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1 Introduction

At low energy, or small curvature, heterotic string theory reduces to ten dimensional N = 1
supergravity coupled to super Yang-Mills [1]. Successive terms in the α′-expansion may be
expressed as higher-derivative interactions that are strongly constrained by the symmetries
of string theory. There are several reasons to study the higher-order terms in the effective
field theories of the massless string modes. They are needed to evaluate the stringy effects
on solutions to the supergravity equations of motion [2–4], they play a central role in the
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tests of duality conjectures [5, 6], in the microstate counting of black hole entropy [7–
9] and in moduli stabilization [10].The swampland program [11] has revealed that the
effective field theories of low energy physics and cosmology are limited by their couplings
to quantum gravity [12–14], and together with the string lamppost principle [15], reinforces
the interest in the restrictions imposed by string theory on the higher-derivative corrections
to General Relativity.

The first few orders of the heterotic string α′-expansion are known explicitly. The
interactions of the bosonic fields up to O(α′3) were originally determined from the com-
putation of scattering amplitudes of the massless string states at tree [1, 16–18] and one
loop [19–22] levels in the string coupling and from conformal anomaly cancellations [23].
The contributions of the fermionic fields have been computed using supersymmetry and
superspace methods [24–37]. Supersymmetry completely fixes the leading order terms [24]
and it often provides an elegant underlying explanation of the higher-derivative correc-
tions. But it holds iteratively in powers of α′ and the transformation rules of the fields
demand order by order modifications that are further restricted by other string symmetries
and dualities.

In particular, the effective field theories for the massless string fields exhibit a global
O(n, n;R) symmetry when the fields are independent of n spatial coordinates. This con-
tinuous T-duality symmetry holds to all orders in α′ [38] (see also [39–47]) and it has been
explicitly displayed recently for the quadratic and some of the quartic interactions of the
bosonic fields in [48, 49]. This feature motivated the construction of field theories with
T-duality covariant structures, such as double field theory (DFT) [50–56] and generalized
geometry [57, 58], which provide reformulations of the string (super)gravities in which the
global duality invariance is made manifest.

In the duality covariant frameworks, the standard local symmetries are generalized
to larger groups: diffeomorphism invariance is extended to also include the gauge trans-
formations of the two-form and the tangent space is enhanced with an extended Lorentz
symmetry. Interestingly, the duality covariant gauge transformations completely determine
the lowest order field interactions in string (super)gravities even before dimensional reduc-
tion (for reviews see [59–64] and references therein). Moreover, extensions of the duality
group [65, 66] as well as enhancings of the gauge structure of DFT [67, 68] allowed to
reproduce the four-derivative interactions of the massless bosonic heterotic string fields.

Supersymmetry can be naturally incorporated in the duality covariant formula-
tions [69–76]. A supersymmetric and manifestly O(10, 10 + ng) covariant DFT reformu-
lation of ten dimensional N = 1 supergravity coupled to ng abelian vector multiplets
was introduced in [70–73]. Although it is formally constructed on a 20 + ng dimen-
sional space-time, the apparent inconsistency of supergravity beyond eleven dimensions
is avoided through a strong constraint that admits solutions removing the field dependence
on 10 + ng coordinates, and fermions transform as spinors under the O(9, 1)L factor of the
local O(9, 1)L ×O(1, 9 + ng)R double Lorentz symmetry.

More recently, an exact supersymmetric and manifestly duality covariant mecha-
nism was introduced in [76], in which the global symmetry of the theory is taken to
be O(D,D + k), k being the dimension of the O(1, D + k − 1) Lorentz group. To pre-
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serve duality covariance, the O(D,D + k) multiplets are parameterized with elements of
O(D,D). Additionally identifying the O(D,D) vector with the generalized spin connection
of O(D,D+ k), the construction produces an exact supersymmetric and duality covariant
generalization of the Green-Schwarz transformation, which requires an infinite tower of
O(D,D) covariant higher-derivative terms in the gauge invariant action.

With the motivation to further understand the structure of the heterotic string α′-
expansion, in this paper we perform a perturbative expansion of the formal exact construc-
tion of [76] and obtain the first order corrections to N = 1 supersymmetric DFT. Fur-
ther parameterizing the duality multiplets in terms of supergravity and super Yang-Mills
multiplets, we show that the supersymmetric duality covariant generalized Green-Schwarz
transformation completely fixes the first order deformations of the transformation rules of
the fields. We also construct the invariant action with up to and including four-derivative
terms of all the massless bosonic and fermionic fields of the heterotic string and up to
bilinear terms in fermions.

The paper is organized as follows. In section 2 we review the basic features of the
N = 1 supersymmetric DFT introduced in [71–73] and we trivially extend it to incorporate
non-abelian gauge vectors. In section 3, after briefly recalling the relevant aspects of the
duality covariant mechanism proposed in [76], we extract the first order corrections to the
transformation rules of the O(10, 10 +ng) generalized fields from those of the O(10, 10 +k)
multiplets, and obtain the manifestly duality covariant and gauge invariant N = 1 super-
symmetric DFT action to O(α′). We then parameterize the O(10, 10 + ng) fields in terms
of supergravity and super Yang-Mills multiplets in section 4 and find the relations between
the duality and the local gauge covariant structures. We discuss the deformations induced
from the generalized Green-Schwarz transformation on the transformation rules of the su-
pergravity fields and compare with previous results in the literature. Finally, in section 5
we present the first order α′-corrections of the heterotic string effective action including up
to bilinear terms in fermions. Conclusions are the subject of section 6. The conventions
used throughout the paper and some useful gamma function identities are included in ap-
pendix A. Details of the proof of closure of the symmetry algebra on the duality multiplets
are contained in appendix B. Finally, in appendix C we compute the deformed supersym-
metry algebra on the supergravity multiplets and prove the supersymmetric invariance of
the first order corrections in the heterotic string effective action.

2 The leading order theory

In this section we review the basic features of the DFT reformulation of N = 1 supergravity
coupled to ng vector multiplets in ten dimensions that was introduced in [71–73], mainly
to establish the notation. The frame formalism used in [77, 78] is most useful to achieve
a manifestly O(10, 10 + ng) covariant rewriting of heterotic supergravity truncated to the
Cartan subalgebra of SO(32) or E8 × E8 for ng = 16. Employing gauged DFT [79], we
further include the full set of non-abelian gauge fields and recover the leading order terms
of heterotic supergravity.
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2.1 Review of N = 1 supersymmetric double field theory

N = 1 supersymmetric Double Field Theory is defined on a space with coordinates XM

belonging to the fundamental representation of G= O(10, 10 + ng|R), with M = (M, i),
M = 0, . . . , 19; i = 1, . . . , ng, and ng is the dimension of the gauge group. The theory has
a global G symmetry, a local double Lorentz H = O(9, 1|R)L ×O(1, 9 + ng|R)R symmetry,
diffeomorphisms generated infinitesimally by ξM through a generalized Lie derivative L̂ξ
and supersymmetry parameterized by an infinitesimal Majorana fermion ε transforming as
a spinor of O(9, 1)L. The propagating degrees of freedom are:

• EM
A: a generalized vielbein parameterizing the coset G

H = O(10,10+ng)
O(9,1)L×O(1,9+ng)R

, with
tangent space indices A = (A,A) splitting into O(9, 1)L and O(1, 9 + ng)R vector
indices, A = 0, . . . , 9 and A = 0, . . . , 9 + ng, respectively,

• d: an O(10, 10 + ng) scalar dilaton,

• ΨA: a Majorana spinor generalized gravitino, transforming as a spinor of O(9, 1)L,
as a vector of O(1, 9 + n)R, and as a scalar of O(10, 10 + ng),

• ρ: a Majorana spinor ‘dilatino’, transforming as a spinor of O(9, 1)L and as a scalar
of O(10, 10 + ng).

The group invariant symmetric and invertible O(10, 10 + ng) metric is

ηMN =

η
µν ηµν η

µ
i

ηµ
ν ηµν ηµi

ηνi ηiν ηij

 =

 0 δµν 0
δµ
ν 0 0

0 0 κij

 , (2.1)

with µ, ν = 0, . . . , 9, i, j = 1, . . . , ng and κij the Killing metric of the gauge group. There
are two constant symmetric and invertible H-invariant metrics ηAB and HAB. The former
is used to raise and lower the indices that are rotated by H and the latter is constrained to
satisfy HA

CHC
B = δBA. The three metrics ηMN, ηAB and HAB are invariant under the action

of L̂, G and H.
The generalized vielbein EM

A is constrained to relate the metrics ηAB and ηMN and
defines a generalized metric HMN from HAB

ηAB = EM
AηMNE

N
B , HMN = EM

AHABEN
B . (2.2)

HMN is also an element of O(10, 10 + ng), constrained as

HMPη
PQHQN = ηMN , HACη

CDHDB = ηAB . (2.3)

It is convenient to define the projectors

PMN = 1
2 (ηMN −HMN) and PMN = 1

2 (ηMN +HMN) , (2.4)

satisfying the usual properties

PMQP
Q
N = PMN , PMQP

Q
N = PMN, PMQP

Q
N = PMQP

Q
N = 0 , PMN + PMN = ηMN ,
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and related with the generalized vielbein in the following way

PAB = EMAE
M
B , PAB = EMAE

M
B , PMN = EMAEN

A, PMN = EMAEN
A . (2.5)

We use the convention that PAB, PAB and their inverse lower and raise projected indices.
The generalized Lie derivative acts as

δξE
M

A = L̂ξEM
A = ξN∂NE

M
A + (∂MξN − ∂NξM)EN

A + fMNPξ
NEP

A, (2.6a)
δξΨA = L̂ξΨA = ξM∂MΨA (2.6b)

δξd = L̂ξd = ξM∂Md−
1
2∂Mξ

M , δξρ = L̂ξρ = ξM∂Mρ , (2.6c)

where the partial derivatives ∂M belong to the fundamental representation of O(10, 10+ng)
and the so-called fluxes or gaugings fMNP are a set of constants [77, 78] verifying linear and
quadratic constraints

fMNP = f[MNP] , f[MN
RfP]R

Q = 0 . (2.7)

Consistency of the construction requires constraints which restrict the coordinate de-
pendence of fields and gauge parameters. The strong constraint

∂M∂
M · · · = 0 , ∂M · · · ∂M · · · = 0 , fMN

P∂P · · · = 0 , (2.8)

where · · · refers to products of fields, will be assumed throughout. This constraint locally
removes the field dependence on 10 + ng coordinates, so that fermions can be effectively
defined in a 10-dimensional tangent space.1

The local O(9, 1)L × O(1, 9 + ng)R double Lorentz symmetry is parameterized by an
infinitesimal parameter ΓAB satisfying

ΓAB = −ΓBA , (2.9)

in order to preserve the invariance of ηAB and HAB. The two projections of a generic vector
V A = V A + V A transform as

δΓV
A = V B ΓBA , δΓV

A = V B ΓB
A , (2.10)

where the ΓAB and ΓAB components generate the O(9, 1)L and O(1, 9 + ng)R transforma-
tions leaving PAB and PAB invariant, respectively, and δΛHAB = 0 implies ΓAB = 0.

The fields transform under double Lorentz variations as

δΓE
M

A = EM
BΓB

A , δΓΨA = ΨBΓBA + 1
4ΓBCγBCΨA , δΓρ = 1

4ΓBCγBCρ , (2.11)

where the O(9, 1)L gamma matrices can be chosen to be conventional gamma matrices in
ten dimensions, satisfying {

γA, γB
}

= −2PAB . (2.12)

Some useful identities for the product of gamma matrices are listed in appendix A.1.
1A supersymmetric DFT without the strong constraint was obtained through a generalized Scherk-

Schwarz reduction in [74].
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The Lorentz and space-time covariant derivatives act on generic vectors as

∇AVB = EAVB + ωAB
CVC , ∇MVA = ∂MVA + ωMA

BVB , (2.13)

with EA ≡
√

2EA
M∂M, implying ω[ABC] =

√
2ωM[ABE

M
C].

Only the totally antisymmetric and trace parts of ωABC can be determined in terms of
EM

A and d, namely

ω[ABC] = −E[AE
N
BENC] −

√
2

3 fMNPE
M

AE
N
BE

P
C ≡ −

1
3FABC , (2.14)

ωBA
B = −

√
2e2d∂M

(
EM

Ae
−2d
)
≡ −FA , (2.15)

the latter arising from partial integration with the dilaton density∫
e−2dV∇AV

A = −
∫
e−2dV A∇AV , (2.16)

for arbitrary V and V A. Only the combinations with the same projection on the last two
indices are non-vanishing.

