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a b s t r a c t 

For purposes of mitigating vibrations, a Semi-Active Friction Tendon (SAFT), which consists of a semi- 

active friction damper and an auxiliary spring that are linked to the structure by a cable, is studied 

experimentally, numerically and analytically. Two semi-active control laws are implemented, one is based 

on velocity-feedback (denoted as SQDCL) and the other is based on force-feedback (denoted as SPCL); 

the passive control case is also studied for comparison. From the assessment of system displacement and 

hysteretic behaviour of SAFTs two main conclusions are drawn. First, the effectiveness of the optimized 

passive-control case can always be improved by using semi-active control with any of the studied control 

laws. Second, the SPCL is more effective for large displacements, while the SQDCL is more advantageous 

for very small displacements. Moreover, closed-form expressions for the dissipated energy are derived 

for the three cases under consideration. These expressions can be used in preliminary design of SAFTs to 

compare with other alternatives, to decide between passive and semi-active control, and to choose the 

more suitable control law. 

© 2016 Elsevier Ltd. All rights reserved. 
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. Introduction 

Vibrations can be problematic in different types of structures

either civil, mechanical, aerospace, industrial, home appliances,

tc.); namely, they can cause discomfort in people due to floor vi-

ration [1] or ambient noise [2] , malfunctioning of sensitive instru-

ents [ 3 , 4 ], structural deterioration [5] , and, in some cases, even

ollapse. 

To mitigate the problem of structural vibrations, many method-

logies have been proposed [6] and implemented in real cases

 7 , 8 ]. These can be classified into four types of control: (1) passive

ontrol (PC), which uses constant-parameters devices to dissipate

nergy [7] ; (2) active control (AC), which uses actuators capable

f exerting forces on the structure [ 1 , 9–12 ]; (3) semi-active control

SAC), which uses devices whose parameters are “smartly” adjusted

n real-time [ 2 , 13–19 ]; and (4) Hybrid Control (HC), combining two

r three of the other types of control [20] . SAC is attractive be-

ause, in general, it is more effective and robust against parameter

ariation than PC and it requires much less power to operate than

C [16] . 

Regardless of the type of control, the mechanical connection

f control devices to the structure is of extreme importance be-

ause of its influence in the effectiveness of the control system.
∗ Corresponding author at: Facultad de Ingeniería, Centro Universitario, Parque 
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n particular, if the structure is very slender, or because of ar-

hitectural restrictions, the use of traditional braces can become

mpractical. An appropriate mechanical arrangement that includes

re-tensioned cables is a possible alternative solution. Besides, in

arge space structures [21] , in which weight and volume must be

educed and the structural elements have to be deployable, the use

f this kind of linkages is advantageous and widely accepted [22] .

he key issue, mainly in PC systems, is a suitable cable pre-tension

o avoid undesirable events as sudden pulls, poor performance and

ventually disabling of damper due to cable slackening. 

There are some examples of passive vibration control systems

hat use cables in the literature. For instance, in [23] it is shown

he control of a chimney by using a cable in series with a pas-

ive friction damper. To mitigate the seismic response of a steel

uilding, Pekcan et al. [24] experimentally studied a PC system us-

ng elastomeric spring dampers and fuse-bars, both linked to a real

tructure building through a cable. In the same context, Mualla and

elev [25] considered the linking of a passive friction damper us-

ng two bars that can be pre-tensioned to prevent its buckling. Cur-

ently, this friction damper is commercialized by Damptech to be

sed in buildings and bridges. 

In order to provide damping to structures using AC, the link-

ge of hydraulic or piezoelectric actuators by means of cables has

een addressed by many researchers [ 5 , 26–28 ]. Recently, Wang

t al. [29] considered the incorporation of PZT actuators into flex-

ble cables belonging to a cable net structure for an active adjust-

ent of its shape. For an extensive review on active cable and ten-

on control, see [30] . 

