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Efforts by numerous research groups have provided a deeper insight into the physical mechanisms
behind the power absorption of single-domain magnetic nanoparticles in magnetic-fluid-hyperthermia
applications and theoretical models now account for the main experimental observations. However, the
role of all parameters relevant to the magnetic relaxation remains a matter of debate. Here, we employ
a nonlinear model for the magnetic relaxation of single-domain magnetic nanoparticles with uniaxial
effective anisotropy and evaluate the influence of particle-intrinsic parameters as well as experimental
conditions on the power absorption of both noninteracting and interacting systems (linear arrangements).
These effects are assessed through the enclosed hysteresis area of the magnetization loops as a function
of relative anisotropy hK (the anisotropy field with respect to the amplitude of the ac field), i.e., the “area
curve” of the system. These curves can be divided into four regions with distinct magnetic responses and
boundaries that depend on the particle size, frequency of the applied field and interactions. Interactions
change the effective anisotropy of the system and shift the area curve towards lower hK values. For the
low relative anisotropy range, dipolar interactions increase the area of the hysteresis loops [thus, the spe-
cific power absorption (SPA)], while they are detrimental or produce nonsignificant effects for the range
of high relative anisotropy. Our study resolves seemingly contradictory results of interaction effects in
linear arrangements recently reported in the literature. Simulations of randomly oriented particles and
chains were contrasted with the oriented cases. An analytical approach and the thermal interpretation of
its validity range are discussed, both aimed at the design of nanoparticles and the choice of the experimen-
tal conditions for optimal heating. We find that systems with low-thermal-fluctuation influence are better
candidates for the application due to their high SPA values.

DOI: 10.1103/PhysRevApplied.15.044005

I. INTRODUCTION

Considering the new biomedical strategies allowed
by the use of magnetic nanoparticles (MNPs), such as
drug delivery, bioimaging, biosensors, and magnetic fluid
hyperthermia (MFH) [1], the knowledge and control of
particle-intrinsic parameters, colloidal properties, and spa-
tial arrangements are key for determining the MNP mag-
netic relaxation. Consequently, these parameters have a
drastic effect on MFH as a cancer therapy, where the
energy losses from colloidal MNPs under a high-frequency
ac magnetic field are converted into heat. A measure of the
performance of MNPs in MFH experiments is the specific
power absorption (SPA), the power absorbed per unit mass
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of MNPs. The SPA can be quantified as SPA = Af , with A
the area enclosed by the magnetization hysteresis loop of
the MNP system and f the frequency of the ac field in
the MFH experiment. Thus, the area A is a direct measure-
ment of the heating capability of a MNP system for a fixed
experimental frequency f .

The optimization of the heating efficiency of MNPs is
currently focused on the design of MNPs with tuned prop-
erties, for instance, their size �, saturation magnetization
MS, or effective magnetic anisotropy K . The dependence
of the SPA with these particle-intrinsic parameters has
been analyzed for different systems [2–6], and several syn-
thetic routes have been systematized for this matter [7–9].
Another way of attacking the problem is to search for the
optimal experimental conditions (ac field amplitude H0
and frequency f ) for a particular system [3,10]. Several
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attempts have been made to explain or predict the behavior
of a MNP system using both experimental and theoretical
approaches [11,12] as well as phenomenological models
and simulations of simple systems to recognize the funda-
mental parameters that govern the SPA [13,14]. However,
the problem of optimizing all parameters under general
experimental conditions for MFH has not yet been solved.

Even with particle-intrinsic parameters and experimen-
tal conditions determined for optimal heating, the effects of
interparticle interactions occurring in actual MFH experi-
ments are not yet completely understood. It is well known
that interparticle interactions in MNP aggregates can dras-
tically change the performance when compared with a per-
fectly dispersed system [15–20]. The majority of in vitro
tests do not reflect the SPA performance predicted from
the characterization of MNPs in a ferrofluid, in part due
to the high viscosity of the intracellular medium (with vis-
cosity η ≈ 50 − 140 mPa s) [21,22] in comparison to water
(η ≈ 0.4 − −1 mPa s) [23], but also due to the agglomer-
ation promoted by cellular incorporation (which increases
the hydrodynamic volume Vh) [23]. These effects produce
an increment in Brown’s relaxation time τB = 3ηVh/kBT,
with kB the Boltzmann constant and T the temperature.
Under viscosities similar to those of the intracellular media
Brown’s relaxation mechanism, involving the coherent
rotation of the MNP and its magnetic moment, is abrogated
and the main contribution is the reversal of the magnetic
moment through Néel relaxation [24,25].

Recently reported works show that interparticle interac-
tions modify the relaxation time or blocking temperature
[26–28] and explore the influence of MNP assemblies on
the hysteresis loops’ area or SPA [29,30], while others ana-
lyze heat dissipation in agglomerated system [31]. Despite
the wide variety of works and approaches on the sub-
ject, there is still some controversy on the influence of
interactions on the SPA of MNP systems. Both beneficial
and detrimental effects on the SPA have been reported,
when compared with the dispersed noninteracting case
[18,32–42]. This dissent could originate in the great variety
of agglomerates, since dipolar interactions strongly depend
on the spatial configuration of the MNPs. Even for the spe-
cific case of linear agglomerates (i.e., chains of MNPs),
there is some controversy, with reports attributing SPA val-
ues in chains that are lower [43–45] and higher [18,38–40,
46,47] than the noninteracting case. Recently, we reported
theoretical results on the beneficial role of dipolar interac-
tions on the SPA of an ideal chain structure of interacting
MNPs with a relatively low anisotropy field [47], that was
subsequently confirmed through experiments [20].

This work aims to describe the behavior of the hys-
teresis loops for MNP systems under ac magnetic fields,
in conditions usually applied to MFH, as a function of
relevant particle-intrinsic parameters, typical experimental
conditions and interactions (added in the form of lin-
ear arrangements). The main focus will be given to the

enclosed area of the magnetization hysteresis loops (i.e.,
the SPA) as a function of relative anisotropy hK = HK/H0
(with HK the anisotropy field and H0 the amplitude of the
ac field), which unravels different “regions.” These regions
where the systems can be placed determine the outcome
of a MFH experiment and are therefore a powerful tool
for the targeted design of MNPs and the control of their
SPA. Moreover, our work deepens the understanding of the
dipolar interaction role in MFH experiments by modeling
an ideal MNP chain system and analyzing a wide range
of particle-intrinsic parameters, confirming that the debate
regarding the beneficial or detrimental effect of dipolar
interactions can be understood when comparing the effec-
tive coercivity H eff

C with the amplitude of the MFH ac field
H0. We expand the results presented in our previous work
[47] by analyzing a wide range of relative anisotropies.
Furthermore, we provide an analytical approach to the
problem and its validity range, tools that help to predict the
optimal systems and MFH conditions and to comprehend
experimental results.

This paper is organized into four sections. Section I
is the present introduction, and Sec. II resumes the main
aspects of our model. In Sec. III, we present and discuss
our results (with four subsections: noninteracting case,
interacting case, analytical approach, and randomly ori-
ented MNPs and chains) and we finally highlight the key
ideas of the study in Sec. IV.

II. THE MODEL

Previously, we developed a model that describes the ac
hysteresis loops of noninteracting MNPs and interacting
linear chain systems under ac fields with amplitude H0 and
frequency f in the usual MFH range [48,49]. In a separate
analysis [47], we treated these MNP systems in the low-
anisotropy regime (i.e., HK < H0) only. Here, we cover a
wider range of anisotropy values. In this way, we do not
only complement the aforementioned study but we also
build up a tool that allows the design of systems with spe-
cific properties and experiments with certain conditions to
optimize the SPA.