The covariant derivatives of the (adjoint) gravitino and dilatino are

∇AΨB = EAΨB + ωAB
CΨC −

1
4ωABCγ

BCΨB , (2.17a)

∇AΨB = EAΨB + ωAB
CΨC + 1

4ωABCΨBγ
BC , (2.17b)

∇Aρ = EAρ−
1
4ωABCγ

BC ρ , ∇Aρ = EAρ+ 1
4ωABC ργBC . (2.17c)

The supersymmetry transformation rules are parameterized by an infinitesimal Majo-
rana fermion ε transforming as a spinor of O(1, 9)L

δεE
M
A = −1

2 ε̄γAΨBE
MB , δεE

M
A = 1

2 ε̄γBΨAE
MB , δεd = −1

4 ε̄ρ , (2.18a)

δεΨA = ∇Aε , δερ = −γA∇Aε . (2.18b)

Putting all together, the generalized fields obey the transformation rules

δEM
A = L̂ξEM

A + EM
BΓBA −

1
2 ε̄γAΨBE

MB , (2.19a)

δEM
A = L̂ξEM

A + EM
BΓBA + 1

2 ε̄γBΨAE
MB , (2.19b)

δd = ξP∂Pd−
1
2∂Pξ

P − 1
4ερ , (2.19c)

δΨA = ξM∂MΨA + ΓBAΨB + 1
4ΓBCγBCΨA +∇Aε , (2.19d)

δρ = ξM∂Mρ+ 1
4ΓBCγBCρ− γA∇Aε . (2.19e)
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In appendix B.1 we review the algebra of these transformations, and show that it closes
up to terms with two fermions, with the following parameters

ξM12 = [ξ1, ξ2]M(Cf ) −
1√
2
EM

Aε1γ
Aε2, (2.20a)

Γ12AB = 2ξP[1∂PΓ2]AB − 2Γ[1A
CΓ2]CB + E[A

(
ε1γB]ε2

)
− 1

2
(
ε1γ

Cε2
)
FABC , (2.20b)

ε12 = −1
2Γ[1BCγ

BCε2] + 2ξP[1∂Pε2] , (2.20c)

where the Cf -bracket is defined as

[ξ1, ξ2]M(C) = 2ξP[1∂PξM2] − ξ
N
[1∂

Mξ2]N + fPQ
MξP1 ξ

Q
2 . (2.21)

The transformation rules (2.19) leave the following action invariant, up to bilinear
terms in fermions,

SN=1 DFT =
∫
d20+ngX e−2d (LB + LF) , (2.22)

where LB is the generalized Ricci scalar, which can be written as

LB ≡ R = 1
8FABCFDEF

(
HADηBEηCF − 1

3H
ADHBEHCF

)
−HAB

(1
2FAFB + EAFB

)
,

up to terms that vanish under the strong constraint, and the fermionic Lagrangian is

LF = ΨA
γB∇BΨA − ρ̄γ

A∇Aρ+ 2ΨA∇Aρ . (2.23)

Using the Bianchi identity

1
6FABCF

ABC = 2EAF
A + FAF

A , (2.24)

it is useful to rewrite

R = 2EAFA + FAF
A − 1

6FABCF
ABC − 1

2FABCF
ABC . (2.25)

The supersymmetry variation of the bosonic piece of the action gives

e2dδε[e−2dR(E, d)] = 1
2ερR + 2∆EABR

BA = 1
2ερR− εγ

AΨBRBA , (2.26)

where we have used
δεFABC = −3

(
E[A∆EBC] + ∆E[A

DFBC]D
)

(2.27)

with

∆EAB ≡ EM
AδεEMB = −∆EBA =

{
∆EAB = ∆EAB = 0

∆EAB = −∆EBA = 1
2εγAΨB

(2.28)

and

δεR = −ε̄γAΨB
[
EBF

A − ECFB
AC + FCABF

AAC − FDFB
AD
]

= −εγAΨBRBA .
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The supersymmetry transformation rules define the following Lichnerowicz principle(
γA∇AγB∇B −∇A∇A

)
ε = −1

4Rε , (2.29)[
∇A, γ

B∇B
]
ε = 1

2γ
BRABε , (2.30)

and then, the supersymmetric variation of the fermionic piece of the action

e2dδε
(
e−2dLF

)
= −2∆EBAR

AB − 1
2 ε̄ρR = εγBΨAR

AB − 1
2ερR , (2.31)

exactly cancels (2.26).

2.2 Parameterization and choice of section

To make contact with ten dimensional N = 1 supergravity coupled to ng vector multiplets,
we split the G and H indices as M = (µ, µ, i) and A = (A,A), respectively with A = a,A =
(a, i), µ,µ , a, a = 0, . . . , 9, i, i = 1, . . . , ng, and parameterize the generalized fields as follows:

Generalized frame

EM
A =

Eµa E
µ
a E

i
a

Eµa E
µ
a E

i
a

Eµi E
µ
i E

i
i

 = 1√
2

−eµa − Cρµe
ρ
a e

µ
a −Aρieρa ,

eµa − Cρµeρa eµa −Aρieρa√
2Aµieii 0

√
2eii

 , (2.32)

where ea and ea are two vielbein for the same ten dimensional metric. To guarantee
that the number of DFT and supergravity degrees of freedom agree, we gauge fix eµa =
eµa, eµa = eµa, and identify eµa, eµa with the supergravity vielbein eµa, eµa, a, b = 0, . . . , 9,
respectively, i.e. gµν = eµ

agabeν
b, with gab the Minkowski metric. Cµν = bµν + 1

2A
i
µAνi,

with Aiµ being the gauge connection. For consistency, we also need to impose

Pab = −gabδaaδbb , P ab = gabδ
a
aδ
b
b
, P ij = eiiηije

j
j , (2.33)

with eii the (inverse) vielbein for the Killing metric of the SO(32) or E8×E8 gauge group,
ηij = ei

iηijej
j , as required for modular invariance of the heterotic string.

Generalized dilaton and dilatino

d = φ− 1
2 log

√
−g and ρ = 2λ+ γµψµ , (2.34)

where φ, ψµ and λ are the standard dilaton, gravitino and dilatino fields, respectively.

Generalized gravitino
ΨA = (0, eµaψµ,

1√
2
eiiχi) , (2.35)

χi being the standard gaugino field.
The non-abelian gauge sector is trivially incorporated through the gaugings that de-

form the generalized Lie derivative (2.6a) as

fMN
P =

{
fij

k for M,N,P = i, j, k

0 otherwise. (2.36)

The γ-functions γa = γaδ
a
a verify the Clifford algebra {γa, γb} = 2gab.

– 8 –
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The gauge fixing eµa = eµa implies δeµa = δeµa, and (2.11) lead to

Γab =
(
−Λab + ε̄γ[aψb]

)
δaaδ

b
b , (2.37)

where Λab denotes the generator of O(1, 9) transformations that parameterizes Γab.
The additional gauge fixings δEii = 0 and δEµi = 0 lead respectively to

Γij = Λijδiiδ
j

j
= fijkξ

kδi
i
δj
j

and Γai = Λai δaa δii = 1
2
√

2
εγaχi δ

a
a δ

i
i
, (2.38)

where we have parameterized ξM = (ξµ, ξµ, ξi) and Λai, Λij are introduced for convenience,
as we will discuss in section 4.

Solving the strong constraint in the supergravity frame, parameterizing (2.18) and
using the non-vanishing determined components of the generalized spin connection listed
in appendix A.2, we recover the leading order supersymmetry transformation rules of the
coupled ten dimensional N = 1 supergravity and Yang-Mills fields, namely

δεeµ
a = 1

2 ε̄γ
aψµ , δεφ = −1

2 ε̄λ = −1
4 ε̄ρ+ 1

4 ε̄γ
µψµ , (2.39a)

δεbµν = ε̄γ[µψν] + 1
2 ε̄γ[µχ

iAν]i , δρ = γµDµε−
1
24Habcγ

abcε− γµ∂µε (2.39b)

δεψµ = ∂µε−
1
4w

(+)
µabγ

abε , δελ = −1
2γ

µ∂µφε+ 1
24Habcγ

abcε , (2.39c)

δεA
i
µ = 1

2 ε̄γµχ
i , δεχ

i = −1
4F

i
µνγ

µνε , (2.39d)

where w(+)
µab = wµab + 1

2Hµab is the spin connection with torsion given by the field strength
of the b-field

Habc = eµ[ae
ν
be
ρ
c]Hµνρ = 3eµaeνbeρc

(
∂[µbνρ] − C(g)

µνρ

)
, (2.40)

with C(g)
µνρ the Yang-Mills Chern-Simons form

C(g)
µνρ = Ai[µ∂νAρ]i −

1
3fijkA

i
µA

j
νA

k
ρ . (2.41)

The Lorentz transformations of the supergravity and super Yang-Mills multiplets ob-
tained from (2.11) are

δΛeµ
a = eµ

bΛba , δΛψa = ψbΛba −
1
4γ

bcΛbcψa , δΛχ = −1
4Λbcγbcχ , (2.42)

and the gauge transformations derived from (2.6) are

δξA
i
µ = ∂µξ

i + f ijkξ
jAkµ , δξχ

i = f ijkξ
jχk , δξbµν = 2∂[µξν] − ∂[µξ

iAν]i , (2.43)

where the second term in the gauge transformation of the b-field is the gauge sector of the
Green-Schwarz transformation required for anomaly cancellation.
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Parameterizing the DFT action (2.22), using the fluxes listed in appendix A.2, we get

S =
∫
d10x e e−2φ

[
R(w(e))− 1

12HµνρH
µνρ + 4∂µφ∂µφ−

1
4F

i
µνF

µν
i

− ψµ /Dψµ + ρ /Dρ+ 2ψµDµρ−
1
2χ

i /Dχi + χi

(
γµψν − 1

4γ
µνρ

)
F iµν

+ 1
24Hρστ

(
ψµγρστψµ + 12ψργσψτ − ργρστρ− 6ψνγρτρ+ 1

2χ
iγρστχi

)]
. (2.44)

We use standard notation defined in appendix A. Both the action and the transfor-
mation rules match the corresponding ones in [27], with the field redefinitions specified in
appendix A.3, where (2.44) is rewritten in terms of the standard supergravity dilatino λ
instead of ρ.

3 The first order α′-corrections

In this section we construct the first order corrections to N = 1 supersymmetric DFT,
performing a perturbative expansion of the exact formalism developed in [76].

The duality structure of the first order α′-corrections to heterotic supergravity was
originally considered in [65, 66]. Exploiting a symmetry between the gauge and torsionful
spin connections that exists in ten dimensional heterotic supergravity [26, 27], the duality
group was extended to O(10, 10+ng+nl), with ng(nl) the dimension of the heterotic gauge
(Lorentz) group. In this construction, the gaugings in the generalized Lie derivative (2.6a)
preserve a residual O(10, 10) global symmetry. Including one-form fields in the GL(10)
parameterization of the generalized vielbein, the formalism reproduces the first order cor-
rections to the interactions of the bosonic fields in the heterotic effective field theory. This
construction was supersymmetrized in [75].

The lack of manifest duality covariance and the difficulties to incorporate higher orders
of the α′-expansion in these formulations motivated the search of alternative frameworks.
A deformation of the gauge structure of DFT was proposed in [67], introducing a general-
ized Green-Schwarz transformation that modifies the leading order double Lorentz varia-
tions (2.11) with two derivative corrections. The deformations fix the four derivative terms
of bosonic fields in all T-duality symmetric gravitational theories, including in particular
the bosonic and heterotic string effective actions [68].

The two formalisms described above were merged in the so-called generalized
Bergshoeff-de Roo identification introduced in [76]. In the first part of this section we
briefly review this exact supersymmetric and manifestly duality covariant formulation.
Then we perform a perturbative expansion and extract the first order corrections to the
transformation rules of the O(10, 10 + ng) multiplets (2.19). Finally, we construct the
gauge invariant action containing three and four derivatives of the duality multiplets up to
bilinear terms in fermions.

3.1 The generalized Bergshoeff-de Roo identification

The theory has a global O(10, 10+k) symmetry, where k is the dimension of the O(1, 9+k)
group. This differs from the construction of the previous section, where the duality group
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is O(10, 10 + ng) and ng denotes the dimension of the SO(32) or E8 × E8 heterotic gauge
group. In the construction of [76] instead the gauge sector encodes the higher derivatives.

The vielbein EMA is an element of O(10, 10 + k), parameterized in terms of O(10, 10)
fields as2

EMa = EM
a , EMa = (4

1
2 )MP EP

a , EMα = −AM
β eβ

α ,

Eαa = 0 , Eαa = EM
a AM

α , Eαα = (�
1
2 )αβ eβα .

(3.1)

We use calligraphic symbols to distinguish the O(D,D + k) objects. The indices M =
(M,α) = (µ,µ , α) and A = (A,A) take values M = 0, . . . , 19, A ≡ a = 0, . . . , 9;A =
(a, α), a = 0, . . . , 9 and α, α = 1, . . . , k. AM

α is a constrained O(10, 10) vector field satisfy-
ing AM

α = PM
NAN

α (the projection is fixed by the choice of O(10, 10 + k) duality group,
as opposed to O(10 + k, 10) which would give an equivalent Z2 transformed theory), and

�α
β = κα

β −AMαAMβ , (3.2)
4M

N = ηM
N −AMαANα . (3.3)

The gauge freedom is used to set Eαā to zero and the bijective map eαβ relates the Cartan-
Killing metrics of O(k), καβ and καβ , as

eα
ακαβeβ

β = καβ . (3.4)

The parameterization (3.1) preserves the constraint

EMAηABENB = ηMN , (3.5)

where ηMN and ηAB are the invariant metrics of O(10, 10 +k) and O(9, 1)L×O(1, 9 +k)R,

ηMN =

 0 δµ
ν 0

δµν 0 0
0 0 καβ

 , ηAB =

−gab 0 0
0 gab 0
0 0 καβ

 . (3.6)

The generalized O(10, 10 + k) gravitino splits as ΨA = (0,Ψā,Ψα), where Ψa is a
generalized O(10, 10) gravitino and Ψα is a gaugino of the O(1, 9 + k)R gauge group, that
will later be identified with a function of the O(10, 10) generalized fields. The gamma
matrices are γA = (γa, 0, 0), with γa the O(9, 1)L gamma matrices verifying (2.12).

