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1 Introduction

The Einstein’s field equations,

Guw =Tuw (1.1)

are fundamental relations which describe the dynamics of matter coupled to gravity in a
Riemannian D-dimensional background (p = 0,...,D — 1). The Lh.s. of the equation is
given by the Einstein tensor, a divergenceless and symmetric tensor that depends on the
geometric properties of the D-dimensional space-time and the r.h.s. is related to the matter
and energy content of the system.

Kinetic theory is the usual way to describe matter from microscopic principles. In this
scheme the energy-momentum tensor is the second moment of the one-particle distribution
function f = fx,p] [1-4],

™ = /p“p”f\/ﬁdD% (1.2)



with p# the momentum and g the determinant of the metric tensor. The evolution of f is
given by the relativistic Boltzmann equation

P'Duf = Clfl, (1.3)
where C[f] is the collision term and D,, is the Liouville operator defined as

0

_ o v
D,=V,-T}p o (1.4)
In the previous expression V, is the covariant derivative of the space-time using the Levi-
Civita connection I'f,,. For applications and extensions of the formalism see [5].

The Boltzmann equation (1.3) describes the evolution of the number of particles in a
given volume of the 2 D-dimensional phase space, which in this context is defined as follows:
for each point  on the D-manifold M, a momentum space P, attached to z is introduced.
Then the phase space is the collection (z,P,) which defines a fiber bundle [6]. On account
of this the r.h.s. of the Einstein equation also holds a rich geometric structure that is part
of the relativistic kinetic theory. For instance, the Liouville operator D,, can be understood
as a covariant derivative on the phase-space. In fact the infinitesimal diffeomorphisms for

a generic phase-space tensor v,”(z, p) receive an extra contribution of the form [7, 8],

0€7 (z) Ov,”

(5§”UMV = Lg’uul’ _|_pP 5P 8])0 , (15)
where L¢ is the Lie derivative acting on tensors defined as
ov,”  0¢P og” o0&
Lev,” =¢€° 5 @’UPV — 833{)1)#" + w@vuy, (1.6)

where w is a weight constant and ¢, = £,(x) an infinitesimal parameter. The closure
of (1.5) is given by the Lie bracket,

ehla) = 0% _ (1609 1.7
12 1 orP . .

On the other hand the energy-momentum tensor (1.2) is a symmetric and divergence-

less tensor related with the variation of the matter action S, with respect to the (inverse)

metric tensor as

248,
0% \/E(Sgl‘” .

Then, (1.1) is the equation of motion of the metric tensor when we couple matter to a

(1.8)

Riemannian background.

In this work we present a model of kinetic theory which paves the way to describe
matter in a Double Field Theory (DFT) background. DFT [9-17] is a generalization of
Riemannian geometry which is manifestly invariant under O(D, D). The previous group is
closely related with an exact symmetry of String Theory [18]. However since the dimension
of the fundamental representation of O(D, D) is 2D, the ordinary space-time must be



doubled to accomplish O(D, D) as a global symmetry of the theory.! The generalized
coordinates of the double space XM = (x#,2,) are in the fundamental representation of
O(D, D), where &, is the extra set of coordinates and M = 0,...,2D — 1. Derivatives in
the double space are constrained by the section condition (or strong constraint),

O (0M5) = (Opr) (M%) =0, (1.9)

where x means a product of arbitrary generalized fields. These constraints effectively
removes the dependence on 7.
The invariant metric of O(D, D) is

0 &
NMN = (5“ 6”) : (1.10)

This metric raises and lowers the indices M, N,... and is left invariant under generalized
diffeomorphisms, generated infinitesimally by ¢M through the generalized Lie derivative,
defined as

LV (X) = ENONVar(X) + (0m€N — 0N en) Vv (X) + w(OnEN) Vi (X)), (1.11)

where Vjs(X) is an arbitrary (double) vector and w is a weight constant. The closure of
the generalized diffeomorphisms,

(36, 06, |V () = 8, VY (X) (1.12)
is given by the C-bracket,

ot 1 po
HX) =€ 52y — 3l 2 — (1> ). (113)

The background field content of DF'T consists of a dynamical metric Hyn(X) = Harnw,
called the generalized metric and a scalar d(X) = d, called the generalized dilaton. Both
Harn and nprn can be decompose in terms of the DFT projectors namely

1 — 1
Pyy =5 oy = Huw) and Puyy = 5 (nun + Haw) (1.14)

which satisfy the following properties

FMQPQN =Pun, PuoP%N = Pun,
PMQPQN :PMQPQN =0, PMN+PMN:77MN~ (1.15)

Using the previous projectors, an arbitrary vector Vj; can be decomposed as

Vi =V + VM = PMNVN + PMNVN . (1.16)

!Check [19-21] for reviews.



