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Abstract

In the class of vacuum Petrov type D spacetimes with cosmological constant,
which includes the Kerr-(A)dS black hole as a particular case, we find a set
of four-dimensional operators that, when composed off shell with the Dirac,
Maxwell and linearized gravity equations, give a system of equations for
spin weighted scalars associated with the linear fields, that decouple on shell.
Using these operator relations we give compact reconstruction formulae for
solutions of the original spinor and tensor field equations in terms of solutions
of the decoupled scalar equations. We also analyze the role of Killing spinors
and Killing—Yano tensors in the spin weight zero equations and, in the case of
spherical symmetry, we compare our four-dimensional formulation with the
standard 2 4 2 decomposition and particularize to the Schwarzschild-(A)dS
black hole. Our results uncover a pattern that generalizes a number of previous
results on Teukolsky-like equations and Debye potentials for higher spin
fields.

Keywords: Petrov type D spacetimes, linear fields, symmetry operators,
black holes, spinor methods

1. Introduction

One of the most important open issues in general relativity (GR) is the black hole stability
problem, which consists in proving the dynamical, non-linear stability of the Kerr metric
within the set of solutions of the Einstein equations. Due to the high complexity, different
levels of simplifications are considered when approaching this problem; in the first place, one
considers linear systems, which, from the physical point of view, represent the propagation
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of the fundamental classical fields on these spacetimes ignoring back reaction. The dynamical
evolution of these fields is described by solutions of partial differential equations of tensorial
or spinorial nature on the Lorentzian manifold that represents the spacetime, the structure of
which depends on the kind of field we are dealing with. For example, the linearized Einstein
equations are a set of ten (in four-dimensional GR) linear, second order, partial differential
equations governing the evolution of the linearized metric.

The problem of analyzing solutions of these equations would be simplified if we were able
to find equivalent field equations for scalar fields encoding the dynamical degrees of free-
dom of the perturbative field, as scalar fields are simpler and, unlike spinor and tensor fields
on a Lorentzian manifold, carry an obvious notion of size. This turns out to be the case for
the gravitational perturbations of the Schwarzschild black hole, as recently showed in [15].
The proof of nonmodal linear stability of the Schwarzschild black hole in [15] makes use of the
fact that the linearization of a scalar curvature invariant ®[h], i.s the metric perturbation,
satisfies a wave-like equation which, according to the conventions of the present paper reads'

8M
(D——3)<I> =0, (1.1)

r

where (= g“ﬂVan is the standard D’Alembertian, with V,, the Levi-Civita connection.
Furthermore, for the odd sector, a solution of the linearized Einstein equations can be covari-
antly reconstructed from a scalar field satisfying (1.1) by means of

2
— r
hos = W*Cﬂﬂvwvg(ﬁcb), (1.2)

where *C, 3,5 is the dual Weyl tensor of the background Schwarzschild solution. This suggests
that there exists a four-dimensional map transforming off-shell the linearized Einstein tensor,
regarded as a linear differential operator on A, into the composition of the scalar wave opera-
tor acting on @ in (1.1) and the linear differential operator ®[4]. By off-shell we mean that this
is an operator equality for operators acting on the space of symmetric (0, 2) tensors (where
the perturbed metric tensor lives) and, as such, it holds regardless of any field equations satis-
fied by hg. If this is so, a natural question to ask, besides what the explicit form of this map
is, is whether such an operator equality exists for more general spacetimes, in particular for
the Kerr solution. In this work we address this question for the class of vacuum Petrov type
D spacetimes with cosmological constant, which includes the Kerr-(A)dS black hole as a
particular case. We proof the existence of maps transforming spinor/tensor field operators into
scalar operators. These maps have a universal form that depends on the spin s of the field (for

5= %, 1,2) and the spin weight s of the scalar ®, and (1.1) corresponds to the particular case

(s = 2,5 = 0) on a Schwarzschild background. We find that the mechanism explaining why
(1.1)—(1.2) solves the linearized Einstein equations is the transposition of linear differential
operators introduced by Wald in [34]. We also investigate the role of Killing—Yano tensors in
the description of perturbative fields, since, although not stated in [15], it turns out that the ®
solving (1.1) (in the particular case of the Schwarzschild solution) can be written as

O = YOY,5Cop 7", (1.3)

where Y, 5 is a Killing Yano tensor, *¥,4 its dual, and C,3 is the linearized Wey! tensor.
As is well-known, perturbations of rotating black holes are traditionally studied by the
Teukolsky equations [31], which are a set of decoupled scalar equations for the extreme spin

!'We take the metric to have signature (+———), whereby [J corresponds to —[Jin [15].
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weight components of perturbative fields of spin %, 1 and 2. As showed in [9], these equa-

tions can be put in a wave-like form by adding to the Levi-Civita derivative a connection
1-form I, (see (2.30) below for an explicit expression), that gives a weigthed covariant deriva-
tive V, + pl,,, p € Z, and the weighted wave operator [1]

@, := g**(Va + pL)(Vs + pLp). (1.4)

The advantage of using this modified wave operator is that the Teukolsky equations adopt a
very simple and elegant form in terms of it [1, 9]:

(@ay — 4s2T)P® = 0, (1.5)

where the field ®* has spin weight s and it is assumed a vacuum type D background spacetime
(the adjointness property of the Teukolsky system is also easily seen in terms of the modified
wave operator, see section 2.5 below and references therein). The extreme spin weight cases
are those treated in the original work of Teukolsky. However, we are particularly interested
in spin weight zero fields, both because they are truly (tetrad independent) scalar fields and
also because the scalar field in (1.1) is of this type. For gravitational perturbations, decoupled
equations for all the perturbed Weyl scalars have been derived in [1] (for spin weight s = £1
the equations in [1] are actually not decoupled, in the sense that they involve perturbed quanti-
ties other than the Weyl scalars). In any case, the equations in [1] are valid on-shell, i.e. the
linearized vacuum Einstein equations are assumed to hold. Since we are interested in find-
ing operator relations we cannot make this assumption. Working off shell is what ultimately
allows us to find patterns relating the equations for perturbed Weyl scalars and the linearized
Einstein tensor, and these relations allow us to construct solutions of the linearized Einstein
equations from solutions of the decoupled scalar equations. In the following section we state
our main results. They all have the form of operator relations for operators acting on Dirac,
Maxwell and perturbed metric fields. On shell, they give a system of decoupled scalar wave-
like equations implied by the (Dirac, Maxwell and linear gravity) field equations. Their off-
shell validity is what allow us to construct solutions for the Dirac, Maxwell and linear gravity
equations from solutions of simple scalar wave-like equations.

1.1. Main results

We recall that, in the Petrov classification, type D spaces, which include the Kerr family, have
two principal null directions (PNDs) o, ¢4 in terms of which the only non-trivial Weyl scalar
of the curvature is ¥,. In the following, the spinors o?, 1A (and the associated null vectors) will
always refer to these PNDs. In particular, we introduce the anti-self-dual 2-forms

0 1 2
Mag = 2l[amg], Mag = 2l[anﬂ] + 21’71[0/715], Mag = zrﬁ[anm, (1.6)

associated with the principal null tetrad {/, n, m®, m“}, and the following tensors, which are
anti-self-dual in each pair of indices and have the symmetries of the Weyl tensor:

0 0 0

Wasys := MosMys, (L.7)
2 0 2 2 0 1 1

Wyﬂ'yﬁ = MaﬂM'yé + MaﬂM'yé + MaﬂM'yéa (18)
4 2 2

Wogys := MosM.s. (1.9)
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In this paper we prove that there are four-dimensional maps that transform off-shell (in a
sense to be made precise below) the field operators of higher spin fields into scalar operators.
Although these operators have a generic form that depends on the spin s of the field and the
spin weight s of the related scalar (as we show in section 2.5), for clarity purposes we give
now, in separate form, the explicit operators for spins s = %, 1 and 2, and for zero and extreme
spin weight, s = 0, £ s.

Consider first spin § = %; this case describes massless Dirac fields. We will use the 2-spinor

formalism, in which the massless Dirac equation is VAA'X 4=0.
The proof of the theorem below can be found in section 3.

Theorem 1.1 (Spin s = %) Consider an arbitrary spinor field x 4, on a vacuum Petrov type
D spacetime with cosmological constant \. Then we have the following equalities:

o 1 2
U oPVE 0, PV x ] = —E(H -0+ EA)[OAXA] (1.10)

. 1 2\
BVE0 PV ] = —5(_1 0, + EA)[\PZ AL (1.11)

Note that x4 in equations (1.10) and (1.11) is an arbitrary s = % field, that is, not satisfying

any field equation, these are examples of what we mean by off shell equations. If the field x4
satisfies the Dirac equation, the left hand sides of (1.10) and (1.11) vanish and we get a system
of two decoupled linear homogeneous (Teukolsky) equations for the scalar fields oy, and
1" 4 Knowledge of the off shell relations above is crucial for constructing solutions of the
original (Dirac, in this case) field equations from scalar (Debye) potentials.

The spin s = 1 case corresponds to Maxwell fields, which are solutions to V44 ¢, = 0.
The following theorem, proved in section 4, shows that a similar structure to that of spin s = 1

2
occurs for this case:

Theorem 1.2 (Spin s = 1, spinor version). Consider an arbitrary symmetric spinor
field ¢, on a vacuum Petrov type D spacetime with cosmological constant \. Then we have
the following equalities:

o 1 2

U3 0BoCVE W, VA ] = —5(+2 — 4%, + EA)[OAO%AB] (1.12)
o 1 2 Voo

U0 BLOVEW, 2 VA ] = —5(D+2\P2 + 5/\)[\1/2 Por Bl (1.13)

o 1 2 _
LBLCVg (¥, 2/3vg’¢AB] = —E(—z — 40, + g/\)[‘l’z 2/3LALB¢AB] (1.14)

The tensor version of this theorem is achieved by introducing an anti-self-dual 2-form
f’;ﬁ = F,3 +1"F,3, and by using the tensors (1.6):

Theorem 1.2’ (Spin s = 1, tensor version). Consider an arbitrary anti-self-dual 2-form
ﬁag on a vacuum Petrov type D spacetime with cosmological constant \. Then we have the
following equalities:
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0 ~ 2 0 ~
U3°M N[0, 2PVOE, 5] = _(+2 — 40, + EA)[M aﬂEyﬂ] (1.15)
13, Boa 2 13y g
UM OG0V gl = —| 0420 + A [0y MR (1.16)
2. —2B3oa 2 2137 BE
MONL[U, VO g] = —| @2 — 40, + EA WM P Es |- (1.17)

As in the Dirac field case, on shell the left hand sides of the above equations vanish and
give decoupled scalar field equations for the Maxwell scalars on the right hand side, gen-
eralizing Teukolsly equations to non extreme spin weights. Once again, the fact that equa-
tions (1.15)—(1.17) hold for any anti-self-dual 2-form Faﬂ is what interest us most.

Finally, spin s = 2 corresponds to gravitational perturbations. We assume there is a mono-

parametric family of metrics g,s(¢), where the unperturbed metric g,3(0) = g, solves

Einstein equations. In what follows, we use alternatively i| _o and a dot over a quantity
de '€=

to denote linearization. Assuming linearized Einstein vacuum equations (with cosmological

constant) are also satisfied (that is, on shell), the linearized Bianchi identities are formally
% (:O(VAAIﬂ}ABCD) = 0 (see e.g. [12, equation (2.8)]). The operators to be applied off shell
to these identities follow a similar pattern to those of spin s = % and s = 1, as the following
theorem shows:

Theorem 1.3 (Spin s =2, spinor version). Let (M,,g,;(¢)) be a monoparametric
Jamily of pseudo-Riemannian manifolds, analytic around € = 0, such that g, 5(0) satisfies the
vacuum Einstein equations (with cosmological constant \) and is of Petrov type D. Let Yupcp
be the Weyl curvature spinor of the metric g, (¢ ). Then we have the following equalities:

d P 1 2\

EL:O [@§/3030C0D0EV§ (7, 4/3V§/¢A3cn)] e —5(+4 — 160, + EA)\IJO (1.18)
d 213 (B,.C,D, EyB (—4/3 A 3d R\ 1/3

— o (W57 0P0 PV (W™ Vi pep)] = =5 — | = [| B+2%2 + — [¥57] (1.19)
de 2 de 6

& LB ETE WA ] = — [ @ — 168, + 22 |1w5 4]

e =0 L2 TP Vg (Y, gYascp)l = =3 [T]_4 b 3 2 4 (1.20)

where U = <1, _Wi(e), i = 0, 4.
This theorem shows how to map off shell the linearized Bianchi identities to decoupled

equations for perturbed Weyl scalars. However, gravitational perturbations are traditionally
described in terms of the perturbed metric hap = §,5 = ;7|5:0 8as(€), which is a solution to

the linearized Einstein equations G,l/] + Mhag = 0, where G, 5lh] = diL:0 Gap(€) is the lin-