The transformation rules of the O(10, 10 + k) fields have the same functional form
as (2.19), namely

δEMA = ξP∂PEMA + (∂MξP − ∂PξM)EPA + gfMN
PξNEPA

+ EMBTBA − εγ[AΨB]EMB , (3.7a)

δd = ξP∂Pd−
1
2∂Pξ

P − 1
4 ε̄ρ (3.7b)

δΨA = ξM∂MΨA + TBAΨB + 1
4TBCγ

BCΨA +∇Aε (3.7c)

δρ = ξM∂Mρ+ 1
4TABγ

ABρ− γA∇Aε , (3.7d)

2Note that this differs from (2.32) and from previous constructions, e.g. [65, 66], where the generalized
vielbein is parameterized with GL(10) multiplets.
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where g−2 ∼ α′ is a dimensionful constant, TAB parameterizes the local double Lorentz
O(9, 1)L ×O(1, 9 + k)R tangent space symmetry,

∇Aε = EAε−
1
4ωABCγ

BCε , (3.8)

with EA =
√

2EMA∂M, and the identifications

FABC = 3E[AENBENC] + g
√

2fMNPEMAENBEPC = −3ω[ABC] , (3.9)

FA =
√

2e2d∂M
(
EMAe−2d

)
= −ωBAB , (3.10)

fMN
P =

{
fαβ

γ for M,N ,P = α, β, γ

0 otherwise . (3.11)

Equivalent constraints to (2.7) and (2.8) must be imposed, i.e.

∂M∂
M · · · = 0 , ∂M · · · ∂M · · · = 0 , fMNP∂M · · · = 0 , (3.12a)

fMNP = f[MNP] , f[MN
RfP]R

Q = 0 . (3.12b)

The gauge fixing δEαa = 0 implies

Tα
b =

(
∂P ξαEP b −

1
2εγ

cΨbEαc
)
(�−

1
2 )αβeβα , (3.13)

and δeαα = 0 determines

Tαβ =
(
δ(�

1
2 )αβeβ [β − ξ

P∂PEα[β + ∂P ξαEP [β − gfαβ
γξβEγ[β −

1
2Eαbεγ

bΨ[β

)
eδα](�−

1
2 )αδ .

(3.14)

The gauge generators (tα)A B implement the map

VA
B = −gVα (tα)A

B , (3.15)

allowing to write

− gξα(tα)AB ≡ TAB , −gEαa (tα)CD ≡
1√
2

Aa
CD . (3.16)

They satisfy [tα , tβ ] = fαβ
γ tγ and Tr(tαtβ) = XRδ

α
β , where XR is the Dynkin index of

the representation.
Parameterizing δEMa one gets

δAaCD = ξP∂PAaCD − EaTCD − 2Aa[C
BTD]B −Ab

CDTab + εγaΨCD , (3.17)

where
ΨCD ≡

g√
2

ΨβEα
β(tα)CD . (3.18)

In order to eliminate these extra degrees of freedom, it is convenient to define

F∗
aCD = FaCD −

1
2ΨCγaΨD , (3.19)
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which allows to establish the generalized Bergshoeff-de Roo identification between the
generalized gauge and spin connections

AMCD = F∗
MCD , (3.20)

and to determine ΨCD as the generalized gravitino curvature

ΨCD = ∇[CΨD] + 1
2ω
B
CDΨB , (3.21)

since both sides of (3.20) and (3.21) transform in the same way. The main steps of the
demonstration can be found in [76].

We now proceed to extract the first order α′-corrections to the transformation rules of
the O(10, 10 + ng) generalized fields.

3.2 Induced transformation rules on O(10, 10) multiplets

The covariant transformation rules (3.7) induce higher derivative deformations on the trans-
formations (2.19) of the O(10, 10 + ng) fields. In this section, we work out the first order
modifications, expanding the coefficients (� 1

2 )αβ and (4 1
2 )MN in the parameterization of

the O(10, 10 + k) multiplets.
To simplify the presentation, we turn off the gauge sector of the O(10, 10 + ng) mul-

tiplets, i.e. we take ng = 0, and obtain the induced transformation rules of the O(10, 10)
fields. The gauge sector will be trivially included in the next subsection.

It is convenient to first express the components of the generalized O(10, 10 + k)
fluxes (3.9) and (3.10) in terms of the O(10, 10) fluxes (2.14) and (2.15). Keeping only
the first order terms in the expansion of the coefficients (� 1

2 )αβ and (4 1
2 )MN , namely

(�
1
2 )αβ ∼= κα

β − 1
2AMαAMβ , (4

1
2 )MN

∼= ηMN −
1
2AMαANβκ

αβ , (3.22)

we get the first order deformations

Fabc = Fabc + F
(3)
abc
∼= Fabc −

3b
4

(
E[aF

∗cd
b − 1

2Fd[abF
∗dcd − 2

3F
∗c
e[aF

∗
b
ed
)
F ∗
c]cd , (3.23a)

Fabc = Fabc + F
(3)
abc
∼= Fabc −

b

4
(
EaF

∗cd
[b + F ∗ecdFae[b

)
F ∗
c]cd , (3.23b)

Fabc = Fabc + F
(3)
abc
∼= Fabc + b

8F
∗
def
F ∗ef aF

d
bc , (3.23c)

Fabc = Fabc , (3.23d)

Fabcd ∼= F
(2)
abcd

= −2E[cF
∗
d]ab + 2F ∗a e[cF

∗
d]eb + FcdeF

∗e
ab , (3.23e)

Fabcd ∼= F
(2)
abcd

= 1√
2
EbF

∗
acd
− 1√

2
FadbF

∗d
cd , (3.23f)

Fa = Fa + F (3)
a
∼= Fa + b

8
[
F ∗bcdF

∗cd
a Fb + Eb

(
F ∗bcdF

∗cd
a

)]
, (3.23g)

Fa = Fa , (3.23h)
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where we used

F ∗
Mbc
≡ PMNF ∗

Nbc
= 1√

2
EM

aF ∗
abc

= 1√
2
EM

a
(
Fabc −

1
2ΨbγaΨc

)
, (3.24)

b = 2
(1−XR)g2 , the superscripts (2) and (3) refer to the number of derivatives, and we defined

Fαcd = 1√
2gXR

FABcd(tα)ABeαα . (3.25)

The transformation rules (3.7) take the following form:

Vielbein. The identification EMa = EM
a implies δEMa = δEM

a, and from (3.7a) we get

δEM
a = L̂ξEMa + EM

bTb
a + EMβTβ

a + 1
2εγ

bΨaEMb . (3.26)

Using the gauge fixing (3.13) and the following relation

AM
βf(�)βα = AN

αf(4)MN , (3.27)

which holds for any function f , one gets

δEM
a = L̂ξEMa + EM

bTb
a −AM

β∂P ξαEP
a(�−

1
2 )αβ + 1

2εγ
bΨa(4−

1
2 )MNENb . (3.28)

The second term in the r.h.s. of this expression allows to identify Tab with the Γab component
of the Lorentz parameter (2.9). The third term contains the deformation

δ
(1)
Γ EM

a = b

2 F ∗
Mbc

EN
a∂NΓbc , (3.29)

which is the leading order of the O(10, 10) covariant generalization of the Green-Schwarz
transformation [67]. And finally, the last term in (3.28) contains the first order correction
to the supersymmetry transformation rule (2.18a), namely

δ(1)
ε EM

a = − b8εγ
bΨaF ∗

Mbc
F ∗N

bcENb . (3.30)

Following a similar reasoning, one can see that the other projection transforms as

δ(1)EM
a = b

2 F ∗NcdEN
a
(
−∂MΓcd + 1

4
√

2
εγbΨbFbcdEM

b
)
, (3.31)

where we have identified

Tab = Γab + b

4F
∗
[b
cdEa]Γcd −

b

4εγ[aΨcdF ∗
b]cd . (3.32)

Gravitino. From (3.7c) we get the first order corrections to the transformation rules of
the O(10, 10) gravitino (2.19d), up to bilinear terms in fermions,

δ(1)Ψa = b

16 EbΓcdFc
cdγbcΨa + b

2 ΨcdEaΓcd + 1
4F

(3)
abcγ

bcε, (3.33)

where we have kept the leading order terms in the O(10, 10+k) gaugino identification (3.21).
Note that there are two corrections to the Lorentz transformations. The first term in the
right hand side can be interpreted as a generalized Green-Schwarz transformation and the
second one depends on the gravitino curvature, that we now define.
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Gravitino curvature. To leading order in (3.21), the induced O(10, 10) gravitino cur-
vature is,

Ψab = ∇[aΨb] + 1
2ωcabΨ

c . (3.34)

From (3.7c), we find that it obeys the transformation rule

δΨab = ξM∂MΨab+2Ψc[bΓ
c
a] +

1
4ΓcdγcdΨab+ 1

2EcΓabΨ
c+ 1

2F
∗c
abEcε+ 1

8F
(2)
cdab

γcdε . (3.35)

Dilatino. The first order corrections to the transformation rules of the generalized di-
latino (2.19e) that are obtained from (3.7d) are

δ(1)ρ = b

16EbΓcdF
∗
c
cdγbcρ− b

8γ
aF ∗

abc
F ∗dbcEdε−

1
12F

(3)
abcγ

abcε− 1
2F

(3)
c γcε . (3.36)

Note that the transformation rules of the dilaton (2.19c) as well as the diffeomorphisms
on all the fields are not corrected.

3.3 Including the heterotic gauge sector

It is now trivial to include the gauge sector of the O(10, 10 + ng) formulation. We simply
extend the duality group O(10, 10)→ O(10, 10 + ng), the right Lorentz group O(1, 9)R →
O(1, 9 + ng)R and the indices M → M = (M, i), ā → Ā = (ā, ī), accordingly. Now the
generalized fluxes and gravitino curvature contain the contributions of the gauge sector,
and in particular the structure constants.

A straightforward extension of the indices in equations (3.30)–(3.36) gives the following
transformation rules of the O(10, 10 + ng) generalized fields, up to first order,

δEM
a = L̂ξEM

a + EMbΓba −
1
2εγ

aΨBEMB

− b

2EN
aF ∗NCD

(
∂MΓCD − 1

4
√

2
εγbΨBFb

CDEM
B
)
, (3.37a)

δEM
A = L̂ξEM

A + EMBΓBA + 1
2εγ

bΨAEMb

+ b

2 F ∗M
CD

(
EN

A∂NΓCD −
1
4εγ

bΨAFNCDE
N
b

)
, (3.37b)

δd = ξM∂Md−
1
2∂Mξ

M − 1
4ερ , (3.37c)

δΨA = L̂ξΨA + ΨBΓBA + 1
4ΓbcγbcΨA +∇Aε

+ b

16EbΓCDFc
CDγbcΨA + b

2 ΨDCEAΓCD + 1
4F

(3)
Abc
γbcε , (3.37d)

δρ = L̂ξρ+ 1
4Γbcγbcρ− γa∇aε+ b

16 EbΓCDFc
CDγbcρ

− b

8γ
aFaBCF

dBCEdε−
1
12F

(3)
abcγ

abcε− 1
2F

(3)
a γaε . (3.37e)
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In appendix B.2 we show that the algebra of these transformation rules closes, up to
terms with two fermions, with the following field-dependent parameters

ξM12 = [ξ1, ξ2]MCf
− 1√

2
EM

aε1γ
aε2 + bΓCD[1 ∂MΓ2]CD + b

8F
M
CDF

∗
b
CDε1γ

bε2 , (3.38a)

Γ12AB = 2ξP[1∂PΓ2]AB − 2Γ[1A
CΓ2]CB + b

2EBΓCD[1 EAΓ2]CD

+ bε[1γ
bΨ[AE

M
B]∂MΓCD2] F ∗

bCD
+ b

4ε1γ
bε2F

∗
bAB

, (3.38b)

Γ12ab = 2ξP[1∂PΓ2]ab − 2Γ[1a
cΓ2]cb + b

2EbΓ
CD
[1 EaΓ2]CD

+ bε[1γ[aΨBF ∗b]
CDEMB∂MΓ2]CD , (3.38c)

ε12 = −1
2Γ[1bcγ

bcε2] + 2ξP[1∂P ε2] −
b

4γ
bcε[1E

M
b∂MΓ2]CDF

∗
c
CD . (3.38d)

3.4 First order corrections to N = 1 supersymmetric DFT

The invariant action under the transformation rules (3.7) is clearly of the same functional
form as (2.22) but it depends on the O(10, 10 + k) multiplets, namely

SN=1 DFT =
∫
d20+kX e−2d

(
R(E , d) + ΨAγb∇bΨA − ργ

a∇aρ+ 2ΨA∇Aρ
)
. (3.39)

Hence it contains higher derivatives of the O(10, 10 + ng) multiplets.
The transformation rules (3.7) define the following Lichnerowicz principle,

(
γA∇AγB∇B −∇A∇A

)
ε = −1

4Rε , (3.40)[
∇A, γ

B∇B
]
ε = 1

2γ
BRABε , (3.41)

and then the O(10, 10 + k) generalized Ricci scalar

R = 2EAFA + FAFA −
1
6FABCF

ABC − 1
2FABCF

ABC (3.42)

determines the corrections to the generalized Dirac operator.
In terms of the O(10, 10 + ng) generalized fluxes, the O(10, 10 + k) generalized Ricci

scalar is, up to first order,

R = R + bR(1) = R− F (3)
Abc
FAbc − 1

3F
(3)
abcF

abc + 2F (3)
d F d + 2EaF (3)a

+ b

4EdF
aF ∗dBCF

∗
a
BC + b

8F
(2)AB

cdF
(2)
AB

cd , (3.43)

where R was defined in (2.25). Replacing the expressions (3.23) with the overlined indices
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extended to include the gauge sector (i.e. c, d, . . .→ C,D, . . .), R(1) may be written as

R(1) = 1
4
[
(EaEbF ∗bCD)F ∗aCD + (EaEbF ∗aCD)F ∗bCD + 2(EaF ∗CDb )F ∗aCDF

b

+ (EaF ∗aCD)(EbF ∗bCD) + (EaF ∗CDb )(EaF ∗bCD) + 2(EaFb)F ∗bCDF
∗aCD

+ (EAF
∗
bCD

)F ∗CDc F ∗Abc − (EaF ∗bCD)F ∗CDc F abc + 2(EaF ∗aCD)F ∗CDb F b

− 4(EaF ∗CDb )F ∗aCEF
∗bE

D + 4
3F
∗E

aCF
∗
bED

F ∗CDc F abc + F ∗bCDF
∗CD
a FbF

a

+F ∗CEa F ∗
bED

F ∗aCGF
∗bGD − F ∗CEb F ∗

aED
F ∗aCGF

∗bGD − FAbdF
∗d
CDF

∗CD
c FAbc

]
.

