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Abstract—We study polarization switching and hysteresis in a 
vertical-cavity surface-emitting laser (VCSEL) subject to 
orthogonal optical injection, such that the polarization of the 
injected light is perpendicular to that of the free-running 
VCSEL. We use the framework of the spin-flip model to 
characterize the polarization state of the VCSEL as a function of 
the frequency detuning. With appropriated injection conditions 
the orthogonal polarization turns on and locks to the injected 
field. Increasing and decreasing the detuning across the two 
locking boundaries results either in narrow or in wide hysteresis 
cycles, or even in irreversible switching. These results are in good 
agreement with recent experimental observations [A. A. Qader et 
al, Appl. Phys. Lett. 103, 021108 (2013); IEEE Phot. Tech. Lett. 
25, 1173 (2013)]. 
 

Index Terms—Vertical-cavity surface-emitting lasers 
(VCSELs), bistability, polarization switching, optical injection, 
orthogonal injection. 

I. INTRODUCTION 

Optically injected semiconductor lasers display a rich 
variety of nonlinear phenomena, including stable locking, 
periodic oscillations, excitable and chaotic behavior [1–3]. 
Regular dynamics can have interesting applications, for 
example, the period-one oscillation can be used to implement 
frequency-tunable photonic microwave oscillators [4-8]. As 
vertical-cavity surface-emitting lasers (VCSELs) can emit two 
orthogonal linear polarization modes, orthogonal optical 
injection (i.e., injecting light with a polarization that is 
perpendicular to that of the free-running VCSEL) allows for 
additional phenomena, such as polarization bistability and 
switching [9-12]. Such polarization bistability and switching 
can be exploited for implementing all-optical memories [13], 
logic gates [14, 15], etc. 
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Here we study polarization switching and hysteresis in a 

VCSEL subject to orthogonal optical injection from a tunable 
master laser. The VCSEL dynamics is simulated with the spin-
flip model (SFM) [16] that takes into account the coupling 
between two carrier populations (with spin-up and spin-down) 
and two optical fields with orthogonal polarizations. 

We consider as control parameter the frequency detuning 
(FD), between the master laser and the free-running slave 
laser. With strong enough injection, if the detuning is within a 
range of values, FD2 < FD < FD1, the orthogonal polarization 
turns on and locks to the injected field. Increasing and 
decreasing FD across the locking boundaries, either FD1 or 
FD2, while keeping constant the injected power, results in two 
successive polarization switchings [17-22], one when the 
injected mode turns on, and one when it turns off. These 
switchings occur at different values of the detuning when the 
detuning is increased or is decreased, resulting in hysteresis 
cycles, which have different features in FD1 and FD2. 

Our work is motivated by the recent experimental 
observation of irreversible polarization switching (IPS) [21] 
and ultra-wide hysteresis [22]. In [21] the orthogonal mode 
was observed to persist on even when the control parameter –
the injected power or the frequency detuning– was reversed 
(no switch back was observed). As IPS was observed only in 
the range of bias currents where two modes are supported (i.e., 
for I>2Ith; for I<2Ith only the fundamental mode is supported 
and no IPS was observed), IPS was interpreted as a specific 
feature of the regime of two-mode operation. In [22] the 
experiments were also performed in the region of two-mode 
operation, with bias currents above 2Ith, and ultra-wide 
hysteresis (155 GHz) was observed in the positive detuning 
region (FD1); in contrast, in the negative detuning region 
(FD2), the hysteresis cycle had a smaller width (few GHz). 

Here we analyze the dependence of the hysteresis width of 
both cycles on the VCSEL parameters and on the orthogonal 
optical injection conditions. Regarding the VCSEL 
parameters, to fit the situation in [21, 22], they are chosen 
such that the free-running VCSEL emits a stable linear 
polarization and no polarization switching occurs over the 
entire operation range. Regarding the injection conditions, we 
consider two cases, one in which the free-running laser emits 
the high-frequency polarization (mode y in the SFM model) 
and the mode that receives optical injection is the low-
frequency polarization (mode x), and one in which the free-
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running laser emits the low-frequency polarization (mode x) 
and the injected polarization is the high-frequency one (mode 
y). We find that, with x-injection (as in [21, 22]), the width of 
the FD1 cycle is much wider than that of the FD2 cycle, and 
even irreversible PS can be observed, in good agreement with 
[21, 22]. On the contrary, our simulations indicate that, with y-
injection, the width of the FD2 cycle is wider than that in FD1, 
and no irreversible PS occurs. 