€
earized Einstein tensor, which is a—g, ; dependent—Tlinear functional on A,

. 1 1 1
G,plh]l = *EDhaﬂ - EVaVﬁh + ViVahg)y, + Egaﬁ(ljh — VIV, (1.21)
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where h = g”‘shwg. In order to relate the perturbed Weyl scalars in theorem 1.3 to the linearized
Einstein tensor, we use the linearized Bianchi identities in the following way: let 0%*" be a
linear differential operator such that 0% = O1*7 and g, 0*"" = 0 (see section 5 for explicit
expressions of 0% in spinor form). As we will show, applying O“”" to the Bianchi identities
on an arbitrary spacetime, one gets

Oaﬂ'yvécaﬁw _ —OaﬁvVang, (1.22)

where C, 3,5 is the Weyl tensor. The idea is to choose 0% such that the left hand side of (1.22)
is a decoupled equation for some Weyl scalar plus additional terms that vanish when linear-
izing. When we linearize the right hand side of (1.22) around a vacuum solution (i.e. with
R.s|._o = 0), the linearization operator d%L:o commutes with 0°'V, and we are left with a
background operator acting on the linearized Ricci tensor:

d d

S| 10V Copgl = —0°N, | =
df e=0 dE

Rﬂw] . (1.23)
e=0

Note that the symmetries of 0% are such that we can add a term propotional to the metric in
the right hand side of (1.22), this allows us to replace R,z by the Einstein tensor and to include
a cosmological constant term (in which case we consider A-vacuum background solutions,
(Gagp + Mup)l.—o=0). See section 5.1 for details. When combined with theorem 1.3, and
using the tensors (1.7)—(1.9), the previous idea leads to the following result:

Theorem 1.3’ (Spin s = 2, tensor version). Consider an arbitrary metric perturbation
hag on a vacuum Petrov type D spacetime with cosmological constant \. Then we have the
following equalities:

0 . .
W3PW B (054N (Goplh] + Mrag)] = (W4s — 160, + %A)%{h] (1.24)

2 .
W30 [0 (Gaslh] + M) |

= 6[([]—1—8\1/2 + %A)[\Ilgm\i/z[h]] + 3(Dh+%)\1/5’3], (1.25)

4 . .
W O, (05 3NV (Gaplh] + Mrgp)] = (Mg — 160, + %A)Wf”wu. (1.26)

In the next sections we put the equalities in the previous theorems in an operator identity
form in the spirit of [34]. This provides a way to reconstruct solutions of the original field
equations from solutions of the decoupled equations of which (1.1)—(1.2) is a particular case
(see lemma 6.1 and below).

The proof of all theorems requires combining spinor and Geroch—-Held—Penrose (GHP)
techniques, although in section 6 we also give some alternative proofs using the 2 4 2 decom-
position of warped product spacetimes, which is useful for connecting our formalism to the
traditional approach in the spherically symmetric case.
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1.2. Conventions and overview

We will assume the spacetime to be a 3 4+ 1 dimensional, orientable, Lorentzian manifold
with metric signature (+———), and we further assume that it admits a spinor structure. Greek
indices refer to spacetime indices, and (primed and unprimed) latin capital indices are spinor
indices. Additional notation, when needed, will be explained in the corresponding sections.
Throughout the paper, we will omit the soldering forms o 44 for the correspondence between
spinors and tensors. For background on the 2-spinor and GHP formalisms, see for example
[26, 27]. We will often use ‘A-vacuum spacetime’ for referring to a spacetime which is vac-
uum apart from a nonzero cosmological constant \. For the sign conventions we use regarding
curvature tensors, see appendix A.1.

In section 2 we explain the methods we will use in the calculations of this paper, in par-
ticular the basics of the GHP formalism, the properties of Petrov type D spacetimes relevant
for this work, and a review of Wald’s method of adjoint operators, together with a unified
form of the operator to be applied to a spin-s field in order to get decoupled equations for its
components. Sections 3-5 are devoted to the proof of theorems 1.1-1.3 respectively, we also
give covariant, compact expressions for solutions of the field equations in terms of solutions
of decoupled equations; in particular, in section 5 we show in detail how to relate the equa-
tions for perturbed Weyl scalars to the linearized Einstein tensor, and then how to construct
a solution of the linearized Einstein equations from solutions of the decoupled equations. In
section 6 we give the relation of our methods and results with the 2 4 2 decomposition of spa-
cetimes with warped product structure, particularized to the Schwarzschild-(A)dS solution. In
particular, we demonstrate the origin of (1.1), (1.2) (section 6.2.1) and (1.3) (section 6.2.2).
Finally, the conclusions of this work are presented in section 7, together with a summary of
previously known results. We also include an appendix collecting relevant formulae for the
proofs of the main theorems.

2. Spinor and GHP methods

The purpose of this section is to introduce the different techniques we will use in the calcul-
ations of this paper. In section 2.1 we discuss briefly the spinor fields we will consider in this
work and the associated scalar, decoupled equations. In section 2.2 we give the basics of the
GHP formalism needed to understand the notation and calculations of the next sections (we
mainly follow [19] and section 4.12 in [26]). In section 2.3 we present the compact form of
the Teukolsky equations using weighted wave operators [1, 9], we will use them in the case
of extreme spin weight. The characteristics of Petrov type D spacetimes relevant to this work
are presented in section 2.4, together with the properties of the Killing spinor associated with
these solutions. Finally, in section 2.5 we recall the method of adjoint operators due to Wald
[34], that will be central in this work, and we give the general (s, s)-operator that maps off-
shell the field equations into scalar, decoupled equations for the spin weight s component of
a spin-s field.

2.1. Preliminaries

The fields one typically considers in the study of black hole stability are obtained as a gener-
alization of the situation in the Minkowski space. The possible physical fields that can exist
on a flat spacetime are in turn determined by very general symmetry arguments. More pre-
cisely, the (massless) physical fields are classified by studying the massless irreducible rep-
resentations of the universal covering of the Poincaré group, which is the isometry group of

7
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Minkowski space. This leads to the notion of massless free fields of spin® s: totally symmetric
SpINors @4 4, = P, _a,,) With 2s indices satisfying the equation®

Mg, 4 =0, 2.1)

where Oqx = 0% 440, With 0@ gx the soldering form and 9, derivatives with respect to global
inertial coordinates. Physically important examples of (2.1) are the Dirac (s = 1/2), Maxwell
(s = 1) and linearized gravitational fields (s = 2). For curved spacetimes, however, the exis-
tence of spinor fields depends on whether or not it is possible to define a spinor structure, for
which there are some topological obstructions [20, 21]. If the topological conditions are met,
spinors are defined by using the local SO(1,3) symmetry, and the generalization of (2.1) to a
curved space is achieved by the minimal substitution 9, — V,,

VA, 4 =0, 2.2)

where now ¢, 4, 8 a cross section of the corresponding spinor bundle. The spin now labels
the irreducible representations of SL(2, C), which is the covering of SO(1,3). On the other
hand, even if the spacetime admits a spin structure, the existence of non trivial solutions of
(2.2) for s > 1is constrained by algebraic consistency conditions: if we assume (2.2) holds and
take an extra covariant derivative we find that

ABC _ 0
9

PABC(As..oxtiy, ) (2.3)

where Yupcp is the Weyl curvature spinor. This equation is sometimes referred to as the
Buchdahl constraint, and it imposes strong restrictions on the geometry of the background
spacetime (see e.g. [8]). Moreover, the gravitational perturbations of a generic curved space,
represented by the linearized Weyl spinor, do not satisfy (2.2), i.e. they involve a non-trivial
right hand side in this equation (see e.g. [12]), and the algebraic specialty is generally not

preserved under perturbations [5]. Therefore, we will focus on the spin s = %, 1cases of (2.2),

while for the spin 2 case we will use the linearization of (2.2).

As mentioned in the introduction, a useful simplification in the study of solutions of ten-
sorial/spinorial field equations would be to find a scalar equation describing the system. Of
course, one can obtain a set of scalar equations on an arbitrary spacetime by simply projecting
the field equations on a basis frame at each tangent space. Simplifications useful for calcul-
ations are achieved if the basis frame one chooses can be related to the particular geometric
structure of the spacetime. This is the case for example when the geometry possesses distin-
guished directions, like in the algebraically special spacetimes of the Petrov classification.
The Petrov type D is especially relevant for the black hole stability problem, since the Kerr
family of stationary, vacuum black hole solutions corresponds to this case. Two (repeated) null
directions are preferred at each point in this class of spaces, and, by adapting a null frame to
them, a formalism especially suited for this situation can be implemented, namely the GHP
formalism. However, the system of equations obtained this way typically consists of several
interrelated equations which in principle cannot be analyzed separately. That is to say, the
equations are generally coupled, in the sense that each one of them involves more than one of
the components of the field relative to the basis frame one have chosen.

In a flat space, given a spin-s field (2.1), a single scalar equation can be obtained by
using Killing spinors4 (see [27, section 6.4]): if Ly, a,, is a 2s-index Killing spinor, the field

20r, more properly for the massless case, helicity.
3In the case of spin s = 0 the field satisfies the massless wave equation (¢ = 0.
4Not to be confused with the homonymous object in the mathematics and supergravity communities [32].

8
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® = [A-Asg, . satisfies the wave equation, [J® = 0. In curved spacetimes, the situation
is more subtle because the existence of Killing spinors imposes restrictions on the curvature
to algebraically special cases. On the other hand, even if Killing spinors are available, it is
expected the appearance of curvature terms in wave-like equations for & = LA-4x¢ A Ay FOT
example, Petrov type D spacetimes admit a 2-index Killing spinor K45 (see section 2.4 below),
which is related to various symmetries of these spaces. The scalar field ® = K*8¢, ,, where ¢,
is a spin-1 field (2.2), can be shown to satisfy the Fackerell-Ipser equation

(0+29,)® = 0. 24

This equation was found in [18] by other means in the particular case of the Kerr solution, but
it is valid for all type D vacuum spacetimes.

On the other hand, it is possible that the scalar equations we are looking for involve wave
operators distinct from the traditional D’ Alembertian 0 = g®?V,, V. We can think of this situ-
ation in the following geometrical terms. Let P L Mbea principal fiber bundle with struc-
ture group G over the spacetime M, and let w, be a g-valued connection 1-form on P, where
g = Lie(G) is the Lie algebra of G. Tensor fields on M are sections of associated bundles to
P, E=Px,V, where (p,V) is a representation of G on the vector space V. The covariant
derivative on FE is induced by the connection 1-form on P, and, acting on a cross-section v of
E, it is explicitly given by

@ad} = ao/(/) - p'(wa)qu, (25)

where p’: g — gl(V) is the associated representation of the Lie algebra g (see e.g. [25]).
Formula (2.5) is very useful; it generalizes the expression for the covariant derivative of ten-
sor and spinor fields occurring in general relativity or Yang—Mills theories. (For example, the
covariant derivative appearing in (2.2) is a particular case of (2.5), where the Lie algebra is
g = so(1,3) and the connection 1-form is the spin connection.) The equation we are look-
ing for may then involve a wave operator formed as g*’0,0;. This is actually the case for
the Teukolsky equation [1], where, in the context of the GHP formalism, the gauge group
is C* and its representations on the fields of interest are labeled by an integer number p; see
section 2.3.

2.2. GHP formalism

The GHP calculus is especially suited for situations in which two null directions [ and n® on
the spacetime are distinguished, like in the case of Petrov type D spaces we are interested in.
We align a spin dyad {0#, 14} to these null directions, with 0424 = 1. The relation of this dyad
with a null tetrad is as usual,

—_ Al — A — A - — A
lazoAOA na:LA A a _ AFA «a A A' (26)

>

As the normalization is preserved throughout the spacetime under 04 — \o#, 14 — X\~ 1i4,
where )\ is a nowhere vanishing complex scalar field, then fixing the null directions reduces
the local SO(1, 3) freedom in choosing an orthonormal tetrad, to a gauge freedom represented
by a 2-dimensional subgroup of SO(1, 3), which is isomorphic to C* (the multiplicative group
of complex numbers). In more geometrical terms [17], we get a reduction of the orthonormal
frame bundle, with structure group SO(1, 3), to a principal fiber bundle B L M with structure
group C*. The Lie(C*)-valued connection form is
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Wo = €Ny — f/la + ﬁ/moz - ﬂn_’lw (27)

and it transforms under C* as the gauge potential of an abelian Lie group, w, — wy + A7V, \.