http://dx.doi.org/10.1016/j.mechatronics.2016.08.005
http://www.ScienceDirect.com
http://www.elsevier.com/locate/mechatronics
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechatronics.2016.08.005&domain=pdf
mailto:ocuradelli@fing.uncu.edu.ar
http://dx.doi.org/10.1016/j.mechatronics.2016.08.005
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Fig. 1. Two SAFTs connected to a SDOF structure; grey lines indicate undeformed 

shape and black lines indicate pre-tensioned shape. 
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In the context of SAC applied to cable-linked dampers, Klein

and Healey [31] proposed the coupling of two buildings with ca-

bles that could be released and tightened to provide specified dis-

sipative control forces. Erramouspe et al. [32] studied a semi-active

damper using two pre-tensioned cables, in order to implement a

resetting stiffness controller. In a recent work [33] , it was pro-

posed a device named Semi-Active Friction Tendon (SAFT) for the

vibration control of space structures (requiring only one cable per

damper) which consists of a friction damper in parallel with an

auxiliary spring, both linked to the structure by means of a ca-

ble. SAFTs can operate with PC, or with SAC. The behaviour of

the SAFT with SAC was studied using two types of control laws:

(1) the Simplified Quickest Descent Control Law (SQDCL), based

on velocity-feedback; or (2) the Slackening Preventing Control Law

(SPCL), based on force-feedback [33] . It was demonstrated through

nonlinear numerical simulations that SAC can be superior to PC in

terms of both: structural response reduction (effectiveness) and ro-

bustness against loss of pre-tension (reliability). Thus, the benefits

of cable linkage and the high energy dissipation capacity and sim-

plicity of friction dampers can be used to solve a wide variety of

vibration problems as, for example: flexible and deployable space

structures carrying sensitive equipment [ 21 , 22 ], chimney vibration

[23] , seismic response of buildings and works of art [ 24 , 34 , 35 ], and

connection between neighbouring tall buildings to mitigate wind

vibration [1] . 

Velocity-feedback has been largely used in vibration control

since it is a natural approach to add damping to a structure [1] .

In the case of SAFTs, velocity-feedback also has particular benefits

related to the slackening issue. On the other hand, force-feedback

has been used in AC and HC systems with some success [ 20 , 27 ]. In

fact, there is a duality between integral force-feedback for displace-

ment actuators (those whose stroke is proportional to its control

signal) and direct velocity-feedback for force actuators [1] . In SAC

systems, a force-feedback (inner) loop can be implemented to ap-

proximately generate a desired control force by means of variable

damping [36] . Unlike these previous works, SAFTs can use force-

feedback to explicitly deal with the cable-slackening issue. 

In view of the above, the present paper studies numerically and

experimentally the effectiveness of SAFTs with PC and SAC, under

a control law based on velocity-feedback denoted as SQDCL and a

control law based on force-feedback, denoted as SPCL. Hysteretic

behaviour of SAFTs is analytically studied and compared to experi-

mental and numerical results. Closed-form expressions for the en-

ergy dissipated per cycle are derived as functions of the system

parameters and the maximum displacement. Since the enclosed

area in a hysteresis loop represents the energy dissipated per cycle,

and this energy is closely related to the effective damping [37] , the

comparison between area sizes of each hysteresis loop reveals the

intrinsic damping characteristics of each case. The results derived

in the present paper allow estimating expectable performance in

different application cases, e.g. civil and mechanical structures (a

specific application case of a real space structure was addressed

through simulations in [33] ). 

2. Vibration control system based on SAFTs 

As mentioned before, each SAFT consists of a friction damper

in parallel with an auxiliary spring, in which one end is fixed to

the reference frame, and the other end is in series with a ca-

ble which links the friction damper to the structure that is to be

controlled (an extension of this model to multi-degree-of-freedom

structures with multiple SAFTs in arbitrary configurations can be

found in [33] ). Thus, when the structure moves horizontally un-

der lateral forces, the relative displacements between sliding pads

of the damper produce a friction force that is proportional to the
ormal force on the interfaces, which dissipate energy and resist

o the movement. 