Full details on the model can be found in Ref. [47]. Here,
we summarize the key aspects of it to provide the reader
with a self-contained study. Our model is probabilistic,
and its main highlights are the incorporation of tempera-
ture, frequency, anisotropy, and interaction effects into the
magnetic relaxation.

A. Noninteracting case

We assume a single-domain spherical MNP with uniax-
ial effective anisotropy oriented at an angle φn with respect
to the external field H, whose magnetic relaxation time τ is
determined by Néel’s mechanism. The energy E of a MNP
can be written through the Stoner-Wohlfarth model [50]
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that yields two minima

E = −μ0μ · Hloc − KV(n̂ · μ̂)2, (1)

where μ0 is the vacuum permeability, μ the magnetic
moment of the MNP, K its anisotropy constant and V its
volume, and n̂ denotes the direction of the easy axis. The
local field Hloc is equal to H in the noninteracting case.

In our approach, each MNP represents an ensemble of
MNPs in which a fraction P0 of the ensemble is in one
minima and P1 in the other. These fractions or “popula-
tions” Pk, k = 0, 1, can change over time because there is
a probability L = L(H , Texp, τm) = 1 − exp(−τm/τ) that a
MNP can fluctuate between the two minima, where Texp is
the temperature of the experiment and τm the measurement
time. The time evolution of the populations of the minima
is given by [51]

P0(t + δt) = P0(t) + L[P∞
0 − P0(t)], (2)

where P∞
0 is the equilibrium population associated with

the energy minimum 0 and δt the time discretization.
As our model is probabilistic, to calculate the average
magnetization of the system 〈μ〉 = 〈μ · H〉 we need to
consider both the superparamagnetic 〈μ〉SP and blocked
contributions Pk〈μ〉Bk = Pk〈μ · H〉Bk (with k = 0, 1) in the
ensemble with probabilities L and 1 − L, respectively. The
average magnetization due to the superparamagnetic frac-
tion comes from the integration over all microstates of
the system, while for the blocked averages, it comes from
the integration in the corresponding minima region. In this
way, the total average magnetization of the system 〈μ〉 as
a function of t is [51]

〈μ〉 = L〈μ〉SP + (1 − L)
∑

k=0,1

Pk〈μ〉Bk, (3)

where the time dependence is given through the evolu-
tion of the minima population described by Eq. (2) and the
changes in the minima due to the external field.

B. Interacting case: linear chains of MNPs

We assume a chain of equally spaced single-domain
spherical MNPs whose magnetic relaxation is predomi-
nantly given again by Néel’s mechanism. The uniaxial
effective anisotropy axes are aligned in the direction of
the chain, at an angle φn with respect to H (indicating,
in this case, the “orientation” of the chain). Each MNP
interacts dipolarly with all MNPs in the same chain, but
they do not interact with neighbor chains, meaning that we
can accurately describe diluted chain systems that are not
affected by collective behavior (typical in highly compact
agglomerates) [52–54]. The complete implications of our
hypotheses are detailed in Ref. [47].

Two differences between the chain and the noninteract-
ing cases must be noted. First, despite that the energy of a
MNP is again described by Eq. (1), the local field on the
MNP is now given by Hloc = H + Hdip, with Hdip the dipo-
lar field generated by the other MNPs in the chain. Second,
the statistical average of the magnetic moment of a MNP
now has a component parallel to H, 〈μ‖〉 = 〈μ · H〉 and a
perpendicular one H, 〈μ⊥〉. Both of these averages need to
be calculated as in Eq. (3) (see Ref. [47]).

C. Details on the numerical calculations

It is useful to detail some of the implementation proce-
dures related to the correct use of our model. As detailed
in Ref. [47], for the interacting case, the dipolar field on
each MNP at time t + δt is calculated with the magnetic
configuration at time t. When every single MNP has been
treated this way, we update the magnetic configuration cor-
responding to t + δt. In this way, we ensure that the results
do not depend on the order in which the state of the MNPs
is updated.

To correctly calculate the SPA of a given system or
the equivalent enclosed hysteresis area for a simulated
MFH experiment, it is necessary to take into account that
we are calculating the time average of the desired quan-
tity (on a time scale much greater than that associated
with the frequency of the experiment). In the case where
HK < H0, magnetization always reaches thermodynamic
equilibrium, and then, the average enclosed area is equal
to that of an individual loop. However, when HK � H0,
the minor loops do not reach thermodynamic equilibrium,
but the system does reach dynamic equilibrium after suc-
cessive cyclings [55]. To ensure dynamic equilibrium is
reached in simulations, we compare the magnetization in
the maximum field value in the current cycling M (H0) and
the previous one M0(H0), and we continue cycling until
the tolerance [M (H0) − M0(H0)]/M0(H0) = 1 × 10−5 is
reached.

III. RESULTS

Our analysis covers a wide range of parameters, mak-
ing it quite general and valid for different materials widely
used in MFH experiments such as the ferrites. The value
of saturation magnetization MS = 3.5 × 105 A m−1 is fixed
and corresponds to maghemite particles [56]. Iron oxide
nanoparticles are of great interest for MFH applications as
they are known to be biocompatible and chemically stable
[57,58] and approved by the FDA for clinical applications
[59–61]. All parameter values are given at T → 0 and tem-
perature effects are naturally incorporated by our model’s
formulation.

All simulations are performed for room temperature
Texp = 300 K, to mimic the initial temperatures in a
MFH experiment. An ac field with an amplitude of H0 =
16 kA m−1 is used, which is typical in MFH experiments
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[29,49], although we normalize all field quantities. Unless
stated otherwise, the frequency used for the simulations is
f = 100 kHz, and the orientation of the anisotropy axes
with respect to the external ac magnetic field is φn = 0.
We analyze different f and φn values in Secs. III A 2
and III D, respectively. For magnetization hysteresis loops,
we present them as normalized magnetization m versus
normalized magnetic field h curves, where the magnetiza-
tion is normalized by MS and the field by the corresponding
anisotropy field HK = 2K/(μ0MS). Under these condi-
tions, the MNPs are in the superparamagnetic regime in
typical dc measurements and in the blocked regime in
MFH conditions at zero field.

A. Noninteracting case

To start exploring the problem, we simulate the magne-
tization hysteresis loops for systems constituted by non-
interacting MNPs with diameter � = 60 nm and different
relative anisotropy fields hK = HK/H0. Although the value
of � is somewhat larger than the MNP size generally used
in MFH experiments, we choose it as an idealized sys-
tem to understand the limit where thermal fluctuations are
almost negligible (see Secs. III A 1 and III A 3), regardless
of the possibility of finding single-domain MNPs of that
size. In this way, it can be used as a starting point to under-
stand what happens for other particle sizes in which the
interpretation is not as straightforward, thus making it sim-
pler. To assess the heating efficiency of this system, the
area A of the loops (normalized by the number of MNPs
in the system, N ) is evaluated. Taking into account that for
T → 0 the largest major hysteresis loop is rectangular and
has an area A0 = 4μ0MSVH0, we present all area values as
normalized area a = A/A0.