The components of a tensor field projected on the null tetrad (or a spinor field projected
on the dyad) are complex fields on the spacetime or, more precisely, fields 7 : B — C, since
they are associated with a particular frame. These components have a well-defined transfor-
mation law under a change of frame; in other words, they transform under the representation
I1, , : C*— GL(C) of C* on C given by

— 1L, (M := AP A, 2.8)

for some integers p, g. Elements transforming under this representation are known as weighted
quantities of type {p, q}, or, alternatively, quantities of spin weight s = (p — q)/2 and boost
weight b = (p + ¢)/2. While the quantities of a well-defined type {p, ¢} form a complex vec-
tor space (carrying the representation (2.8) of C*), the quantities of all types together form a
graded algebra. The properly weighted spin coefficients are p, 7, x, 0, p’, 7/, ', o’ (see [26,
equation (4.5.21)] for the definition of the spin coefficients as derivatives of the dyad spinors),
while the coefficients 3, €, (', ¢/ do not have a well-defined type, they enter in the formalism in
the definition of the connection form (2.7). On the other hand, the components x, = x 40* and
X; = X 4t” of a spinor field  , are of type {1, 0} and {—1, 0} respectively, while the Maxwell
components ¢; are of type {2 — 2i, 0}, i =0, 1, 2, and the Weyl scalars ¥, i = 0, ..., 4 have
types {4 — 2i, 0}.

The representation of the Lie algebra g = Lie(C*) associated with (2.8), m, , : g = gl(C),
is easily calculated as

. q(X)n = (pX + ¢X)n. (2.9)

Then, according to (2.5), the covariant derivative on sections of the associated bundles
E,4:= B xq,, Cis

On = Vi — pwa — s (2.10)

(the inclusion of the Levi-Civita derivative V,, allows one to apply this formula to weighted
spinor and tensor fields, besides weighted scalars). The traditional weighted derivative operators
b, p’, d and & are simply the directional derivatives along the null tetrad, p = [°©,, p = n®0,,
0= m“©, and 8'= m*6,. This is in contrast to the non-weighted directional derivatives of the
Newman—Penrose formalism, D = [*V,, D' = n®V,, 6 = m®V,, and §' = m®V,,. The relation
between both classes of operators can be inferred from (2.10) and (2.7): acting on a type {p, ¢}
quantity, we have

b =D —pe— g, (2.11)
d=06-pB+qp, (2.12)
b’ = D'+ pe' + g€, (2.13)
o =68 +pp —qb. (2.14)

A very useful GHP operation taking weighted quantities into weighted quantities is the so-
called prime operation, which is defined by the interchange 0 < 4. It is easy to see that if
is of type {p, ¢}, then n’ is of type { —p, —q}. This operation allows one to halve the number of

10
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Newman—Penrose equations which are properly weighted, namely the Ricci identities involv-
ing derivatives of the weighted spin coefficients?,

bp —8'k = p*+ 06 — T — 7'k + Py (2.15)
po—0k =(p+ p)o— (1+ 7T+ Yy (2.16)
br—br=F-7)p+ T 7)o+ ¥+ Dy (2.17)
dp o =(p—p)T+(p'— pHr — Wi+ P (2.18)
dr—po=—po—3&p+ 1>+ KR + P (2.19)
b p—07T=pp + o0 — 77 — k&' — ¥ — 2A. (2.20)

The prime of these equations gives six more properly weighted Ricci equations. The remain-
ing Newman—Penrose equations involve derivatives of spin coefficients not properly weighted;
in the GHP formalism they enter in the commutation relations for the derivative operators:

[b.b') = (7 — 700+ — 70 —pls’ — 77/ + Wy + By — A)
—q(RR' — 77 + Ty + &y — A), 22D

(b, 0] = pd+00'=7'p — kp' — p(p'x — T'o + W)
—q(&'R — pT' + Po1), (2.22)

[0,01=(p"— p)b+ (p— PP +plpp' + 00’ + W — 11 — A)
—q(pp’ — 36"+ Uy — &y — A). (2.23)
We also note the following commutation relation, in which a is an arbitrary constant and 7 is
type {p, 0}:
(b — ap,d—arln = p(d—ar)n — 7'(b — ap)n — 2a + p)¥m
+ (O + pr'n+ an(®'—7 + 1')o

— ('n+ppn+an® — o'+ p"H)k. (2.24)
For type D spacetimes, the terms proportional to o, x and ¥; vanish, and we are left with [1]
(b — ap,d8—atln = p(@—ar)n — 7'(b — ap), (2.25)

this relation will be very useful in the following sections.
In order to find the spinor operators that map field equations to decoupled scalar equations,

we will need the explicit form of Vg/x ™ Vg/qSA g and Vg,wABCD in its components in the {0y, 14}
basis. This can be obtained readily by using formulae (4.12.27) in [26]. For Dirac fields, this
gives
Vg/XA =" = p)xo — (O—T)x110p
+1(b = pxi — @' =7)xols, (2.26)

while for the Maxwell spinor, we get

3 The greek letter A (traditionally associated with the cosmological constant) represents the scalar curvature and is
conventional in the two-spinor formalism [26, 27], this is the reason why we use A for the cosmological constant.
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Vadup = [(0-27)¢; — (b' — p )y + 00, 1epop
+ [(b, - 2P’)¢1 - (6_7)¢2 + /QIQSQ]OBéB’
+ @' =7")dg — (b — 2p)¢; — KPyliplp
+ (b — p)p, — (8'=27")p, — o' Pyloplp, (2.27)

and similarly for the Weyl spinor

Vaibgep = — [P — p" )W — @—47)W; — 30 Walipepop

+ 30’ — 20" )W — (0375 + K"V — 20Vs3]1scop)0 s

=3[P — 3"V, — (8—27)U3+ 26"y — o Wlegocp)yOp

+ [(b" — 4p" )3 — (0—7)U + 3K"Wslopcpo g

— [(b— 4p)¥ — (07" + 36 Wr]epcply

+ 3[(b — 3p)Ws — (0’ 27"V + 2kW3 — o'Wl geop)lp

— 3[(b — 2p)V3 — (0'=37" )1 + KWy — 20" Vlugocp)lp

+ [(b — p)Vy — (8 —47")W3 — 30" Ws]opcplp, (2.28)
where tupc = talplc, Lap = tals, Oapc = 040p0¢ and o4p = o40p. The Dirac and Maxwell equa-

tions and the vacuum Bianchi identities of the GHP formalism are given simply by setting all
previous components equal to zero independently.

2.3. The Teukolsky equations

The Teukolsky equations [31], which were originally found by using the Newman—Penrose
formalism, can be put in a compact form by using a modification of the covariant derivative
(2.10). With this purpose we define the 1-form B, by

Bry = —plaly + Tiad x (2.29)
and, following [1], we introduce a new connection I, := B, — w, on E,, ;; explicitly:
Lo = (6= png — €'lo + B'mqg + (7 — B, (2.30)

Since in the next sections we will work on the Dirac, Maxwell and Weyl scalars, and they are
all type {p, 0} quantities, we need only define the weighted wave operator

@y = (V* + pI'NV + pl). (2.31)
Note that [Tl = [. Its expression in terms of the weighted directional derivatives is
@y = 2(b — pp — PP’ — p') — 2(0—p7 — 7)(O'=7")
+1Bp — 2)W; — 4A] + 2(p — 1)(kK' — o0"),

where A = R/24, with R the Ricci scalar. The Teukolsky equations for a field ®* of spin
weight s, on a background type D vacuum spacetime, are then [9]

(2.32)

(@ — 452T)P = 0. (2.33)

We will see that several of the identities we will prove follow easily from applying the prime
operation to other identities. For this, we need to know the behavior of [T], under the prime
operation. As proved in [1], acting on a type {p, 0} quantity ®, ], transforms as

12
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m,® = W57 m_, (¥, ", (2.34)

2.4. Petrov type D spacetimes

In the Petrov classification of spacetimes, type D spaces are characterized by the existence
of two (repeated) principal null directions (PNDs). As mentioned, the Kerr—Newman—(A)dS
family of stationary, electrovacuum black hole solutions belongs to this class. Aligning a spin
dyad {04, 14} to the PNDs, several of the GHP coefficients and Weyl scalars vanish:

KJ:I{/:O'ZO'/:O:\IIQZ\IHZ\I@:\I&;, (235)

Uy = upepooPiCuP = 0. (2.36)

The Weyl curvature spinor has the explicit form

Yascp = 6920408t CLD), (2.37)
and the Bianchi identities of a A-vacuum, type D spacetime are simply
1)\112 = 3/)\112, 6‘112 = 37'\1’2 (238)

and their primed versions. If we introduce a 1-form Ay as

Apy = U3V 05 173 (2.39)
Bianchi identities imply that

Ay = —pialy — p'0s0 y + T'0aTy + T1a0 4, (2.40)

Expressions (2.40) and (2.39) will be both very useful in the applications.
A very important property of A\-vacuum type D spaces, is that they admit a 2-index Killing
spinor, namely a symmetric spinor Kxg = K4p) satisfying the twistor equation

VercKasy = 0, (2.41)
see [33] (also [27, section 6.7]). The explicit form of K4z in the principal dyad {04, 1} is
Kap = kU5 Pouis), (2.42)

where k is an arbitrary complex constant. This object is associated with several kind of sym-
metries and ‘hidden’” symmetries of the spacetime, as we briefly recall in the following. Taking
the divergence of (2.42) in an unprimed index, we get £44 = VP4 K4, which turns out to be
complex a Killing vector [27, proposition 6.7.17], and in the case of the Kerr solution it is
proportional to the (asymptotically) timelike Killing field. The tensor fields associated with
K4p are the 2-forms

Yop = iKapeap — iKapeap, (2.43)

Yop = Kapeap + Kapeas, (2.44)

and they turn out to be conformal Killing—Yano tensors. In the case in which £ is real (for
example in the Kerr and Schwarzschild solutions), ¥, 4 is an ordinary Killing—Yano tensor:

VY3 =0 (2.45)

13
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(see [23] for a thorough account of these tensor fields in the Kerr case). In [22] it was shown
that Y, 3 generates conserved supercharges for the supersymmetric extension of the geodesic
motion (see also [30] where further applications of Killing—Yano tensors are discussed). On
the other hand, the square H.3 = Y,,Y"” g is a Killing tensor, VH3,) = 0, whose existence in
the Kerr spacetime allows one to completely integrate the geodesic equation [33]. Finally, the
vector n® = H “355 is also a Killing vector (which is linearly independent from £“ in the Kerr
case, and it is zero in Schwarzschild). Apart from section 4.1.1 below, in this work we do not
assume that the Killing vector £ is real.

The Weyl spinor (2.37) of a type D space can be written in terms of the Killing spinor
(2.42) in the form

6 1
Yagep = p‘I’gBKABKCD - 5‘1/2(€AD€CB + €acepp). (2.46)

This leads to the following expression for the anti-self-dual Weyl tensor in terms of the
Killing—Yano tensors

Capys = —P‘I’gmyaﬁyw + \I’Z(ga['ygﬁ]ﬁ + Efaﬂwé)’ (2.47)
where

- 1 .

Yaﬂ = E(Yaﬁ +1 Yaﬂ) (2.48)

We recall that, according to our conventions, we have

~ 1 .
Caﬂ'y& = E(Caﬂ"/é + I*Caﬂms) (2.49)

Formula (2.47) will be particularly useful in section 6, where we explicitly evaluate our results
in the Schwarzschild-(A)dS spacetime.

2.5. Adjoint operators

In this section we review Wald’s idea of adjoint operators [34], since it plays a central role in
this work. Suppose that we are interested in solutions f of the differential equation &(f) = 0,
where £ is a linear differential operator acting on a (spinorial/tensorial) field f. Suppose also
that there exist a new variable of the form 7(f), and linear differential operators S and O such
that, for all f (not only for solutions of £(f) = 0), the following equality holds:

SE(f) = OT(f). (2.50)

Then if fis a solution of &(f) = 0, ¥ = 7(f) satisfies the equation O(¥) = 0. Furthermore,
given that (2.50) is valid for all f, we may introduce a hermitian inner product (-, -} and define
the adjoint of an operator A as ( f,Ag) = (A'f, g); and, since (AB)' = B'A', we have the adjoint
of equation (2.50):

ETSH (@) = TTON(D). (2.51)

This implies that a solution ¢ of Of@) =0 generates a solution of £7(x) =0, where
X = ST(®). Therefore, if the adjoint operators have a particularly useful form, we obtain in
this way a mechanism for generating solutions of differential equations from solutions of
other equations. In practice, the hermitian product we will use is given by

14
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(f.8) = fo g (2.52)

where a total contraction of all the indices of fand g is understood. We will further assume that
all fields decay to zero at infinity, so that divergence terms will be neglected.
In the next sections, we apply this idea to spinor fields of spin % 1 and 2. The decoupled

equations for Dirac, Maxwell and linearized gravitational fields on vacuum type D spacetimes
with cosmological constant can be obtained from linear differential operators, acting on the
corresponding spinor fields, that have a generic form. More precisely, for a totally symmetric
SPINOT G 4 4, = Pia,..a,, WE Will show that applying the operator given by

W3PS (U5 V8 40, a) (2.53)
where
Pél y)AZE = (25) ‘ \I](‘Yfﬁ)/?’L(Al“_LA5—30A5—3+1_._0A25)’ (254)
’ —5)!6E+s))

and then linearizing around a type D A-vacuum background, the result is a decoupled equa-
tion for the spin weight s component of the field, with s = 0, ==s. Since we are assuming a

A-vacuum solution with no background spin s = % or s = 1 fields, the linearization is actu-

ally only needed for spin s = 2, and we mention that in this case it should be understood in a
‘tensor sense’®, that is to say, we linearize tensor quantities (we can do this because inte-
ger spin fields can be equivalently described by either spinor or tensor fields). We note that,

writing (2.53) in the form P{s*(Q¢)a,. 4, Where
(Q)ar. 4, 1= VU3V (V2" Vb 4, 0 8): (2.55)

the operator Q coincides with the operator (2.13) recently presented in [2]7 (we also note that
in this last reference, Wald’s method of adjoint operators is also applied to construct higher
order symmetry operators for the Teukolsky equations and the Teukolsky—Starobinsky identi-
ties in the cases of spins 1 and 2). The following sections are therefore mostly dedicated to
prove that the linearization of

Pél,'sn)Azs(Qd))Al...Azg _ \II%SBPQ?%'"AZEV?[(\IJEZE/SVEI/(bA]AZMAZS) (2.56)

leads to decoupled equations for (rescaled) components of the field ¢4 4, , i.€. to prove theo-
rems 1.1-1.3.