(3.44)

Note that it depends on the generalized gravitino through F ∗
aBC

.
Similarly, we may define

ΨAγb∇bΨA − ργ
a∇aρ+ 2ΨA∇Aρ ≡ LF + L(1)

F , (3.45)

where LF was introduced in (2.23) and the first order corrections are given by

L(1)
F = 1

2

[1
4ΨA

γbEcΨAF
cCDFbCD−

1
8ΨA

γbcdΨA(EbFcCD)FdCD

+ 1
16ΨA

γbcdΨAFabcF
a
CDFd

CD+ 1
12ΨA

γbcdΨAFbC
EFcEDFd

CD

− 1
4Ψ̄AγbΨCFb

EFFdACF
d
EF +2ΨA

γbΨCD(EAFb
CD)−2ΨA

γbΨCDFAbcF
cCD

−2ΨCD
γbEbΨCD−

1
6ΨCD

γbcdΨCDFbcd−4ΨCEγ
bΨE

DFb
CD− 1

4ργ
aEbρF

bCDFaCD

+ 1
8ργ

abcρEaFbCDFc
CD− 1

16ργ
abcρFabdF

d
CDFc

CD− 1
12ργ

abcρFaC
EFbEDFc

CD

− 1
4ΨA

γbcρ(EAFb
CD)FcCD+ 1

4ΨA
γbcρFAbdF

d
CDFc

CD−2ΨCD
F aCDEaρ

+ΨCD
γabρ(EaFbCD)−ΨCD

γabρFaC
EFbED−

1
2ΨCD

γabρFabcF
c
CD

]
. (3.46)

In conclusion, the manifestly duality covariant first order corrections to the action of
N = 1 supersymmetric DFT (2.22) in terms of O(10, 10 + ng) multiplets are given by the
addition of R(1) and L(1)

F , up to bilinear terms in fermions. We have explicitly verified that
the action

SN=1 DFT =
∫
d20+ngXe−2d

(
R + R(1) + LF + L(1)

F

)
, (3.47)

is invariant under the transformation rules (3.37), up to terms with four derivatives and
two fermions. The structure constants preserve a global O(10, 10;R) symmetry.

4 Transformation rules of the supergravity fields

To make contact with the heterotic string low energy effective field theory, in this section
we parameterize the O(10, 10 + ng) duality multiplets in terms of supergravity and super
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Yang-Mills multiplets, we analyze the deformations of the symmetry transformation rules
and compare with previous proposals in the literature.

The deformed transformation rules of the duality multiplets (3.37) induce higher
derivative corrections on the transformation rules of the supergravity and super Yang-Mills
fields that parameterize the generalized fields (2.32), (2.34) and (2.35). We then expect an
α′-expansion of the parameterizations, that we now denote ẽµa, b̃µν , φ̃, Ãiµ, ψ̃µ, λ̃, χ̃i, in terms
of the gauge and Lorentz covariant fields, e.g. ẽµa = eµ

a +O(α′) , b̃µν = bµν +O(α′) , ψ̃µ =
ψµ +O(α′) , etc.

To find the relations between both sets of fields, it is convenient to first work out
the parameterizations of the generalized fluxes and curvatures and their transformation
rules. From the first order terms in the action (3.47), we see that only the leading order
expressions are necessary. We denote the parameterization of F ∗

aCD
as

Ω̂aCD =
(
ŵ

(−)
acd , F̂

i
ac, Âa

ij
)
, (4.1)

where the hats distinguish objects that contain fermions and the collective indices of the
tangent space C = (c, i) include the gauge indices. In terms of supergravity and super
Yang-Mills fields, the components are

ŵ
(−)
abc ≡

(
w

(−)
µbc −

1
2ψbγµψc

)
eµa , (4.2)

with w(±)
abc = wabc ± 1

2Habc,

F̂ab
i ≡ − 1√

2

(
F iµν −

1
2ψ[µγν]χ

i
)
eµae

ν
b , (4.3)

and
Âa

ij ≡ −
(
Akµ fk

ij + 1
4χ

iγµχ
j
)
eµa . (4.4)

The generalized gravitino curvature ΨAB is parameterized as

Ψ̃AB = ΨAB −
1
2Ω̂cABψ

c ≡ ψAB −
1

2
√

2
Ω̂iABχ

i − 1
2Ω̂cABψ

c , (4.5)

with

ψab ≡ eµ[ae
ν
b]D

(+)
µ ψν , (4.6a)

ψai = 1
2
√

2

(
∂cχi −

1
4 ŵ

(+)
abc γ

bcχi −
1

2
√

2
F̂bciγ

bcψa

)
, (4.6b)

ψij = 1
4
√

2
F̂bc[iγ

bcχj] , (4.6c)

and
Ω̂iAB =

(
F̂abi, Âaij ,

√
2fijk

)
(4.7)

is the parameterization of the generalized flux component FABi.
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Parameterizing the Lorentz and supersymmetry transformation rules of F ∗
aBC

, namely

δF ∗
aBC

= −EaΓBC + ΓbaF ∗bBC − 2ΓD [BF
∗
C]Da + εγaΨBC , (4.8)

we get
δΩ̂µCD = −∂µΛCD + 2Ω̂µB[DΛBC] + ε̄γµΨCD , (4.9)

where the generalized Lorentz parameters Γab and ΓAB are parameterized as −Λ̃ab+εγ[aψ̃b]
and Λ̃AB = (Λ̃ab, Λ̃ai, Λ̃ij), with Λ̃AB = ΛAB + O(α′), and Λab is the generator of O(1, 9)
transformations, while Λai = 1

2
√

2εγaχi and Λij = fijkξ
k depend on the supersymmetry

and gauge parameters according to (2.38).
The transformation rule (4.9) contains, other than the standard Lorentz transforma-

tions, the supersymmetry variation of the torsionful spin connection [26, 27]

δεŵ
(−)
µbc = εγµψbc + 3

4εγ[ρχiF̂
i
µν]e

ν
be
ρ
c , (4.10)

the supersymmetry and gauge transformations of the Yang-Mills field strength,

δεF̂µci = 1
2

[
Dµ (ε̄γcχi)− ε̄γµDcχi + 1

4 ε̄γµ
(1

2Hcνργ
νρχi − F̂νρiγνρψc

)]
(4.11)

and δξF̂µci = fijkξ
jF̂µc

k, as well as the leading order gauge and supersymmetry transfor-
mations of the Yang-Mills connection, (2.39d) and (2.43) respectively.

Similarly, from the transformation rule of the generalized gravitino curvature

δΨAB = 2ΨC[BΓCA] + 1
4ΓcdγcdΨAB + 1

2ECΓABΨC + 1
2F
∗c
ABEcε+ 1

8F
(2)
cdAB

γcdε (4.12)

we obtain
δΨCD = 2ΨB[DΛBC] + 1

8 R̂µνCDγ
µνε , (4.13)

where we have defined

R̂µνCD = −2∂[µΩ̂ν]CD + 2Ω̂[µ|C|
EΩ̂ν]ED , (4.14)

which has components

R̂µνcd = R̂
(−)
µνcd − F̂µτ

iF̂νλie
τ

[ce
λ
d] , (4.15)

R̂µνc
i =
√

2
(
D

(−)
[µ F̂ iν]c + 1

4χ
iγ[µχ

jF̂ν]cj

)
, (4.16)

R̂µν
ij = F kµνf

ij
k + F̂ iλ[µF̂

j
ν]λ + 1

2D[µ
(
χiγν]χ

j
)
. (4.17)

In particular, (4.13) contains the supersymmetry transformation rule of the supergravity
gravitino curvature

δεψab = 1
8

(
R̂

(−)
µνab + 3

2 T̂µνab
)
γµνε , (4.18)

where R̂(−)
µνab is the two-form curvature computed from the torsionful spin connection ŵ(−)

µab

and T̂µνab = F̂ i[µνF̂ab]i, in agreement with [26, 27].
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Now we turn to the parameterization of the elementary fields. We start from the de-
formed transformation rules of the components EMa and EMa given in (3.37a) and (3.37b).
Of course, different definitions lead to supergravity multiplets that obey different transfor-
mation rules. An interesting one is the following

ẽµ
a = eµ

a − b

8
(
ŵ

(−)
bcd ŵ

(−)acd + 2T̂ba + ÂbijÂ
aij
)
eµ
b , (4.19)

φ̃ = φ− b

16
(
ŵ(−)acdŵ

(−)
acd + 2T̂ + ÂaijÂaij

)
, (4.20)

where T̂ab = F̂aciF̂b
ci and T̂ = F̂ iacF̂

ac
i . The quadratic terms in spin and gauge connections

are known to be necessary in order to remove the non-standard Lorentz transformations of
the supergravity vielbein eµa and dilaton φ fields [67, 68]. Together with the gauge covariant
T̂ terms, these parameterizations determine eµa and φ fields that obey the leading order
supersymmetry and Lorentz transformation rules (2.39a) and (2.42). To get this result,
the gauge fixings ẽµa = ẽµa ≡ ẽµa, δEii = 0 and δEµi = 0 are used to absorb several terms
into the Lorentz parameters. As a consequence, the following parameterization is needed
for the duality covariant gravitino

ψ̃a = ψa −
b

2Ω̂aCDΨCD + b

8Ω̂a
CDΩ̂bCDψ

b . (4.21)

Interestingly, these parameterizations induce a deformation of the gravitino supersym-
metry variation (2.39c) that can be absorbed into the torsion of the spin connection through
the following modification of the two-form curvature

H̃µνρ = 3
[
∂[µb̃νρ] − ζC(g)

µνρ + b

2 Ĉ
(L)
µνρ + b

2 F̂[µ
ciD(−)

ν F̂ρ]ci + b

8A
k
[µ∂ν

(
χiγρ]χ

j
)
fijk

+ b

8χ
iγ[µχ

j
(
∂νAρ]

k −AlνAρ]
mfklm

)
fijk −

b

8χ
iγ[µχ

jF̂ν
ciF̂ jρ]c

]
. (4.22)

The Yang-Mills Chern-Simons form C
(g)
µνρ was defined in (2.41), the coefficient

ζ = 1 + 1
2b% , %κij = fi

klfjlk , (4.23)

and Ĉ(L)
µνρ denotes the Lorentz Chern-Simons form of the torsionful spin connection ŵ(−)

µab,

Ĉ(L)
µνρ = ŵ

(−)
[µ

cd∂νŵ
(−)
ρ]cd + 2

3 ŵ
(−)
[µ

bcŵ
(−)
νcd ŵ

(−)
ρ]

d
b . (4.24)

The gaugino bilinear terms in (4.22) may be absorbed into the first order deformation of
the Yang-Mills Chern-Simons form replacing Aiµ → Âµ

jk, but this is not convenient for
reasons that will become clear shortly.

The modified three-form H̃µνρ (4.22) may be rewritten as the compact expression

H̃µνρ = 3
[
∂[µb̃νρ] − C(g)

µνρ + b

2 Ĉµνρ
]
, (4.25)

where
Ĉµνρ = ∂[µΩ̂ν

CDΩ̂ρ]CD + 2
3Ω̂[µ|CD|Ω̂ν

DEΩ̂ρ]E
C . (4.26)
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Likewise, a parameterization of the dilatino analogous to (4.21) also induces the
replacement of the lowest order Hµνρ by H̃µνρ in the supersymmetry transformation
rule (2.39c), so that the combination ρ̃ = 2λ̃+γaψ̃a and its supersymmetry transformation
rule are not deformed, i.e. ρ̃ = ρ and δερ = δ

(0)
ε ρ.

From δEµ
i and δΨi in (3.37), one can see that the gauge and gaugino transformation

rules are not deformed and hence it is not necessary to redefine these fields.
Finally, from the transformation rules of the components Eµā or Eµa, and using the

parameterizations defined above, we get

δ(1)b̃µν = − b2
(
∂[µΛCDΩ̂ν]CD + ε̄γ[µΨCDΩ̂ν]CD

)
. (4.27)

This compact expression contains information about the gauge, Lorentz and supersymme-
try transformations of the b̃−field, which we now analyze separately.