The partial derivative of a vector in the double space does not transform like a vector. The
generalized covariant derivative is defined as

VuVy =0V — FMNPVP , (1.17)

and demanding compatibility with the invariant group, with the generalized metric and
demanding that the generalized torsion vanishes is not enough to completely determine
the generalized affine connection. However, the generalized Ricci tensor Ry/n|[H, d] and
the generalized Ricci scalar R[H, d] are fully determined. In consequence the DFT action
principle is defined in the following way,

/dQDXe‘M(;R[”H,d] + LM, d, @]) (1.18)

where £,,[H,d, ®] is the matter Lagrangian that may depend on extra fields, represented
in (1.18) as ®. Following a variational principle for this action with respect to generalized
diffeomorphims [22, 23|, namely

3¢(So+Sm) =0, (1.19)
it is possible to define an Einstein-type equation [24] of the form
Gun = Tun (1.20)
where the generalized symmetric Einstein tensor results
Gun = —2(Ryzn + Ryw) — %HMNR, (1.21)

and the definition of the generalized symmetric energy-momentum tensor is

_10Lm
2 5d

0L  OLm
5PKL 5?KL

Tun = Hun <Em ) -2 [PMKPNL —l—?NKPML} < ) . (1.22)

The differential Bianchi identities in the double geometry reads [25-27],

VpR —4VMR 5 = 0,
VpR+4VHR, 5 =0, (1.23)

and both of them provide VMGy;n = 0 off-shell. Similarly to what happens in General
Relativity (GR) the generalized symmetric energy-momentum tensor is divergenless on-
shell. The main goal of this work is to elaborate on the double phase space of DFT and
to define an O(D, D) invariant kinetic theory. In particular we study the relation between
the symmetric energy-momentum tensor (1.22) and the second moment of the generalized
distribution function, coming from the generalized Boltzmann equation.



1.1 Main results

We start defining a generalized momentum space Px attached to the double space. The
double phase space is the collection

{XM,PM}, (1.24)
where PM is an extra coordinate that is also an O(D, D) vector. The infinitesimal general-
ized diffeomorphisms acting on a double phase space vector V€ = V&(X, P) are defined as

oM Ve | 9w oVO
OXN OPM ~ " Xy PM

6V =L@ 4 pN (1.25)

where L¢ is the generalized Lie derivative and {y = (X)) is an infinitesimal parameter.
We demand a section condition for the momentum derivatives,

0 0 0 0
(apM*) <6PM*) ~ oM <6PM*) -0 (1.26)
and for the mixed derivatives,
0 0 0 0
(axM*) <0PM*> axXM <a7>M*> ! (1.27)

Imposing the previous constraints, the last term of (1.25) vanishes. We solved the strong
constraint of the double phase space with the following solution

0

= 1.2
op, ~ (1.28)

which is enough to recover the usual phase space diffeomorphisms from the generalized
ones and then P* = p* is the momentum. The closure of (1.25),

Gy 0 | VY (X, P) = 0g,, VY (X, P) (1.29)

is given by the C-bracket,

p 08" 1 _pdtp

G2 (X) =& 525 = 58 pyar —

(1 2). (1.30)

The covariant derivative of the double phase space is given by the generalized Liouville
operator Dy, defined as

d
D=V — FMNQPNW—Q : (1.31)

We define a generalized Boltzmann equation considering a generalized distribution function
F= F(X , 73) in the following way,

PMDyF = C[F], (1.32)

where C[F] is a generalized collision term and the operator Dy, contains a generalized
dilaton dependence,
Dy = Dy — U, (1.33)



with Upy = Upr(X) = 20)pd. In terms of the general relativistic Boltzmann equation, the
Uy contribution can be interpreted as a generalized force term that appears since the
integral measure of DFT is a function of the generalized dilaton. We assume the existence
of an equilibrium state such that

ClFeq) =0. (1.34)

The integration of the product of (1.32) and a generic phase space object UM leads to

VN

/ vMPNE,, e2dd2D7>] — / FyPNDyOMe2dg?Dp — . (1.35)

If we set UM to a constant, we find the generalized current
NM(X) = / PMFE,, e %qd*Pp (1.36)

with the conservation law Vy AN"M = 0. Considering ¥# = PM in (1.35) leads to the
generalized energy-momentum tensor

TYN(X) = / PMPNFoge 1 d*PP, (1.37)

and its conservation law reads VyTMN = 0.

Similarly to what occurs in GR, the present results show that the r.h.s. of the gen-
eralized Einstein equation (1.20) has the same properties, symmetric and divergenceless,
than the generalized symmetric energy-momentum tensor coming from the double kinetic
theory (1.37).

1.2 Outline

This work is organized as follows. In section 2 we review the main aspects of general
relativistic kinetic theory and its Lagrangian and Hamiltonian formulation. We focus on
the construction of the phase space and its symmetries. Special attention is paid to the
Liouville operator, which is defined as the natural extension of the covariant derivative on
the phase space. Then we summarize the construction of the Boltzmann equation and the
conservation laws for the first and second moment of the distribution function.

Section 3 is dedicated to the basic aspects of the geometry of DFT. We start defining
generalized diffeomorphisms through a generalized Lie derivative and then we introduce a
generalized affine connection that, unlike GR, is undetermined. After that we review the
differential Bianchi identities, the generalized Einstein tensor and the generalized energy-
momentum tensor.

In section 4 we elaborate on the kinetic theory in the double space. We start by
giving a consistent deformation of the generalized diffeomorphisms with an appropriate
section condition for the generalized momentum derivatives. The bracket of the previous
transformations is the C-bracket and the generalized Liouville operator plays the role of
the covariant derivative on the double space. Then we present a generalized Boltzmann
equation and a generalized transfer equation, and we obtain the conservation laws for the



generalized current and the generalized energy-momentum tensor. In the last part of this
section we discuss applications. Here we focus in the generalized scalar field Lagrangian as
a candidate of matter Lagrangian for a perfect fluid in the double space.

In section 5 we conclude the work and elaborate on some future directions. After that
two appendices are provided. In A we set our conventions and in B we explicitly show the
closure of the generalized diffeomorphism transformations in the double phase space.