Fig. 1 schematically shows two SAFTs connected in opposition

o a single-degree-of-freedom (SDOF) structure, indicating: dis-

lacement, mass, stiffness, and damping coefficient of the structure

s q s , m s , k s and c s , respectively; displacement, mass, friction coef-

cient, and normal force of the i th friction damper as q di , m di , μi ,

nd N i , respectively; pre-tension displacement and stiffness of the

 th auxiliary spring as �0 i and k di , respectively; and tensile stiff-

ess of the i th cable as k ci . The constant parameter L i is the final

ength of the i th SAFT in static pre-tensioned state; whereas L 0 ci 

nd L 0 di are the natural lengths (without pre-tension) of the cable

nd auxiliary spring, respectively, of the i th SAFT. 

The SAFTs can operate with two types of control: (1) PC, where

 i is constant during the operation; and (2) SAC, where N i is con-

inuously adjusted during the operation by a predefined control

aw. 

.1. Nonlinear model 

The equations of motion for the system shown in Fig. 1 can be

tated as [33] : 

 s ̈q s ( t ) + c s ̇ q s ( t ) + k s q s ( t ) + F c1 ( t ) − F c2 ( t ) = F es ( t ) , (1)

 d1 ̈q d1 ( t ) + k d1 q d1 ( t ) + F f 1 ( t ) − F c1 ( t ) = F ed1 ( t ) , (2)

 d2 ̈q d2 ( t ) + k d2 q d2 ( t ) + F f 2 ( t ) + F c2 ( t ) = F ed2 ( t ) , (3)

here: t is the time, F es , F ed 1 and F ed 2 are external forces applied

o the structure mass and to the SAFT masses; F c 1 and F c 2 are the

able forces; and F f 1 and F f 2 are the forces exerted by the friction

ampers. It is assumed that both SAFTs are identical. 

The pre-tension of the i th SAFT is defined in terms of an initial

isplacement �0 i as: 

0 i = L i − L 0 ci − L 0 di , i = 1 , 2 . (4)

Assuming that the cables display an elastic behaviour and can

nly exert tensile forces with constant stiffness, their correspond-

ng tensile forces are given by the following equations: 

 c1 ( t ) = k c1 sat ( q s ( t ) − q d1 ( t ) + �01 ) , (5)

 c2 ( t ) = k c2 sat ( −q s ( t ) + q d2 ( t ) + �02 ) , (6)

n which sat( · ) is a saturation function defined as: 

at ( x ) = 

{
0 , | x < 0 

x, | x ≥ 0 

, (7)

For PC, the normal force N i (t) = N, i.e. constant over time. In

he case of SAC, it is assumed that the normal force N ( t ) of each
i 
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Fig. 2. Analytical construction of hysteresis loop with PC. 
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riction damper can be instantaneously adjusted between N min and

 max , which are design parameters of the friction dampers. 

The friction force exerted by each damper can be expressed

hrough the Coulomb’s friction law as: 

 f i ( t ) = μi N i ( t ) sign ( ̇ q di ( t ) ) , i = 1 , 2 , (8)

n which: μi is the friction coefficient of the friction damper and

ign( · ) is the sign function as defined in [33] . While more re-

ned friction models are available in the literature (e.g. Stribeck’s,

ahl’s and LuGre’s models [38] ), the Coulomb’s model is used in

his work because it is the simplest friction model that captures

he dominant nonlinearity due to static friction. 

.2. Semi-active control laws 

.2.1. Simplified Quickest Descent Control Law (SQDCL) 

In order to obtain, from the application of Lyapunov’s Theory,

 velocity-feedback control law which aims to reduce the total en-

rgy in the structure as quick as possible [ 14 , 39 ], the Simplified

uickest Descent Control Law (SQDCL) is stated as follows: 

 1 ( t ) = 

{
N min , | ̇ q s ( t ) ≤ 0 

N max , | ̇ q s ( t ) > 0 

, (9) 

 2 ( t ) = 

{
N min , | ̇ q s ( t ) ≥ 0 

N max , | ̇ q s ( t ) < 0 

. (10) 

SQDCL was developed in [33] from a Quickest Descent Control

aw and then simplified after the assumption that the following

onditions are satisfied most of the time: 

˙ 
 s ( t ) > 0 → 

˙ q d1 ( t ) ≥ 0 , (11)

˙ 
 s ( t ) < 0 → 

˙ q d2 ( t ) ≤ 0 , (12)

 ci ( t ) > 0 ∀ t, i = 1 , 2 . (13)