Expanding the first term in (4.27) one gets

− b

2∂[µΛCDΩ̂ν]CD = − b2

(
∂[µΛcdŵ(−)

ν]cd + ∂[µξ
kÂν]

ijfijk −
1
2∂[µ

(
εγcχi

)
F̂ν]ci

)
. (4.28)

The first term in the r.h.s. is the Lorentz sector of the Green-Schwarz transformation [80],
which requires the Lorentz Chern-Simons form (4.24) in H̃µνρ. It cannot be eliminated
through redefinitions of the b-field [67]. The bilinear fermionic terms in ŵ

(−)
νcd may be

canceled redefining b̃µν = bµν − b
2w[µ

cdψcγν]ψd, but we choose not to do this because (4.24)
is defined with the corresponding fermionic contribution and then H̃µνρ is Lorentz invariant.

The bosonic piece of the second term in (4.28), i.e. b
2∂[µξ

kAν]
lfl

ijfijk, is the first
order correction to the Yang-Mills Green-Schwarz transformation in (2.43), reflecting the
% deformation of the Killing metric in (4.23). This transformation cannot be eliminated
through redefinitions of the b-field either. Instead, it is convenient to cancel the fermionic
terms in Âµij redefining

b̃µν = bµν + b

8A
k
[µχ

iγν]χ
jfijk , (4.29)

in order to compare with standard results. With this redefinition (4.22) becomes

H̃µνρ = Hµνρ + 3b
2

(
D

(−)
[µ F̂ν

ciF̂ρ]ci −
1
4χ

iγ[µχ
jF̂ν

ciF̂ jρ]c + 1
4χ

iγ[µχ
jFνρ]

kfijk

)
, (4.30)

where
Hµνρ = 3

(
∂[µbνρ] − ζC(g)

µνρ + b

2 Ĉ
(L)
µνρ

)
. (4.31)

Finally the third term in (4.28) together with the second term in (4.27) contain the
first order deformations of the supersymmetry transformation of bµν , i.e.

δ(1)
ε bµν = b

2
(
ŵ

(−)cd
[µ δεŵ

(−)
ν]cd − %A

i
[µδεAν]i + F̂[µ

ciδεF̂ν]ci +D
(−)
[µ

(
ε̄γbχi

)
F̂ν]bi

)
. (4.32)

The first term in (4.32) was originally introduced in [25] to restore manifest Lorentz co-
variance to the supersymmetry variation of the b-field curvature. It was later reobtained
in [26] as a consequence of the assumption that the Yang-Mills and torsionful spin con-
nections should appear symmetrically in ten dimensional N = 1 supergravity coupled to
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super Yang-Mills. The second term in (4.32) reflects the % deformation of the Killing met-
ric (4.23) in the zeroth order supersymmetry transformation (2.39b). These two terms are
the obvious analogs of the Lorentz and Yang-Mills Green-Schwarz transformations

δΛbµν = − b2∂[µΛcdŵ(−)
ν]cd , δξbµν = −ζ∂[µξ

kAkν] , (4.33)

as already noticed in [25]. Here, these transformations follow directly from the manifestly
duality covariant formulation of the theory.

Interestingly, the second term in (4.27) can be obtained from the leading order trans-
formation of the 2-form in (2.39b) with the identifications Aiµ ↔ Ω̂µ

CD, χi ↔ ΨCD, i.e. a
generalization of the symmetry Aiµ ↔ ŵ

(−)cd
µ , χi ↔ ψcd that was used in [26, 27] to obtain

the Riemann squared superinvariant. The generalized identification plays a crucial role in
the proof of supersymmetric invariance of the first order action, as we discuss in the next
section and show in appendix C.

Summing up, the definitions (4.19)–(4.21) and (4.29) lead to supergravity and super
Yang-Mills fields that obey the leading order transformation rules, except for the first
order deformations in (4.32) and the replacement Hµνρ → H̃µνρ in the supersymmetry
transformations of the gravitino and dilatino, i.e.

δεψµ = ∂µε−
1
4 w̃

(+)
µabγ

abε , δελ = −1
2γ

µ∂µφε+ 1
24H̃abcγ

abcε , (4.34)

with w̃(+)
µab = wµab + 1

2H̃µνρe
ν
ae
ρ
b. We show in appendix C.1 that these deformed transfor-

mation rules obey a closed algebra including up to three-derivative terms and bilinears in
fermions.

Clearly, the transformation laws depend on the choice of parameterization. For in-
stance, we could define

ẽ′µ
a = eµ

a − b

8
(
ŵ

(−)
b

cdŵ
(−)a
cd + ÂbijÂ

aij
)
eµ
b , (4.35)

φ̃′ = φ− b

16
(
ŵ(−)acdŵ

(−)
acd + ÂaijÂaij

)
, (4.36)

and similar ones for their superpartners, which are related to the previous parameterizations
through gauge and Lorentz covariant field redefinitions. This parameterization is known
to reproduce the four-derivative terms in the bosonic sector of the heterotic string effective
action when b = α′ [68]. Moreover, the fields defined in this way obey the same classical
dynamics as the previous (4.19) and (4.20) because the corresponding effective actions
will differ by terms proportional to the leading order equations of motion. However, the
definitions (4.35)–(4.36) induce complicated first order corrections in the supersymmetry
transformation rules of the supergravity fields. Hence, we prefer to keep the fields that
obey transformation laws with the smallest amount of deformations.

Before turning to the construction of the invariant action under the modified trans-
formations, we analyze the deformations that were proposed in references [26, 27]. In
particular, we wonder if there is a parameterization of the duality covariant vielbein in
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terms of a gauge covariant one that transforms as proposed in [26] or [27], i.e.

δ(1)eµa = −3α′
32 εγ

στγµψ
νTλνστe

λa or δ(1)eµa = 3α′
16 εγ[λχ

iFνρ]iHµ
νρeλa (4.37)

respectively, written here in our conventions. Note that we only examine the gauge de-
pendent terms since the gravitational sectors coincide up to the order we are considering.
Specifically, we search for a quantity Eµa such that

eµa = eµ
a + Eµ

a and δ(1)eµa = δ(0)Eµ
a . (4.38)

The most general expressions that can reproduce either one of (4.37) can be schematically
written as

Eµ
a = am1

(
ψ..γ

...ψ.e
)
µ

a + am2

(
ψ.γ

...χFe
)
µ

a (4.39)

or as

Eµ
a = bm1 HbcdH

acdeµ
b + bm2 (ψ.γ...ψ.He)µa + bm3 (ργ...ψ.He)µa + bm4 (χγ...ψ.Fe)µa

+ bm5 (χγ...χFe)µa + bm6 (ργ...χFe)µa + bm7 (χγ...χHe)µa , (4.40)

where the terms between parenthesis refer to all possible contractions of indices and num-
bers of γ-matrices, numerated by the supraindex m, while ψ. and ψ.. denote the gravitino
and gravitino curvature, respectively. We found that neither of (4.37) can be reproduced.

Indeed, the supersymmetric generalized Green-Schwarz transformation (3.37), param-
eterized with the fields that reproduce the bosonic terms of the heterotic effective action,
strongly constrains the possible deformations of the theory. In particular, it does not ad-
mit the proposals (4.37). This does not imply that the latter are in conflict with string
theory. In order to establish the invariance of the action that implements those super-
symmetries under O(n, n) transformations, it should be dimensionally reduced to 10 − n
dimensions. We stress that the deformations (4.32) and (4.34) were obtained from the
transformation rules of the O(10, 10 + k) multiplets, whose algebra closes exactly. Hence
the theory avoids an iterative procedure which only guarantees consistency up to a given
order. Moreover, supersymmetry is manifest to all orders and dimensional reductions will
preserve the expected T-duality invariance of the theory.

5 Heterotic string effective action to O(α′)

In this section we parameterize the O(10, 10) invariant N = 1 supersymmetric action (3.47)
in terms of the supergravity and super Yang-Mills fields that transform under local super-
symmetry according to (2.39a), (2.39d), (4.32) and (4.34). We obtain all the terms of
the heterotic string effective action, up to and including four derivatives of the fields and
bilinear terms in fermions.

It is a straightforward though heavy exercise to parameterize the action (3.47). In-
terestingly, using Bianchi identities and integrations by parts, the action of the theory to
O(α′) may be written in the following compact form:

S =
∫
d10x e e−2φL , (5.1)
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with

L = R+ 4∂µφ∂µφ−
1
12H̃µνρH̃

µνρ − 1
4F

i
µνF

µν
i + α′

8 R̂µνABR̂
µνAB

− ψµγνDνψµ + ργµDµρ+ 2ψµDµρ−
1
2χ

iγµDµχi + χi

(
γµψν − 1

4γ
µνρ

)
F iµν

+ 1
24H̃ρστ

(
ψµγρστψµ + 12ψργσψτ − ργρστρ− 6ψργστρ+ 1

2χ
iγρστχi

)
+ α′

[
ΨABγµDµ(w, Ω̂)ΨAB −

1
24ΨAB /HΨAB −ΨAB

(
γµψν − 1

4γ
µνρ

)
R̂µνAB

]
,

where we have taken b = α′ and defined /H = γµνρHµνρ and

Dµ(w, Ω̂)ΨAB = ∂µΨAB + 2Ω̂µ[A
CΨB]C −

1
4wµcdγ

cdΨAB . (5.2)

As expected, the bosonic fields reproduce the expression obtained from the scattering
amplitudes of the heterotic string massless fields up to first order in α′ and field redefini-
tions [16–18], i.e.

S|bos =
∫
d10xee−2φ

[
R+ 4∂µφ∂µφ−

1
12H

µνρ
Hµνρ −

1
4ζF

i
µνF

µν
i

+α′

8

(
R(−)ab
µν R(−)µν

ab −
1
2TµνT

µν − 3
2TµνρσT

µνρσ
)

+ α′

4 e.o.m.

]
, (5.3)

where we have included only the terms involving purely bosonic fields (recall that the
hatted expressions contain fermions) and e.o.m. refers to the leading order equations of
motion ∆gµν ,∆φ, ∆Aνi and ∆bρν that are given in appendix A.3, namely

e.o.m. = 1
2∆eµaTµa −

(1
4∆φTµν + ∆(Ab)iν∆Aiµ +AiλAiρ∆bλµ∆bρν

)
gµν , (5.4)

with ∆(Ab)iν =
(
∆Aiν − 2Aiλ∆bλν

)
. The first order correction to the Killing metric in-

cluded in the coefficient ζ and all the terms in e.o.m. may be eliminated through gauge
covariant field redefinitions. However, as we argued in the previous section, the redefined
fields would obey more complicated supersymmetry transformation rules. Reversing the
argument, we can think that by adding terms proportional to the equations of motion in
the action, the deformations of the supersymmetry transformation rules can be minimized.

The apparent simplicity of the first order corrections that involve bilinears in fermions
in (5.1) is due to the definitions (4.1), (4.5) and (4.14). The terms that are independent
of the super Yang-Mills fields (i.e. those in which all the collective indices A,B, . . . take
the values a, b, . . .) exactly agree with equation (2.11) of [27]. The latter was obtained
replacing Aiµ → ŵ

(−)cd
µ and χi → ψcd in the leading order Lagrangian (2.44). Actually, one

can recover the Lagrangian L(R2) of [27] replacing

ΨAB → ψab , R̂µνAB → R
(−)
µνab , H̃µνρ → Hµνρ

in (5.1). However the structures with collective tangent space indices A,B, . . . contain
super Yang-Mills fields in addition to the supergravity fields. Note that H̃µνρ involves the
generalization of the Lorentz Chern-Simons form (4.24) defined in (4.26). As expected,
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the terms in which the collective indices take the values i, j, . . . do not agree with the
corresponding expressions L(RF 2)+L(F 4) in [27], since the supersymmetry transformation
rules of the fields differ by Yang-Mills field-dependent terms.

The supersymmetric invariance of the action (5.1) is shown in appendix C. It simply
results from the observation that both the action and the transformation rules of the fields
have the same structure as the corresponding ones in [27], albeit with collective indices,
except for the terms contained in the parameter Λci = 1

2
√

2 ε̄γcχi, which cancel in the
variation of the action.

6 Outlook and final remarks

In this paper we have obtained the first order corrections to N = 1 supersymmetric DFT
performing a perturbative expansion of the exact supersymmetric and duality covariant
framework introduced in [76]. The action has the same functional form as the leading
order one constructed in [71–73], but it is expressed in terms of O(10, 10 + k) multiplets,
where k is the dimension of the O(1, 9 + k) group. Decomposing the O(10, 10 + k) duality
group in terms of O(10, 10 + ng) multiplets, the theory contains higher derivative terms to
all orders. We kept all the terms with up to and including four derivatives of the fields and
bilinears in fermions.

The transformation rules of the O(10, 10 + k) multiplets obey a closed algebra and in-
duce higher-derivative deformations on those of the O(10, 10+ng) fields. In particular, they
produce a supersymmetric generalization of the duality covariant Green-Schwarz transfor-
mation that was found in [67]. We showed that the algebra of deformations closes up to
first order and constructed the invariant action with up to and including four derivatives
of the O(10, 10 + ng) multiplets and bilinears in fermions.