2 Relativistic Kinetic Theory

2.1 Basics

We start with a D-manifold M with coordinates z*, u =0, ..., D, equipped with a metric
tensor g, and a Levi-Civita connection I'},. For each point z on M with coordinate z*,
we introduce its tangent space P, whose vectors are the momenta p#. In consequence the
phase space is a collection (z,P,) which defines a tangent bundle [6-8]. From this point of
view, the momentum can be considered independent of the position and thus

op¥
OxH

~0. (2.1)

This condition holds in an off-shell formulation of the general relativistic kinetic theory
which is the scenario that we will deal with. Conversely the on-shell condition p*p,, = m?
spoils the independence between momenta itself and with position coordinates.

Let us observe that coordinate transformations on M, induce transformations in the
fiber and therefore the infinitesimal diffeomorphisms of a phase space scalar v with constant
weight w can be written as

0% (x) Ov

Ogv = LE“"’PPWOTDU, (2:2)

where L¢ is the usual Lie derivative defined as

3

— 2.
9z’ (2:3)

ov
Lev=6"—+4w
0 =¢ O0x°
with ¢# = ¢#(z) an infinitesimal parameter that characterizes the transformation. We
may extend (2.2) to tensors by taking the usual Lie derivative acting on different tensor
structures, e.g. for a (1,1) tensor we have

o 8U#V g v 8§V

v,Y — v
o0x° oxr P oxr M

a7
waiav# . (2.4)

Lg’U#V = f P+

It is straightforward to check the closure of the transformation (2.4),

[551 ) 552} U = Oegy 0" (2.5)
and show that the bracket is given by the Lie bracket,

9%y

(o) = €52 ~ (102 (26)



Since we have tensors acting on the phase space we need to define a natural extension
of the covariant derivative in the phase space, namely the Liouville operator D, (see e.g.
appendix A of [28]). Regarding that we have taken the collection (z#,p") to be the basis
of the phase space, the Liouville operator for an arbitrary tensor reads

A (. p)
A A ’
D, APz, p) =V, AP (2, p) — Fzyp”aipa , (2.7)
where V, is the well-known covariant derivative. In particular it satisfies
D,p" =Dup, =0. (2.8)

Finally the diffeomorphism invariant volume element of the phase space is the product
of the coordinate and momentum invariant volume elements, namely

\/§ddp \/ﬁddx = gd¥pdizx (2.9)
with g the determinant of the metric tensor.

2.2 Lagrangian and Hamiltonian formulations

In GR the minimum action principle for the trajectories of freely falling particles is

S = /ds, (2.10)

with ds? = g, () de#dz”. Since this action is invariant under both diffeomorphisms and
reparametrizations, we may rewrite (2.10) parametrized by the affine parameter \ as
1 dx* dx”

S = /dA L(x,dx/d\, \) with L= 5gm/(gg)H .

(2.11)

Naturally the equations of motion computed from (2.10) are equivalent to those derived
from (2.11). Therefore these equations are
d?at dxf dxz°

M ———=0 2.12
dX e dX dA ’ (2.12)

where I'), is the already mentioned Levi-Civita connection and z* and dz*/d\ are the
coordinates and its parameter-derivative respectively. This Lagrangian L is a suitable
choice to construct a manifestly covariant Hamiltonian formalism in which we define the
canonical coordinates and conjugate momenta as z* and

oL dx#

P =9 (darjan) ~ I ax (2.13)

It turns out that the canonical variables {z*,p!} define the phase space [29, 30]. In
this scheme both coordinates and momenta are in an equal footing and must be varied
independently. Further it is possible to write the Hamiltonian function as usual

dzt

H(xapa /\) :puﬁ -

L(z,dx/d\,\). (2.14)



From (2.14) it is straightforward to show that the Hamilton’s equations in covariant

tensor form are
dz¥  OH dﬂ _ OH

dx  9p,’ d\ — zr’

The explicit form of the Hamiltonian function (2.14) is strictly based on the variational

(2.15)

principle of the Lagrangian L. In this case we are dealing with trajectories of freely falling
particles and the Hamiltonian function is proportional to the mass-shell condition,

1

H= 3 Guv (2)p"p" . (2.16)

Equations (2.15) are the same as (2.12) regarding that p* = dx*/dA.

2.3 The relativistic Boltzmann equation

The relativistic Boltzmann equation rules the evolution of the one-particle distribution
function (1pdf) f = f[x, p], which is a phase space scalar. In its simplest form this equation
is [4]

P"Duf = CIf]. (2.17)
The r.h.s. of (2.17) is the collision term which takes into account the non-gravitational inter-
actions between particles. If an equilibrium state is achieved the 1pdf takes its equilibrium
form f = foq and C[feq] = 0.

