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Abstract: Spectroscopic characterization of individual nanoparticles is essential for 

understanding their structure-property relationship and for applications. Upconversion 

nanoparticles (UCNPs) in condensed phases can undergo both nonlinear optical and stochastic 

dynamics when interacting with near-infrared sources. By integrating optical trapping micro-

spectroscopy, stochastic dynamics and light-matter interactions experiments and simulations, in 

the present work we study how individual trajectories of YbIII:ErIII co-doped UCNPs can be 

used to perform “on the fly” characterization of their nonlinear optical power-law response upon 

near-infrared excitation. We illustrate the methodology in the case of freely diffusing and 

optically trapped UCNPs as well as with particles bound to the substrate. The approach 

presented in this work can be applied to UCNPs with varying composition and morphological 

features, particularly in single-particle studies. 

Introduction 

What can we learn by integrating dynamical information occurring at different timescales? 

Fundamental timescales associated with atomic motion are orders of magnitude shorter than 

processes occurring in real time, such as catalysis, nucleation and crystal growth, 

macromolecular self-assembly, and molecular biological processes, among others.[1-4] In many 

cases, a two-state energy landscape separated by a barrier captures essential features of the 

dynamics and kinetics in thermally activated processes. Therefore, a stochastic approach can be 

used whereby the system’s dynamics is described as diffusion at the bottom of the reactant well 

and diffusive crossing across the transition state barrier. As a result, to characterize the full 

dynamics of the problem, one needs to characterize both the barrier crossing time and the 

reactant well residence time. These two diffusive processes can occur in vastly different 

timescales, and yet both are needed to describe the full dynamics. Although this general picture 

is useful to show why should one care about timescale integration in chemistry, it is interesting 

to consider this connection in other settings as well, not necessarily involving barrier crossing. 

Additionally, it is important to apply these ideas to specific chemical systems exhibiting 

response at distinct timescales. Within this context, in the present work we sought to apply the 

timescale integration perspective to describe the stochastic dynamics and nonlinear optical 

response of upconversion nanoparticles.  

Upconversion nanoparticles (UCNPs) combine the special spectroscopic properties of rare-

earth-based materials with the generation of sensitive and controllable optical responses at the 

nanoscale, which make them extremely attractive tools for applications in biology, industry, 

environment, and security.[5-8] UCNPs are interesting systems for studying the connection 



between Brownian motion and time-resolved nonlinear optical spectroscopy because multiple 

timescales are required to describe the UCNP stochastic dynamics and photophysics, from the 

earliest events following light absorption on the femtosecond timescale up to microseconds, 

which are typical radiative lifetimes for UCNPs.[9-11]  

Upconversion luminescence in UCNPs is characterized by a complex interplay of competing 

nonlinear optical responses occurring at any order, including for example, excited state 

absorption and cooperative as well as sequential energy transfer, among others.[12-15] Detailed 

studies of light-matter interaction mechanisms and the resulting upconversion power 

dependence are essential in basic research and for the improvement of device 

performance.[10,13] In the case of a macroscopic sample containing an ensemble of UCNPs, 

this nonlinear optical spectroscopic characterization involves the measurement of UCNP 

emission intensity and spectra as a function of incident intensity. A double-logarithmic plot of 

incident and emitted intensities then gives the linearized power dependence, which is the power 

law describing the material nonlinear optical response in the incident intensity range studied.  

In addition to ensemble measurements, assessing the nonlinear optical response at the single-

particle level enables further studies relating structure to property, since UCNP nanoparticle 

composition and morphology influence upconversion emission intensities. Recently, single 

UCNP power dependence studies performed by optical trapping measurements have been 

reported [16], which enabled characterization of the nonlinear optical properties of individual 

nanoparticles and comparison with ensemble measurements. In the work described in reference 

[16], the authors varied the intensity of the trapping laser beam while monitoring UCNP 

emission to record their power dependence.  