Briefly, Eqs. (11) and ( 12 ) state that, most of the time, the

tructure and each friction damper cannot move in opposite di-

ections tending to tighten the cable. This assumption comes from

he fact that the cable has a stiffness several times higher than

he spring stiffness and the structure inertia is several times higher

han damper inertia. For its part, Eq. (13) states that the cables are

aut most of the time. That is, it is assumed that the friction force

 μN i ( t )) is reduced (at the appropriate times) in such a way to be

elow the spring force ( k di q di ( t )), thus mitigating the cable slacken-

ng. Please refer to [33] for a detailed development of this control

aw, which includes the verification of the preceding assumptions. 

.2.2. Slackening Preventing Control Law (SPCL) 

This force-feedback control law is obtained from a heuristic ap-

roach aiming to explicitly prevent the cable from slackening. By

ensing the cable forces F c 1 ( t ) and F c 2 ( t ) through load cells, it is

ossible to mitigate the cable slackening by decreasing the normal

orce of each friction damper when the corresponding cable is not

nder tension; since the auxiliary spring can “pull” from the cable

nly if the friction force ( μi N i ) is smaller than the auxiliary-spring

orce ( k di q di ). This simple idea leads to the Slackening Preventing

ontrol Law (SPCL) [33] , which, considering the offset drift in load-

ells, is stated as: 

 i ( t ) = 

{
N min , F ci ( t ) ≤ v F 
N max , F ci ( t ) > v F 

, i = 1 , 2 . (14) 

The parameter v F is a force threshold below which the ca-

le is considered slack. This must be greater than the maximum

xpectable offset error in force measuring, and as small as pos-
ible, in order to maximize the effectiveness (as it is shown in

ection 3 ). 

. Hysteretic behaviour of a SAFT 

The usability of any damping-based vibration control method

trongly depends on the application case, i.e.: required damp-

ng/energy dissipation, stringency of vibration limits, geometrical

nd physical constraints and technological aspects. In this context,

he hysteretic behaviour of damping devices could be used in first

nstance to compare different alternatives of vibration control. In

his section, the hysteretic behaviour of a SAFT is analytically in-

estigated. The expressions presented in this section allow predict-

ng the relative performance of different alternatives, which is then

alidated through experimental tests and numerical simulations in

ections 5 and 6 . 

Analytical constructions of hysteresis loops (i.e. the relations

etween q s and F c ) are made neglecting the external- and inertial-

orces on friction dampers, and assuming that the structure im-

oses a cyclic displacement with constant amplitude, on the SAFT.

uch a simplified model is obtained by combining Eq. (2) with

q. (8) , and recalling Eq. (5) under the assumption that the cable

s always taut (i.e. F c ( t ) > 0 ∀ t ), which yields: 

 d q d ( t ) + μN ( t ) sign ( ̇ q d ( t ) ) = F c ( t ) , (15) 

 c ( t ) = k c ( q s ( t ) − q d ( t ) + �0 ) . (16) 

The branches that comprise the hysteresis loops can be con-

tructed by combining Eqs. (15) and ( 16 ); namely: the loading

ranch is obtained by making sign ( ̇ q d (t) ) = 0 and sign ( ̇ q s (t) ) = 1 ;

he unloading branch is obtained by making sign ( ̇ q d (t) ) = 0 and

ign ( ̇ q s (t) ) = −1 , the forward-friction branch is obtained by mak-

ng sign ( ̇ q d (t) ) = 1 , and the backward-friction branch is obtained by

aking sign ( ̇ q d (t) ) = −1 . 

.1. Passive control 

From Eqs. (15) and ( 16 ), and considering that N ( t ) is actu-

lly a constant equal to N , the stable hysteresis loop shown in

ig. 2 can be constructed. The main characteristics of the hystere-

is loop are: (1) the forward-friction branch (3-4) is symmetric to

he backward-friction branch (6-1), being both equally dependent

n N ; and (2) both, the loading and unloading branches (1–3 and

–6), have a slope approximately equal to the cable stiffness k c . 