The only cases we will not worry about in this work are (s = 2, s = £1), which correspond
to the linearized Weyl scalars ¥, and Ws; this is because they do not satisfy decoupled equa-
tions, as showed in [1]. On the other hand, we note that for spins s = 1,2 and spin-weight
s = 0, (2.54) turns out to be a Killing spinor, which explains the appearance of this object on
the field equations for s = 0 in the Maxwell and linearized gravity systems.

We finally mention that, in the next sections, the operator O of (2.50) will always have the
form of the modified wave operator (2.31) (for some weight p) plus a (complex) potential V,

O=m,+V. (2.57)

Using that M, = (V* + pI')(V, + pI,,), the adjoint O" with respect to (2.52) is easily
calculated as

©This is because the linearization of a spinor is a rather delicate issue, see [7].
71 thank Thomas Bickdahl for this observation.
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Of'=m,+V, (2.58)

an identity that will be extensively used in the next sections when calculating adjoint equa-
tions. This adjointness property is very important in the Teukolsky system, see [34] and the
recent article [2].

3. Dirac fields on type D spaces

In this section we prove the theorem 1.1 for spin s = %, which corresponds to massless Dirac
fields. We recall that we use two-component (Weyl) spinors, corresponding to the (%, 0) (or
(O, %)) irreducible representation of SL(2, C). As is well-known, Dirac spinors, more commonly

used in quantum field theory, transform under the (reducible) representation (%, 0) & (0, %).
For notational convenience we define

s 1
PB =P8 s=4—.
(%,S) , S 3 3.1
Then, according to (2.54), we have

1

=0 ;DEB: Wy 3B (-2

o[ —
=
=

Theorem 3.1 (Spin s = %) Consider a vacuum spacetime of Petrov type D with cosmo-

logical constant )\, and let s = :I:%. Then for all spinor field x 4, the following equality holds:
Sp.s€p(Xa) = Op.sTp (X ) (3.3)

where the linear differential operators are

SpsU) = WPBEVE 0, P ), (3.4)
Ep(xa) == VigXas (3.5)
2
Op o(®) := (s — V2 + E)\)@’ (3.6)
1s,
Tp,s(Xa) i= _EP Xa- 3.7

Proof. Consider first the spin weight s = % case. Using the expression (2.39) for the 1-form
A,, we have

Sy 16000) = 0BVE VAX A+ 0P AR VA X, (3.8)

For the term with second derivatives of x 4, we use Leibniz rule:

OPVEVAN L = VB (0PVAX,) — (VEOP) (VA ). (3.9)
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The first term on the RHS of this equation gives:
Vi (0PVAx L) = —Vec(0“e EVA Y )
= =V (0“0 TEVA X 4) + Ve (0T 0P Vix )
= —(D + (VulDIEEVAXA] + (6 + (Vam)[0F VX 4]
=-(D+et+e—p—pEFVix,l
+ @+ B+ 8 — 17— P05 VAxA
where we have used (2.6) for the relation between the dyad and the tetrad vectors, and also

expressions (A.14) and (A.16) for the divergence of the tetrad. For the second term in (3.9) we
use equation (A.10) for the derivative of 0%, then

—(vg’oﬂ)(vg,XA) = —(B— 108 VAx+ (e— p)TEVAX . (3.10)

For the term with first derivatives of x , in (3.8), we use the expression (2.40) of A,, which
implies

oBAgl = piB — 7% 3.11)

Combining with the previous calculations, using (2.11)—(2.12) for the definition of the weight-
ed derivatives p and 9, and (2.26) for the corresponding components of Vg,x 4» we have

Sp1E00c) = =D+ &= p = PEFVixal + @+ 5= 7 = F)7 V]

=—(b—p— PEEVAX + @—7— P25 VAx,]
=—(p—p—pIP = p)xo— O—7)xi]
+(@—7 — )b — p)x; — @' =7")xo]
=—[b—p—pO —p)— @7 —7)N-T)]xo
+I(p — p— P)O—7) — (O—7 — )b — Plx;- (3.12)

Using the explicit expression for the weighted wave operator (2.32) with p = 1, we see that
the term with x in the previous equation is just

b —p— PP — ) — @7 — T )X = —%m 04 %x\)xo. (3.13)

For the term with x;, we use the commutation relation (2.25) with a = 1:

[((p—p—p)@—T7) —0O—7— 7D — pIxy
=[p—p,0—7lx, — pO—T)x; + T (b — p)x; =0, (3.14)

and therefore we finally obtain

1 2
SD’%gD(XA) = —5(1 -0, + g)\)Xo- (3.15)
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For the spin weight s = —% case, we just have to apply the prime operation and use formula
(2.34) for the transformation law of [T;:
_ 1 2 —1/3
S, _18p(xa) = —5 (@ - U, + EA)[\IIZ xil- (3.16)
)
O

In order to generate Dirac fields from solutions of the decoupled equations, we take the
adjoint equation to (3.3) in the manner described in section 2.5 (in particular we use (2.58)),
this gives

B

/ 185 _ - 2
~ViIShH (@)1 = —P @ =T+ 2N, (3.17)

where
. L3S
(S (@)1F = T, VB, Py, (3.18)
Equation (3.17) implies then the following corollary:

Corollary 3.2. Let ® be a solution to the decoupled equation Op__(®) = 0, which is the

spin weight ZF% Teukolsky equation for s = + % in a A\-vacuum type D spacetime. Then:

(a) The spinor field

_ r S
$A(<I>) =, VB Py @) (3.19)

. $
is a solution to the massless Dirac equation, VA4 ¢, = 0.
(b) The operator Ap ; defined by

Apo(®) = PAdy(®) (3.20)

maps solutions of Op (@) = 0 into solutions of @D,_s(‘@) =0.

For further symmetry operators for the massless Dirac equation, we refer to [4] (and refer-
ences therein).

4. Maxwell fields on type D spaces

We now prove the theorem of spin s = 1, corresponding to Maxwell fields. The proof is very
similar to the previous case, in the sense that the manipulations for extreme spin weight are
the same. For spin weight zero, the proof can be done either by the same lines or by using the
fact that the corresponding object is a Killing spinor.

Once more, for notational convenience we define

S
PiE =P, 5=0%1. (4.1)

Explicitly, we have

IlAB — 0ApB —: oAB 4.2)

k]
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Pas _ o154, 4.3)

PlAB = 02,8 2,08, (44)

0
Note that P48 coincides with the Killing spinor (2.42) (with k = 2).

We recall that for spin weight s = %1, theorem 1.2 should give us the s = £1 Teukolsky
equations for electromagnetic perturbations, while for s = 0 we should obtain the Fackerell-
Ipser equation. This is summarized as follows:

Theorem 4.1 (Spin s =1). Consider a vacuum spacetime of Petrov type D with cos-
mological constant A\, and let s =0, %1 Then for all symmetric spinor field ¢yp = Gup)
the following equality holds:

SutsEm(Pap) = Oms T (D45 4.5

where the linear differential operators are

Suyn) = VPG 10, ), (4.6)
Evldug) = Viibum @7)
Ouo(®) := (2s +2(1 - 3570, + %A)é, (4.8)
Tiuddus) i= 5 P 49)

Proof. We start with the spin weight s = 1 case:
Su.1E(dyp) = (0BCVE + 205CAE)V Ay
= 0PCVEVA Gy, + 20°C AL VA, (4.10)

where we have used the expression (2.39) for the 1-form Asy. Leibniz rule for the term with
second derivatives of ¢, gives:

0BCVEVA Gy s = VE (0P VA G R) — (VE 0PNV dyp). (4.11)
The first and second terms in the right hand side of this equation are treated in a similar way

as was done for the Dirac case in equation (3.9); using expressions for derivatives of the dyad
spinors and tetrad vectors given in appendix A.2, we get

oBCVEV Ay = —(b — PI0PTEVA G5 + (9—7)[050% Vi 1, 4.12)
where we have also used the definition of the operators (2.11)—(2.12) acting on the corre-

sponding weighted quantities. On the other hand, using the expression (2.40) for A,, the sec-
ond term in (4.10) is
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ZOBCAg/Vg/¢AB - 2pOBL_B,Vg/¢AB - 27—0863/Vg/¢AB. (4.13)

Thus:

Sm,1€m(Pup) = —(b —2p — P_)[OBL_B’V;}/%B] + (027 — 7_")[0353’V§r¢,43]~ (4.14)

Now we use the formula (2.27) for expressing 07 B/Vg/rbA gand oBéB/Vg/qu 5 1in GHP form; the
result, after reordering terms in ¢, ¢; and ¢,, is:

Sm.iEm(@up) = — [(b—2p — p)(P' — p') — (027 — 7Y =711,
+ [(b —2p — p)(0—-27) — (027 — 7')(b — 2p)l¢,
+ (b —2p— plog,] — (0-27 — 7)[Kp,].
For the term with ¢, using (2.32) we see that
—[(b—2p— )b — p') — (027 — 7)) —7)]¢,
= —%(2 — 40, + %)\)qbo + 2(kK' — 0d’)¢y. (4.15)

The term with ¢, identically vanishes because of (2.25) with a = 2, similarly as in (3.14).
Finally, using (2.35) for a type D background, we get:

St En(dng) = —%u T %A)qﬁo. 4.16)

This completes the proof of spin weight s = 1. For s = —1, as with the Dirac case, the
corresponding identity follows by applying a prime to the previous equation and using (2.34)
with p = 2.

0
Consider now the spin weight s = 0 case. We will use the fact that P4? in (4.3) coincides
with the Killing spinor (2.42),

0
Pz = Kap. (4.17)

We have:

Su.0Eu(p) = W3 KECVE W, 2V ¢y
= KPCVEVA s + 2KPCAE VA Gy,

1 ’
— 7§KABD¢AB + 2KBCO g p+ 2KBCAL Vi by

Using the explicit action of the curvature operator U4, we get
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1
Su,0Em(Pyp) = —EKABD@;B + KB Xcap 0P 5 — XcapP? pl

+2KBCAE VA

1 R
= _EKABD(bAB + KABI:_g(bAB + 1PABCD¢CD]

+ 2KBCAE VA,

where we have used the identity (A.5), together with the decomposition (A.4) of the curva-
ture spinor Xpcp. Now, the identities (A.18) and (A.20) for the Killing spinor allow us to
write

1 1 ! /
— K00 = =S OK 1) + — Gu0K + VKA NVecdyy

1 R 2 4
= —E(D—Z\Ilz - E)KAquAB + EVCDKDAV?@;R

Furthermore, using (A.21) and the definition of A,y it is easy to see that K BcAg/ = %Vg/l( BC,

then combining with (A.19) we finally have

1 R 2 o
SM,OEM(¢AB) = 7E(D72\I/2 - E)KABQSAB + EVCDKDAVE/QSAB

R 2 _p
(2w + B0+ SvERI T,
1 R
= _5(D+2\1/2 + g)KA%AB.
Finally, replacing R = 4\ we obtain the desired formula. O

Now we want to see how to generate Maxwell fields from solutions of the decoupled equa-
tions. If we take the adjoint equation to (4.5), we get

/ 4 1 ) gl = = 2
—VANS ) (@) = —EPAB(fzs +2(1 = 390 + EA)Q (4.18)

where

T, = § R/
[Sh @I = —0, 78[5 P ), (4.19)

This implies that if ® is a solution to Oy, _((®) = 0, then
VAUSE (@15 = 0. (4.20)

Evidently, these are not Maxwell equations. In order to construct a Maxwell field, we need
the following lemma:

Lemma 4.1. Let aﬁ/ be a solution of VA(B/aﬁ’) =0 on an arbitrary spacetime. Then
Gup = V(A“ﬂag) is a Maxwell field, VA% ¢, , = 0.
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Proof. If o satisfies VA(A'aﬁl) = (0, then taking an additional derivative it is easy to see that

1 ' 'y R I
0= —EDo/,? + Dpap a4 — gag + Vap' V4 B4, 4.21)

On the other hand, if ¢, = Viajxja ) then

/ 1 / ’ / R ! ! ,
2VAY Gy = Emag — paptafh + gaé — VA VB4,

Note that the only difference between this equation and (4.21) is, besides a global sign, the
order of the derivatives in the last term on the right hand side. Using (A.3), we have

Vﬁ/VBB’aB/A = e (VppVac + ecpOapteasTon)al™
=4 I:VBB’VAC’O‘B/A + EC’B’((I)ABQ’B/OKQIA + XaBo AO&BIQ)
+ EAB(XC/B/QrB'aQ'A + CIJCrB/QAaB'Q)]
= VBB/VQICYB/A,

where the identity (A.5) and its complex conjugate were also used in the intermediate steps.
It follows that

VAA/QSAB =0. m

Combining theorem (4.1) with the results of the previous lemma, we have the following
corollary:

Corollary 4.2 (Spinor version). Consider a vacuum type D spacetime with cosmologi-
cal constant \. Let ® be a solution of the decoupled equation Oy _(®) = 0, which is the spin
weight F1 Teukolsky equation for s = +1, and the Fackerell-Ipser equation for s = 0. Then:

(a) The spinor field

Ky - -2/38 oy
Dap(®) = =2V [0,V o[ I3 P ECD]] (4.22)

is a solution to Maxwell equations, VAA,QSAB =0.
(b) The operator Ay defined by

Ay (@) = PABG, (@) 4.23)

maps solutions of Oy (®) = 0 into solutions of @M,,S(CD) =0.