This paper is organized as follows. Section II presents the 
spin-flip model used for describing the VCSEL dynamics 
under orthogonal optical injection; Sec. III presents the results 
of the simulations and Sec. IV presents the discussion of the 
results and the conclusions.  
 

II. MODEL  

We use the well-know spin-flip model of a VCSEL with 
external optical injection [11]. The equations, written in the 
frequency reference frame of the injected field are: 
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Here Ex and Ey are the two orthogonal linearly polarized 

slowly varying components of the field and N and n are two 
carrier variables: N accounts for the total carrier density, while 
n accounts for the difference between two carrier populations 
(with spin-up and with spin-down). The model parameters are: 
κ is the field decay rate, γN is the decay rate of N, γs is the 
spin-flip relaxation rate, α is the linewidth enhancement 
factor, γa is the linear dichroism (when γa is positive the y 
polarization has the lower threshold), γp is the linear 
birefringence (when γp is positive the x polarization has the 
lower frequency) and µ is the pump current parameter 
(normalized such that the solitary threshold is at µ=1 in the 
absence of anisotropies). Spontaneous emission noise is taken 
into account by ξx(t) and ξy(t) that are uncorrelated complex 
Gaussian noise terms of zero mean. We define the noise 
strength parameter as D = 2γN N βsp with βsp being the 
spontaneous emission factor. We consider parameters well 
above threshold and approximate N≈1 since above threshold 
the N is clamped to the threshold value.  

The optical injection parameters are: Einj, κx, κy, and ∆ω. Einj 

is the injected field amplitude; κx and κy are used to select 

which polarization receives optical injection: 
i) x polarized injection: κx=κ and κy=0;  
ii) y polarized injection: κy =κ and κx=0. 
∆ω =ωinj-ωref is the detuning of the injected field, defined 

with respect to a reference angular frequency ωref =(ωx + ωy)/2, 
with ωx and ωy being the optical angular frequencies of the x 
and y polarizations:ωx = -γp + γaα, ωy=γp - γaα [16]. For easy 
comparison with Refs. [21,22], we define as control parameter 
the frequency detuning (FD), which is the difference between 
the frequency of the injected field and that of the free running 
VCSEL. Therefore,  

i) when the free-running laser emits the y polarization,  
FD = (ωinj - ωy)/2π;  

ii) when the free-running laser emits the x polarization,  
FD = (ωinj - ωx)/2π. 

Also for easy comparison with [22], the width of the 
hysteresis cycles are defined as  

H1 = FD4 – FD3 (high-frequency side) 
H2 = FD2 – FD1. (low-frequency side) 

where FD2 and FD4 (FD1 and FD3) are the detuning values for 
increasing (for decreasing) detuning, when the injected mode 
turns on and when it turns off. 
 

III.  RESULTS  

Equations (1)-(4) were simulated with typical VCSEL 
parameters: γN = 1 ns-1, κ= 300 ns-1, α = 3 and D=10-5 ns-1; for 
γp, γa and  γs we use two sets of values that allow us to consider 
two situations: 

i) For γp= 60 rad/ns, γa = -0.1 ns-1 and  γs=50 ns-1 the free-
running VCSEL emits the lower frequency polarization (x), 
thus, we consider y polarized optical injection (κy =κ, κx=0). 

ii) For γp= 10 rad/ns, γa = 1.5 ns-1 and  γs=200 ns-1 the free-
running VCSEL emits the higher frequency polarization (y), 
and now the injected light is x polarized (κx=κ and κy=0). This 
case corresponds to the VCSELs used in [21, 22]. 

For these parameters, as shown in Fig. 1, for the free-
running VCSEL no PS occurs for increasing or decreasing 
pump current (as in [21, 22]).  

A triangular signal was used to increase and decrease the 
frequency detuning (FD), keeping all other parameters fixed. 
The total simulation time was long enough to ensure a quasi-
static variation of FD (5 µs). The polarization switching points 
FD1, FD2, FD3 and FD4 were computed by averaging over 10 
stochastic simulations; in each simulation the switching points 
were detected by averaging the intensities Ix and Iy over a 
short time interval (1 ns). The initial conditions were such that 
the scan of the detuning started from an FD value far (to the 
left or to the right) from the boundary of the region where the 
orthogonal polarization turns on.  

Next we present the results of the simulations: first we 
consider the situation in which the free-running laser emits the 
x polarization and receives y-polarized injection and then, we 
consider the situation in which the free-running laser emits the 
y polarization and receives x-polarized injection. 
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Fig. 1. (Color online) Polarization-resolved L-I characteristics of the free-

running VCSEL. Ix (solid, red), Iy (dashed, blue). (a) γp= 60 rad/ns, γa = -0.1 
ns-1 and  γs=50 ns-1; (b) γp= 10 rad/ns, γa = 1.5 ns-1 and  γs=200 ns-1; other 
parameters are as indicated in the text. 