In this context we want to extract the geometric properties of the first and second
moment of the distribution function in order to present the so-called transfer equations for
the particle current and the energy-momentum tensor. We start by integrating the product
of the relativistic Boltzmann equation and an arbitrary 1-index object of the phase space
U¥[z, p|, over the phase space, i.e.,

0 0
/\I/” (p“ax]; — 8}9{1“%]9“]9") gddpddac = /\I/”C[f]gddpddas. (2.18)

When considering an equilibrium state the r.h.s. of (2.18) is vanishing as we have mentioned
above. The Lh.s. of (2.18) can be simplified using the Leibniz rule, the equation

15) 0
pM@TZL - Tw(gFZVp“p") =0, (2.19)

which follows from (A.4), and the divergence theorem
8 vmo
/ a—pg(f\l/ o pp’)gd'pd’z = 0. (2.20)

Thus we obtain the following conservation laws, independently of the integration on \/ﬁddm‘,

owY
B I0p'p7 fy/gdlp=0. (221

vu[ / Ypt fﬁddp] - / PV, U7 /gdp + /
If we set the arbitrary function to a constant scalar, we have

/ P fle, ply/gdp = N*(z) (2.22)



with the usual conservation law or transfer function for the particle current,
VNt =0. (2.23)

If we instead take W” = p”, since p” is in the kernel of D,,, the remaining terms in (2.21)
cancel out and we finally get the expression of the energy-momentum tensor

/ P fle, ply/gdly = T (), (2.24)

and its conservation law

V,.TH =0. (2.25)

Interestingly enough, if we leave the equilibrium state, the conservation laws (2.23)
and (2.25) still hold since the zeroth and first order moment of the collision term are
vanishing for any f. This is so due to p” is a collisional conserved quantity or, in other
words, a summational invariant [4].

Before moving on let us briefly comment about the connection of the Boltzmann equa-
tion and the Hamiltonian formulation of the phase space. Every parameterized curve of
the phase space has a tangent vector L described by

dxt 0 dp, 0

[=" " 2 - 2.26
d\ Ozt + d\ Op,, ( )

This vector is related to the fundamental symplectic two-form [7, 8, 29, 30]
w = dp, Ndz", (2.27)

which gives the symplectic structure to the phase space. The symplectic two-form fulfills
the role of mapping vectors into one-forms. Particularly we obtain the Hamilton’s equations
by applying w to the tangent vector to the phase space trajectories, L (2.26), and equating
this result to the exterior derivative of the Hamiltonian function, namely

dat dpy , . OH oH .
ax W gy = g, e (2.29)

Finally there is an interesting property of the symplectic structure. Given w and H,
the equation (2.28) may be understood as a relation which fixes the vector L, also known as
the Liouville vector. For this case, trajectories of freely falling particles, H is set by (2.16)
thus we get

L= 0" Pyt 4" paT S b (2:30)
Ozt HPE2 0py,
The expression above coincides with the Liouville operator for phase space scalars defined
in (2.7) projected along the curve, i.e. L(-) = p*D,(-). From this point of view it is clear
that the Boltzmann equation (2.17) contains information about the geodesic trajectories
following by the particles between collisions.

~10 -



3 Double Field Theory

3.1 Double space and generalized fields

The geometry of DFT is based on a double space equipped with two metrics. On the one
hand, we have the invariant metric of O(D, D), nasn, where 2D is the amount of dimensions
of the theory. The indices M, N, ... are in the fundamental representation of O(D, D) and
are raised and lowered with n™ " and 7y respectively. On the other hand we have the
generalized metric Hpsy that encodes the field content of the universal NS-NS sector of
the low energy effective superstring theory, namely, a metric tensor g,,, a Kalb Ramond
field b, = —b,,, and the dilaton ¢. The generalized metric is an element of O(D, D) and
therefore satisfies

Huren" CHon = nun - (3.1)

The main purpose of DFT is to define a theory manifestly invariant under O(D, D), which is
closely related with a symmetry of String Theory [18]. In consequence all the DFT fields and
parameters are O(D, D) multiplets or group-invariant objects. Since the dimension of the
fundamental representation of O(D, D) is 2D, the coordinates of DFT are XM = (z#, 7).
The coordinates 7, are known as the dual coordinates and are taken away imposing the

strong constraint,

O (M%) = (9p%)(0M%) =0, (3.2)

where * means a product of arbitrary generalized fields. In this section the notation for

a)éLM‘ Using the previous constraints, the

components of the fields and parameters of DFT depend only on z#. The parametrization

0 &
nunN = | ¢, ; (3.3)
(5“ 0)

while the parametrization of the generalized metric is

g“y _gMUbO'I/
Hyun = v o . 3.4
(b;wg uv — b,uag pbpu) ( )

the derivatives is not ambiguous and 0y =

of the invariant metric is,

It is straightforward to check that the previous parametrization satisfies (3.1).

In addition to the global O(D, D) symmetry, DFT is invariant under generalized diffeo-
morphisms generated infinitesimally by ¢M through the generalized Lie derivative, defined
by

EgVM = £N8NVM + (8M€N - 8N§M)VN + w(@NﬁN)VM R (3.5)
where V) is an arbitrary vector and w is a weight constant. This expression is trivially
extended to other tensors with different index structure. For example, the generalized
metric is a generalized tensor with vanishing weight and npsn is trivially invariant.

The background field content of DFT consists of a generalized dilaton d in addition to
the generalized metric HMY . The former transforms as a tensor with weight w = 1 and thus

O¢(e™h) = ap(ehe™?), (3.6)

- 11 -



which means that e~2? transforms as a density and e~2¢ d?P X defines the invariant volume
of DFT. Similarly to GR, the partial derivative of a tensor does not transform as a tensor
and therefore a covariant derivative must be included. We develope this issue in the next
part of the work.

3.2 Generalized affine connection

Having defined a generalized Lie derivative, it is natural to seek a covariant derivative. The
latter is defined as
VuVn =0V — Tun"Vp, (3.7)

with trivial extension to tensors with more indices. Here we have introduced a general-
ized affine connection I'j;n? whose transformation properties must compensate the failure
of the partial derivative of a tensor to transform covariantly under generalized diffeomor-
phisms.