We refer once more to [4] for further symmetry operators for Maxwell equations. We also
note the recent work [2] in which symmetry operators for spin 1 and the connection with
Teukolsky systems and Debye potentials are studied.

4.1. Tensor expressions

We now put in tensor form the spinor expressions for the Maxwell field. First, we need to
introduce the anti-self-dual 2-form
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s s
B := Pageap, s=0,%1, (4.24)
or, explicitly,
+1
B = 2lamg, (42%)
0
By = 205 P (lang + mpamy), (4.26)
-1
By = 20, igany 427)

Note that (4.26) is the tensor version of the Killing spinor (2.42), therefore, it is the sum of a
Killing—Yano tensor and its dual,

0 i .
Pozﬁ = _E(Yaﬂ + I*Yaﬂ)- (4.28)

The tensor version of corollary 4.2 is the following:

Corollary 2’ (Tensor version). Consider a vacuum type D spacetime with cosmological
constant \. Let ® be a solution to Oy, _(®) = 0, which is the spin weight F1 Teukolsky equa-
tion for s = £1, and the Fackerell-Ipser equation for s = 0. Then:

(a) The tensor field

S

Eo(@) = Eas(®) — i Eoy(®), (4.29)
where

Eas(®) = 25052V (By, 1370, (430)

s
is a (complex) solution to Maxwell equations, V*F,3 = 0.
(b) The operator defined by

1s .3
Ay (@) = EP“‘*Faa(fb) 4.31)

maps solutions of Oy () = 0 into solutions of (_QM,,S(CD) =0.

Proof. We need only translate the spinor expressions into tensor form. It is easy to see that

- S - N
2V L85 2V (Pyy 1570)] = 2 Vil B, 2V (P P05 )]

- S -
+ eapVpu ¥, Pyepp B/)C"Ing‘I))] (4.32)

The dual to this 2-form is (see e.g. [26, equation (3.4.22)])

=2/3

=23 8 ~2/3
2T YA N 2 VAT O 2RV

. =23 5 b
Q)] = —ieanVpul¥, Vi (Pc "V, ®)]

- S _
+ieasVoul T PVCP(P o3 @) (4.33)
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s
Recalling the expression (4.22) for ¢, ; we get:

K - s - S
Sufaw = —2Val 03V Py, B3N] + eV, [0 2V (s, 1), (4.34)
which implies that

S s s s (4.35)

Eyﬂ(q)) = ¢ABfA’B’ = Eaﬂ(q)) - 1Ta[i(¢)’ .
where

S - s

Ey(®) = 2V 05 V(85,057 9)1. (4.36)
The proof of item 2. is immediate from corollary 4.2 and equation (4.24). O

4.1.1. Spin weightzero. 'We now consider in more detail the spin weight s = 0 case of (4.22), in

order to understand the role that Killing spinors and Killing—Yano tensors have in the descrip-

tion of the Maxwell field. In this section we assume that the Killing vector {44 = VBAKp4 is

real. First, we need to put (4.22) (for s = 0) in terms of the Killing—Yano tensor:

Lemma 4.2. The spinor field given by (4.22) with s = O can be rewritten as

O . B' ccC’ 2
D4p(P) = 21V, [YapcoVEE @] + Kap(O+2T, + 5/\)@, (4.37)

where Y,z is the Killing—Yano tensor (2.43).

Proof. We have

0 T, T = Yall
Dup(®) = —2Vgia [, V) o[ 05 R EC D]

= 4Vpuldp oK PP — 2V Vs (RPCP).

Using (A.21) and the definition of the (real, Killing) vector £44, we get Agc KF¢' = —égg',
and then

0 4 ! N al = R/
Dup(P) = ngB«A[ég)@] — 2V [(V) o K BC)D + KBCVpy o ®]
8 / 2 ! — At
= €0V ® + S (Vpu&p)® — 2KV Vi @

= g&ﬁ;%m@ + Q¥ + %)chb — 2K BNy 4 Vg ® (4.38)

where we also used (A.22) for the divergence of £44. On the other hand,
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2V Yoo VEED] = 2[VEYimcaVED + 2YpCVE Ve d
= — 2V Ky cew VD + 2VE Ry VEED
— 2K VEVCD + 2R peregcVE VD
=+ §§C,(BEA)CVCC'<I> — 260, V5 — Kapd
— 2K,y Vg ®
- gggvg)c@ — KppO® — 2KAB 0 Vgp®.  (4.39)

Combining (4.38) and (4.39), (4.37) follows immediately. O

Now we give the tensor form of (4.37). It is convenient to separate ® into its real and imagi-
nary parts in the form ® = u + iv, with u and v real scalar fields.

Corollary 4.3. Let ®=u+iv be a solution of the Fackerell-Ipser equation
Omo= (O+2T, + %)\)fb = 0 on a A\-vacuum type D spacetime, then:
(a) The tensor field F3(®) = E,5(u) —*E,g(v), where
Eap(v) = =4V (Y5 'V,v) — 4Tm(P2) Yo v, (4.40)
is a solution to Maxwell equations, V*F,3 = 0 = V¥*F,3.
(b) The operator Ay o defined by
Ay o(®) = =Y + Y)W (Y3 7V, ) — 8iTm(Up) W, D (4.41)
maps solutions of Oy o(®) = 0 into solutions of Oy o(Apr.o(P)) = 0.

We note that several simplifications in the above formulae occur in the case in which W, is real.
In the first place, the second terms in the RHS of (4.40) and (4.41) vanish. Furthermore, using
(2.43), (2.44) and (2.42) (for k = 2), it is not difficult to see that

YUYy = —20m(; ), (4.42)

Y3767 = =3V Im(w, ), (4.43)
and then

Ay o(®@) = —YN,(Y3V,®),  WER, (4.44)

which coincides with the well-known Carter operator [11]. The most important case in our
present work in which W, is real is the Schwarzschild solution, where the Carter operator coin-
cides in turn with the laplacian on the sphere. These observations are relevant in section 6.1,
where we apply our general results to Maxwell fields on the Schwarzschild-(A)dS solution.

5. Gravitational perturbations of type D spaces

We now turn our attention to linearized gravity on curved, Petrov type D backgrounds, which
include the stationary, A-vacuum black hole solutions of the Kerr-(A)dS family. Metric per-
turbations of rotating black holes are traditionally studied by the Teukolsky equations [31],
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which are decoupled, separable differential equations for the extreme perturbed Weyl sca-
lars Wy and {y. These fields have the desirable property of being tetrad and coordinate gauge
invariant. The spin weight zero Weyl scalar ¥, (which is just tetrad gauge invariant), on the
other hand, has proven to be useful in the spherically symmetric case [15], since, for the odd
sector of gravitational perturbations of the Schwarzschild black hole, (a rescaled version of)
the imaginary part Jm¥, is gauge invariant, satisfies a wave-like equation (1.1), and encodes
all the information of the gravitational perturbation (in [15] it is used as the linearization of
a curvature invariant, an identity valid for all type D spacetimes). Furthermore, the perturbed
metric can be reconstructed from this quantity in a covariant, compact form (1.2). The appli-
cation of the spin s = 2 theorem 3 will allow us to find the origin of this reconstruction, as
well as similar covariant, compact maps from solutions of the Teukolsky equations to metric
perturbations.

5.1. The Bianchi identities and the linearized Einstein tensor

We now explain how to relate off-shell the decoupled equations for perturbed Weyl scalars to
the linearized Einstein equations. For this we use the Bianchi identities. As these identities
are a consequence of the definition of the curvature tensor, VjoRg,15c = 0, they are valid in a
generic spacetime regardless of the field equations. Contracting with the metric, they imply

véRaﬁ’vé' - *zv[aRﬁ]w (5.1)

or, in terms of the Weyl tensor,
1
V?Caps = —ViaRo1y — 84V Ra1s + ggy[aVﬂ]R- (5.2)

Consider now a linear, covariant differential operator 03 = OloAl | with gMO‘”ﬁ” =0.
Applying 0 to the previous identity, one gets

0NN Cpprs = —O'Y,Ry,. (5.3)

Note that the trace-free condition of the operator 0%” implies that we can add to R.s a term
proportional to the metric; this way we can replace R, with the Einstein tensor and add a
cosmological constant term:

Oaﬂ’yvécaﬂv& —_ _OOL'/}VVO((Gﬁ7 + )\gﬂﬁ’)' (5.4)

We claim that this equation is the key to relate the decoupled equations for the perturbed Weyl
scalars to the linearized Einstein equations. In the following section we will choose 0**" such
that the left hand side of (5.4) is a decoupled equation for some Weyl scalar plus additional
terms that vanish when linearizing. On the other hand, if we linearize the right hand side of

(5.4) around a A-vacuum solution, the linearization operator %L:O commutes with O“MY,

(because (G,p + )\gaﬁ)|€:0: 0) and we are left with a background operator acting on the
linearized Einstein tensor:

d d
— [O"mV‘SCa[m] = —0"V, | — (Gay + )‘gﬁw) . (5.5)
df c=0 df e=0 ‘
The operator 0% will have the generic form
0% = WePI(Y, + nA,), (5.6)
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for some constant 7, where W®?* has the symmetries of the Weyl tensor, and the 1-form A, is
the tensorial counterpart of the spinor A4 introduced before.

We find that the calculations are most easily performed using the Bianchi identities in spinor
form. Following [26], contracting with the volume form they are equivalent to V**R3,s = 0,

where "R, 3,5 is the left-dual Riemann tensor, *R,g,s = %Qﬂ "R,s. In spinor terms (see [26,
section 4.10]), one gets

Vs = Vi epan — 2encVpwA, (5.7

where A = R/24 (with R the curvature scalar), and ®cpyp is the spinor analogue of the trace-
free Ricci tensor,

R
upap = *ERABA’B/ + §€ABEA’B’- (5.8)

If we apply a linear differential spinor operator OFB¢P = 0B'BCD) ip (5.7), the trace part van-
ishes because of the symmetries of O%BP, and, analogously as in (5.4), we can replace ®cpup
with the Einstein tensor plus a cosmological constant term:

’ 1 / !
o* BCDVg/wABCD = - EOB BED7 8 (Gepan + Necpeaw). (5.9)

5.2. The decoupled equations

In [1], decoupled equations for all the perturbed Weyl scalars are obtained, assuming that the
linearized Einstein equations are satisfied (that is, on-shell). These equations are the Teukolsky
equations for spin weight s = £2, corresponding to Wy and Wj; the ‘linearized Fackerell-Ipser
equation’ for spin weight s = 0, which corresponds to U,; and two more equations for spin
weight s = %1 that are not decoupled in the sense that they involve perturbed quantities other
than the corresponding scalars ¥, and W3. As we mentioned in section 2.5, we will focus only
in the spin weight s = 0, =2 cases. We recall that, in what follows, all expressions contain-
ing linearization of spinors are purely formal; they should be understood as the linearization
of the corresponding tensor expressions, which is always possible because we are work-
ing with fields of integer spin (see for example footnote 8 below). On the other hand, when
linearizing tetrad components of tensors, we assume that there is a monoparametric family
{I%(e),n“(e),m“(¢),m"(¢€)} such that, in the background, {{*(0), n“(0), m“(0), m*(0)} is the

principal tetrad of a type D space. Thus, for example, when the quantity ¥, := i|6:0\:[/()(6)

de
appears below, one has
d d ~
o Wo(€) = —— | (Cagpsl “m’I'm’)
de de
(L) B em md)| g+ C sl oL tomPrm
de =0 aBys e=0 T “afble=0 de =0 (5.10)

where (l‘)‘mﬂl”'m‘s)L:0 refers to the principal tetrad of the background. We will not need to
work explicitly with the perturbed tetrad.