Under constant-amplitude cyclic displacement, a sufficient con-

ition for the cable to be always taut can be inferred by consid-

ring the limit case in which point (1) of Fig. 2 lies in the q s -axis.

hus, substituting q s = −q s max , ˙ q d < 0 and F c = 0 into Eqs. (15) and

 16 ) leads to the following taut-cable condition: 

N ≤ k d ( �0 − q s max ) , (17) 

To ensure that the cable gets taut at least once in every cycle,

ven in the likely case in which the successive cycles have decreas-

ng maximum displacements, a sufficient condition can be inferred
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Fig. 3. Analytical construction of a hysteresis loop with SAC and the SQDCL. 
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by considering the limit case in which the cable gets slack during

the backward-friction branch at zero displacement. Thus, substitut-

ing q s = 0 , ˙ q d < 0 and F c = 0 into Eqs. (15) and ( 16 ) yields the fol-

lowing taut-cable condition: 

μN ≤ k d �0 , (18)

In the Appendix it is shown that, for large displacements, the

following general expression approximates the energy dissipated

per cycle when using PC: 

E D ( PC ) ≈

⎧ ⎪ ⎨ 

⎪ ⎩ 

4 q s max μN if μN < k d ( �0 − q s max ) 
2 q s max μN + 2 μN �0 if k d ( �0 − q s max ) 

−2 ( μN ) 
2 

k d 
≤ μN < k d �0 

(19)

As expected, the first piece of Eq. (19) reduces to the standard

result of Coulomb’s friction law [23] and E D ( PC ) is independent of

cable stiffness but is strongly affected by cable slackening since

a detrimental effect ( − 2 ( μN ) 2 

k d 
) appears when condition ( 17 ) is not

satisfied. 

On the other hand when displacements are very small, cable

stiffness plays an important role on the energy dissipated since it

defines the maximum displacement below which there is no en-

ergy dissipated by the following expression ( Appendix , Eq. A.4 ): 

E D ( PC ) = 0 if q s max ≤ μN 

k c 
, (20)

In the most favourable case in which condition ( 17 ) is sat-

isfied, the dissipated energy E D ( PC ) given by Eq. (19) can be in-

creased by augmenting the normal force N . However, this sacrifices

performance at small displacements, because the lower bound on

the maximum displacement with dissipation of energy, given by

Eq. (20) , is also increased. 

3.2. Semi-active control 

3.2.1. Simplified Quickest Descent Control Law (SQDCL) 

From Eqs. (15) and ( 16 ), and considering that N ( t ) is equal to

N 1 ( t ) in Eq. (9) , the stable hysteresis loop shown in Fig. 3 can

be constructed for SAC with the SQDCL. Two aspects are worth

mentioning: (1) the enclosed area can be increased upward by

increasing N max , without modifying the backward-friction branch

(9-1); and (2) the unloading branch (6-7-9) has an abrupt drop

(6-7) showing a phenomenon commonly known as resetting stiff-

ness [ 31 , 32 , 40 , 41 ], which stands out for a suddenly elastic energy

dissipation. In this case, the cable stiffness acts as the resettable

stiffness and the friction damper acts as the releasing mechanism. 

By inspecting Fig. 3 and with a similar argument to that of PC,

it can be inferred the following condition for the cable to be al-

ways taut: 

μN ≤ k ( �0 − q s max ) . (21)
min d 
nd it can be ensured that the cable gets taut at least once in every

ycle if: 

N min ≤ k d �0 , (22)

ven in the likely case in which the successive cycles have decreas-

ng maximum displacements. It is worth noting that, unlike taut-

able conditions ( 17 ) and ( 18 ) (PC), conditions ( 21 ) and ( 22 ) only

epend on the design parameter N min . For this reason, SAC under

he SQDCL should be more robust against loss of pre-tension than

C. 

In the Appendix , Eq. (A.13) shows that, for large displacements

n which the deformation of cable can be negligible, the energy

issipated per cycle with SQDCL can be approximate by: 

 D ( SQDCL ) ≈ 2 q s max ( μN max + μN min ) if μN min < k d ( �0 − q s max ) . 