In Fig. 1, the curve a versus hK for MNPs with diameter
� = 60 nm is presented. This curve has four clearly dis-
cernible regions identified from I to IV with increasing hK
and is referred to as the “area curve” of the system here-
after. Qualitatively, for low relative anisotropy values, it
starts off with a being nearly zero (region I) and then grows
linearly with hK (region II) until it reaches a maximum
when the coercive field HC equals the field amplitude H0.
The hysteresis loop corresponding to the condition HC =
H0 can be seen in the inset of Fig. 1. Above this condi-
tion, for higher relative anisotropies, a decreases abruptly
(region III) to an almost null value (region IV). Monte
Carlo simulations performed by Serantes et al. [41,62]
yield results compatible with our observations.

Representative hysteresis loops at each region (for the
hK values indicated with crosses in Fig. 1) provide an
interpretation regarding what is happening to the MNP
system as its relative anisotropy hK changes and can be
seen in Fig. 2. In region I, where magnetic anisotropy is
low, almost no hysteresis is exhibited [Fig. 2(a)] because
the thermal energy is of the order of the energy barrier.

FIG. 1. Normalized hysteresis area a as a function of the rel-
ative anisotropy field hK of a noninteracting MNP system with
diameter � = 60 nm and anisotropy axes parallel to the exter-
nal field (φn = 0) for a frequency f = 100 kHz. Crosses indicate
hK values where the loops in Fig. 2 are simulated. The inset
shows the loop corresponding to the maximum of the area curve.
Regions I to IV are indicated by colored zones in both panels.

In region II (moderate anisotropy values), the energy bar-
rier increases above the thermal energy and the MNPs
are not able to thermally fluctuate between energy min-
ima at H = 0. Since the hysteresis loops in this region
have a nearly rectangular shape [Fig. 2(b)], their area
becomes proportional to the coercive field HC and there-
fore increases linearly with the anisotropy constant K (see
Fig. 1). For the condition HC = H0, the system reaches the
maximum SPA, defining the maximum hopt

K in the a versus
hK curve in Fig. 1.

For larger hK values, which yields HC > H0, the sys-
tem presents minor hysteresis loops. For regions III and
IV, the applied magnetic field cannot invert all the mag-
netic moments and hysteresis is quickly lost. This yields an
abrupt drop in the area of the hysteresis loops in region III
[see Fig. 2(c)] until only a minute fraction of the magnetic
moments of the system is able to switch minimum. This
produces a loop with a very small but nonzero enclosed
area for region IV [see Fig. 2(d)].

1. Area curves for different MNP diameters �

The case of MNPs with diameter � = 60 nm dis-
cussed above, i.e., the value assumed as a lower limit for
“large” MNPs, shows clear boundaries between regions
with different magnetic behaviors under ac magnetic fields.
In Fig. 3, the area curves (a versus hK ) for dispersed,
noninteracting MNPs with diameters � = 5, 30, and 60
nm are presented. By comparing Figs. 3(a)–3(c), it can
be noticed that all the curves obtained are qualitatively
similar: they exhibit four regions with a maximum area
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(a) (b)

(c) (d)

FIG. 2. Representative magnetization hysteresis loops for dif-
ferent regions (i.e., different values of hK ) of a noninteracting
MNP system with diameter � = 60 nm and anisotropy axes par-
allel to the external field (φn = 0) for a frequency f = 100 kHz.
(a) Region I, (b) region II, (c) region III, and (d) region IV. The
corresponding hK values are marked in Fig. 1 with crosses.

for a single hK value, hopt
K (i.e., the optimal MNP per-

formance in MFH). However, two differences from the
� = 60 nm case are clearly visible. On the one hand, as
the diameter decreases, the area curve stretches toward
greater hK values. On the other hand, the maximum area
reached for MNPs with � = 5 nm is one order of mag-
nitude lower than the maximum for the other MNP sizes.
This implies that larger MNPs systematically yield higher
optimal SPAs.

The hK values for the maximum of the area curves
decrease with larger MNP sizes, getting closer to 1:
hopt

K (� = 5 nm) ≈ 200, going through hopt
K (� = 30 nm) ≈

2.14, and finally hopt
K (� = 60 nm) ≈ 1.28. For MNPs with

� = 5 nm, the curve is no longer asymmetric: it is bell
shaped and symmetric with respect to its maximum. More-
over, in region II, a increases with hK nonlinearly as a
consequence of having major loops that are not rectangu-
lar; thus, A is no longer proportional to HC [see the inset in
Fig. 3(a)].

The linear response theory (LRT) [63] is valid under
two fundamental assumptions that impose conditions on
magnetic parameters [13]. The first condition is for the
field amplitude H0 to be much lower than the anisotropy
field HK , which guarantees that the position of both energy
minima is given by anisotropy and that the effect of the
applied field can be treated as a first-order perturbation,
which implies a linear response of the system to the field
sweep. The second condition is that x = μ0MSVH0/kBT 

1, so that the equilibrium magnetization is linear with H
(i.e., the “characteristic” Curie law of the superparamag-
net is fulfilled). As in the LRT, in our nonlinear model,
the dimensionless quantity x is also relevant because it
measures the ratio between Zeeman and thermal energy.

(a)

(b)

(c)

FIG. 3. Normalized hysteresis area a as a function of the rel-
ative anisotropy field hK of a noninteracting MNP system with
anisotropy axes parallel to the external field (φn = 0) for a fre-
quency f = 100 kHz and diameter (a) � = 5 nm, (b) � = 30
nm, and (c) � = 60 nm. The curves for both our nonlinear model
and the LRT are plotted. The insets show a representative loop in
region II for each diameter.
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However, our model has no limitations imposed on the
value of x. It represents the relative preponderance of ther-
mal fluctuations in the magnetic relaxation of the system.
When x � 1 (i.e., thermal fluctuations are negligible with
respect to μ0MSVH0), the system behaves as in the limit
of T → 0. The optimal loop for MFH is perfectly rectan-
gular with the coercive field equal to the amplitude of the
applied ac field (HC = H0) and, as T → 0, HC(T) → HK .
In this limit, the position of the maximum of the a versus
hK curve is then hopt

K = 1. For lower x values, thermal fluc-
tuations become increasingly relevant and HC(T) < HK ,
which is the reason why the optimal loop is reached for
HK > H0, and thus, hopt

K > 1.
The effects of thermal fluctuations on the magnetic

relaxation can therefore explain the differences we have
just noted in the curves in Fig. 3. Decreasing values
of � imply decreasing values of x. In fact, x(� =
60 nm) = 191.23, x(� = 30 nm) = 23.90, and x(� =
5 nm) = 0.11. A lower x value implies an increasingly
dominant role of thermal fluctuations, which are also
reflected in the more round-shaped hysteresis loops when
going from 60- to 5-nm MNPs (see insets in Fig. 3).
Consequently, the relative enclosed area a is no longer pro-
portional to hK for major loops in region II when decreas-
ing x, making the curve smoother (or bell shaped, as we
describe before). Additionally, HC(T) < HK for small x,
which implies that the maximum of the curve (given by
HC = H0) is shifted to a larger hK = HK/H0 value and the
range of the curve is expanded.

It is worth noting that the same analysis could have been
done for fixed size � and different MS values, as the param-
eter that reflects how much thermal fluctuations affect the
relaxation is x = x[MS, V(�)]. However, as x is particu-
larly sensitive to � (because it depends on the MNP’s
volume), we prefer this analysis that allows the use of a
MS significative for MFH application.