 

 
Fig. 2. (Color online) Polarization behavior under y-injection. For clarity only 
the intensity of the injected mode (y) is shown, the intensity is averaged over a 
1 ns time interval. The frequency detuning, FD, first increases and then 
decreases, as shown in the inset. Einj= 0.15 (a); 0.20 (b); 0.4 (c) and 0.8 (d), 
µ =2.7, other parameters are as in Fig 1a. 

 

A. Y polarized injection 

We consider the first set of parameters, such that the free-
running VCSEL emits the x-polarization. We consider 
orthogonal injection in the y polarization (κy =κ, κx=0). The 
detuning is defined as FD = (ωinj - ωx)/2π. 

Figure 2 displays the intensity of the y polarization when 
the detuning is first increased and then decreased, while the 
injection strength is kept constant. Simulations for various 
injection strengths are presented, and it can be observed that 
the width of the low-frequency side cycle (H2) increases with 
the injection strength, while the width of the high-frequency 
side cycle (H1) remains nearly constant. 

The left column of Fig. 3 displays the FD values where the 
y polarization turns on (FD2 and FD4) and when it turns off 
(FD1 and FD3) and in the right column, the hysteresis widths 
(H1 and H2) as a function of the injection strength, for two 
values of the pump current parameter. With weak optical 
injection there is polarization competition and the turn-on 
points of the y polarization are not well defined. This occurs 
for Einj below 0.05; for stronger injection four switching points 
define two hysteresis cycles. While the width of the cycle on 
the high-frequency side, H1, is constant and approximately 

equal to 3 GHz regardless of the value of Einj, the width of the 
cycle on the low-frequency side, H2, increases with Einj. 

Figure 4 displays the value of the detuning at the four 
switching points (left column) and the two hysteresis widths 
(right column) vs the pump current parameter. Simulations for 
two injection strengths are presented. We observe that for all µ 
values H1 < H2. 

Taken together Figs. 3 and 4 demonstrate that the width of 
the cycle on the low frequency side (H2) varies with Einj and 
µ, and large cycles occur for certain parameters (Einj≈0.8, 
µ≈1.6). In contrast, the width of the cycle on the high 
frequency side (H1) is smaller and remains nearly constant 
when varying Einj or µ. 

 

 
Fig. 3. (Color online) Polarization switching points when the VCSEL is 
subjected to y polarized injection (left column, red circles: FD decrease, white 
circles: FD increase) and width of the hysteresis cycles (right column, H1: 
black squares, H2: red triangles) vs the amplitude of the injected field, Einj. 
The pump current parameter is µ= 1.8, (a,b), µ= 2.7 (c, d), other parameters 
are as Fig 1a. 

 
Fig. 4. (Color online) Polarization switching points when the VCSEL is 

subjected to y polarized injection (left column, red circles: FD decrease, white 
circles: FD increase) and width of the hysteresis cycles (right column, H1: 
black squares, H2: red triangles) vs the bias current parameter, µ. 
Einj=0.20 (a,b); 0.8  (c,d); other parameters are as Fig 1a.  
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B. X polarized injection 

Next we consider the second set of parameters, which 
correspond to the experimental situation in [21, 22], such that 
the free-running laser emits the y polarization and the x 
polarization receives optical injection (κx=κ and κy=0). Now 
the frequency detuning is defined as FD = (ωinj - ωy)/2π. 

Figure 5 displays intensity of the x polarization when the 
detuning is varied, while the injection strength is kept 
constant. Simulations for four injection strengths are 
presented. For very weak injection, Fig. 5a, the x polarization 
turns on in a narrow range of FD values such that the optical 
frequency of the injected field is close to ωx, in good 
agreement with Fig. 3 in [22]. When Einj is increased, an 
abrupt change in the high-frequency side occurs: due to 
polarization bistability, the x polarization remains on, even for 
very large positive detuning values. This is also in good 
agreement with the observations in Refs. [21, 22] (e.g., Fig. 4 
in [22]). We note however that the wide region of bistability in 
the high frequency side occurs only if the pump current is 
above a certain value; for lower pump current the two 
hysteresis cycles remain finite, as seen in Fig. 6. 

