nip (aND 4+ BNy NHYeX ¢ aNDCX¥ = g=0
Noy (aN) + BNy NIY C©X € BNy N = a=0
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(which is a contradiction since it was a one dimensional subspace.)

It is easy to check that WN(f,) ~ WN(j) considering the isomorphism:
11 11

ON : (Nl(? + N21N1(?) c*X — (Nl({) + N21N1({)) cX
NDv+ Ny NDw — NJvo+ Noy NP w

which preserve the action of 7. O

Proposition 5.4.

’I‘k? N11)

W
EB NG

Proof. We have that Zrk (V) N & NCX.

Conversely,
Ny CX C Zrk (N11) N(,) since by equation (13)
Ny, CX = ( Sk N )(CX C SN W) Also
Ny CX C Zrk (N11) N since
N21 CX — N21N11 (CX _ N21 (Z;’k(lNll) N( )) (CX
= (Z;k(fvn) N21N1(1)> c*
— Z;k(lNu) (N21N1(;)) cX
But we also have Nj,CX C Z;k(lN“) WNm, since by equation (9)
N1;CX = NpNCX by equation (11)
= NpNCX
= N;CX
Analogously NooCX = NypNCX
= N21NCX
= Ngl(CX.

which implies Wy 2 NCX and therefore the equality holds.
11
We will prove that it is a direct sum by comparing

Tk:(Nll

dim Z No | with dimNCY.

We have rk(N11) 2-dimensional subspaces. By equation (14) and by definition of W ¢
11
given in 5.2; it follows that

rk(N11)
> dimW ) =2 rk(Niy) = 2 tr(Nu) = 2 r(k - 2).
j=1
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On the other hand, we obtain the dimension of NCX, computing the rank of the pro-
jection

N : C¥ - NCX
N = Njj;+ Nay which has the form
0 0 0
k—2)I,,—P
(k-1)Q" Q1
0 0 e

It is easy to check that
rk(N) = tr(N)

k—2)I;;—P (k—1)Q*Q—rJ.
= (”fl)) i <(<k—1)<—1)))
by Lemmas 3.3 and 3.5 = =2 ||+ % ||

= Zrk-1)+Fk-2)r

= 2r(k—-2)

Analogously we can decompose the other isotypic left 7-submodules. Considering
the matrices M;;, P11, Raa, S22 we define (the same way as for WN(i)),
11

Definition 5.5.

Witge = {Moou+ MioMoov + MagMoow  u,v,w € C¥}
W = {Pf?u weCX, i= 1,...,rk(P11)}
WR;iZ) = {Rég)u u e CX, izl,...,rk(R22)}
Wei = {Sé?u weCx i=1,... ,rk(Sgg)}
22

Then we have the following
Theorem 5.6.
X r(k—2 r—1 d d
C* =Wy, @j(:l ) Wyo @21 Wpo ®581 Weo @32 Wew

and
MCX = Wy, where Wy, is an irreducible left T-module of dimension 3
PCX = @;;} WPf{) where Wpljl are irreducible left T-modules of dimension 1
RCX = @?ﬁl WR%’; where WR%) are irreducible left T -modules of dimension 1
ScX = @?il WSQQ where WS%) are irreducible left T-modules of dimension 1
where
R
and

’l"k(MoQ) = 1, ’)"k‘(Pll) = (7’ — 1), Tk(RQQ) = dR ; 7‘]{)(522) = dS
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Proof. The proof is analogous to the one given for the decomposition of NCX.
The number of irreducible left 7-submodules that appear on each decomposition de-
pends on the rank of the projections to corresponding isotypic left7-submodule:

M . C¥-—> McCX

M = Moy + M1 + Mao
1 0 0
Jig 0
= V[ ]1Q4]
0 0 L2
vV 192](Q2]
P : CX¥X— PCX P:=P,

R : CX¥— RCX R:=Ry

S : C¥—= SC¥ §:=89
From the definition of such matrices, and computing its trace, we get the correspond-
ing ranks. O

Corollary 5.7.

r(r=2)(k=1)% | (r=1)(k=2)((k=1)*—(r-1)
k(14 (k—1)(r—1)=3+2r(k—2)+7r—1+ <(,cjz<+r)> + (,LW) )
Proof. One can get the equation by computing the dimensions of the decomposition
given in Theorem 5.6. g

Remark 5.8. In subsections 5.1 , 5.2 we can exchange ”left” by "right” considering
the action of the 7-algebra
C¥xT —cC¥
that gives
cX7=C¥
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