For comparison, the area curves for the same MNP sys-
tems obtained using the LRT [through Eq. (6) in Ref. [63] ]
are also displayed in Fig. 3. As mentioned above, the valid-
ity of this model is restricted to the x 
 1 and hK � 1
conditions, which are satisfied only for the system with
� = 5 nm (x = 0.11) under the (H0,f ) conditions used for
the entire hK range analyzed [see Fig. 3(a)]. This explains
why the curves obtained through both models are similar in
shape and predict near optimal conditions (hopt

K ≈ 200 and
hopt LRT

K ≈ 175) for the MFH experiment. For larger MNPs,
the LRT requirements are no longer satisfied [x > 1 for
systems in Figs. 3(b) and 3(c)] and the corresponding LRT
data are completely different, not only in shape but also
in magnitude. It is worthwhile to note that the description
of a system employing the LRT when the hypotheses of
the model are not attained has drastic consequences, since
the predicted area sometimes exceeds the maximum area
of a perfectly rectangular loop (a > 1), which cannot be
possible.

2. Area curves for different experimental frequencies f

The previous section dealt with the evolution of the
area curve under a fixed experimental frequency ( f =
100 kHz), which is close to the clinical values currently
accepted in MFH. However, a large amount of in vitro
experimental works have reported the use of higher fre-
quencies of up to 1 MHz [48,49], and therefore we extend
our analysis to cover this frequency range. The curves a
versus hK for f = 100 kHz and 1 MHz and different MNP
sizes are shown in Fig. 4. The area curves are qualita-
tively similar, with the same four regions separated by
clear boundaries, but slightly shifted to lower hK values
when f is increased. The shift is considerable and non-
negligible only in the case of � = 5 nm and can also be
interpreted as an effect of thermal fluctuations on the mag-
netic relaxation of the system. Increasing the frequency
implies reducing the measurement time τm with respect to
the relaxation time τ of the MNPs, thus diminishing the
thermal fluctuations of the magnetic moments during the
measuring time of the experiment.

As discussed in Sec. III A 1, reducing thermal fluc-
tuations produces a shift of the maximum to lower hK
values, as displayed in this case. As expected, the rela-
tive shift between the curves for both frequencies is larger
for smaller MNPs since their magnetic moments are more
susceptible to fluctuate due to the smaller energy bar-
rier. In fact, the frequency shift when going from 100
kHz to 1 MHz is approximately equal to 20% for � = 5
nm, approximately equal to 10% for � = 30 nm, and
approximately equal to 5% for � = 60 nm.

We remark that, although there are no significant
frequency-dependent changes in the area curves (specially
for the � = 60 nm case), the SPA is proportional to f . This
means that under the frequency change from f = 100 kHz
to 1 MHz the SPA is expected to increase. However, due
to limitations set forth by the therapeutic use of MFH, the
magnitude of H0f should be reduced [64,65], thus lower
frequencies are preferred.

3. Maximum of the area curves

Our previous results clearly show that the optimal con-
dition, of maximum SPA, occurs at the boundary between
regions II and III (i.e., the maximum of the area curve),
where HC = H0. Following the position (hopt

K ) and magni-
tude (amax) of the maximum of the area curve for systems
with different MNP diameters �, which imply different
values of the magnitude x, we obtain the results shown
in Figs. 5(a) and 5(b), respectively. In Fig. 5(a) we can
see that for small MNPs (in terms of x), large relative
anisotropy values are needed to reach optimal conditions
and, as we note before, hopt

K → 1 when x � 1 due to
diminishing the effects of thermal fluctuations on the coer-
civity of the hysteresis loops. This gives us a “saturating”
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(a)

(b)

(c)

FIG. 4. Normalized hysteresis area a as a function of the rel-
ative anisotropy field hK of a noninteracting MNP system with
anisotropy axes parallel to the external field (φn = 0) and diam-
eter (a) � = 5 nm, (b) � = 30 nm, and (c) � = 60 nm for
different MFH frequencies f .

zone from x ≈ 10 onward, where we can assume thermal
fluctuations do not affect the relaxation significantly.

For a given x, the noninteracting system with the highest
SPA at fixed experimental conditions (H0, f ) will be the

(a)

(b)

FIG. 5. (a) Position of the maximum of the area curves hopt
K

and (b) maximum dimensionless area amax as a function of x =
μ0MSVH0/(kBT). The results are shown for extreme MFH work-
ing frequencies. Dotted lines represent the values given for the
T → 0 / x � 1 cases.

one with anisotropy constant Kopt(x) = hopt
K (x)μ0MSH0/2.

As region III implies a sudden decrease in the SPA, if the
optimal anisotropy Kopt is not reachable through the cho-
sen synthesis method, it is better to have K < Kopt (i.e., a
system in region II).

Regarding the magnitude of the maximum amax as a
function of x, we see a “saturating” behavior toward
amax = 1 that is the maximum normalized area value,
which is characteristic of a rectangular hysteresis loop 2H0
wide and 2μ0MSV high. It can be noticed that MNPs with
diameters of � = 30 nm are in the “saturating” part of the
curve, so we can describe them as a system where thermal
fluctuations are not relevant to the magnetic response. Here
we can finally see the usefulness of analyzing � = 60 nm
MNPs: they are more intuitive and can help us to easily
understand results for � = 30 nm, which is more rele-
vant for the application. However, the loops for MNPs
with diameter � = 5 nm are greatly affected by these fluc-
tuations and their behavior is not as predictable as the
other two.
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B. Interacting case: linear chains of MNPs

To analyze the actual conditions in MFH experiments, in
which some degree of MNP agglomeration is unavoidable
[23], we also perform simulations that include the effect
of dipolar interactions among MNPs. We choose a simple
MNP configuration but relevant for the MFH application:
ideal chains of identical and equally spaced MNPs. Indeed,
it has been shown that linear arrangements can drastically
change MNP heating performance in MFH experiments.
However, both theoretical and experimental results in the
literature are contradictory as linear arrangements have
been found either to increase or decrease the SPA with
respect to noninteracting MNPs [18,38–40,43–47].

First, we present results for chains with easy axes ori-
ented parallel to the external field (φn = 0). The randomly
oriented axes are analyzed in Sec. III D. We simulate
chains of N = 25 MNPs in all cases, since in a previous
study, we have determined that the area (normalized by
N ) and coercivity of the hysteresis loops already saturates
for this length [47]. We consider chains of MNP with dif-
ferent diameters � fixing the ratio �/d = 0.5, where d is
the interparticle distance, so that the dipolar field between
neighboring MNPs with x � 1 is the same for all systems,
irrespective of � [see Eq. (4) for clarification].

In Fig. 6, the area curve for the interacting chain of
MNPs is compared with that of a noninteracting system for
different diameters. Although we fix the magnitude �/d so
that the dipolar field acting on a MNP with � = 5 nm at
a given position in the chain is close to the value for a
MNP with � = 60 nm at the same position (strictly true
only at saturation), the behavior of the area curves shown
in Fig. 6 varies with the different MNP sizes: while chains
with smaller MNPs show an area curve nearly identical
to the noninteracting case (also reflected in the hysteresis
loops), interactions affect the results for larger MNPs.

In Sec. III A 3, it is shown that MNP systems with � = 5
nm are greatly affected by thermal fluctuations (due to
their small x value). Instead, for systems with � = 30 and
60 nm [larger x, in the “saturating” zone in Fig. 5(a)],
thermal-fluctuation effects are negligible and interactions
dominate the relaxation. Interactions then shift the hys-
teresis area curve corresponding to the interacting MNP
system towards lower hK values in comparison to the
noninteracting area curve.