Previously, we have reported the stochastic dynamics study of co-doped YbIII:ErIII UCNPs.[17] 

HR-SEM images revealed these UCNPs exhibited average diameter of 400 nm. We have used a 

nonlinear micro-spectroscopy setup to excite the UCNPs at 980 nm and recorded images and 

spectra in the visible spectral range. Additionally, we have employed quantitative optical 

microscopy analysis to register UCNP emission intensity and particle position as a function of 

time. The stochastic trajectories of individual UCNPs were characterized by a combination of 

Brownian motion, particle-substrate interactions and optical forces. We have used a stochastic 

dynamics model including viscoelasticity, rotational diffusion, and optical forces to describe the 

experimentally retrieved individual nanoparticle trajectories as well as the time-dependent 

mean-squared displacement. 

On the other hand, we have also studied the photophysics of hierarchically structured core / 

triple-shell, co-doped NdIII:YbIII:ErIII UCNPs excited by CW and femtosecond laser light.[18] 

The upconversion spectra were consistent with previous work and the spectral bands assigned to 

ErIII radiative transitions. We characterized the power-dependent upconversion intensities after 

excitation with CW and femtosecond laser, and compared the experimental results with a light-

matter interaction model containing 18 energy levels describing NdIII, YbIII, and ErIII. The 

simulations allowed characterization of population kinetics and power-dependence of the UCNP 

emission with CW and femtosecond excitation. 

In the present work, we explore the concept of timescale integration using UCNP as a model 

system. We integrate optical trapping, stochastic dynamics and light-matter interactions 

experiments and simulations to evaluate the power dependence of single co-doped YbIII:ErIII 

upconversion nanoparticles starting from their individual trajectories. 

Simulations 



First, we solve the overdamped Langevin equation of motion for a two-dimensional UCNP 

Brownian particle under the influence of a harmonic trapping force, as described previously 

[2,17,19]: 

 

 

where  is the friction coefficient, k is the trapping force constant, D is the diffusion coefficient, 

 is the white noise, kB is Boltzmann’s constant, and T is the temperature. Simulated conditions 

of temperature, particle size, medium viscosity, and laser beam profile/force constant were 

modelled after the experimental conditions described below. For the coupled stochastic-

spectroscopic dynamics simulations, at each time step we determine the particle location and the 

incident light intensity at that location, assuming a two-dimensional Gaussian beam profile for 

the second, excitation laser, which an excitation source for the UCNPs studied in the present 

work. 

The rate expressions describing light-matter interactions for the YbIII:ErIII energy-level diagram 

shown in Figure 1 [20-22] are evaluated, with two levels describing YbIII and levels for ErIII 

electronic states, where we model light absorption, non-radiative decay, energy transfer and 

radiative emission, as described in the Supporting Information. The initial ground-state 

lanthanide ion populations are parameterized after the experimental chemical composition of the 

UCNPs, and the remaining spectroscopic constants are as described previously.[18] For the 

coupled stochastic-spectroscopic dynamics simulations, from the particle position calculated 

using the Langevin equation, and from the associated intensity at that position (see previous 

paragraph), we solve the light-matter kinetic equations for the energy-level diagram shown in 

Figure 1. We have studied two different conditions for the time-step update: (i) resetting the 

populations to their initial ground-state populations at each time step; (ii) alternatively, we 

employ the steady-state populations calculated in each time step for the next time step during 

the coupled simulations. In both cases, the power law can be retrieved, although at different 

incident laser intensity levels (lower intensity in case ii).  

 

Figure 1. Energy-level diagram for the pair of YbIII:ErIII ions studied in this work. 

From the photophysics simulations, steady-state populations for each quantum state shown in 

Figure 1 are reached on a timescale shorter than the Brownian dynamics timestep. The plot of 

ErIII 2H11/2 population as a function of input intensity is calculated “on the fly” as the Brownian 
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particle moves in the presence of an inhomogeneous light intensity distribution.[23] In this way, 

individual trajectories enable assessment of the power dependence of UCNP upconversion 

emission as a function of incident light intensity. 