A wide region of x-polarization emission, induced by the 
orthogonal injection is seen in the polarization-resolved L-I 
curve of the injected VCSEL, see Fig. 7. Here the frequency 
detuning varies with the pump current as indicated with the 
green line, and the polarization switching are induced by the 
combined interplay of bias current and detuning variation; if 
the detuning is kept fixed, there is no switching but a region of 
polarization coexistence. We remark that the free-running 
VCSEL emits only the y-polarization, as seen in Fig. 1b. The 
two polarization switchings shown in Fig. 7 are also in good 
agreement with the observations in [22] (see fig. 7 in [22]). 

 
 

 
Fig. 5. (Color online) Polarization behavior under x-injection. For clarity only 
the intensity of the injected mode (x) is shown. The frequency detuning, FD, 
first decreases (thin-red line) and then increases (thick-black line) as shown in 
the inset. The parameters are Einj= 0.015 (a), 0.15 (b); 0.5 (c) and 1.0 (d), 
µ =3, other parameters are as Fig 1b. 
 
 

 
Fig. 6. (Color online) As Figs. 5b, 5d (Einj= 0.15 and 1.0) but with µ =2. 

 

 
Fig. 7. (Color online) Polarization-resolved L-I characteristics of the VCSEL 
with x polarized injection. Ix (solid, red), Iy (dashed, blue). Einj = 0.2, other 
parameters as in Fig. 1b.  

 
Figures 8 and 9 summarize these observations by plotting 

the FD values when the polarization switchings occurs, and 
the width of the hysteresis cycles H1 and H2, vs the injected 
field amplitude (Fig. 8) and vs the pump current (Fig. 9). For 
parameters such that there is bistability in the high frequency 
side, there is no hysteresis cycle and H1 is not plotted. We 
note that the variation of H2 with Einj and µ is similar as that 
in Figs. 3 and 4 (i.e., H2 increases with Einj and decreases with 
µ). An example of a very wide H1 hysteresis cycle (∼80 GHz) 
is presented in Fig. 10. 

 

 
Fig. 8. (Color online) Polarization switching points when the VCSEL is 
subjected to x polarized injection (left column, white circles: FD decrease, red 
circles: FD increase) and width of the hysteresis cycles (right column, H1: 
black squares, H2: red triangles) vs the amplitude of the injected field, Einj. 
The pump current parameter is µ=2 (a,b); µ=3 (c,d), other parameters as in 
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Fig. 1b. 

 
Fig. 9. (Color online) Polarization switching points when the VCSEL is 
subjected to x polarized injection (left column,  white circles: FD decrease, red 
circles: FD increase) and width of the hysteresis cycles (right column, H1: 
black squares, H2: red triangles) vs the bias current parameter, µ. 
Einj=0.5 (a,b); Einj=1.0  (c,d); other parameters as in Fig. 1b. 

 

 
Fig. 10. Wide hysteresis cycle occurring for x polarized injection. Einj = 0.5, 
µ=3.72, other parameters as in Fig. 1b. 

 

IV.  CONCLUSIONS AND DISCUSSION  

We studied numerically polarization switching and 
hysteresis phenomena in VCSELs subjected to orthogonal 
optical injection.  

Within the framework of the spin-flip model (SFM) we 
considered two sets of parameters, representing two situations, 
one in which the free-running laser emits the high-frequency 
polarization (mode y in the SFM model) and the injected mode 
is the x (low-frequency) polarization, and one in which the 
free-running laser emits the low-frequency polarization (mode 
x) and the injected mode is the y (high-frequency) 
polarization. We found that with x-injection the width of the 
hysteresis cycle in the positive detuning side (H1) can be 
much wider than that in the negative detuning side (H2), see 
Figs. 8b, 8d, 9b and 9d and even there is irreversible PS in a 
wide range of parameters (no switch back occurs).  

These results are in good qualitative agreement with recent 
experimental observations [21, 22] and are interpreted, as in 
[21, 22], as due to two-mode stability, either present in the 
free-running VCSEL for high enough pump current [16], or 
induced by the external orthogonal injection. On the contrary, 

with y-injection, we have not found irreversible PS and 
moreover, we found that H2 >H1 (see Figs. 3b, 3d, 4b and 4d). 
In this case the linear stability analysis of the free-running 
VCSEL [16] indicates that at high pump currents there is no 
bistability but the x and y polarizations are both unstable. 

Our results provide a plausible interpretation of why 
irreversible PS was not observed in [17-20] and we hope that 
they will motivate further experiments to contrast the SFM 
model predictions regarding the different hysteresis effects 
induced by x or y polarized injection. In future work it will be 
interesting to analyze the effect of the birefringence parameter 
as preliminary simulations suggest that is has a crucial role in 
the appearance of irreversible polarization switching and ultra-
wide hysteresis. 
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