As presented in Ref. [47], dipolar interactions in chains
produce a shift between the local and the applied field
on a MNP, which can be translated into an increase of
the effective relative anisotropy heff

K of the system. Fur-
thermore, this shift can explain the apparent controversy
that originated in publications on linear MNP systems that
state that interactions are beneficial or detrimental to the
SPA with respect to the noninteracting case. If we look
at the area curves for MNPs with � = 30, 60 nm, there
is a hK range where a (i.e., the SPA) of the interacting
system is larger than that of the noninteracting, dispersed

(a)

(b)

(c)

FIG. 6. Normalized hysteresis area a as a function of the rel-
ative anisotropy field hK for a noninteracting MNP system and
an interacting chain of MNPs, both with anisotropy axes parallel
to the external field (φn = 0), experimental frequency f = 100
kHz, and diameter (a) � = 5 nm, (b) � = 30 nm, and (c) � = 60
nm. The ratio between diameter and interparticle spacing is fixed
in �/d = 0.5. The green-colored (red-colored) zones represent
the hK range where interactions present a beneficial (detrimental)
effect on the SPA. Crosses indicate hK values where the loops in
Fig. 7 are simulated.
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system [the beneficial effect, colored green in Figs. 6(b)
and 6(c)] and another hK range where the SPA of the
interacting system is lower or equal to that of the noninter-
acting case [the detrimental effect, colored red in Figs. 6(b)
and 6(c)]. Another consideration to have in mind is that, for
a fixed hK , the noninteracting and interacting systems with
anisotropy constant K do not always belong to the same
region, which implies that agglomeration can result in a
MNP system quite different to the noninteracting one due
to switching from one region to another.

However, we note that the effect of interactions is not
a mere shift, since there are some clear differences with
respect to the noninteracting case for chains of larger
MNPs (� = 30, 60 nm). First, region I reaches a nonzero
“plateau” contrarily to the noninteracting case (where the
area value in this region is zero due to MNPs being
nearly in the superparamagnetic regime). Second, region
III becomes narrower in terms of hK range. Region II
looks very similar, also showing a linear behavior a ∝ hK ;
however, the linearity range diminishes slightly.

Figure 7 shows representative hysteresis loops for each
of the four regions for the interacting system of chains
composed by MNPs with diameter � = 60 nm [see
Fig. 6(c) for the area curve, with the corresponding hK
values indicated by crosses]. When comparing these loops
with the loops in Fig. 2, we notice that the differences
come from regions I and III. Region II continues to exhibit
rectangular major loops, and region IV loops continue to
have an infinitesimal enclosed area. However, loops corre-
sponding to region I now have a coercivity, and region III
presents minor loops that are neither symmetrical nor cen-
tered on the origin (a similar result has already been shown

(a) (b)

(c) (d)

FIG. 7. Representative magnetization hysteresis loops for dif-
ferent regions (i.e., different values of hK ) of an interacting MNP
chain system with diameter � = 60 nm and anisotropy axes par-
allel to the external field (φn = 0) for a frequency f = 100 kHz.
(a) Region I, (b) region II, (c) maximum, limit between regions
II–III, (d) region III, and (e) region IV. The color of each panel
references the regions, as in Figs. 1 and 2.

by Serantes et al. [41], also for linear aggregates). This off-
centered loop is produced by the contribution from Hdip,
helping the external field to anchor moments at the favored
minimum and thus producing a population imbalance in
the cycling that cannot be reversed. In Appendix A, a more
detailed explanation of this phenomenon is presented.

To explain the differences between interacting and non-
interacting cases (the “shift” of the area curves towards
lower hK values, the “plateau” in region I and the more
pronounced drop of region III for the interacting case), we
need to consider the dispersion of dipolar fields for MNPs
in different positions in the chain. We cover all of these
aspects by considering the case of � = 60 nm that can be
approached through x � 1 formulas due to thermal fluctu-
ations being negligible in this case. In this way, the relative
dipolar field hdip j = Hdip j /H0 on the j th MNP in a chain
with easy axes parallel to the external field and x � 1 can
be estimated as

hdip j (x � 1) ∼ π

3
μ0MS

H0

(
�

d

)3 ∑

i=j

1
|i − j |3 . (4)

Note that by considering different values of j (i.e., different
MNPs or positions in the chain), we obtain different values
of dipolar field, namely, the aforementioned dispersion of
dipolar fields. For our particular case, taking into account
the length of the simulated chains, the calculated dipolar
field [by Eq. (4)] on the MNP at the border of the chain
results in hdip border(x � 1) = 0.28 and at the center of the
chain hdip center(x � 1) = 0.55 (in agreement with simula-
tions, data not shown). This means that the MNPs at the
border of the chain will have a lower |Hloc|; thus, they will
be the first to invert their magnetic moments. As this hap-
pens, it lowers |Hdip i| on the neighboring MNPs, and they
invert their moments “in cascade.” This fact explains the
narrower hK range observed for region III in the interact-
ing case and makes the effective coercive field of the chain
very close to the effective coercive field of the border MNP.

Considering that MNPs are almost in the superparamag-
netic regime in region I, the relative effective coercivity
heff

C of the loop in Fig. 7(a) should be given purely by
the dipolar field and very close to the hdip border value we
have just estimated. In fact, coercivity in this loop is heff

C ≈
0.28, matching both the calculated and simulated hdip border
values.

The coercivity shown in region I is the ori-
gin of the nonzero “plateau” in the interacting area
curves. In effect, the value of the plateau for chains
with � = 60 nm can be estimated with the afore-
mentioned coercivity value by calculating the area
of a loop 2H eff

C wide and 2 μ0MSV high, giv-
ing aplateau = (2H eff

C μ0MSV)/(2H0μ0MSV) = heff
C ≈ 0.28,

which is coherent with the data displayed in Fig. 6(c).
Moreover, the shift of the area curve with respect to the
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noninteracting one taken from the simulated data is heff
K −

hK ≈ 0.3, which is very close to the “plateau” value due to
HC(T) ∼ HK for a system where thermal fluctuations are
negligible.

1. Maximum of the area curves

As we did for the noninteracting case, we can follow
the position and magnitude of the maximum of the area
curve for chain systems with different MNP diameters �

that imply different values of the magnitude x. The results
can be seen in Figs. 8(a) and 8(b). As we inspect them,
we realize that the tendencies are quite similar to those
for the noninteracting case (displayed in dashed lines for
comparative purposes): as x increases, the optimal rela-
tive anisotropy hopt

K decreases by 2 orders of magnitude and

(a)

(b)

FIG. 8. (a) Position of the maximum of the area curves hopt
K

and (b) maximum dimensionless area amax as a function of x =
μ0MSVH0/(kBT) for MNP chain systems with anisotropy axes
parallel to the external field (φn = 0). The results are shown for
extreme MFH working frequencies. Dashed lines are noninter-
acting data simulated at f = 100 kHz (black) and 1 MHz (red)
that are plotted in Fig. 5. They are presented for comparison. The
dotted line represents the maximum enclosed area value for a
loop in the case of x � 1.

the maximum area amax increases, exhibiting a “saturating”
behavior. However, as we explain in Sec. III B, coercivity
is modified by the dipolar field on the MNP at the border of
the chain (due to the “cascade” effect). This causes hopt

K to
tend to different values when x � 1 (not necessarily to 1,
as in the noninteracting case), depending on the interaction
strength.

The “saturation” is given again by the effect of ther-
mal fluctuations: at lower x values, thermal fluctuations
are dominant, but as x grows, the interaction influence
becomes larger. However, for the interacting case, “satura-
tion” is faster than in the noninteracting case: it is reached
for lower x values (i.e., the MNP size range with significa-
tive SPA is expanded) and is closer to 1 in the x values of
interest (i.e., the SPA is enhanced).