We now demonstrate the spin s = 2 theorem 1.3, and in the following section we use the
Bianchi identities to relate the decoupled equations for the Weyl scalars to the linearized
Einstein equations (i.e. we evaluate explicitly (5.9)).
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The objects (2.54) for the s = 2 case are:

A1ArAzA

PEFBY = oMotptiohs = Ml G.11)
A AsA 23

PG = 60, Polthoh Ay A = [ AddAs (5.12)
A1ArAzA —4/3 —4/3

P(21‘722)3 4 \1,2 LAILAZLA3LA4 = \1,2 LA1A2A3A4' (513)

Note that (5.12) is a four-index Killing spinor, Vg gLapcp) = 0 (the product of two Kup’s
(2.42)). For spin weight s = £2, theorem 1.3 give the s = +2 Teukolsky equations for grav-
itational perturbations, while for s = 0 we obtain the linearization of the Fackerell-Ipser
operator.

Theorem 5.1 (Spin s =2). Let (M,,g,5(¢)) be a monoparametric family of pseudo-
Riemannian manifolds, analytic around € = 0, such that g, 5(0) satisfies the vacuum Einstein
equations (with cosmological constant \) and is of Petrov type D. Let Yupcp be the Weyl cur-
vature spinor of the metric g,5(¢), and let s = 0, £2, then the following equality holds:

d d
dc [Sc.s€6(Yupcp)] = dc [O6.sT6.s(YuBcp)] » (5.14)

€ le=0 € le=0

where the linear differential operators are

Se.sUgncp) = W3PS [0, Y3 g, (5.15)

Ec(Wupep) = Vatascps (5.16)
9 R

Og,(®) := (Zs +2(1 - ZSZ)‘I’z + g)‘P, (5.17)

3—1s])
G—ls] P& SPnscn. (5.18)

T, s(Yapcp) == —

Proof. We start by the spin weight s = +2 case. We have

S6.+266(Wncp) = [0FFPVE + 40FEP AL Vi iupen

; / (5.19)
— oEBCDYE VAtuscp + 40F5CP AB Ve upcp-

Noting that (V44upcp)|,_o= 0, we can evaluate the term oFBCD Agl in the background; thus,
using expression (2.40) for the 1-form As4, the second term in the bottom line of (5.19) gives

40FBCD Angﬂ/JABCD = 4(pi® — 705050 0PV Aauncp (5.20)

On the other hand, the term with second derivatives of Yugcp in (5.19) is treated along similar
lines as in the Dirac and Maxwell cases. Leibniz rule gives

oFBPV L A upcn = Vi 0PV Aduscp) — (V0 P)(VAtngep), (5.21)
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and manipulations analogous to those performed in (3.9) lead to

Y Vethgep = —(b — MloPoColr Blvg’wABCD]
+ (67’7_/)[OBOC0D63/V£’¢ABCD]
where we used the definition of the operators (2.11) and (2.12). Combining this expression

with (5.20), we get

[OEBCDvg + 40EBCDAIE9 ] VglquBCD

= —(b—4p — PP PTE VA unscp] + (9—47 — 7080 0 0" Vi uscpl. (5.22)
Now we just have to put in GHP form the spinor terms in the last expression, for which we

use (2.28), and then use the same arguments as in [1] in order to arrive to the decoupled equa-
tion (we repeat them here for completeness). Reordering terms in ¥y, ¥; and U,, we have

|05V + 4055 AY |V ttrscn

=[—(b—4p— D' — p) + O—47 — 7)O' =) %
+ [(b— 4p — p)O—47) — (0—47 — )b — 4p)] Vi
+3(b — 4p — PloWy] — 30—47 — )KL,

Using (2.32), we see that the term involving Uy is just
[=(b—4p— D] — p) + @47 = )= W%
1 R
= —5(4 — 10%, + g)% — 3(kK' — o0’ )Wy, (5.23)

On the other hand, for the ¥, term we use the commutation relation (2.24) applied to ¥}, with
a=4andp =2:

[(b—4p— p)(O—4T1) — (0—47 — 7)(b — 4p)] ¥ (5.24)
=[p —4p, 047V, — p(d—47)V; + 7'(b — 4p)¥ (5.25)

= —100] + ("W + 27U + 4V(d — T + 7)o
— (bW + 20" + 4P — o' + p'))k. (5.26)

For the W, term, we only need to use the Ricci identities (2.16):

3(b—4p — p)loWa] — 3(0 — 47 — T)[kW,]
=3{(po — k) + o bV, — KOV, + (47K + 7'k — dpo — po )V}
= 3U,0 + 30(p — 3p)V, — 3x(0—37)V,.

Then, recalling (5.19) we get

1 R
S56,266(Yascp) = —5(4 — 160, + E)‘Ifo + B[¥, Uy, K, 0]

where
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B[Uy, U, k, 0] := —3(kK' — 00") ¥y — 1007
+ (" + 270 + 4W(0—T + )0
— (P +20"0 + 4U(p — '+ PR
+30(p — 3p), — 3K(3—37)Ts. (5.27)

Linearizing this expression (in the sense described at the beginning of this section) around a
type D background spacetime, and using the Bianchi identities (2.38), we get

d

€

B[Yo, ¥y, k,0] =0 (5.28)
c=0

(because all terms in B[¥, ¥}, x, o] are at least order e %) and therefore, recalling that \I/0|€:0 =0,

d

1 2.
. [S6.2E6(Uupcp)] = —5(4 — 16V, + g)\)‘l’o, (5.29)
e=0

which is what we wanted to prove®.

For spin weight s = —2, as observed in [1], this case follows from the previous one by
simply applying the prime operation and using the transformation law (2.34).

Consider now the spin weight s = 0 case. The proof of this case goes along similar lines as
those of the previous one: we start by

S6.0€c(Wnpep) = [LFPPVE + ALFEP AL 1 Vi dnpen

= LEBCDvg’vg,wABCD + 4LEBCDAg/v2/'¢ABCD, (5.30)

and use Leibniz rule for the term with second derivatives of ¥upcp:

LT E N A npep = Vi LBV Adnsep) — (Vi LY (VA upen). (5.31)

Now, the second term in this equation is more easily calculated taking into account that in
the end we want to linearize around a A-vacuum solution, such that (V§/¢ABCD) L:o = 0; then

d /
& [—(VE LEEPY (VA nupcp)]
e=0
/ d
:—(VELEBCD)\EZOE [VAUnscp] (5.32)
e=0

This implies that we can use identities from the unperturbed spacetime. From the defini-
tion of Lapcp, equation (5.12), we see that it is propotional to the Weyl spinor of the type D

background: Lagcp = \IJES ! 315ABCD, where ﬁABCD = WABCD)L:@ Using the background Bianchi
identities, we then have

(VELEBCD)| = (SLEBCPAE)| _ | (5.33)

8 The linearization of the spinor expression Sg 2€6(Yapcp) in the LHS of (5.29) is an
example of what we mean by ‘understood in a tensor sense’, since one uses the equality

0
413 EBCD B [y, —4/3 L ,4/3017 —413 85 N
U3 o BV [0, VA Ygepl = =30 W I NT, PV Cong] -
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where we have used expression (2.39). Therefore,

d

' d ,
& [—(VE LEBPY(V A aupcp)] = " [—SLEBCD AL VA dupep] (5.3
e=0 J
and then
—|  [Sc.o€c Wupcp)]
€ le=0
d / ,
~ 4 [Vg (LEBCDVg/wABCD) — LFBCD AR VgﬂpABa)] . (5.35)
=0

The term inside the bracket in (5.35) can be calculated without linearizing, following similar
manipulations as in previous cases and using the explicit expressions (2.40) and (5.12). The
result is

vE( LFBOTA o) — LD AE Veibpen
= =3(b = MY, 0P CPTEV e

= 3 =P, 0P PTE NV Ay pep)

+30—7)Wy 0P 1P V g

30 — I3 0P P V gy pepl-

Now we just have to use (2.28) for the corresponding components of Vg,@bABCD (note that
we need the second, third, sixth and seventh equations in (2.28)), and the fact that

U253 — 3N, = 3(p' — p)? (5.36)
and similarly for the other derivatives. This gives

VE (WP AY pepy) — LD A VA e

==3(b— p) BE — PN + U2 [ (3-27)T5 + 26T — o]
=30 —7) [-3@-7)T" + WP [(p — 2" — 2003 + K'Tg]]
+30—7") [3@ =73 + U2 —(p — 2p)W5 + 20", — kY]]
+30 = ) [-3(b — )Y + W P 27 — 2K03 + 0" Tg]]

Note that the sum of the second and fourth lines is just the primed version of the sum of the
first and third ones, and then we only calculate the latter:
=3(b = ) BO — P + W[~ (@-27)W; + 260 — oLy
+3(0-7) 3O~ + W[~ (b — 2p) W3 + 20"V — K 4]
= =91 = AP = p) = O-7)@ =7 %"
+3(b — ;@ -27)W3] — 30—, (b — 2p) W3]
=3(b — AW — W] + 30—, 20"l — KTy, (5.37)
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Recalling the explicit expression (2.32) of the weighted wave operator [T, (and taking into
account that U, is type {0, 0}), we see that the term with U5’ is just

[((b— AP — p) — @—7)& —7)] &7
= %(D—FZ% + g)\lfg” + (kK — 00")TY? (5.38)

The second term in the bottom line of the last equation will vanish when we linearize around
a type D spacetime (because of (2.35)), and so will the terms with W3 and with ¥}, Uy in (5.37);
for the term with W3 we need first reorder as

(b — PP 3O-27)T3] — (B—7")[W; (b — 2p)¥s]
- %@55% T)O- 200 — U2 (b — p)(@—27)05

—%qf?”(a%)(p 2000+ U3 (b — )b — 2000,

and recall the background Bianchi identities (2.38) and the commutation relation (2.25).
Linearizing and taking into account the vanishing of the terms just mentioned, we finally get

d

de
d

de

[S6,0€6(Yupep)]
0

=

[VE LEEPY A upep) — LEEPAG VAinscp]
e=0

[(mz% + %)\Plf],
e=0

o

€

which gives the desired result. O

5.3. Tensor expressions and Einstein equations

Using the idea we described in section 5.1, we now give the identities that combine the previ-
ous decoupled equations with the linearized Ricci tensor. First, we recall the definition of the
anti-self-dual 2-forms given in the introduction

0 1 2
Mag = 2Z[QMQ], Mag = 2l[anﬂ] + 2n'1[amg], Mag = 2rh[anﬂ], (5.39)

and the anti-self-dual tensors with the symmetries of the Weyl tensor:

0 0 0

Wagys 1= MogM.s, (5.40)
2 0 2 2 0 1 1

Wxﬂ')/é = MaﬁM'yé + MaﬂM'y(S + MaﬁM'yég (5.41)
4 2 2

Wogys := MosM.s. (5.42)

We also recall the expression of the linearized Einstein tensor in terms of the metric
perturbation:
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: 1 1 1
Gaplh] = —EDhaﬂ - Evavﬂh + V'¥ohsy, + Ega[,(Dh — VIVoh.s), (5.43)

where h = g""‘shw(s. The combination of theorem 5.1 with the analysis of section 5.1 then leads
to the following corollary (which is just theorem 3):

Corollary 5.2.  Let (M., g,5(¢)) be a monoparametric family of pseudo-Riemannian mani-
Jolds, analytic around € = 0, such that g,5(0) is of Petrov type D and satisfies the vacuum
Einstein equations with cosmological constant \. Denoting the linearization of a quantity T

byT := %h:o T(¢), we have the following equalities:

0 . 2 .
W5PW I, (0N (Gaplh] + Mhap)] = (Mg — 160, + Ol (544)

2 ) .
W3W G [0 (Gaslh] + M) |

=6 [(D—I—S\Ifz + %)\)[\I’gm\bz[h]] + 30, + %)%’3], (5.45)

4 . :
W ORI, [0, 43N (Goplh] + Mrap)] = (s — 160, + %A)[\If;“”\lu[h]]. (5.46)

The previous equations show that if the linearized Einstein equations Gag[h] + Mg =0
are satisfied, then we have decoupled equations for the perturbed Weyl scalars. On the other
hand, in order to see whether we can construct solutions of the linearized Einstein equa-
tions from solutions of the decoupled equations, we can put these identities in an operator
equality form such as (5.14). We separate cases according to extreme and zero spin weight,
since there are important differences between them.

5.3.1. Extreme spin weight. For s = +2 we define new operators Sy and £ such that equa-
tions (5.44) and (5.46) adopt the form

Ssg(haﬂ) = Oslrs(haﬂ) (547)

for all symmetric tensor field h,g = h(s), Where

2—s
Si(H,p) = U§T2PW G w, P H, 1, (5.48)
E(hap) := Gaplh] + Mag, (5.49)
2
O((®) = (s — 16%7 + 5)‘)@’ (5.50)
Tihag) = V2P0, [h). (5.51)

Since & is self-adjoint, and O! = @ (equation (2.58)), the adjoint equation ES(®) = T O!(®)
leads immediately to the following corollary:

Corollary 5.3. Consider a vacuum type D spacetime with cosmological constant, and let Oy
be a solution of the spin-weight s = £2 Teukolsky equation. Then
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s B 2+s ! B
hap(®) = V,[W5 PV(W, " 50850, (5.52)

is a complex solution of the linearized Einstein equations.