(23)

When comparing Eqs. (23) and ( 19 ), it is observed that E D ( SQDCL ) 

 E D ( PC ) if the cable is taut and N = N max . However, N max can be

hosen much larger than N , still avoiding cable slackening, in such

 way that E D ( SQDCL ) � E D ( PC ) . For this reason, SAC under the SQDCL

hould be more effective than with PC. 

As in the case of PC, cable stiffness influences the performance

t very small displacements, since (see, Appendix , Eq. (A.12) ): 

 D ( SQDCL ) = 0 if q s max ≤ μN min 

k c 
, (24)

Unlike the case of PC, the dissipated energy E D ( SQDCL ) given by

q. (23) can be increased as desired by means of the design param-

ter N max without sacrificing performance at small displacements,

.e. without increasing the lower bound on the maximum displace-

ent with zero dissipation of energy ( Eq. 24 ), since this latter only

epends on N min . 

.2.2. Slackening Preventing Control Law (SPCL) 

From Eqs. (15) and ( 16 ), and considering that N ( t ) is equal to

 1 ( t ) in Eq. (14) , hysteresis loops can be constructed for SAC with

he SPCL. As in the previous case, taut-cable conditions ( 21 ) and

 22 ) remain. Since hysteresis loops stabilize after many cycles, it is

onvenient to address the cases of large displacements and those

f very small displacements separately. 

When the maximum displacement is large enough and k c �
 d , three characteristic cases stand out depending on the maxi-

um normal force N max , for given values of k d �0 , q s max , and v F 
 Fig. 4 (a–c)). Thus, as shown in the Appendix , ( Eq. A.14 ), the en-

rgy dissipated per cycle is approximated as follows: 

 D (SPCL ) 

≈

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

4 μN max q s max if μN max ≤ k d ( �0 − q s max ) − v F , 
2 q s max ( μN max + k d �0 − v F ) if μN max ≥ k d ( �0 + q s max ) − v F , 
4 μN max q s max elsewhere 

− ( μN max − k d ( �0 − q s max ) + v F ) 
2 

2 k d 

if μN min < k d ( �0 − q s max ) − v F . (25)

When comparing Eqs. (25) and ( 23 ) and taking into account

hat v F is very small and k d �0 > μN min , it is observed that

 D ( SQDCL ) < E D ( SPCL ) which means that higher performance is ex-

ected from SPCL than from SQDCL for large displacements. 

Regarding performance at very small displacements, the

q. (A.15) in the Appendix , shows from Fig. 5 that: 

 D ( SQDCL ) = 0 if q s max ≤ μN max + k d �0 − v F 
k c 

, (26)

By comparing Eqs. (26) and ( 25 ), it is inferred that SPCL has the

ame disadvantage that PC, i.e. it is impossible to improve perfor-

ance at large displacements without sacrificing performance at
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Fig. 4. Analytical construction of hysteresis loops with SAC and the SPCL, for large 

displacements. 

Fig. 5. Analytical construction of a hysteresis loop with SAC and the SPCL, for very 

small displacements. 
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Fig. 6. Experimental setup. (a) General view: (1) structure to be controlled, (2) 

shaking table, (3) SAFTs, (4) displacement sensor, (5) load cell, (6) controller, (7) 

data acquisition system, (8) signal conditioners, (9) power supply, (10) personal 

computer used to setup the controller, and (11) personal computer used to com- 

mand the shaking table. (b) Simplified block diagram. 
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mall displacements because both depend on the same design pa-

ameters. The only alternative is to increase cable stiffness, which

vidently has practical limitations. 

. Experimental setup 

In order to assess the performance of a structure controlled by

wo opposing SAFTs with PC and SAC, shaking table tests were car-

ied out by using the experimental setup shown in Fig. 6 (a) and

chematized in Fig. 6 (b). 

.1. Controlled structure 

The controlled structure is a moment-resisting steel frame,

hich can be modelled by a single-degree-of-freedom (SDOF)

ystem having the following parameters: mass m s = 41 . 98 kg ,

tiffness k s = 4600 N m 

−1 , and internal damping ratio ζs = 0 . 79% ;

hich were identified through free-vibration tests and curve fit-

ing. 