We can now demand some properties on the connection, namely:

o Compatibility with np N :

Vunnpe =0, (3.8)
and then the generalized affine connection is antisymmetric in its last two indices,
ie.

Tun®nop =Tune = —Tupw (3.9)

o Compatibility with Hyrn:
VuHnp =0. (3.10)

In order to discuss this item is convenient to define the O(D, D) projectors,

1 — 1
Pyn =5 (mun = Hun) and Py =5 (e + Huw) (3.11)

which satisfy the following properties
5P _ B Q. _
PyoP N =Pun, PyP¥Nn = Pun,

PMQFQN :FMQPQN =0, FMN—FPMN = NMN - (3.12)

The projections I'y/75 and 'y vy p remains undetermined after imposing Vyy Pyp = 0
and V Mp NP — 0.

e Partial integration in the presence of the generalized density e~2%:
/ e Ky VM PP X = — / e XYMy, VPP X (3.13)
for arbitrary V and V™. The previous item forces
Tyun™ = —20nd. (3.14)

- 12 —



e Vanishing torsion:
1

Piarvp) = 5 Tunp = 0. (3.15)

Let us observe that the generalized torsion Ty p is antisymmetric in all its indices
and transforms as a tensor (unlike I';np)-

As we have showed, while in GR demanding metric compatibility and vanishing tor-
sion determines the connection completely (the affine connection turns to the Levi-Civita
connection), in this approach of DFT these requirements turn out to leave undetermined
components in the generalized version of the affine connection [26, 27]. At this point it
is important to mention that there exists an equivalent scheme of DFT known as semi-
covariant formalism in which the generalized connection is fully determined [16, 17].

In the current case, the generalized Riemann tensor of the theory is undetermined
but it is possible to take traces on it and obtain a generalized Ricci scalar R that is fully
determined as a function of the generalized metric and the generalized dilaton,

R = iHMNaMHKLé?N”HKL — HMNONHIL O Hoar i + SHMN OprOnd
+80yHMN Oy d — SHMN 0ypdond — 200 OnHMY . (3.16)

In the next part of the work we discuss the differential Bianchi identities and the generalized
energy-momentum tensor of DFT.

3.3 Matter Lagrangian and the generalized energy-momentum tensor

The action principle of DFT is
1
S = /dzDXe_Qd/J[H,d, ) — /d2DXe‘2d<2R (M, d] + Loy [H, d, <I>]) ; (3.17)

where L, represents matter coupled to the background field content with matter fields
collected in the notation ®. Using (3.16), parametrizing the generalized metric as showed
in (3.4), the generalized dilaton as

e M = /e (3.18)

and imposing the strong constraint the DFT action reduces to the following action

5=3 / Pz /ge 2 (R F4(00)° — < Hu HP? + 2Ll b, 6, w]) . (3.19)

Here H,,,, = 30|,b,, is the curvature of the Kalb-Ramond field and Ly, is the parametriza-
tion of the matter terms in (3.17).

The action (3.19) has an ambiguity with respect to the terms 4(9¢)? — & H ., H*P.
These terms can be considered as part of the matter Lagrangian or as background. In this
work we consider the latter in order to match with the DFT scheme, where Hys/n and d
are unambiguous backgrounds. Moreover in that case we consider the set of EOMs coming

~13 -



from the variations of (3.17) with respect to the generalized metric tensor, the dilaton and
the matter fields as 55 55 5s

-0, — =0 d — =0. 3.20
SHMN T 54 R (3.20)
Independently of the EOMs, there exist the DFT differential Bianchi identities which

read [25-27]

VPR —4VM Ry = 0,
VpR+4VMR, 5 = 0. (3.21)

On the other hand, we know that the action must be invariant under diffeomorphism
transformations. Let us take the variation of the complete action as [22, 23, 31]

—2d —2d —2d
5eS = /d2DX {5 (€ 2L) g+ L) s i | 2 L) 5@}

od SHMN 0P
2Dy, —2d ) (N oM NoM 0Lm
= d““Xe VY Gy — €'V TMN—F&T(Sg\I’ (3.22)
where we identify the generalized Einstein tensor,
1
Gun = —5nuNR+2 (Rﬁg - RMW) (3:23)

and the generalized energy-momentum tensor

_10Lm
2 6d

0L  OLm
5PKL 5PKL

TyvN =1NuN (ﬁm > +2 [FMKPNL — ﬁNKPML} ( > . (3.24)
The Bianchi identities (3.21) imply that VMG sn = 0 and then the first term in (3.22) is
zero off-shell. Moreover the third term also vanishes if we apply the matter EOM. Since

the complete variation is vanishing due to the invariance of the action, we conclude that
VM TN =0 (3.25)

when the matter field equations are considered [24]. It is important to observe that these
tensors Gy and Thyny are not symmetric. Nonetheless we write down each symmetric
version as

GuN = GMP'HPN and Tyn = TMP'HPN. (3.26)
Finally the equations of motion (3.20) can be cast in the single Einstein-type equation
Iun = Tun - (3.27)

In this work we study the possibility to set a symmetric generalized energy-momentum
tensor, consistent with the r.h.s. of (3.27), coming from the second moment of a generalized
distribution function in a duality invariant kinetic theory. In consequence we discuss the
elemental blocks that are needed to construct a double phase space and its dynamics.
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4 Double Kinetic Theory

4.1 The double phase space

Similarly to the general relativistic kinetic formalism summarized in section 2, we define
the notion of double phase space as an extension of the double space,