C. Analytical approach

We previously state that in going from region II to
region III, there is a transition from major [heff

C (T) ≤ 1]
to minor loops [heff

C (T) > 1], given by the decrease in the
fraction of magnetic moments that can be reversed. This
transition defines the maximum of the area curve, at the
value hopt

K . Identifying the position of this maximum is
extremely helpful for the design of MNPs for the appli-
cation and, although it can be located through simulations,
an analytical method to estimate it can be quite useful.

In this section, we generate “maps” of magnetization
inversion as a function of hK and frequency f , for dif-
ferent MNP systems characterized by its value of x =
μ0MSVH0/(kBT). We label the systems with their diameter
value � (5, 30, and 60 nm) but it is useful to keep in mind
that the relevant parameter is x (0.11, 23.90, and 191.23,
respectively). The maps allow us to confirm that the inver-
sion of magnetization is in close relation to the hopt

K values
obtained through simulations [Figs. 5(a) and 8].

We base our analytical development in systems with
x � 1, with rectangular hysteresis loops that reach their
maximum area when HK ∼ H0. In this condition, the prob-
lem of finding hopt

K is reduced to considering the inversion
of magnetization at a field H = H0. For the ascending
branch of a hysteresis loop, starting at H = −H0 and
increasing until H = H0, the probability of inversion as
a function of the external field is given by ξ(H) = 1 −
exp[−τm/τ ′(H)], where τ ′ is the effective time associated
with magnetization relaxation from a metastable energy
minimum to the absolute minimum (at H > 0). This time
is given by τ ′(H) = τ0exp[	E(H)/kBT], where 	E(H)

is the energy barrier that can be approximated in the
vicinity of the inversion by considering the changes in
the coercive field associated with thermal fluctuations and
dipole interactions [Heff

C (T) = HC(T) + Hdip border(T), see
Appendix B]. Under these hypotheses the energy barrier
can be approximated by 	E = [H eff

C (T) − H0]μ0MSV (see
Appendix B), where the effective coercive field can be
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estimated as [66]

H eff
C (T) ≈ 2K

μ0MS

[
1 −

√
kBTln(2τm/τ0)

KV

]
+ Hdip, (5)

with Hdip = 0 for noninteracting cases and Hdip =
Hdip border(x � 1) for the interacting case, considering the
modification of the coercivity through the dipolar field on
the MNP in the border of the chain that we discuss in
Sec. III B.

When the external field H = H0 is sufficient to “beat”
the effective coercive field, the MNPs will have a proba-
bility ξ ≈ 1 of reversing the orientation of their magneti-
zation. This probability ξ can be calculated for different
particle sizes � as a function of the experimental fre-
quency f and the relative anisotropy of the system hK ,
yielding a diagram for each � that estimatively maps the
optimal MFH conditions and parameters. The results for
MNPs with � = 5, 30, and 60 nm are presented as color
maps in Fig. 9, both for noninteracting MNP systems
[see Figs. 9(a)–9(c)] and chains of interacting MNPs [see
Figs. 9(d)–9(f)]. The position of the maximum of the area
curves (hopt

K ) obtained from the simulation of the magne-
tization hysteresis loops is displayed for each f in yellow
triangles.

In all of these diagrams, we distinguish two zones and
an interface between them: a zone where the magneti-
zation of the system can be inverted at H = H0 (ξ = 1,
in blue on the color map), another one where it cannot
(ξ = 0, in red on the color map) and the transition between
them (0 < ξ < 1, in white on the color map). However,
there are some contrasting characteristics when comparing
diagrams for different � values. The most notorious dif-
ference is the diagram’s hK range: for � = 5 nm, the hK
values where this transition happens are larger than those
for systems of � = 30 or 60 nm. This effect is coherent
with the area curves presented for different diameters in
Sec. III A 1. Moreover, for � = 5 nm MNPs, the interface
is rather broad in terms of hK , while for � = 30, 60 nm,
the interface is quite sharp. This illustrates the shape of
the transition from region II to region III: broader for the
bell-shaped area curve of � = 5 nm MNPs and sudden for
� = 30, 60 nm (see Fig. 3).

If we compare the hopt
K obtained for different f values in

the MFH range through the complete simulation of the hys-
teresis loops of the systems (see yellow triangles in Fig. 9)
with the interface values in these diagrams, we notice they
are in agreement, especially for � = 30, 60 nm. Notorious
differences for smaller MNPs (� = 5 nm) arise from the
fact that, for this analytical approach, we are looking at

(a) (b) (c)

(d) (e) (f)

FIG. 9. Probability ξ of reversing the magnetization at a field H = H0 as a function of experimental frequency f and relative
anisotropy hK for several systems. Noninteracting MNPs with diameter (a) � = 5 nm, (b) � = 30 nm, (c) � = 60 nm, and chain of
interacting MNPs with diameter (d) � = 5 nm, (e) � = 30 nm, (f) � = 60 nm. Both systems have anisotropy axes parallel to the
external field (φn = 0). For the interacting case, the ratio between diameter and interparticle spacing is fixed in �/d = 0.5.
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the effective coercive field of the loops [as can be inferred
from Eq. (5)], not the enclosed area. As we already see in
Fig. 3, for MNPs with diameter � = 30, 60 nm the loops
are almost rectangular [i.e., their area is proportional to
H eff

C (T)], while for � = 5 nm loops are ellipsoidal [i.e.,
their area is no longer proportional to H eff

C (T)], accounting
for the differences.

Now, as we are considering an energy balance to calcu-
late the probability ξ , in the diagrams we are looking at
how all these terms play out. For example, for MNPs with
diameter � = 5 nm, there is a strong frequency depen-
dence, not displayed in systems with larger �. However,
when comparing the noninteracting and interacting dia-
grams for � = 5 nm MNPs, no notorious change is exhib-
ited. This accounts for the stronger thermal fluctuation
influence on smaller particles. For larger MNPs, a “shift”
of the interface towards lower hK values (already discussed
in Sec. III B) is caused by the addition of interactions.

As we mention in Sec. III A 1, larger MNPs yield a
larger SPA. Moreover, we confirm that for these MNPs, a
correlation exists between the analytically obtained inter-
face and the hopt

K simulated values. Therefore, we can
actually predict the optimal MFH conditions for the MNP
sizes that are more favorable for the application. The idea
is to provide an analytical closed-form expression to cal-
culate hopt

K in the limit of low thermal fluctuations (i.e., for
large x) as well as to determine the validity range of this
approximation. Diagrams of probability ξ better fit simu-
lations in cases of large x, where the interface (in white on
the color maps) is exceptionally narrow. Because of this
“sharp” transition of the probability ξ from 1 to 0, we are
going to find the interface by considering a small decrease
ε in the probability value (i.e., when ξ = 1 − ε). Rewriting
ξ as a function of x and rearranging

hopt
K ≈ 1 − hdip + 1

x

[
ln

(
2τm

τ0

)
+ ln

(
− τm

τ0 lnε

)
+

√

ln
(

2τm

τ0

) {
ln

(
2τm

τ0

)
+ 2

[
x − xhdip + ln

(
− τm

τ0 lnε

)]}]
, (6)

where ε is the tolerance assigned to the change in
ξ and hdip = 0 for the noninteracting case or hdip =
hdip border(x � 1) for the interacting case (see Sec. III B).
If we look at Eq. (6) in more detail, we recognize the limit
of “large” MNPs (x � 1) that we already discuss through-
out this paper. By taking the limit of x � 1 we obtain that
hopt

K → (1 − hdip), which explains why hopt
K saturates to 1

in Fig. 5(a) and why it can assume values lower than 1 for
the interacting cases (see Figs. 6 and 8).