.2. Measuring system 

An optoNCDT1607-200 laser optical displacement sensor from

ICRO-EPSILON with a resolution (noise) of 60 μm was used to

easure the relative displacement between the top and the base

f the structure. To measure the cable forces, one CZA-30 load
ell from FLEXAR with a resolution of 0.1 N was installed in se-

ies with each cable. Output signals from the displacement sensor

nd load cells feed analog inputs of the controller (to implement

he SQDCL and the SPCL, respectively) and the data acquisition sys-

em, which is based on a PCM-DAS16D/16 board from COMPUTER-

OARDS and a personal computer. Base acceleration was also mea-

ured and recorded to be used as excitation in the numerical sim-

lations. 

.3. Control system 

Each SAFT is assembled with the following elements: (1) a

riction damper built with three sliding steel pads in sandwich

see Fig. 7 ), whose normal force is generated by two 1300H

lectromagnetic actuators from CONTROLS COMPANY ARGENTINA 

.A.I.C.; (2) an steel-coil auxiliary spring; and (3) a fibre-core

teel twisted cable of 2 mm diameter (see Fig. 7 ). Before tests,

he following parameters of the SAFT were experimentally iden-

ified: m d = 0 . 17 kg , k d = 200 N m 

−1 , k c = 10 , 0 0 0 N m 

−1 , �0 =
 . 0387 m ( k d �0 = 7 . 74 N ) . Since each damper has two steel fric-

ion interfaces, whose standard friction coefficient is 0.5, the fric-

ion coefficients were assumed as μ1 = μ2 = μ = 1 from an esti-

ation based on the experimental identification of μN . When the

PCL was used, the force threshold was set to v F = 1 N . 

The controller was based on a Digital Signal Controller (DSC)

sPIC33EP512MU810 from MICROCHIP in which the SQDCL and

he SPCL were implemented separately. In the case of the SQDCL,

he DSC is also used to estimate the sign of the structure veloc-

ty from displacement measurements by using the two-point fi-

ite difference method with a time step of 10 ms. The controller

nergizes the coil of each electromagnetic actuator through a
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Fig. 7. Detail of a SAFT: (1) cable, (2) cable mechanical connection, (3) central pad of the friction damper, (4) external pad of friction damper, (5) electromagnetic actuator, 

(6) electromagnetic-actuator electrical connection, (7) mechanical support. 
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pulse-width modulated electric current. Thus, normal forces at the

friction dampers are generated by the actuators as a function of

the average electric current. 

4.4. External excitation 

During the experiments, the structure was subjected to base ac-

celeration by means of the 6-DOF-20 0 0E shaking table (model 170-

131) from MOOG. The acceleration record consisted in a frequency

sweep from 1/5 to 5 times the fundamental natural frequency of

the structure, over 1 minute, with constant acceleration amplitude

equal to 0.05 g. This type of excitation was used for two reasons:

(1) it allows assessing the performance of the control system in a

wide frequency range that includes the resonance; and (2) nonlin-

ear phenomena, as the slackening of the cables, can be seen. More-

over, a variable-frequency harmonic load is qualitatively represen-

tative of vibrations induced by variable speed rotating machines;

e.g. reaction wheel assemblies in space structures [ 5 , 42 , 43 ]. 

If the base acceleration is ẍ 
g 
, the external excitation forces in

Eqs. (1) –( 3 ) can be stated as: 

F es ( t ) = −ẍ g m s , F ed1 ( t ) = F ed2 ( t ) = −ẍ g m d . (27)

5. Numerical and experimental results 

This section shows the numerical and experimental results for

each case studied. Numerical simulations based on the mathe-

matical model developed in Section 2 were carried out in MAT-

LAB/Simulink using a stiff fifth-order implicit integration method

with variable time step (ode15s). 

5.1. Passive control 

Six cases with PC were considered, in which the electromag-

netic actuators apply different constant normal forces, N i , namely:

2.0, 3.5, 7.0, 9.0, 13.0 and 15.0 N during each test; i.e. N(t) = N i . For

clarity, the following figures only show the response in the time

period around system resonance ( ∼ 1.7 Hz). 