{XM,PM} , (4.1)

where for each point of the double space we consider its double tangent space whose vectors
are the generalized momenta P™. Further the momenta P are O(D, D) vectors. It is
well known that the double space is not a (double) manifold and in consequence we demand

opM

similarly to (2.1).
We set a particular deformation of the generalized diffeomorphisms
GEM BVO(X,P) _y dn VE(X,P)

Q _ Q N _
B VX P) = LVOXP) + PN o =y Py et (43)

where ¢M = ¢M(X) and V@(X,P) is a generic vector of the double phase space. The
expression (4.3) is trivially extended to tensors in the double phase space with different
index structure. The section condition for the momentum derivatives is

0 0 0 0
= = 4.4
(apM*) <a7DM*> apM <6PM*> 0 (4.4)
and for the mixed derivatives is
0 0 0 0
(axM*) <a7>M*> axXM <8PM*> 0 (4.5)
Imposing the previous constraints, and its simplest solution
0
— =0 4.6

is enough to recover the usual phase space diffeomorphisms (2.2) from (4.3) and thus
PH = pt is the ordinary momentum.
The closure of (4.3),

[0, 06, |V (X, P) = 6, VY (X, P). (4.7)
is given by the C-bracket
9&y" 1 p9&ep
M _¢pY9%2  L.p _
(X)) =& OxXP 251 X1 (142) (4.8)

as in ordinary DFT (See appendix B).
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4.2 Generalized transfer equations and conservation laws

The new terms that we add to the standard generalized diffeomorphisms now force us to
define the natural extension of the covariant derivative on the double phase space, namely
the generalized Liouville operator. Inspecting the form of (4.3) and the transformation rule
of I'psvp it is possible to conclude that this operator must be

DM:VM—FMNQPNagQ, (4.9)
in order to the covariant derivative of a generalized phase space scalar transforms as a
generalized phase space vector. The operator Vs in (4.9) is the usual DFT covariant
derivative defined in (3.7).

Further we define the generalized distribution function F' as a function F' = F (X , P)
and, analogously to (2.17), we propose that its evolution equation is given by the generalized
Boltzmann equation that reads

PMDyF =C[F], (4.10)

where C[F] is the generalized collision term and the operator Dy is
Dy = Dy — U, (4.11)

with Ups = 20psd. The inclusion of this last term in the generalized Boltzmann equation
shows the role of the generalized dilaton when matter is taken into account. Since the
integral measure is a function of the generalized dilaton, it is reasonable to expect an
explicit dilaton-matter relation to appear (even within a minimally coupling scheme). In
this context the generalized dilaton acts as a universal force in any element of volume of the
double phase space. As we shall see below it ensures the conservation law of any moment
of the Boltzmann equation for an equilibrium state.

As we have done in section 2, we shall compute the transfer equations by an analogous
procedure but within this generalized scheme, where the naturally invariant volume of the
double phase space is

e HPP X 72 P2PPp — o4 g2D x g?Pp (4.12)

Let us integrate the product of a generic 1-index object UM with the equation (4.10)
over all the double phase space. By assuming the existence of an equilibrium state such
that F' = Foq and C[Feq] = 0 we get

/ UMPNDN Foge Md?P X a*PP = / UMC[Foy] e d*PPd*P X = 0. (4.13)

We are interested in the derivation of the transfer equations coming from the expres-
sion (4.13). Following (3.13) we demand that the partial derivatives with respect to the dou-
ble phase space variables, AM = (XM | PM) fulfill a divergence-type property, such that

/ 2P A ajM <e_2d *> =0. (4.14)
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In [31, 32] the generalized version of the Stokes’ theorem for the double space was formally
derived relating a divergence term integral with a boundary integral. Here we get rid of
the boundary integrals by trivial boundary conditions at infinity. The final expression is
independent of the integration over the coordinate volume e~ 2¢d?P X, and it reads

VNL/WMPNaﬁfoDér—/P@PNDNWMéJQFDPZO. (4.15)

If we set the arbitrary function ¥ to a constant scalar, we may define, again by
analogy with section 2, the generalized particle current as

NMgi/pMszMfDP (4.16)
with the following conservation law
VuNM =0. (4.17)

Considering UM = PM in (4.15) leads to the generalized energy-momentum tensor
TMN(x) = / PMPN F, o~2g2Dp (4.18)

and its conservation law
VuTYN =0. (4.19)

Similarly to what occurs in GR, the present results show that the r.h.s. of the gener-
alized Einstein equation (3.27) has the same fundamental properties than the generalized
symmetric energy-momentum tensor coming from the double kinetic theory, namely it is
symmetric and divergenceless. Therefore it is formally possible to replace the r.h.s. of
the Einstein-type equation (3.27) with different matter contents described by the double
kinetic theory, and to consistently solve the dynamics of the backgrounds and matter.

At this point we stress that the current formulation of DFT has not a clear princi-
ple of least action for the generalized trajectories of freely falling particles with a covari-
ant geodesic equation related to the generalized affine connection (3.7). In addition the
generalization of the Hamiltonian function (2.16) associated to the generalized Liouville
operator may not coincide with the one of the plausible generalized mass-shell condition.
In consequence we warn that the generalization of the Liouville vector (2.30) may have a
cumbersome relation with the present development of the double kinetic theory. Moreover
the existence of a symplectic structure in the canonical formulation of the vacuum DFT
has been studied in [31]. The inclusion of a perfect fluid in that formalism may be the
natural way to define the analogous to (2.29).