Experimental Section 

Upconversion nanoparticle samples with the matrix β-NaYF4:ErIII(2%),YbIII(20%), were 

synthesized as described in references.[24,25] The samples were characterized by high-

resolution scanning electron microscopy, powder X-ray diffraction, and down- and up-

conversion luminescence. For the optical trapping and microscopy measurements, the samples 

were diluted in a series of solvents at an average concentration of 1.5 mg/mL to determine 

which would give a better dispersion of the nanoparticles. Prior to the measurements, the 

samples were taken to a tip sonicator to ensure particle dispersion and colloidal stability, which 

was checked by dynamic light scattering (DLS) particle size measurement. Upconversion 

microscopy and optical tweezers measurements were performed as described previously 

[26,27]. Briefly, a 975 nm laser beam is sent to a nonlinear microscope set up in a vertical, 

epifluorescence geometry. In the experiments, a single laser beam is used to excite and exert 

force on the UCNPs. Luminescence is collected and sent to a camera and spectrometer for 

images and spectral measurements, respectively. Quantitative analysis of particle position and 

emission intensities is performed with ImageJ.[28] 

Results and Discussion 

As shown in Figure 2, we have studied the coupled stochastic-spectroscopic dynamics of 

UCNPs under three dynamical conditions: (i) as the UCNP moves towards the trap (Figures 2A 

and 2D and Movie S1); (ii) optically trapped UCNP (Figures 2B and 2E and Movie S2); and (III) 

UCNP undergoing Brownian motion in the absence of trapping (Figures 2C and 2F and Movie 

S3), that is, with trapping force constant set to zero in the simulations while still in the presence 

of spatially-varying low light intensities. For each condition shown in Figure 2, the results in the 

first column show calculated stochastic particle position trajectory overlaid on the 

trapping/excitation laser intensity profile, while the results in the second column show the 

results of power law characterization evaluated “on the fly” from the corresponding stochastic 

trajectories shown on the left. To aid visualization, the calculated stochastic trajectories are a 

few seconds in duration and thus consist of several thousand diffusive time steps. Running the 

simulations for larger number of time steps and longer simulation times gives the same overall 

conclusions discussed below, except that data oversampling at the equilibrium UCNP particle 

position is observed with increasing simulation time (Figures S1 and S2). 

Figures 2A and 2D show the case where the particle moves closer to the trap center as it 

undergoes Brownian motion according to the Langevin equation. The stochastic trajectory 

shows that the UCNP particle samples incident light intensities ranging from very weak (distant 

from the trap center) to strongest (at the trap center). As the particle moves closer to the trap 

center, it experiences stronger light intensity. Conversely, at each particle location, the incident 

light drives the light-matter interactions according to the energy-level diagram shown in Figure 

1, thus affecting the steady-state ErIII 2H11/2 population and upconversion emission intensity. 

After solving the light-matter interaction simulations for the YbIII: ErIII UCNP system for a 

duration equal to one Brownian time step, the population in each quantum state reached steady-

state. Then, the Brownian UCNP particle moves forward in time to a new position - and hence 

excitation intensity - according to the overdamped Langevin equation. As a result, the power 

law plot on the right (Figure 2D) gives the calculated nonlinear optical response of the YbIII:ErIII 

co-doped UCNP over a large range of incident intensities. Specifically, from the resulting 

stochastic trajectory, we calculated the normalized UCNP emission intensity as a function of 



light intensity, and the data is plotted in a log-log scale to show the power law more clearly. 

Figure 2D thus shows that upconversion is a two-photon process in this case, as expected from 

the given YbIII:ErIII energy-level diagram in Figure 1 and the light-matter interaction equations 

(see Supporting Information) solved in the low-intensity regime. These general conclusions, 

discussed in connection with Figures 2A and 2D, show that it is possible to obtain the power 

law for the Brownian UCNP particle, and the same conclusions can be reached at for the 

trajectories of optically trapped and freely diffusing UCNPs as well (Figures 2B/2E and 2C/2F, 

respectively). 