To make contact with the heterotic string low energy effective field theory, we param-
eterized the duality covariant multiplets in terms of supergravity and super Yang-Mills
fields. The inclusion of higher-derivative terms requires unconventional non-covariant field
redefinitions in the parameterizations of the duality covariant structures. The definitions
that reproduce the four-derivative interactions of the bosonic fields of the heterotic string
effective action were found in [67, 68]. Here, we worked with a set of fields related to
the latter through gauge covariant redefinitions. Except for the two-form, the fields de-
fined in section 4 obey the leading order transformation rules with a modification of the
two-form curvature in the supersymmetry variations. The Lorentz and non-abelian gauge
transformations of the two-form are deformed by the standard Green-Schwarz mechanism,
as expected, and its supersymmetry transformations are deformed by Green-Schwarz-like
terms plus some extra Yang-Mills dependent higher-derivative terms.

The deformed transformations obey a closed algebra, which guarantees the existence of
an invariant action. We constructed such action in section 5, by parameterizing the man-
ifestly duality covariant expression (3.47) in terms of the fields that obey supersymmetry
transformation rules with the minimal set of deformations. As expected, the interactions
of the bosonic fields agree with the results obtained from the heterotic string scattering
amplitudes [16–18], up to terms proportional to the leading order equations of motion. To
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our knowledge, the three-derivative low energy interactions involving fermions have not
been constructed directly from string theory. The action and transformation rules that
we have obtained follow from an exact supersymmetric and duality covariant formalism.
Hence the theory avoids an iterative procedure which only guarantees consistency up to a
given order. Moreover, supersymmetry is manifest to all orders and dimensional reductions
will preserve the expected T-duality symmetry of the theory.

Supersymmetric extensions of the Yang-Mills and Lorentz Chern-Simons forms
have been constructed using the Noether method. In particular, a supersymmetric
L(R) + L(R2) invariant was obtained in [26, 27] from the leading order action (2.44), us-
ing the symmetry between the gauge and torsionful spin connections. The three-derivative
terms that are independent of the Yang-Mills fields in the action (5.1) coincide with those
results. But not surprisingly, the Yang-Mills field-dependent terms disagree with the corre-
sponding expressions of the L(RF 2) +L(F 4) invariants proposed in those references, since
the deformations of the transformation rules differ by Yang-Mills field-dependent terms.
The supersymmetric and T-duality covariant generalized Green-Schwarz transformation
strongly restricts the modifications to the leading order supersymmetry transformation
rules, and in particular, it does not allow the proposals of [26, 27]. As argued in section 4
this does not imply that the latter are in conflict with string theory. In order to establish
if they are compatible with the required T-duality symmetry, the corresponding invariant
action should be dimensionally reduced.

The effort employed in the construction of the higher-derivative fermionic sector of
the heterotic string effective field theory is justified for various reasons. First of all,
an intriguing consequence of the duality covariant formalism is the natural appearance
of the generalized collective tangent space indices C,D, . . ., which allows to include the
higher-derivative Yang-Mills field-dependent terms into gravitational structures such as
R̂µνCD, Ω̂µCD or ΨCD. In particular, it leads to relatively mild modifications of the leading
order supersymmetry transformation rules of the fields, which permits the use of the lead-
ing order Killing spinor equations to obtain classical solutions containing higher-derivative
corrections [2]. These features not only simplify the construction of new supersymmetric
solutions but also allow to easily extend the known solutions for the gravitational sector
to the Yang-Mills sector.

The fermionic contributions to the action are also relevant for applications to four-
dimensional physics. Both the superpotential and D-terms can be more easily computed
from the fermionic couplings [10] and the higher derivative corrections to these terms
as well as to the Yukawa couplings could also have interesting consequences for string
phenomenology and moduli fixing.

An obvious natural extension of our work would be to determine further interactions
beyond the first order. The quartic interactions of the Yang-Mills fields that we have
reproduced are mirrored by corresponding quartic Riemann curvature terms [16–18]. Con-
sequently, we expect that the higher orders of perturbation will reproduce these higher-
derivative corrections. It would be interesting to see if the generalized structures with
capital indices persist to higher orders. If they do, the formulation would contain informa-
tion about higher than four-point functions in the string scattering amplitudes.
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Nevertheless, there is another quartic Riemann curvature structure that has no analog
in the Yang-Mills sector [16–18]. At tree level, these terms are proportional to the tran-
scendental coefficient ζ(3). The analysis of the higher-derivative terms is technically more
challenging but also more interesting, since further duality covariant structures, or even a
more drastic change of scheme, seem to be necessary as advocated in [81].

Performing a generalized Scherk-Schwarz compactification of the sub-leading correc-
tions to N = 1 supersymmetric DFT would be another promising line of research, as
this would produce higher-derivative corrections to lower dimensional gauged supergravi-
ties [68, 82]. We hope to return to these and related questions in the future.
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A Conventions and definitions

In this appendix we introduce the conventions and definitions used throughout the paper.
Space-time and tangent space Lorentz indices are denoted µ, ν, . . . and a, b, . . . , respectively.

The covariant derivative acting on a gauge tensor Gµci and on a spinor ε is, respectively,

D(±)
µ Giνc = ∂µG

i
νc − ΓρµνGiρc − w(±)d

µc Giνd −AjµGkνcf ijk, (A.1)

D(±)
µ ε = ∂µε−

1
4w
±
µabγ

abε , (A.2)

with
Γσµν = 1

2g
σρ (∂µgνρ + ∂νgµρ − ∂ρgµν) , (A.3)

and the torsionful spin connection

w
(±)
abc ≡

(
wabc ±

1
2Habc

)
, (A.4)

where
wµbc = eµ

a
(
−eµ[ae

ν
b]∂µeνc + eµ[ae

ν
c]∂µeνb + eµ[be

ν
c]∂µeνa

)
. (A.5)

The identity Dµeν
a = ∂µeν

a − Γρµνeρa − wµabeνb = 0 implies

wµa
b = −eνa∂µeνb + Γσµνeσbeνa . (A.6)

The commutator of covariant derivatives acting on gauge tensors and spinors is[
D(±)
µ , D(±)

ν

]
Fρci = −RσρµνFσci +R(±)

µνc
dFρdi − FµνjFρckfijk (A.7)[

D(±)
µ , D(±)

ν

]
ε = 1

4R
(±)

µνabγ
abε , (A.8)
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where the Riemann tensor is defined as

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµκΓκνσ − ΓρνκΓκµσ
= eρaeσ

bRµνab = eρaeσ
b
(
−2∂[µwν]ab + wµa

cwνcb − wνacwµcb
)
, (A.9)

and the Yang-Mills field strength is

F iµν = 2∂[µA
i
ν] − f

i
jkA

j
µA

k
ν . (A.10)

The Ricci tensor and scalar are

Rµν = Rρµρν , R = gµνRµν = Rµν
abeµae

ν
b . (A.11)

A.1 Some useful gamma function identities

To distinguish O(1, 9)R and O(9, 1)L tangent space indices in DFT we use a, b, . . . and
a, b, . . . , respectively. The Clifford algebra {γa, γb} = −2Pab determines the following
identities for the O(9, 1)L gamma matrices

γaγb = γab − Pab , (A.12a)
γabγc = γabc − 2γ[aPb]c , (A.12b)
γaγbc = γabc − 2Pa[bγc] , (A.12c)
γabγ

cd = γab
cd − 4γ[a

[dPb]
c] + 2P[b

[c Pa]
d] , (A.12d)

γabγ
cde = γab

cde − 6γ[a
[dePb]

c] + 6γ[eP[b
c Pa]

d] , (A.12e)
γabcγ

de = γabc
de − 6γ[ab

[ePc]
d] + 6γ[aPc

[d Pb]
e] , (A.12f)

γabcγ
def = γabc

def − 9γ[ab
[efPc]

d] + 18γ[a
[fPc

dPb]
e] − 6P[c

[d Pb
e Pa]

f ] , (A.12g)
CγaC−1 = −(γa)t , C−1γabC = −(γab)t , (A.12h)

where C−1 = Ct = −C and a, b = 0, . . . , 9.

A.2 Leading order components of the generalized fluxes

Using the parameterizations introduced in section 2 and solving the strong constraint in
the supergravity frame, the non-vanishing determined components of the generalized spin
connection are, to leading order,

Fabc = −
(
wabc + 1

2Habc

)
≡ −w(+)

abc , (A.13a)

Fabc =
(
wabc −

1
2Habc

)
≡ w(−)

abc , (A.13b)

Fabc = 3
(
w[abc] −

1
6Habc

)
, (A.13c)

Fabc = −3
(
w[abc] + 1

6Habc

)
, (A.13d)

Fiab = Fabi = Fabi = − 1√
2
eµae

ν
beiiF

i
µν , (A.13e)
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Faij = −eiie
j
je
µ
aAµ

kfijk , (A.13f)

Fijk =
√

2ei
i
ej
j
ek
k
fijk , (A.13g)

Fa = Fa =
(
∂µe

µ
a + eµae

ν
b∂µe

b
ν − 2eµa∂µφ

)
, (A.13h)

where

Habc = eµ[ae
ν
b e
ρ
c]Hµνρ = 3eµaeνb eρc

(
∂[µbνρ] −Ai[µ∂νAρ]i + 1

3fijkA
i
µA

j
νA

k
ρ

)
, (A.14)

and fijk are the structure constants of the SO(32) or E8 × E8 gauge groups.

A.3 The leading order action and equations of motion

Here we rewrite the zeroth order action (2.44) in terms of the dilatino λ of the supergravity
multiplet and compare with the corresponding expression in [27]. We also list the leading
order equations of motion of all the massless fields derived from it.

Rewriting the generalized dilatino ρ = 2λ+ γµψµ in terms of λ and ψ and integrating
by parts, the action (2.44) takes the form

S =
∫
d10x e e−2φ

[
R(w(e))− 1

12HµνρH
µνρ + 4∂µφ∂µφ−

1
4F

i
µνF

µν
i

− ψ̄µγµνρDνψρ + 4λ̄γµνDµψν + 4λ̄γµDµλ−
1
2 χ̄

i /Dχi

+ 4ψ̄µγνγµλ∂νφ− 2ψ̄µγµψν∂νφ−
1
4 χ̄iγ

µγνρF iνρ

(
ψµ + 1

3γµλ
)

+ 1
24Hρστ

(
ψ̄µγ[µγ

ρστγν]ψ
ν + 4ψ̄µγµρστλ− 4λ̄γρστλ+ 1

2 χ̄
iγρστχi

)]
. (A.15)

It matches the corresponding expression in [27] with the following field redefinitions: φ−3 →
e−2φ, R→ −R, Hµνλ → 1

3
√

2Hµνλ, Bµν → 1√
2bµν , λ→

1√
2λ, Aµ →

1√
2Aµ, χ→

1√
2χ.

The leading order equations of motion of all the massless fields, written in terms of ρ,
are

∆eµa = 1
2eµ

a∆φ+ 2Rµa + 8DµφD
aφ− 1

2HµλσH
aλσ − FµλiF aλi

− 2ψµγλDλψ
a − 2ψλγµeνaDνψλ + 2ργµDaρ+ 4ψµDaρ− χiγµDaχi

+ 1
4ψ

λγµ
στψλH

a
στ −

1
4ργµ

στρHa
στ + 1

8χ
iγµ

στχiH
a
στ + ψσγµ

τρHa
στ

− 1
2ψµγστρH

aστ + 2ψµγσψτHa
στ − ψσγµψτHa

στ + 1
12ψµγ

ρστψaHρστ

+ 2χiγµψλF aλi − 2χiγλψµF aλi − χiγµλρF aλi , (A.16)
∆φ = −2L , (A.17)

∆bνρ = 1
2D

µHµνρ −DµφHµνρ

− 1
8D

µ
(
ψλγµνρψλ + 12ψ[µγνψρ] − ργµνρρ− 6ψ[µγνρ]ρ+ 1

2χ
iγµνρχi

)
+ 1

4

(
ψλγµνρψλ + 12ψ[µγνψρ] − ργµνρρ− 6ψ[µγνρ]ρ+ 1

2χ
iγµνρχi

)
Dµφ ,

(A.18)
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∆Aµi = 1
2HµνρF

νρi +Aρ
i∆bρµ −DνFµν

i + 2FµνiDνφ− 1
2χ

jγµχ
kf ijk

− 1
8F

νρi
(
ψλγµνρψλ + 12ψ[µγνψρ] − ργµνρρ− 6ψ[µγνρ]ρ+ 1

2χ
jγµνρχj

)
+ 2Dνχi

(
γ[µψν] −

1
4γµνρ

)
+ 2χiDν

(
γ[µψν] −

1
4γµνρ

)
− 4χi

(
γ[µψν] −

1
4γµνρ

)
Dνφ , (A.19)

∆ψµ = 2Dνψµγ
ν − 2ψµγν∂νφ+ 2Dµρ+ 1

12ψµγ
ρστHρστ −

1
4Hµνρ

(
4ψργν − ργνρ

)
,

− Fµνiχiγν (A.20)

∆ρ = −2Dµργ
µ + 2ργµ∂µφ− 2Dµψ

µ + 4ψµ∂µφ−
1
12Hρστ

(
ργρστ + 3ψργστ

)
,

− 1
4Fµν

iχiγ
µν (A.21)

∆χi = Dµχiγ
µ − χiγµ∂µφ+ χi

1
24γ

ρστHρστ −
(
ψ
ν
γµ − 1

4ργ
µν
)
Fµνi . (A.22)

B Algebra of transformations of O(10, 10 + ng) fields

In this appendix we show that the algebra of transformation rules closes, up to terms with
two fermions. We first review the algebra of zeroth order transformations (2.19) and in B.2
we include the first order corrections. We define [δ1, δ2] = −δ12.