It can be shown that (5.52) for s = —2 coincides with the Kegeles &; Cohen ansatz [24,
equation (5.4)] (in that work A, is given in spinor form and in terms of a Hertz spinor and a
gauge spinor). We also note that the difference between the metric perturbations constructed
in the form (5.52) for s = +2 and s = —2 is described in the recent work [3], and that further
symmetry operators for extreme spin weight are constructed in [2].

5.3.2. Spin weight zero, real ¥, case. The ‘inhomogeneous’ term in the right hand side of
(5.45), namely (D;ﬁ—%)\lflzl 3, makes it more difficult to formulate an operator equality like

(5.47) for the spin weight zero case. The simplest possibility is in the case in which ¥, is a
real field, since then we can take the imaginary part in (5.45) and get So&€(hag) = OvTo(hap)
for all ,g = h(ap), Where

So(Hpap) = %\115’3 *v?rmﬁévé[\y;“mvwﬂag], (5.53)
E(hap) = Gaplh] + Mg, (5.54)
Oy(®) = 6(0+8¥, + %A)(I), (5.55)
To(hap) = U2 PIm{Wy[h]}, (5.56)

2 2

with *W = —2Jm{W,s,s}. Taking the adjoint equation, and using the fact that £ and O are
afvyé

both self-adjoint, we obtain that if ® is a solution to ((J+8%, + %/\)‘I) = 0, then the tensor field

1 _ 2
hao(®) = ZV [T, IV( *gvéﬂ)¢§/3¢)] (5.57)

is a solution to the linearized Einstein equations, Gaﬂ[h] + Ahop = 0. As we show in section 6.2
below, this applies to the odd sector of gravitational perturbations of the Schwarzschild-(A)
dS solution.

Note that, since we are working on a background type D spacetime, we have

2 ~YJ
Wasys = U3 'Caprss (5.58)

hence we can replace the corresponding expressions with the background Weyl tensor.

On the other hand, we also note that the field \1152/3\112 can be put in terms of the Killing—Yano
tensors in the following way. In a generic spacetime, we have the identity [26, equations (8.3.8)
and (8.3.10)]

Upp Pibep A8 = 693 + 20Ty — 8T, (5.59)

or equivalently

Ly s g
603 = - Cor 8C5 40— 2Wgly + 8UIs. (5.60)
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Linearizing this equation around a type D background, we get
. 1 R Y
Uy = —0,'C5*C,o57°. (5.61)
24
Now, using the expression (2.47) for axﬂ 7 and the symmetries of the Weyl tensor, we obtain
23 I & Sag¥
Wy, = 2 bt Cop™. (5.62)

We will work further this expression below, when we apply our results to the Schwarzschild-(A)
dS solution.

6. Spherically symmetric spacetimes

In this section we show the relation of our results, particularized to the Schwarzschild-(A)
dS case, with the so-called 2 4 2 decomposition valid in spherically symmetric spacetimes.
For the latter formalism, we follow closely [13] (note however that we take the metric to have
signature (+———)). This approach takes advantage of the warped product structure of the

background manifold M = M x> §2, with coordinates z* = (x¢, y') and metric
8op(2)dzdz” = g,,(x)dxdx® + r2gy(y)dy'dy/. (6.1)

Lowercase latin indices a, b, c,... denote quantities in the orbit space M = M/SO(3), while
indices i, j, k,... refer to quantities on the sphere S2. The metric, covariant derivative and vol-
ume form of ﬂ are respectively g, 5[, and &,; whereas those of S2 are g,.j, ﬁ and €;. The wave
operators in M and S? are then A := g “”5[,51, and A := g Uﬁiﬁj, respectively. The relation
between the Christoffel symbols of g, 5 and those of g, and g is

Fdab = fdaba Fdai =0, Fdij = —Vrdgj, (6.2)

1 i Ta i ik
=0, Tiy= 75,-, k=1 (6.3)

For further relations we refer the reader to [13].

In the Schwarzschild-(A)dS spacetime, we have ¥, = —M/r3. We take the constant k in the
definition (2.42) of the Killing spinor to be real, and for convenience we define b: = —kM~ 173,
The Killing—Yano tensor (2.43) and its dual (2.44) are then

Yopdz® A dz? = briggdy’ A dy/, (6.4)

Yopdz® Adz? = breg,dx® Adx?, (6.5)

where in Schwarzschild coordinates {t, r, 8, ¢}, € = sin #df A dp and € = dt A dr. The Weyl
tensor and its dual can be deduced from (2.47) and (2.49):

3M v 2M

Caﬂ'y& = W(YaﬁYvé — Iagp Y’yé) - 7&1“8{)‘][}5 (66)
3M M

*Copys = W(*Yaﬂyvé + Yop'Ys) + 3 Cahe (6.7)
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With our signature conventions, the Schwarzschild-(A)dS metric (6.1) in coordinates
{t,r,0, ¢} has the form

2
ds? = f(r)de® — % — r2(d6? + sin® Od?), (6.8)

where

2M A
fr)=1-"—-=r~ (6.9)
The Ricci tensor of (6.8) solves’

Rap— Ag,3 = 0. (6.10)

6.1. Maxwell fields

According to the 2 + 2 decomposition of the Maxwell field performed in [13], the informa-
tion of the field is contained in two master scalar variables, ¢~ and ¢*, codifying respec-
tively the odd and even parity sectors of the electromagnetic perturbation. It can be shown
that spherically symmetric Maxwell fields (i.e. with £ = 0 in a decomposition into spherical
harmonics) are static (see e.g. [29], also [10, appendix A]), therefore they are not interesLing
for the stability problem and we can then take ¢ > 1, which implies that the laplacian A is
invertible. Assuming vacuum Maxwell equations hold, the reconstruction of the field from
the variables ¢~ and ¢ is:

1~ P~ ~ -1 ~
Fy,= _ﬁ€c¢b¢+a Fy = &'DiD,¢~ + Die,’'DyA ¢", Fj=—¢A¢. (6.11)

The wave equations satisfied by ¢* (see [13] and the decomposition (6.36) of the wave opera-
tor below) are equivalent to

2. ot b
(O+28; + 2V +i——] =0, 6.12)

The scalar field ® := o% + ig satisfies then the Fackerell-Ipser equation, thus we can con-

struct a new electromagnetic field using corollary 4.3. In order to see the relation between this
new field and the original one (6.11), we need calculate the components of the tensors E,;3(u)
and *E,3(v) of formula (4.40) according to the 2 + 2 decomposition. Using the explicit form
of the Killing—Yano tensor, and the fact that Jm(¥;) = 0, we get:

Eap() =0, "Egq(v) = —2b&/DiD,(rv),  Ey(v) = 2bgAGrv),  (6.13)
2b~ -~ =~ _ bN
Eap(u) = *FfahA(ru), Eui(u) = 2bD;€,°Dy(ru), Eju)=0. (6.14)
Furthermore, if (6.12) holds, then using that [Kil, O+2W, + 21/3] = 0, it also holds

2 1 T -
O420, + =MD[A (—) —-i—]=0, 1
a4+ 2+3 )i (2br) 12br] (6.15)

% The Ricci tensor we use has the opposite sign to the conventional one [35], see appendix A.1.

36



Class. Quantum Grav. 34 (2017) 035002 B Araneda

and therefore the electromagnetic field constructed from this solution in the form (6.13)-(6.14)
(i.e. replacing u = 371(%) and v= —% in those expressions) coincides exactly with the

’

original field.
Recalling that A = Ay (see equation (4.44)), we summarize the previous results as
follows:

Theorem 6.1. The dynamics of the Maxwell field on the Schwarzschild-(A)dS spacetime is
governed by solutions ® = u + iv of the Fackerell-Ipser equation,
2M 2
(D——3+—>\)(I> =0, (6.16)
r 3

where the real and imaginary parts of ® codify respectively the information of the even and
odd parity sectors, and the covariant four-dimensional reconstruction of the electromagnetic
field is

2 1 _
Foap = =5 YY) V¥) + 6 W, (Y5 Ve (Aps o)) (6.17)

Using this result, the linear stability of the Maxwell field on Schwarzschild-dS can be proved
along similar lines as those used in [15] for spin 2 (the problem for the Anti-de Sitter case
is more delicate because of the boundary conditions [6]). This is the spin 1 analogue of the
results of [15].

6.2. Gravitational perturbations

Inthis section we apply the general results of section 5 to linearized gravity on Schwarzschild-(A)
dS. We will only work on the odd sector of gravitational perturbations, where the perturbed
metric is [13]

hgy =0, hy=&'Dih, h; =0. (6.18)
The corresponding linearized Ricci tensor is'®

R, =0, (6.19)

5~ sl s ey 2 (NI

R, = +E &'D; 2 (r°F) + ﬁ[A + (Ar9)lh, |, (6.20)

R; = —24*DyDiD b, (6.21)
where

F 1= r2e®Dy(rhy). (6.22)

We will only need the ai component of the Einstein tensor:

Gui = Ry — 2. (6.23)
Using the form (6.8) of the metric, we have

Ar2= 2122 (6.24)

10 Recall that our Ricci tensor has the opposite sign to the one of [13].
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whereby
G +)\h —+—1A61D\ —1 € D, Zf’-i-—l E—Zh
ai ai ) i"Hj| T5 Ca (1 r2( ) al- (6.25)

The Einstein equations G,; + Mh; = 0 together with the fact that (A — 2) is invertible in the
space of interest (that is, with £ > 2 in a decomposition into spherical harmonics, see [13, 16]),
imply that the original metric perturbation can be recovered from F:

hy = — & DjE,"DylrX (A — 2y F. (6.26)

We will see now the relation of this formalism with our four-dimensional approach in this
paper.

Using the explicit expression (6.25), the general formula (5.45) can be checked directly in
this case, as the following lemma shows:

Lemma 6.1. In the odd sector (6.18) of linearized gravity on the Schwarzschild-(A)dS spa-
cetime, we have the equality

3 8M 2

Wy I, (Golh) + M) = [(D -t gA)Zf ] (6.27)

Proof. Define E,3 := G, 5lh] + Ah 5. We will first prove that

Uy I Y Bl = = D DyE . (6.28)

this is actually true for any symmetric tensor E,g. The calculation is done by using the explicit
expression (6.7) for the dual Weyl tensor. The term with the volume form vanishes in the con-

traction with a symmetric tensor. Using that V‘S*Caﬂws = 0, we have
\1151/3*(;@7[36% [\I/£4/3v7Eaﬂ]
3 1 3 1
= —ﬁr%[r4m,(FY(¥V*Yﬂ5Eaﬂ)] — prvﬁ[r“vw,(ﬁ*Y(Wyﬂ%,g)]. (6.29)

Let us focus on the first term of the last expression, the calculations for the second one are
similar. We find

3 | —
S (VY Y RE )

=2 [—;HY VY PEqs+ —V(r YS‘SEag)], (6.30)

where r, := V,,r. Note that 7,Y*7 = 0 because of the explicit form (6.4). Using (6.4)—(6.5) and
the relation between the covariant derivatives of the different spaces, we find

, ~ 1
v’y(Y(m *Y'%Eaﬂ) = Di(Ym *YﬂéEaﬂ) + 7rbY(ya*Y6bEaﬂa (631)

which implies
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3 1
2% [r“Vw(ﬁY Y RE )]

KIS [P 1
= ﬁr%[7Di(Y“’*Yﬂ5Eaﬂ) + ﬁr,,yaﬁ*yﬁbEaﬁ]. (6.32)

Once more, we use the relation between covariant derivatives, and find that
LB YPE, )] = LD Bi(Y Y PE, ) + LBy yE, )
r r r

1 5 1 ~ »
Va5 roY Y PEng) = DY Y VEqy);

therefore
3% (LY‘”*Y&E )|
k2 6 y rs af
3 |ya iy Bb 2 = ai ¥y b
=z DypDi(Y**Y™Eqp) + 7rbDi(Y YPEqp) |- (6.33)
The calculation for the second term in (6.29) is performed along the same lines, the result is
3 4L Yy SE, )
K2 6 " af
= % [ﬁiﬁb(*yabyﬂ%ﬁ) - zr,,ﬁ,-(*YM’Y@'EQ,@]. (6.34)
r
Putting together (6.33) and (6.34), using the explicit forms (6.4)—(6.5) of the Killing—Yano
tensors and E,g = G,3[h] + A, 3 we obtain

2D,z Dy(G i[h] + Ahy). (6.35)