 

Figure 2. Spectroscopic-stochastic simulations. Top row: Simulated stochastic trajectory of a 

Brownian UCNP particle overlaid on a contour diagram of the laser/trapping beam intensity 

profile. The UCNP particle center position is colored with an interpolation from red to white as 

the stochastic trajectory moves forward in time. Bottom row: Population of Er 2H11/2 level as a 

function of input intensity retrieved from the stochastic trajectory shown above, and a curve for 

a power law equal to two (dashed line). Here, the circle colors match the trajectory color scheme 

shown in the stochastic trajectories. Figures 2A/2D: UCNP particle moving towards the trap; 

Figures 2B/2E: optically trapped UCNP particle; Figures 2C/2F: freely diffusing UCNPs. 

 

Figures 2B and 2E show that the power law behaviour can also be retrieved in the case of 

stochastic dynamics when the initial UCNP particle position is near the excitation beam centre 

position, that is, the UCNP is already optically trapped at the beginning of the simulation. The 

range of intensities sampled by the Brownian particle is smaller in this case when compared 

with Figures 2A and 2D. Nonetheless, the stochastic trajectory shown in Figure 2B can also be 

used for characterization of the UCNP nonlinear optical response. As shown in Figure 2E, the 

two-photon upconversion mechanism with a power law equal to two is observed for the range of 

intensities sampled in Figure 2B. Furthermore, the effect of initial input intensity is shown in the 

inset of Figure 2E. At low input intensities, a two-photon mechanism is observed. However, at 

higher intensities, the two-photon mechanism discussed above is replaced by power law 

behavior in which the “slope” decreases with increasing intensity, as discussed previously 



[17,29]. Nonetheless, the resulting power law can be characterized with this approach as well 

(Figure S3).  

Figures 2C and 2F show results of coupled spectroscopic-stochastic simulations in the presence 

of a Gaussian excitation profile yet without harmonic trapping potential, which is relevant for 

experiments involving weaker laser beam intensities or negligible trapping stiffness. As a result, 

the UCNP particle undergoes ordinary Brownian motion (i.e., free diffusion). Additionally, it 

also samples a range of incident light intensities at different locations, thereby allowing 

characterization of the UCNP power dependence as well (see Figure S4 for full results on the 

effect of force constant on the retrieved power law). 

Table 1. Parameter space studied in the spectroscopic / stochastic simulations (see Supporting 

Information). 

Parameter Range 

Particle size (nm) 100 – 1000 

Initial particle position ( m) 0 – 6 

Ion concentration 102 – 1020 

Ion weight fraction (%) 1 – 99 

Elements Yb, Er, Gd, Nd, Tm 

Force constant (x 106 fN/nm) 0.01 – 1 

UCNP photophysics simulation time (ms) 0.05 – 1 

Nonlinear optical power law 1.5 – 5 

 

We have performed additional numerical studies for a range of parameters describing the 

particle composition, morphology, and light intensity, as summarized in Table 1 (see Supporting 

Information, Figures S3-S6). The range of chemical systems considered also included GdIII, 

NdIII, and TmIII with different energy-level diagrams in each case, thus leading to nonlinear 

optical responses up to fifth-order being characterized from individual stochastic trajectories 

(Figure S7). Finally, we also note that the power dependence of UCNP emission was 

characterized in a range of nanoparticle radii (Figure S8), which thus enables the study of 

homogeneous as well as ensemble UCNP responses. Overall, the simulation results show that 

“on the fly” evaluation of UCNP power dependence from individual stochastic trajectories can 

be applied for the parameter space shown in Table 1, and we thus expect it to be generally 

applicable for other types of UCNPs. 

 

Figure 3. HRSEM image of YbIII:ErIII co-doped UCNPs studied in the present work. 



The UCNP samples were prepared as described in our previous work.[17,25] As shown in 

Figure 3, HRSEM revealed UCNP multifaceted particles with an average size of 600  30 nm, 

consistent with our previous work. Prior to the optical microscopy measurements, UCNPs were 

dispersed in N,N-dimethylformamide solvent and characterized by dynamic light scattering. 