B.1 Leading order algebra

We focus on the algebra determined by the leading order transformations (2.19) and show
that it closes with the parameters (2.20). We split the algebra of transformations on the
generalized fields into the following commutators:

• Supersymmetry transformations of the dilaton

[
δε1 , δε2

]
d = 1

2ε[2
(
γa
√

2EaM∂M ε1] −
1
4γ

aωabcγ
bcε1]

)
= −ξ′M12 ∂Md+ 1

2∂Mξ
′M
12 = −δξ′

12
d , (B.1)

where we have used ε̄1γaε2 = −ε̄2γaε1 and ε1γabcε2 = ε2γ
abcε1, and defined

ξ′M12 = − 1√
2
EMc (ε̄1γcε2) . (B.2)

• Diffeomorphisms on the dilaton

[
δξ1 , δξ2

]
d = −ξ′′M12 ∂Md+ 1

2∂Mξ
′′M
12 = −δξ′′

12
d , (B.3)

with
ξ′′M12 = 2ξN[1 ∂NξM2] . (B.4)
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• Mixed supersymmetry and double Lorentz transformations on the dilaton

δ[Γ,ε]d = −1
8ε[2Γ1]bcγ

bcρ = −δε′12
d , (B.5)

where we have defined δ[Γ,ε] = [δΓ1 , δε2 ] + [δε1 , δΓ2 ] and

ε′12 = −1
2Γ[1abε2]γ

ab . (B.6)

• Mixed diffeomorphisms and supersymmetry variations on the dilaton

δ[ε,ξ]d = 1
2ξ

M
[1 ∂M ε2]ρ = −δε′′12

d , (B.7)

with
ε′′12 = 2ξM[1 ∂M ε2] . (B.8)

• Supersymmetry variations of the frame[
δε1 , δε2

]
EMa = 1√

2
ENB∂N

(
ε[1γaε2]

)
EM

B − 1
2
(
ε[1γcε2]

)
ωBa

cEM
B . (B.9)

Projecting with EM
C , we get

EM
C

[
δε1 , δε2

]
EMa = −EN

Cδξ′
12
ENa (B.10)

where we have used (2.14) and ξ′M12 is the generalization of (B.2), i.e.

ξ′M12 = − 1√
2
EM

c (ε̄1γcε2) . (B.11)

Projecting with EM
c we find

EM
c
[
δε1 , δε2

]
EMa = −EN

cδΓ′
12
ENa (B.12)

with
Γ′ab12 = E[a

(
ε1γ

c]ε2
)
− 1

2 (ε1γcε2)F abc . (B.13)

Following similar steps, we get

EM
c
[
δε1 , δε2

]
EMA = −EM

cδξ′
12
EMA , EM

B

[
δε1 , δε2

]
EMA = −EM

CδΓ′
12
EMA ,

with
Γ′AB12 = −1

2 (ε1γcε2)FABc . (B.14)

• Diffeomorphisms and double Lorentz variations of the frame

δ[Γ,ξ]E
M

A = −
(
δΓ′′

12
+ δξ′′

12

)
EM

A , (B.15)

where

Γ′′12AB = 2ξM[1 ∂MΓ2]AB − 2Γ[1A
CΓ2]CB (B.16)

ξ′′M12 = 2ξP[1∂P ξM2] − ξ
N
[1∂

Mξ2]N + fPQ
MξP1 ξ

Q
2 . (B.17)

Note that ξ′′M12 in (B.4) does not contain the second and third terms in the r.h.s. of
this expression, due to the strong constraint.
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• Mixed diffeomorphisms and supersymmetry variations of the frame

δ[ε,ξ]E
M
a = ξN[1 ∂N ε2]γaΨBE

MB = −δε′′12
EM

a , (B.18)

where ε′′12 is defined in (B.8). A similar result is obtained for EM
A.

• Mixed double Lorentz and supersymmetry variations of the frame

δ[Γ,ε]E
M
a = 1

4ε[1Γ2]bcγ
bcγaψBE

MB = −δε′12
EM

a , (B.19)

where ε′12 is defined in (B.6). A similar result is obtained for EM
A.

• Mixed diffeomorphisms and supersymmetry transformations of the gravitino

δ[ε,ξ]ΨA = EA(2ξM[2 ∂M ε1])−
1
2ωAbcγ

bcξM[2 ∂M ε1] = −∇Aε
′′
12 = −δε′′12

ΨA . (B.20)

• Mixed supersymmetry and double Lorentz transformations of the gravitino

δ[Γ,ε]ΨA = 1
2∇A

(
Γ[2bcγ

bcε1]
)
≡ −∇Aε

′
12 = −δε′12

ΨA (B.21)

• Diffeomorphisms and double Lorentz transformations of the gravitino

δ[Γ,ξ]ΨA = −
(
δΓ′′

12
+ δξ′′

12

)
ΨA . (B.22)

• Mixed supersymmetry and double Lorentz transformations of the dilatino

δ[Γ,ε]ρ = −1
2γ

a∇a(Γ[2bcγ
bcε1]) = γa∇aε′12 = −δε′12

ρ . (B.23)

• Diffeomorphisms and double Lorentz transformations of the dilatino

δ[Γ,ξ]ρ = −(δΓ′′
12

+ δξ′′
12

)ρ . . (B.24)

• Mixed diffeomorphisms and supersymmetry transformations of the dilatino

δ[ξ,ε]ρ = γa∇aε′′12 = −δε′′12
ρ . . (B.25)

Summarizing we have found, up to bi-linear terms in fermions,

EM
C

[
δ1, δ2

]
EMa = −EM

C (δξ12 + δΓ12 + δε12)EMa , (B.26a)
EM

c
[
δ1, δ2

]
EMA = −EM

c (δξ12 + δΓ12 + δε12)EMA , (B.26b)
EM

B

[
δ1, δ2

]
EMA = −EM

CδΓ12EMA , (B.26c)
EM

c
[
δ1, δ2

]
EMa = −EN

cδΓ12ENa , (B.26d)[
δ1, δ2

]
d = − (δξ12 + δε12) d , (B.26e)[

δ1, δ2
]
ΨA = −

(
δξ′′

12
+ δΓ12 + δε12

)
ΨA , (B.26f)[

δ1, δ2
]
ρ = −

(
δξ′′

12
+ δΓ12 + δε12

)
ρ , (B.26g)

where δ1 = δξ1 + δε1 + δΓ1 and ξM12 = ξ′M12 + ξ′′M12 , Γ12AB = Γ′12AB + Γ′′12AB, ε12 = ε′12 + ε′′12.
The commutator of supersymmetry variations on the gravitino and dilatino as well as the
missing terms δξ′

12
ρ and δξ′

12
ΨA are not included as they are of higher order in fermions.
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B.2 First order algebra

We now work out the algebra of first order transformations (3.37) and show that it closes
with the parameters (3.38), up to terms with two fermions. Here we denote δ ≡ δ(0) +
δ(1) and [δ1, δ2] = δ

(1)
1 δ

(0)
2 + δ

(0)
1 δ

(1)
2 − (1 ↔ 2) = −δ(1)

12 . We split the algebra as in the
previous section.

Double Lorentz transformations on the generalized frame

[
δΛ1 , δΛ2

]
EM

A = b

2
[
δΛ1

(
F∗ CDM

)
EN

A∂NΛ2CD − δΛ2

(
F∗ CDM

)
EN

Ā∂NΛ1CD

]
. (B.27)

Rewriting

δΛ1

(
F∗ CDM

)
EN

A∂NΛ2CD =
(
− ∂MΛCD1 + 2F∗MBDΛ1B

C)ENA∂NΛ2CD , (B.28)

with ∂M = ∂M + ∂M and

− 2EPA∂MΛ[1
CD∂PΛ2]CD = EPA

[
∂M
(
−Λ1

CD∂PΛ2CD

)
+ ∂P

(
Λ1

CD∂MΛ2CD

)]
, (B.29)

we get [
δΛ1 , δΛ2

]
EM

A = −
(
δ

Λ(1)′
12

+ δ
ξ

(1)′
12

)
EM

A , (B.30)

where
ξ

(1)′

12M = bΛCD[1 ∂MΛ2]CD , Λ(1)′

12AB = b

2EBΛCD[1 EAΛ2]CD . (B.31)

Repeating the procedure for EM
a, we find

[
δΛ1 , δΛ2

]
EM

a = −
(
δ

Λ(1)′
12

+ δ
ξ

(1)′
12

)
EM

a , (B.32)

with ξ(1)′M
12 defined in (B.31) and

Λ(1)′

12ab = b

2EbΛ
CD
[1 EaΛ2]CD . (B.33)

Mixed supersymmetry and double Lorentz transformations on the generalized
frame. Using

δ(0)
ε1 F

∗
M
CD = −ε1γb

(1
2ΨAEMAFb

CD + EMb∇[DΨC] + 1
2EMbΨAFCDA

)
, (B.34)

we get the first order contribution to the mixed transformation rules of EM
A

δ[ε,Λ]EM
A = b

2

[
−1

2ε1γ
bΨBEMBFb

CDEN
Ā∂NΛ2CD −

1
2ε2γ

bΨA∂MΛCD1 FbCD

+ 1
16ε2γ

bΛ1cdγ
cdΨAFM

CDFbCD −
1
4ε2γ

bΨAFM
CDFaCDΛa1b

+ 1
4FM

CDε1γ
bΨAENb∂NΛ2CD + 1

4ε2γ
bΨA∂MΛCD1 FbCD

−1
8ε2γ

bENa∂NΛ1CDFc
CDγacΨAEMb − (1↔ 2)

]
. (B.35)
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The first two terms are a Lorentz transformation with parameter

Λ(1)′′

12AB = b ε[1γ
bΨ[AE

N
B]∂NΛCD2] FbCD . (B.36)

From the second line, only one term survives after commuting the gamma matrices, which
corresponds to a first order supersymmetric variation with zeroth order parameter ε′12 =
−1

2ε[1γ
cdΛ2]cd.

In the same way, from the remaining terms we find a first-order supersymmetry pa-
rameter

ε
(1)′

12 = b

4ε[1E
M
a∂MΛ2]CDFc

CDγac . (B.37)

Consider now the component EM
a

δ[ε,Λ]EM
a = b

2

[
−1

2ε1γ
cΨBEMcE

N
B∂NΛ2CDF

aCD− 1
2ε2γ

aΨBFM
CDENB∂NΛ1CD

+ 1
4ε2γ

b
(
−1

4Λ1cdγ
cdΨB

)
FbCDF

aCDEM
B− 1

4ε2γ
bΨBFbCDEN

a∂NΛCD1 EM
B

+ 1
2EM

Bε2γ
cΨBE

N
c∂NΛ1C

DFaCD−
1
2ε2γ

aEMB

(
−1

4E
N
b∂NΛ1CDFc

CDγbcΨB
)

+1
4ε2γ

bΨB

(
−ENb∂NΛ1CD+FcCDΛc1b

)
FaCDEM

B−(1↔ 2)
]
. (B.38)

The first line is a zeroth order Lorentz transformation with parameter

Λ(1)′′

12ab = b ε[1γ[aΨBFb]CDEMB∂MΛ2]CD . (B.39)

Commuting the gamma matrices in the first term of the second line, the second contribution
in the fourth line is canceled and we get again a supersymmetry transformation with zeroth
order parameter ε′′12 = −1

2ε[1γ
cdΛ2]cd . Finally, commuting the gamma matrices in the

second term of the third line, various cancellations leave a supersymmetry transformation
with first order parameter (B.37).

Supersymmetry variations on the generalized frame

EM
c
[
δε1 , δε2

]
EMA = b

2

[
−1

2ε2
(
EN

[dE
P
A∂PFN

CDFc]CD+EN
AE

P
[c∂PFN

CDFd]CD

+FNCDF[c
CD∂NE

P
d]EPA

)
γdε1+ 1

4ε2FA
b
dFcCDFbCDγ

dε1

+1
4ε2E

P
A∂PFd

CDFcCDγdε1−
1
4E

P
A∂P

(
ε2γ

bε1FbCD
)
FcCD−(1↔ 2)

]
.

The first and last terms of the r.h.s. combine into a Lorentz transformation with
parameter

Λ(1)′′′

12AB = b

4ε1γ
cε2FcAB , (B.40)

while the other terms form a diffeomorphism with first order parameter

ξ
(1)′′

12M = b

8FMCDFb
CDε1γ

bε2 . (B.41)

The same result holds for EM
C

[
δε1 , δε2

]
EMa, while

EM
C

[
δε1 , δε2

]
EMA = 0 , EM

c
[
δε1 , δε2

]
EMa = 0. (B.42)
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Mixed diffeomorphism and Lorentz variations of the generalized frame. Re-
calling that diffeomorphisms are not deformed, we get to first order

δ[Λ,ξ]EMA = b EPA∂[P (2ξN[1 ∂NΛ2]CD)F∗M]
CD , (B.43)

which is a first-order Lorentz transformation with a zeroth order parameter. We use the
convention A[ABb] = 1

2AABb −
1
2ABBa to interchange projected indices.