On the other hand it is remarkable that the generalization of the Boltzmann equation
can be achieved from the invariance under generalized infinitesimal phase space diffeomor-
phisms, as we have shown. Further the trajectories determined by the operator P Dy,
should be consistent with a generalization of the auto-parallel curves of the DFT connec-
tion. We conjecture that future studies of the double phase space here presented may
unravel other basic aspects of the double geometry.
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4.3 Applications

The geometry of DFT can be interpreted as an O(D, D) invariant extension of the Riemani-
ann geometry. In this sense the double geometry allows to accomodate the universal NS-NS
sector of superstring theory and therefore many vacuum solutions have been explored in the
last years (the incorporation of the RR-sector and sypersymmetry was also possible [33—
41]). We point out the DFT fundamental string [42] and the DF'T monopole [42, 43|, among
other solutions which have been studied in the canonical formalism of DFT [22, 23, 32].
Particularly in [42] authors considered the following split of the generalized coordinates
XM = (t,z,y™ t,%,§™) and the parametrization for the generalized metric

ds? = (H — 2)[dt* — dz2] + Syndy™dy" + 2(H — 1)[dtd + did>]
— H[d#* — dZ*] + 0™ dfdijn (4.20)

where H is a harmonic function

h
H=1+—7 4.21
T (4.21)

r2 = y™y"5n and h is a constant, while the generalized dilaton is constant. Substitut-
ing (4.20) in (3.16) it is straightforward to probe that R = 0. Moreover, in this geometry
Guy = 02 and thus, also from the perspective of the generalized Einstein equation, this
is a vacuum solution. A suitable deformation of the construction (4.20) is mandatory in
order to couple matter. Analogously, the DFT monopole [43] also satisfies Gy = 0.

According to the r.h.s. of the generalized Einstein equation, the simplest matter to
introduce from a double kinetic theory perspective is a perfect fluid. The generalized
energy-momentum tensor can be computed either integrating the generalized distibution
function of the system (4.18) or using the variational principle (3.22) with a consistent
matter Lagrangian. Since the results of this work are not enough to perform the former,
we are force to work with a field equivalent to the perfect fluid.

A first proposal in this line is to minimally couple an O(D, D) invariant scalar field to
the background content of DFT considering a matter Lagrangian as follows

1
Lon[H,®] = —§HMNVM<1>VN<I>. (4.22)

The equation of motion of the generalized scalar field is the equivalent of the Klein-Gordon
equation namely

HMNG y Vn® =0. (4.23)

Moreover, let us observe that L,, and the generalized Klein-Gordon equation reduce to
its standard versions using the parametrization (3.4) and the strong constraints. The
generalized symmetric energy-momentum tensor reads

_ 1
Taun = —4 P s Payp, VEOVLE® — 1y v HECV ROV, D . 4.24
(M £N) 5 Q

2See appendix A of [42] for the explicit computation.
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From the double kinetic side we have an equilibrium system such that,
/ (PMPN 4 pMPNYE. o= 21g2PP = —%?{MN’HRQVR(I)VQ@, (4.25)
/ (PMPN 4 PMPNYE, e 2@?PP = 2V 0V N® — 2V OV . (4.26)
Using V3;(Vn®) = Vn(V3;®) and (4.23) on (4.24) it is straightforward to show that
VM TN =0, (4.27)

in agreement with the results of the double phase space formulation in section 4.2.
The inclusion of (self-)interacting terms can be perform by adding a suitable potential
to the matter Lagrangian as

Lon[H, ®] = —%HMNchvaep —V[®]. (4.28)

Now the energy-momentum tensor contains extra terms that do not affect its conservation
law. Particularly it reads

— 1
Tun = —4 P Py, VEOVE® — §HMNHRQVR<I’VQ‘I’ —HunVI[2]. (4.29)

In this case we observe that (4.26) remains unchanged but the last term of (4.29) must be
added to the r.h.s. of (4.25). Equations like (4.29) were already used to analyze aspects of
duality covariant cosmology [44].

In GR the equivalence between the energy-momentum tensors of a scalar field and
the one of a perfect fluid is regarded as a formal correspondence and it is based on the
identification of the energy density and pressure of the fluid with a expression involving the
derivatives of the scalar field and its potential [45]. In DFT this procedure requires a deeper
understanding of the intensive properties of the fluid in the double geometry and the pro-
posal in this work is a first step into it. We leave this issue and the study of the appropriate
deformation of the vacuum DF'T solutions coupled to a perfect fluid for future work.

5 Outlook

We present a model of kinetic theory in the context of DFT. We define a double phase
space where tensors depend both on the generalized coordinates XM and the generalized
momentum PM. Generalized diffeomorphisms on the phase space are consistently defined
and the covariant derivative is replaced by a generalized Liouville operator, as it happens
in ordinary general relativistic kinetic theory. The closure of the transformations is given
by the C-bracket. The previous formalism allows us to introduce the analogue of the
Boltzmann equation for a generalized distribution function, which describes the evolution
of the number of particles in a volume element of the double phase space. It turns out
that the generalized Boltzmann equation acquires an extra term due to the role of the
generalized dilaton acting as a universal force in the double geometry.
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We define the generalized current and energy-momentum tensor as the first and second
moment of the generalized distribution function as usual. Then we derive its conservation
laws and we show that both are conserved. In particular we point out that the generalized
energy-momentum tensor from the double kinetic side has the same fundamental proper-
ties, it is symmetric and divergenceless, than the r.h.s. of the generalized Einstein-type
equation (3.27). As an application we discuss how to couple a perfect fluid to the back-
ground content of DFT from a variational principle using a generalized scalar field. We
derive a generalization of the Klein-Gordon equation which must be used to prove that
the generalized symmetric energy-momentum tensor is in fact divergenceless in agreement
with the double kinetic theory. The results of this work open the door to a large number
of questions and future directions. We elaborate on some important points:

(i) Double cosmology

The construction of a low energy effective string cosmology based on DFT is a promis-
ing area of work [44, 46-48]. One interesting aspect of this is that the inclusion of the
dual coordinates & provides that the cosmological singularities of a homogeneous and
isotropic universe may disappear thanks to the T-duality symmetry. An apparent big
bang singularity in the ordinary supergravity framework is (T-)dual to an expanding
universe in the dual dimensions when the section condition is suitably applied. The
present work could be an intermediate step in finding a manifestly T-duality invariant
energy-momentum tensor for a perfect fluid in the double-space which could give a
description of the geometry and the matter in double cosmology [49].

(i) Generalized distribution functions and equilibrium

The equilibrium states and their properties are very well-known in GR [4], partic-
ularly the equilibrium 1pdf as a function of the momentum and different lagrange
multipliers. The generalization of the latter to the double space together with a suit-
able generalized mass-shell condition could be a great step in the description of matter
in DFT. It would allow us to explicitly evaluate the generalized particle current, the
generalized energy-momentum tensor and its conservation laws.

(iii) Collisions in double space

The conservation laws of the ordinary current N* and energy-momentum tensor T*"
in GR still holds out of the equilibrium state. The key point of this statement is that
these conservation laws come from the transfer equation considering a collisional
invariant quantity, the momentum p* for the procedure of taking moments. It is
possible that a T-duality invariant treatment of collisions in the double space could
be captured using the framework presented here and we expect a generalized notion
of collision-invariants related to the generalized momentum.

(iv) H-theorem and thermodynamics

The transfer equation,

0 0
/\If” (p“ag:i - %Fipp“pp) gdpd®x = /‘I/”C[f}gddpdd:c, (5.1)
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allows to define an entropy current S* considering
h3
UH* o« —In <f > (5.2)
Js

where h is the Planck constant and g5 the degeneracy factor. The previous statement

is known as the H-theorem [4]. In this context the conservation law of the entropy

current,

VSt >0 (5.3)
is understood as the second law of thermodynamics. Finding a T-duality generaliza-
tion of the previous results through the generalized transfer equation (4.13) could be

an interesting direction to continue the present work. We expect that the previous
treatment allows to establish equivalences between our model and [31].
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A Conventions

In this appendix we introduce the notation used throughout the paper.

The Christoffel connection is

1
I, = §gpa(8ugw + Ov9uo = 0o gyuw) (A1)
while its transformation rule under infinitesimal diffeomorphisms is
0L, = 0T, + 0w &’ (A.2)
where §g° is the transformation rule of a (2,1) tensor.
The covariant derivative of a generic (1,1) tensor is given by
Vv = 0pv,” =T 06" + 50,7 (A.3)
The trace of the connection is
Iy = 0u(In(/g)) . (A.4)
The momentum coordinates satisfies,
op*
ap7 =4, (A.5)
We use the following index convention throughout the work,
1 1 1 1
W(,ul/) — §WMV + §WVN’ W[/_“/] - §Wuy - §Wyu7 (A6)

with W), arbitrary.
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B Closure

We show the closure for a generic vector of the double phase space,
[5517552}VM = 0g, <§éVaNVM + (0m& — N em)Vn
+m%$ﬁm+§%m)—uﬁm. (B.1)

The extension to tensors of the double phase space is straightforward. In (B.1) we introduce

the following notation,
oV

PR

We want to show that the previous expression is equivalent to d¢,, Vs

0 Var = PRU9geR) (B.2)

where Oy = ﬁaM,
with 1

&3 (X) = &l 0p&3" - 3 [oMep — (14 2). (B.3)
Since the standard generalized diffeomorphisms close with the C-bracket, we just need to
show that the extra terms in (B.1) are

A%V,
1
0Pg ~

Let us note that the last term of the previous expression is trivially null using the strong

'PNaN <§2P(9p51Q fg 8Q§1p> ~2). (B.4)

constraint, and therefore we need to recover only the first one.
The extra terms in (B.1) are

(aév On (8P Var) + (0 — Veann) (6P Vi) + w(OneY) (6P Vi)

0V
2 opQ

The first term of the second line of (B.5) is zero using the transformation of P given by (4.3)

+(6173N)8N§ + PNaN§2 590 (51VM)> —(1+2). (B.5)

and the strong constraint. The remaining terms are

ov; oV,
— (PQ@[@N(&Q@ )8’PAI§ + PQf 8@{{%8N (apj\é>
oV, 150%
+ Oued - 0% ) (P00 ST ) +wlone) (P2ooet )

0
+ PRONES o (€FORVAr + (Ou€f = 0%€1) Vi + w(OrE1)Vir)
ov;
- PNaNfgngfa;\é) —(1+2),

t g% = 5]\]\2. Up to this point is easy to note that the closure

where we have used tha
does not depend on the weight factor w. The terms with two derivatives acting on V) also

simplify and we have,

— (P eRa0onel) g + PYonFoaelt S ) ~ (1 0 2)
~ (Prox(efa0am Gt ) - (100 2). (B.6)

which matches with (B.4).
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