Furthermore, ensemble upconversion power dependence measurements for YbIII:ErIII UCNPs 

are consistent with the energy diagram shown in Figure 1 and previous work [29]. 

Figure 4. Single UCNP emission intensity as a function of normalized excitation intensity 

(black squares) and a curve for a power law equal to two. 

The experimental setup used for characterizing UCNP motion and upconversion luminescence 

consisted of an optical trapping setup with NIR excitation coupled to an inverted optical 

microscope, as described previously.[17] Briefly, when the UCNPs are placed on the 

microscope, they interact with a 975 nm laser used for both optical trapping and upconversion 

luminescence. From recorded single UCNP trajectories, we quantify UCNP position and the 

emission intensity at each location, and thus the single-particle trajectories can be used to 

retrieve the UCNP power law for each experimental condition. Employing this approach for 

three different particles, Figure 4 shows the UCNP emission intensities as a function of incident 

intensity (black squares) together with a straight line corresponding to a power law equal to two. 

Thus, Figure 4 shows the power-dependence can be retrieved at the single UCNP level. Good 

agreement between experiments and simulations was obtained in the case where the simulations 

correspond to case (ii) (see Simulations section). 

Several improvements in the strategy presented herein should be made to enable a better 

comparison between experimental and simulated results, and to extend the applicability of this 

approach. For example, complete parameterization of the energy-level shown in Figure 1 based 

on experimental results will require further spectroscopic studies of all the photophysical 

processes involved and lead to a better model for UCNPs with improved theoretical 

understanding of the photophysics.[30-46] For lanthanide-containing coordination complexes 

and clusters as well as smaller UCNPs,[47,48] the resulting faster diffusion will require new 

approaches, such as, for example, simulations incorporating ballistic dynamics combined with 

optical micro-spectroscopy experiments at higher frame rates. Furthermore, in such cases, the 

spectroscopic-stochastic dynamics may involve emitting quantum states in non-stationary 

populations, without clear timescale separation between photophysics and Brownian motion as 

shown here. 

Conclusion 

In conclusion, integrated optical trapping, stochastic dynamics and light-matter interactions 

experiments and simulations are used to evaluate the power dependence of single co-doped 



YbIII:ErIII upconversion nanoparticles starting from their individual trajectories. Overall, when 

compared with UCNP nonlinear optical response characterization in the far field, which requires 

varying the excitation pump power between measurements, in the combined spectroscopic-

stochastic approach a single far-field input intensity is used. This strategy may be useful for 

single nanoparticle characterization of the nonlinear optical response, while the far-field 

approach is better for ensemble measurements.  

Despite the relative simplicity of the model system considered herein, we hope that the present 

work contributes to the growing literature on theoretical, computational, and experimental 

studies aimed at integrating dynamical information occurring at different timescales, from 

events occurring at the level of fundamental ballistic and diffusive dynamics all the way up to 

real-time processes. 
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SIMULATION RESULTS FOR THE SPECTROSCOPIC-STOCHASTIC 

CHARACTERIZATION OF UPCONVERSION 

 

MOVIES S1-S3: stochastic dynamics trajectories and associated on-the-fly upconversion 

characterization (see attached) 

 

 

Figure S1: Er2H11/2 population as a function of normalized laser intensity for various values of 

the force constant with Brownian timestep of 50 s. 

Figure S2: Er2H11/2 population as a function of normalized laser intensity for various values of 

the force constant with Brownian timestep of 1 ms. 
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Figure S3: Power law slope as a function of incident intensity 

 

 

 

Figure S4: Er2H11/2 population as a function of normalized laser intensity for various values of 

the force constant. 

 

 



Figure S5: Er2H11/2 population as a function of normalized laser intensity for various values of 

the lanthanide ion concentration. 

Figure S6: Er2H11/2 population as a function of normalized laser intensity for various values of 

YbIII:ErIII fraction. 

 



 

Figure S7. Spectroscopic-stochastic simulations for system with 5th order nonlinear response. 
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Figure S8: Er2H11/2 population as a function of normalized laser intensity for various 

nanoparticle dimensions (in nm). 

 

 