Mixed diffeomorphism and supersymmetry variations on the generalized frame.
This case is similar to the previous one. We start with

δ[ε,ξ]EMA = b

2

(
−1

4ξ
P
2 ∂P ε1

)
γbΨAFM

CDFbCD − (1↔ 2) , (B.44)

which is a first order supersymmetry transformation with a zeroth order parameter. It is
straightforward to see that the same result holds for EMa.

Double Lorentz variations on the generalized gravitino

[δΛ1 , δΛ2 ]ΨA = b

2

[
ΛB2 A

(
δ

(1)
Λ1

ΨB

)
− 1

4Λ2bcγ
bc
(
δ

(1)
Λ1

ΨA

)
−δ(0)

Λ1

(1
4
(
EMb∂MΛ2CDFc

CDγbcΨA

)
+
(
2∇DΨC−ωE

DCΨE
)
EMA∂MΛ2CD

)
−
(
2∇DΨC−ωE

DCΨE
)
δ

(0)
Λ1

(
EMA∂MΛ2CD

)]
−(1↔ 2) . (B.45)

After some straightforward manipulations, we finally obtain Lorentz transformations with
the following parameters

Λ12AB = −2Λ[1A
CΛ2]CB , Λ(1)′

12AB = b

2EBΛ[1
CDEAΛ2]CD and Λ(1)′

12ab = b

2EbΛ[1CDEaΛ2]
CD

Mixed Lorentz and supersymmetry transformations on the generalized grav-
itino

δ[Λ,ε]ΨA = b

2

[
ΛB2Aδ

(1)
ε1 ΨB + 1

16Λ2abγ
abF (3)

Acd
γcdε1 + δ

(1)
Λ1
EMA∂M ε2

− 1
4E

M
b∂MΛ2CDFc

CDγbc∇Aε1 −
1
4δ

(1)
Λ1
FAbcγ

bcε2

− 2δ(0)
ε1 (∇DΨC)EMA∂MΛ2CD + ωB

DCδ(0)
ε1 ΨBEMA∂MΛ2CD

−1
4δ

(0)
Λ1
F (3)
Abc
γbcε2 − (1↔ 2)

]
. (B.46)

Commuting the gamma matrices in the second term of the r.h.s, and combining it with the
corresponding term in the (1↔ 2) operation, we recognize a supersymmetry transformation
with zeroth order parameter ε′12 = −1

2 ε̄[1γ
abΛ2]ab.

The first term in the second line together with the corresponding term in the (1↔ 2)
operation, gives a zeroth order supersymmetry transformation with first order parameter
ε
(1)′

12 = b
4γ

bcε[1E
M
b∂MΛ2]CDFc

CD. The remaining terms cancel and then we get

δ[Λ,ε]ΨA = −
(
δ

(0)
ε

(1)′
12

+ δ
(1)
ε′12

)
ΨA (B.47)

up to terms with two fermions.
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Mixed diffeomorphisms and supersymmetry transformations on the generalized
gravitino

δ[ξ,ε]ΨA = b

4ξ
M
[1 F

(3)
Abc
γbc∂M ε2] = −δ(1)

ε12ΨA , (B.48)

with ε12 = 2ξM[1 ∂M ε2].

Double Lorentz variations on the generalized dilatino[
δΛ1 , δΛ2

]
ρ = −1

4Λ2abγ
ab(− 1

4E
M
b∂MΛ1CDFd

CDγbdρ
)
− 1

4Λ1
c
bE

M
c∂MΛ2CDFd

CDγbdρ

− 1
4E

M
b∂MΛ2CD

(
− ENc∂NΛ1

CD + FaCDΛ1
a
c + 2FcBDΛ1B

C)γbcρ
− 1

4E
M
b∂MΛ2CDFc

CDγbc(−1
4Λ1adγ

adρ)− (1↔ 2) . (B.49)

In the second line (adding the (1 ↔ 2) operation) we recognize a Lorentz transformation
with first and zeroth order parameters

Λ(1)′

12ab = b

2EaΛ[1CDEbΛ2]
CD and Λ12AB = −2Λ[2CBΛ1]A

C . (B.50)

Commuting the gamma matrices of the third line, it is straightforward to see that the
remaining terms cancel.

Mixed Lorentz and supersymmetry transformations on the generalized dilatino.
This computation is similar to the one associated to the gravitino. We find the following
supersymmetry parameters

ε′12 = −1
2 ε̄[1γ

abΛ2]ab and ε
(1)′

12 = b

4γ
bcε[2E

M
b∂MΛ1]CDFc

CD , (B.51)

so that finally
δ[ε,Λ]ρ = −δ(1)

ε12ρ . (B.52)

Mixed diffeomorphism and supersymmetry transformations on the generalized
dilatino

δ[ξ,ε]ρ = ξM2 ∂M

(
− 1

12F
(3)
abcγ

abcε1 −
1
4
(
ωcd

cFdCDFa
CD + ENd∂N (FdCDFa

CD)
)
γaε1

)
− (1↔ 2)

= −δ(1)
ε12ρ . (B.53)

In equations (3.38) of the main text we collect the parameters that appear in this
algebra of first order transformation rules.

C Supersymmetry of heterotic string effective action

In the first part of this appendix we prove that the higher-derivative deformations of the
transformation rules of the supergravity fields satisfy a closed algebra up to O(α′) and up
to terms with two fermions. In the second part, we show that the action (5.1) is invariant
under these supersymmetry transformations.
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C.1 Supersymmetry algebra

It is well known that the algebra of leading order transformations of supergravity and super
Yang-Mills fields closes. Moreover, the replacement Hµνρ → H̃µνρ in the supersymmetry
transformations of the gravitino and dilatino does not affect the leading order closure on
any field except for the b-field. Hence we focus on the algebra of first order transformation
rules on bµν .

It is convenient to first look at the brackets acting on b̃µν = bµν + b
8A

k
[µχ

iγν]χ
jfijk. Up

to first order and bilinear terms in fermions, we need the following transformation rules:

δψa = ψbΛba −
1
4γ

bcΛbcψa + ∂µε−
1
4 w̃

(+)
µabγ

abε , (C.1a)

δAiµ = ∂µξ
i + f ijkξ

jAkµ + 1
2 ε̄γµχ

i , (C.1b)

δχ = f ijkξ
jχk − 1

4Λbcγbcχ−
1
4F

i
µνγ

µνε , (C.1c)

δb̃µν = 2∂[µξν] − ζ∂[µξ
iAν]i −

b

2
(
∂[µΛCDΩ̂ν]CD + ε̄γ[µΨCDΩ̂ν]CD

)
, (C.1d)

δΩ̂µCD = −∂µΛCD + 2Ω̂µE[DΛEC] + εγµΨCD = −DµΛCD + εγµΨCD , (C.1e)
δR̂µνCD = 2R̂µνE[DΛEC] − 2D[µ (εγνΨCD) , (C.1f)

δΨCD = 2ΨE[DΛEC] + 1
8 R̂µνCDγ

µνε . (C.1g)

We exclude the diffeomorphisms since it is trivial to see that all the transformation rules
of bµν (i.e. Lorentz, supersymmetry, abelian and non-abelian gauge transformations) trans-
form as tensors under diffeomorphisms and hence their commutators are trivial. Therefore,
we compute the brackets(

[δ1, δ2]b̃µν
)(1)

=
(
δ

(1)
1 δ

(0)
2 − δ

(1)
2 δ

(0)
1

)
b̃µν +

(
δ

(0)
1 δ

(1)
2 − δ

(0)
2 δ

(1)
1

)
b̃µν . (C.2)

The first term in the r.h.s. gives

δ
(1)
1 δ

(0)
2 b̃µν − (1↔ 2) = 3α′

4 ε2γ
λε1Ĉµνλ , (C.3)

and the second one can be written as

δ
(0)
1 δ

(1)
2 b̃µν − (1↔ 2) = α′∂[µ

(
ΛCD2 ∂ν]Λ1CD

)
+ α′∂[µ

(
ΛCD1 ΛE2 C

)
Ω̂ν]ED

+ α′

4 ε2γ
λε1Ω̂[µ

CDR̂ν]λCD −
α′

2 ∂[µ
(
ε2γ

σε1Ω̂i
cσ

)
Ω̂ν]ci . (C.4)

Adding both contributions, we get
(
[δ1, δ2]b̃µν

)(1)
= 2∂[µξ12ν] −

α′

2 ∂[µΛCD12 Ω̂ν]CD −
α′

2 ∂[µ
(
ε2γ

σε1Ω̂i
cσ

)
Ω̂ν]ci , (C.5)

with
ξ12ν = α′

2

[
ΛCD2 ∂νΛ1CD + 1

4ε2γ
λε1Ω̂ν

CDΩ̂λCD

]
. (C.6)
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and

ΛCD12 = 2ΛCE1 Λ2E
D + 1

2ε2γ
λε1Ω̂λ

CD . (C.7)

To see the algebra of transformations on bµν , note that

([δ1, δ2])(1) bµν =
(
[δ1, δ2]b̃µν

)(1)
− α′

8 ([δ1, δ2])(0)
(
A[µ

kχiγν]χ
jfijk

)
, (C.8)

and it is easy to see that the second term in the r.h.s. vanishes. Rewriting (C.5) in terms
of supergravity and super Yang-Mills fields, the brackets that mix supersymmetry with
Lorentz and abelian gauge transformations vanish, while the supersymmetry algebra gives

([δε1 , δε2 ])(1) bµν = ∂[µ(ξ12)ν] − α′∂[µΛcd12ŵν]cd −
α′

2 %∂[µξ
i
12Aν]i , (C.9)

with

(ξ12)ν = α′

4 ε̄2γ
λε1Ω̂ν

CDΩ̂λCD ,

Λcd12 = 1
4 ε̄2γ

λε1ŵ
(−)cd
λ ,

ξi12 = −1
2 ε̄2γ

λε1A
i
λ . (C.10)

C.2 Invariance of the action

Here we prove the supersymmetric invariance of the action

S =
∫
d10x e e−2φL , (C.11)

with

L=R+4∂µφ∂µφ−
1
12H̃µνρH̃

µνρ− 1
4F

i
µνF

µν
i +α′

8 R̂µνCDR̂
µνCD

−ψµγνDνψµ+ργµDµρ+2ψµDµρ−
1
2χ

iγµDµχi+χi
(
γµψν− 1

4γ
µνρ

)
F iµν

+ 1
24H̃ρστ

(
ψµγρστψµ+12ψργσψτ−ργρστρ−6ψργστρ+ 1

2χ
iγρστχi

)
+α′

(
ΨCDγµDµ(w, Ω̂)ΨCD−

1
24ΨCD /HΨCD−ΨCD

(
γµψν− 1

4γ
µνρ

)
R̂µνCD

)
. (C.12)

Since the leading order action is known to be invariant [24], we analyze the O(α′)
variation, namely

(δS)(1) =
∫
d10xee−2φ

[
−eµaδ(0)eµaL

(1) − 2δ(0)φL(1) + δ(0)L(1) + δ(1)L(0)
]
. (C.13)
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Using the transformation rules (C.1) we get

(δS)(1) =−α
′

8 ερ
(
HµνρĈ

µνρ− 1
2 R̂µνCDR̂

µνCD
)

+ 3α′
8 εγ(µψλ)HµνρĈλ

νρ

− 3α′
2 εγµψν

(
∂ρφĈµν

ρ− 1
2DρĈµν

ρ+ 1
12 R̂µρCDR̂ν

ρCD
)

+ 3α′
8 εγµχ

iFνρiĈ
µνρ

+ α′

2 δ
(0)Ω̂µ

CD
(

∆bµνΩ̂νCD+ 1
2H

µνρR̂νρCD+2∂νφR̂µνCD−DνR̂
µνCD

)
+ α′

8 δ
(0)ψµ

(
γρστψµĈρστ +12γσψτ Ĉµστ −3γστρĈµστ +8γνΨCDR̂µνCD

)
− α

′

8 δ
(0)ρ

(
(γρστρ+3γστψρ) Ĉρστ −2γµνΨCDR̂µνCD

)
+ α′

16δ
(0)χiγρστχiĈρστ

+2α′δ(0)ΨCD
(
/D(w, Ω̂)ΨCD−

(
/∂φ+ 1

24
/H

)
ΨCD+ 1

2

(
γµψν− 1

4γ
µνρ

)
R̂µνCD

)
+δ(1)b̃µν∆bµν−2δ(1)ψµ∆ψµ+2δ(1)ρ∆ρ . (C.14)

The variations (C.1) depend on the supersymmetry parameter explicitly and through
Λci = 1

2
√

2 ε̄γcχi. The explicit dependence has the same structure as the corresponding
transformations in [26, 27], replacing the collective indices C,D, . . . by c, d, . . .. Since the
corresponding actions also have the same structure, we can assure that those terms cancel
in (C.14). The Λci-dependent terms are contained in δ(0)Ω̂µCD, δ

(1)bµν and δ(0)ΨCD. We
can disregard the latter as they are higher than bilinear in fermions. The former two may
be written as

(δS)(1) = α′

2 Dρ

[
∂µΛCDΩ̂νCD − Ω̂µ

EDΩ̂ν
C
DΛEC

]
Hµνρ

+ α′

2 DνDµΛCDR̂µνCD −
α′

4 DµΛCDHµνρR̂νρCD ,

which can be easily shown to vanish after performing some integrations by parts.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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