Wy P COIG[W, V (Gslh] + Mhgp)] = — IV

Next, we calculate %“bﬁb(G;i + Ah, ;) using the explicit expression (6.25), the background

equations r%, = —f(r), Ar=— .f (), and the decomposition of the wave operator
O=A+ %E + %r“ﬁa. (6.36)
We find
EUDG+ M) = — @D, [(D - %A)f]. 637)

Finally, using the fact that [Z, 00— Sr—Af + %)\] = ( on scalar fields, we obtain

0 U VGl + M) = s [(D S %A)Zf]' @0
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6.2.1. Metric reconstruction. We now explain how to recover the original metric perturbation
(6.18) from a solution to the scalar equation. From section 5.3.2 we know that in case ¥, is
real, if ® is a solution to

2
(O+8W%, + E)\)q) =0, (6.39)
then the tensor field

hop(®) = —*Cia 5V, [0 V(05 )] (6.40)
is a solution to the linearized Einstein equations. First, let us show that in the Schwarzschild-(A)
dS solution, this expression reproduces formula (25) in [15]. Using ¥, = —% and the explicit
form of the dual Weyl tensor (6.7), we have:

1
hap(®) = W*C(“ 5V Vs(rd)]

_ 3
T DM
Now, using (6.4), (6.5) it is easy to see that

(WY )+ Yo 7Y )V [ N(r D)]

Y Y0 p VNS ®)] = Y Y 5V, V(3 D), (6.41)
therefore:

3

Pl ®) = P

(Y Y? 5V Vs(5®) + Yo 7Y )V [ Vs(r®)])

= my(a 7yl 5)Vw[v<5(”5¢) + r*V(r®)]
_ 3
T DA
where we have used the identity Vs(r3®) + r*Vy(r®) = 2r>V;(r3®) and the fact that ¥, ry=0.
Thus,

Y *Y? 32r* VL, Ns(r3®),

hop(®) = r2Cy " gV, V(3 D). (6.42)

M3
Now, using that on scalar fields we have the commutator

~ 2
[(A—2yL0+8Y,+ g)\] =0, (6.43)

if ® is a solution to (O+8¥, + %A)(I) =0, so is the field @(3 —2y"1®. Defining
®, := (A — 2)"1®, the metric perturbation (6.42) constructed from @(3 — 2y dis
2
hay = 7' Ca G W), (6.44)
which coincides with [15, equation (25)], and is the original perturbation (6.26) (with ® = F).

Our general results (5.45) thus explain the mechanism behind (1.1)—(1.2) (and extend it to the
cosmological setting).
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6.2.2. Killing—Yano tensors. Finally, we want to derive the formula (1.3) from our
general formalism. For this we will use (5.62) in a slighty different form. Using that

8aﬂ 7‘5575 of— 8@5 750,5 @8 an alternative expression to (5.62) is
. 1 ~ ~ .
120,0, = Z(Caﬁv@qgaﬂ Cap°Cs7) (6.45)

The linearization of &g 7 is delicate because we have to take into account that when we per-
turb the dual *C,p % there are two terms: the perturbed volume form é,5" and the perturbed
Weyl tensor C/w 7. A straightforward calculation shows that

d s h , 1 :
0 (Cas™ = T7Cag™ + €ay WG+ e G, (6.46)
where we recall that h = g*%h.5 = —g,;h’; then
. | PSR i h \ .
1200, = - 15 Cop 0+ %(E*CWWCMSW — 20" *Cy305C, ). (6.47)
Now, using the identities
Cop 0 C5 "7 = 48TmM(T3), (6.48)
*CupoC, 10 = 12g,Im(3), (6.49)
we get
. Loy abi by copm a2
12050 = = €5 *Cas "'+ 61 Tm(T)) (6.50)

As we are interested in the case in which W, is real, we take the imaginary part in the last equa-
tion and, using the explicit form (2.47), we obtain

L
16k2

The two terms on the RHS turn out to be equal, therefore:

U, 2 3m(0y) = ——— (VY + Vs Y09)Co 0. (6.51)

_ R 1 .
U, am(d) = —@W “Y,5Cap ™", (6.52)

which demonstrates (1.3).

7. Conclusions

Working in the class of vacuum Petrov type D spacetimes with cosmological constant, we
have presented the general form of linear, four-dimensional differential operators mapping off-

shell the equations for linear fields of spin s = %, 1 and 2 into a system of scalar equations for

spin weighted s components of these linear fields that decouple on shell. By using the Bianchi
identities linearized around A-vacuum solutions, we were able to relate off-shell the decou-
pled equations for Weyl scalars to the linearized Einstein equations. Applying transposition of
operators we obtained a way to reconstruct solutions of the original field equations from solu-
tions of the decoupled equations. This mechanism works well for extreme spin weight s = £s
in the Dirac, Maxwell and linearized gravity cases. For spin weight s = 0, the reconstruction
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formula works for Maxwell fields, but for gravitational perturbations the ‘inhomogeneous’
term in the RHS of (5.45) (namely (CJ, + %)‘1112/ 3) spoils the transposition of operators that

would lead to a reconstruction formula. One can get rid of this term whenever W, is a real
field, the Schwarzschild-(A)dS solution being the most significant example in the present
work. Applying our general results to this case, we explained the mechanisms behind the
equations presented in [15, 16] corresponding to the odd sector of linearized gravity around
the Schwarzschild-(A)dS black hole. In particular, we corroborate our general formulae
by translating the four-dimensional expressions of our formalism into the traditional 2 + 2
decomposition of warped product spacetimes, setting in this way the connection between both
approaches.

Our off-shell formulation is also useful for obtaining symmetry operators for the field
equations, both for the higher spin (Dirac, Maxwell, linear gravity) field equations and for
the scalar (Teukolsky, Fackerell-Ipser, etc.) equations. For further results about symmetry
operators in the literature, we note that a comprehensive analysis of the second order sym-

metry operators for the field equations of massless test fields of spin 0, % and 1 is performed

in [4], and that higher order symmetry operators for spin 1 and 2 and extreme spin weight are
obtained in [2].

We have also analyzed the role that Killing spinors (and its tensor analogues, Killing—Yano
forms) have in the description of the spin weight zero scalar equations for linear fields. Killing
spinors are certainly very used in the literature. They are the main object in Penrose’s spin
lowering process for massless fields in Minkowski spacetime. For Petrov type D spaces, the
2-index Killing spinor encodes all the information about the symmetries and hidden symme-
tries of the Kerr solution. They are also central for the existence of symmetry operators for
massless fields of spin 1/2 and 1 in curved spacetimes, as was proved in [4], see e.g. theorems
4 and 6 there. However, in this work we found that, although some proofs are somewhat
simplified by the Killing spinor equation, and the general object (2.54) used in the theorems
turns out to be a Killing spinor for spins 1 and 2 and spin weight zero, the final results do not
depend on this condition. Thus, regarding the Maxwell and linearized gravity systems consid-
ered in this work, we may consider the appearance of these objects as merely ‘accidental’, in
the sense that the proof of the theorems can be done without use of the Killing spinor equa-
tion. (We mention that, although in the proof of the spin weight zero case of theorem 4.1 for
Maxwell we do use the Killing spinor equation to simplify the calculations, this proof can be
performed without using this equation.)

There is a vast literature about the subject of symmetry operators and Debye potentials for
higher spin fields. We particularly mention references [1-4, 14, 15, 18, 24, 28, 31, 34], whose
connections with this work have been described throughout the text. The results in this paper
encompass a number of previously known results in the mentioned works (and extend them to
the cosmological setting), in particular:

e For extreme spin weight, the Teukolsky equations [31] are the on-shell version of the
equations presented in this work: [31, equations (B4) and (B5)] for the Dirac field are the
on-shell case of (1.10) and (1.11); [31, equations (3.5) and (3.7)] for the Maxwell fields
correspond to the on-shell case of equations (1.15) and (1.17); and [31, equations (2.12)
and (2.14)] for linear gravity are the on-shell case of equations (1.24) and (1.26).

e For spin weight zero, the on-shell case of (1.16) for Maxwell fields is the Fackerell-Ipser
equation [18, equation (20)], and the on-shell case of (1.25) for linear gravity is the lin-
earized equation [1, equation (3.10)] of Aksteiner &; Andersson.
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e The reconstruction formula (5.52) for spin weight s = —2 can be checked to agree with
Kegeles &; Cohen ansatz [24, equation (5.4)].

e For a Schwarzschild background, the on-shell case of (1.25) is [15, equation (24)] (or [16,
equation (4DRWE)] in the cosmological setting), and the reconstruction equation (5.57)
is Dotti’s formula [15, equation (25)].
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Appendix. Useful formulae

In this appendix we collect some useful formulae we have made use of in the proofs of the
results in the main text.

A.1. Curvature spinors

For completeness we recall the definition of spinor curvature operations used in this paper
(we simply repeat the formulae of [26, section 4.9] relevant for this work). Our convention
for the definition of the Riemann curvature tensor (in the absence of torsion) is (see [26,
equation (4.2.31)])

(VuVs — VsV)V? = +Russ, V2. (A.1)

Note that the RHS of this equation has the opposite sign to the more commonly used defini-
tion, compare e.g. with [35, equation (3.2.11)]. This implies that our Riemann and Ricci ten-
sors have the opposite signs to those of this reference (note however that the curvature scalar
and cosmological constant are the same).

The commutator of two covariant derivatives gives the curvature spinor operators L4z and
Oy p in the form

VaVis — VsV, = explap + easOap, (A.2)

/ . . . ’ .
where [yp= VAr(AVQ), and its action on, for example, a spinor 0 pF i, is

Uas0C pE = Xapo 7 — XaBD F
+ Dupo F0€ p2 pr — Papr?0C pE

e E QOCQE’

(A3)

a similar formula holds for (4 p (see [26, equation (4.9.14)]). The curvature spinor Xpcp is
decomposed as

R
Xapcp = Yascp + i(fACfBD + €AD€BC); (A4)
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where 1upcp is the Weyl conformal curvature spinor. This implies in particular that

R
Xw&%:gmo (A.5)

A.2. Derivatives of the dyad spinors

Using expressions for the directional derivatives of the dyad {o”, 14} along the tetrad vectors
(equation (4.5.26) in [26]), it is easy to see that

V% o = (0 — kiMuyt™ — (¢'o? + TLHoyo™ A6)
+ (B'o* + ptMoy ™ — (Bo* — o1y, '
VAM4/LA = —(a* + oM™ + (e"t* — Klo*)oyo™ (A7)
—(BA = o'oMouT™ + (BLA + plo*)uo™. '
Contracting with oM, 1M and e4™, we obtain the following useful formulae:
oMV%,oA = (=0 + kMM + (Bo? — g1)oM, (A.8)
LMV%/OA = —(e'0* + MM + (Blo? + pLMTM, (A.9)
Vi ot = (p— )™ + (B 1o, (A.10)
VM A= (a’+ 10" — (B + p’oA)o (A.11)
LMV%/LA = —(e"h — KloMoM — (814 — cohiM', (A.12)
— )M 4 (e — . (A-13)

For the proofs of the theorems in the text we also need expressions for the divergence of
the tetrad vectors:

Vil =c+e—p—p, (A.14)
Vi =¢' +8 — o — g

ol €+eé —p —p, (A.15)

=p+8 —7-7, (A.16)

R = B4 f 1 — 7 (A.17)

A.3. Killing spinors

In the following proposition we gather useful identities involving the Killing spinor of type
D solutions:
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Proposition A.1. Consider the Killing spinor Kp of a \-vacuum type D spacetime, and let
M = VABK LA be the associated Killing vector. We have:

2
VeocKap = gvngD(AEB)C» (A.18)
UapcpK P = —2UK g, (A.19)
2
UKap = (2% + EA)KAB, (A.20)
VA4 WK pp) = 0, (A21)
Vel = (3% + MKup. (A.22)

Proof. (A.18) follows immediately after using the Killing spinor condition Ve cKap) = 0
and [26, equation (3.3.55)],

1 1
VeeKap = *56CAV3KDB - EVQIKDAGCE
For (A.19) we just have to use the expressions (2.46) for the Weyl spinor and (2.42) for K43,
together with the identity

k2

_7\152/3, (A.23)

KypK*E =
For (A.20), we take an additional derivative in 0 = V(CCIKAB) and use the decomposition (A.4)
of X ABCD-

O - VC/DV(CCKAB)

1 R
= EED(CDKAB) — 2¢pca EKpye — EGD(AKBC}

Expanding in CAB and contracting with P, we get

R
0 =0Kap + YypepK P — EKAB

which, after using (A.19) and replacing R = 4\, reduces to (A.20).

Formula (A.21) follows after applying a derivative V44 to both sides of (A.19) and using
the Bianchi identities V44 zcp = 0 and the Killing spinor condition VA@KP) = ( (togeth-
er with the fact that ¥ pcp is totally symmetric).

Finally, for (A.22) we use the definition 52/ = VP Ky

! /, 1 R
VB’Afg = VpaVFCKcp = EDKAB — YupcpK P + gKAB-

Then, using (A.20), (A.19) and R = 4\ we easily obtain (A.22). O
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