This analytical formula, with a tolerance of ε = 1 ×
10−6 is also displayed in Fig. 9 (in dashed black lines).
We can see that there is a good agreement between the
analytical hopt

K formula, the interface position, and the sim-
ulation data for MNPs with � = 30, 60 nm. It is also
notable that the correct frequency dependence of hopt

K is
achieved. However, for MNPs with � = 5 nm, neither the
interface nor the analytical hopt

K formula are in agreement
with the simulation results. The analytical approximation
underestimates the value of hopt

K due to the interface being
broad, which is incompatible with the small decrease in the
probability ξ = 1 − ε that we propose.

It would be very useful to determine in which cases ther-
mal fluctuations affect the magnetic relaxation to assess
the validity range of Eq. (6). Moreover, this will shed
light on what is a “large” (i.e., not affected by thermal
fluctuations) or “small” MNP (i.e., greatly affected by ther-
mal fluctuations). For this purpose, we take the curves
hopt

K versus x in Figs. 5(a) and 8(a) and defined with all

these curves a maximum critical x value, xC, to account
for the “saturating” regime by allowing a detachment of
this behavior approximately equal to 1% of the full hopt

K
range. We obtain xC = 9.1 that is of the order of 10 as
we predict in Sec. III A 3. This critical value is valid for
MNPs with MS ∼ 3.5 × 105 A m−1 and MFH frequencies,
100 kHz ≤ f ≤ 1 MHz. For each particle we define its
limit temperature:

Tno fluc(x) = x
10

Texp, (7)

which divides the regime in which fluctuations do not
affect the relaxation of a MNP (Texp < Tno fluc) and the
regime in which they do (Texp ≥ Tno fluc).

To illustrate the use of this definition, we present the
Tno fluc values associated with different x values (i.e., dif-
ferent MNP sizes) and the extreme MFH frequency con-
ditions in Fig. 10. By analyzing it, we can conclude
that both the � = 30 nm and 60 nm MNPs are not sig-
nificantly affected by thermal fluctuations and are what
we call “large” MNPs in these experimental conditions,
as their Tno fluc values are above the temperature set in
simulations (Texp = 300 K). Consequently, the analytical
approach (both the probability map and the close-form
expression for hopt

K ) can be successfully applied in these
cases to describe the magnetic behavior and to predict opti-
mal conditions for MFH experiments. However, for MNPs
with � = 5 nm, the corresponding limit temperature is
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FIG. 10. Limit temperature Tno fluc as a function of x =
μ0MSVH0/(kBT). The temperature in which the simulated MFH
experiments are made is represented with a dashed black line.

below the one used for the simulations, which means that
the analytical formulas do not describe the behavior of the
system and cannot be applied.

In conclusion, this analytical approach can guide us
for synthesizing MNPs with an enhanced SPA for MFH
applications, providing information on the hopt

K without a
complete description of the hysteresis loops. Moreover, we
give a simple thermal interpretation of the validity range of
our analytical predictions.

D. Randomly oriented MNPs and chains

In the previous sections, we analyze MNP systems with
easy axes parallel to the external ac field but sometimes it
is impossible to align the MNPs or chains experimentally.
We analyze how area curves change for randomly oriented
MNPs or randomly oriented chains with respect to the case
of MNPs with easy axes oriented parallel to the external
field.

We use the azimuthal symmetry of the problem, dis-
cretizing the values of the polar orientation angle φn,
and weight the value of the corresponding area by the
solid angle (sinφn), avoiding unnecessary sweeps of the
azimuthal angle. In this particular case, we take 91 MNPs
or chains with consecutive, equally spaced orientations
0 < φn < π/2. In Fig. 11, we present the area curves
for these randomly oriented systems and the parallelly
oriented analogs for comparison.

For the noninteracting cases, we compare MNPs with
randomly oriented anisotropy axes with MNPs whose
anisotropy axes are oriented parallel to the external field. It
is worth noting that experimentally, in most cases, the con-
figuration for noninteracting systems is that of randomly
oriented anisotropy axes. Therefore, even if it is not the

FIG. 11. Comparison between the curves of normalized hys-
teresis area a as a function of the relative anisotropy field hK
for parallelly and randomly oriented noninteracting MNPs and
interacting chains of MNPs for experimental frequency f = 100
kHz and diameter � = 60 nm. The ratio between the diameter
and interparticle spacing is fixed in �/d = 0.5 for the interact-
ing cases. Here “orientation” refers to the direction of the MNPs’
easy axes.

most favorable case, having random orientations in MNP
systems is something usual that needs to be analyzed.

When comparing the randomly oriented systems, we
notice that the effect of interactions is the same as we have
already analyzed during our work: interactions shift the
curve towards lower hK values. Moreover, if we look at
regions I and II, we realize that the hysteresis area obtained
for parallelly oriented chains is always equal or greater
than the area for randomly oriented chains. This highlights
the relevance of controlling the orientation of MNP struc-
tures in a MFH experiment, since it can increase the SPA
considerably. Having control over the orientation of the
linear arrangements gives us the possibility of placing the
chains in the direction of the external magnetic field, which
is the most favorable in terms of SPA [47].

The main difference between parallel and random ori-
entations, apart from the magnitude of the enclosed area,
is that for randomly oriented axes or chains, the regions
expand to a wider hK range, which provides the oppor-
tunity of having a similar behavior for various HK in the
same experimental setup (fixed H0) and the setback of hav-
ing to use a broader range of H0 to allow a sample with a
given HK to switch regions.

IV. CONCLUSIONS

We simulate MNP systems exposed to an ac field and
address the effect of both particle-intrinsic parameters
(such as particle size and anisotropy) and experimental
conditions (frequency) for MFH applications. The effects
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are evaluated through the area A enclosed by the hysteresis
loop of the system, as the SPA ∼ A.

Both the noninteracting and interacting (linear chain)
MNP systems show the presence of four regions of dif-
ferent behavior in the area as a function of the relative
anisotropy curve (“area curve”). Two of these regions cor-
respond to major loops (regions I and II) and the other
two to minor loops (regions III and IV). Regardless of fre-
quency and interactions, a maximum is always reached for
the enclosed loop area (which is associated with the transi-
tion from region II to region III). While the area curves as a
function of relative anisotropy are qualitatively similar, the
relative anisotropy range and the limits between regions
are modified by size �, frequency f , and interactions.

During our analysis, we realize that thermal fluctua-
tions play a key role in the predictability of our system’s
behavior and that a parameter that reflects the influence
of fluctuations is x = μ0MSVH0/(kBT). The larger MNPs
analyzed provided a limit in which fluctuations do not
affect the relaxation significantly (x � 1). We explain dif-
ferences in the area curves when changing � and f with
the effect of thermal fluctuations on the magnetic moments,
that “smooth” and “round” area curves and loops when
x 
 1. The area curves are powerful tools for the optimal
design of MNPs with improved heating efficiency for MFH
experiments through the selection of both intrinsic MNP
parameters and experimental conditions (H0, f ).

For the interacting case, these changes have promi-
nent consequences. We see that in low-relative-anisotropy
cases, interactions help to increase the area of the hys-
teresis loops with respect to the noninteracting dispersed
system, while in high-relative-anisotropy cases they are
detrimental to the enclosed area. This fact, observed for
a simple linear chain of MNPs, explains the diversity of
apparently contradictory results concerning the influence
of interactions on the SPA. The outcome of an experiment
depends on the determination of the relative anisotropy
condition (low or high) and on the characteristics of MNPs
(K , x), as well as the frequency f and the initial working
temperature Texp. The problem can be posed as a compar-
ison of the effective coercive field H eff

C (Texp, K , x, f ) with
the applied ac field amplitude H0. By increasing f , we see
that thermal effects decrease, and as small MNPs are more
affected by thermal fluctuations than large ones, the vari-
ation of f has a greater repercussion on their behavior.
For the same reason, interactions affect large particles to
a greater extent than small ones, even when assuming sim-
ilar values of a local dipolar field acting on the MNPs of
different sizes.

We find that the optimal condition (i.e., reaching the
maximum SPA) is when thermal fluctuation effects on
the relaxation of MNPs can be neglected (large x values,
what we call “large” MNPs). In this case, the hystere-
sis loops are almost rectangular in shape and the systems
cannot be described by the LRT, thus, other approaches are

needed to predict their behavior correctly. By tuning H0
and H eff

C (T) ≈ H eff
K , the desired maximum can be obtained.

We define a limit temperature, Tno fluc, that allows us to
identify if we are in the regime of no thermal fluctuation
influence (Texp 
 Tno fluc), and for this case, we provide a
closed-form expression for the optimal relative anisotropy
value, hopt

K .
Regarding random MNPs and chains, their area curves

expand to a broader hK range than the oriented easy axes
case, but their optimal performance is worse than that of
oriented MNPs and chains. However, when orientation is
not possible, knowing the corresponding hopt

K is vital to
achieve the best performance from the randomly oriented
system.
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APPENDIX A: MINOR LOOPS IN REGION III

We note during our analysis that a considerable decrease
in the enclosed hysteresis area is given when going from
region II to region III. We associate this behavior with a
reduction in the fraction of MNPs fluctuating from one
minimum to the other. A fact worth investigating is why
interactions cause these minor loops to be off centered, as
shown in Fig. 7(c).

Anisotropy is sufficiently high with respect to H0; thus,
not all magnetic moments can be inverted. This causes
the loop to need several cyclings to reach dynamic equi-
librium [55]. To understand this phenomena, we show in
Fig. 12 the whole convergence-to-equilibrium process for
the loops in Figs. 2(c) and 7(c).

Starting with the noninteracting case, the initial con-
ditions are that each MNP (denoted by j) in the chain
has the same probability to be in each minimum; so, ini-
tial minima populations are P j

0 (0) = P j
1 (0) = 0.5 for all j.

The fraction of MNPs that can fluctuate in minimum 0 is
proportional to the probability of being in the superparam-
agnetic regime L, the population of that minima P0(t) and
the difference of the actual population with the equilibrium
one, P0(t) − P∞

0 . We start sweeping at h > 0 for the vir-
gin curve (from 0 to H0). This breaks the symmetry of the
problem by favoring minimum 0, which corresponds to the
direction of the external field. The population of minimum
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FIG. 12. Normalized magnetization hysteresis loops for MNPs
with diameter φ = 60 nm in region III for a noninteracting case
(hK = 1.34) and an interacting case (hK = 1.017) for φn = 0.

0 increases, as does m initially. We have an initial imbal-
ance that is compensated for with each cycling, since they
are symmetrical in terms of P0 and P1.

When adding interactions into the picture, the initial
imbalance is indeed greater for this case: the field on each
particle is now h + hdip and as hdip ∼ m > 0, minimum 0
is even more favored and generates an initial “accumula-
tion” of magnetic moments that cannot be reverted. This is
seen in Fig. 12; if we consider that the virgin curve for the
interacting case reaches m = 1, whereas for the noninter-
acting case it does not. Moreover, the cycling is no longer
symmetrical in terms of P0 and P1 because when h starts
to diminish, the field on each MNP is still positive due to
hdip. In conclusion, interactions anchor magnetic moments
in minimum 0, avoiding their fluctuation.

This distinctive behavior of magnetization reaching
dynamic equilibrium is manifested not only in the shape
and centering of the hysteresis loop, as outlined in Fig. 12,
but also in a reduction of its enclosed area. This is the rea-
son why, when considering interactions, the decrease in the
area curve from region II into region III is more abrupt than
that in the noninteracting case.

APPENDIX B: ESTIMATION OF THE EFFECTIVE
ENERGY BARRIER

Our approximate expression of the energy barrier that
separates the metastable from the absolute minimum is
based on the consideration of the effective field on the
particle.

For generality, we present the development of the
expression for the interacting case. As we explain in
Sec. III B, the inversion of the MNPs at the border of the

chain generates a “cascade” effect that leads to the inver-
sion of the magnetic moments of the rest of the MNPs in
the chain. Thus, when interaction strengths are moderate
and interactions do not dominate over the energy barrier,
the effective coercive field of the chain is very close to the
effective coercive field of the border particles. Without loss
of generalization, we can evaluate the case of the border
MNP to get the behavior of the chain. Our development is
valid for MNPs with x � 1.

First, we examine the case of T → 0 to latter incorpo-
rate the effect of thermal fluctuations to the development.
Considering the energy of a MNP, given by Eq. (1), the
effective field Heff on a MNP is given by [67]

Heff = − 1
μ0

∇μE = H + Hdip + 2KV
μ0μ2 (n̂ · μ)n̂. (B1)

We are interested in the inversion of the border MNP’s
magnetization on the ascending branch of the hysteresis
loop, at an external field H = H0x̂. Let us consider the
easy magnetization axis in the same direction, n̂ = x̂. In
Eq. (B1), the effective field is given by two contributions:
the local field Hloc = H0 + Hdip and the anisotropy field
HK = (2KV/μ0μ

2)(n̂ · μ)n̂, that depends on the orienta-
tion of the magnetic moment. We focus on describing the
behavior as a function of the anisotropy energy density
when Hloc is fixed to explain the probability of inversion
at the external field H = H0, ξ (see Sec. III C).

Before the inversion (b.i.), magnetization of the MNP at
the border is μ = −μx̂ and, as we discuss, the dipolar field
on it is Hdip = −Hdip borderx̂. By evaluating Eq. (B1) before
the inversion, we obtain Heff(b.i.) = (H0 − Hdip border −
HK)x̂.

At T → 0, while the anisotropy field surpasses the local
field, the particle cannot invert its magnetic moment. The
magnetic moment will be inverted (i.) when Hloc = HK ,
which gives E(i.) = 0. The energy barrier is then

	E = E(i.) − E(b.i.) = μ0μ(HK + Hdip border − H0),
(B2)

and, in this limit case, the probability ξ will simply be
ξ=θ(HK − Hloc), where θ(x) is the Heaviside step func-
tion.

An analogous development can be done for finite tem-
perature. Inversion will again be given by the condition
E(i.) = 0. The difference is that now all fields and values
need to be corrected for the effect of thermal fluctua-
tions. We denote corrected values with the symbol .̃ The
temperature-corrected version of Eq. (B2) is then 	E =
μ0μ̃(H̃K + H̃dip border − H0) = μ0μ̃(H̃ eff

C − H0), where we
consider that the coercive field is modified by interactions
to be consistent with our previous notation.

Our analytical approach is suitable to describe MNPs
in the limit of x � 1 (which implies a rectangular-shaped
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loop). Under this hypothesis, μ̃ = MSV and H̃ eff
C = H̃K +

H̃dip border can be corrected with Eq. (5), with H̃dip border
derived from Eq. (4) (multiplying by H0). Finally, the
energy barrier can be approximated by

	E = MSV[H eff
C (T) − H0]. (B3)
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