Fig. 8 shows displacement responses of the structure ( q s ( t ))

with PC from the experimental tests and their corresponding nu-

merical simulations. Note the goodness of fit depends on the case;

e.g., Normalized Mean Square Error [ 44 , 45 ] (NMSE) is 5% for N =
2 N and 49% for N = 15 N . When cables are taut, the dissipation of

energy is dominated by friction of the dampers; so the oscillation

damps quickly after resonance ( Fig. 8 (a,b)). On the contrary, when

cables get slack (phenomenon clearly seen for values of N greater

than 9 N), the only source of dissipation is the internal damping

of the structure; so the oscillation damps slowly after resonance
rom 10 s ( Fig. 8 (e,f)). As can be seen, slackening also deteriorates

odel accuracy. In the transitional cases ( Fig. 8 (c,d)), the cables

et slack only for small displacements; this transition is explained

n the Appendix . 

Note that the compromise between avoiding cable slackening

nd applying high dissipative forces to the structure makes that

he PC cases have an optimal normal force, which is such that μN

 k d �0 (to prevent the cable from slackening). 

Fig. 9 shows some characteristic hysteresis loops of one of the

AFTs that were recorded during tests along with numerical sim-

lation. The hysteresis loops resemble the classical bilinear hys-

eretic model [46] , when the cable is taut ( Fig. 9 (a,b)). In other

ases, forces vanish due to cable slackening ( Fig. 9 (d–f)). Also,

t is observed that taut-cable condition ( 17 ) is only satisfied in

ig. 9 (a), condition ( 18 ) is satisfied in Fig. 9 (a–c) and none of them

re satisfied in Fig. 9 (d–f). 

Fig. 9 (a) and (b) show clearly a good approximation between

umerical and experimental results and keep the shape of Fig. 2 . 

Only two differences can be seen between numerical and ex-

erimental results of Fig. 9 (c–f): (1) the high frequency oscilla-

ions in cable forces (related to the subsystem: auxiliary spring-

amper mass) damp faster in the experiments; and (2) there is a

oft transition in the cable force when it gets taut. Since the ef-

ect of these differences is negligible in both, dissipated energy and

quivalent overall stiffness of the SAFTs, it is expected that the nu-

erical model is appropriate to predict the structural response and

he mean and peak cable forces. 

.2. Semi-active control 

Eight cases were considered with SAC (four for each control

aw), in which the controller makes the electromagnetic actuators

o apply normal forces N ( t ) that are variable between N min = 2 N 

nd N max , which can be equal to 7, 9, 13 or 15 N, as the case may

e. 

Fig. 10 shows experimental and numerical results for the dis-

lacement responses of the structure ( q s ( t )) with SAC when using

he SQDCL. Lower dispersion than for PC (7% < NMSE < 11%) is dis-

layed. Unlike the cases with PC, there is a clear trend towards

isplacement reduction as N max increases. 

Fig. 11 shows some characteristic hysteresis loops of one of the

AFTs that were recorded during tests with SAC using the SQDCL.

t can be observed that enclosed area and peak forces fit accept-

bly (which are important for performance prediction and cable

esign). The shape similarity between Fig. 11 (a–d) and Fig. 3 vali-

ate assumptions made in Section 3 . The main difference between

hese hysteresis loops and those corresponding to PC is that dissi-

ative forces increase with the normal force, while avoiding cable
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Fig. 8. Structure displacement history with PC. 
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lackening. This is because taut-cable conditions ( 21 ) and ( 22 ) are

atisfied in all the cases shown in Fig. 11 , unlike taut-cable con-

itions ( 17 ) and ( 18 ) which are not satisfied in all the cases of

ig. 9. 

The particular case shown in Fig. 11 (e), in which displacements

nd forces were acquired after 15 s (see Fig. 10 ), demonstrates

hat, with the SQDCL, the SAFTs dissipate energy even if the maxi-

um displacement is very small (e.g. ± 1 mm). The enclosed area

ecomes quasi-triangular because of the resetting stiffness phe-

omenon [ 31 , 32 , 40 , 41 ]. That phenomenon is also present for large

isplacement, which can be seen as abrupt unloading branches in

ig. 11 (a–d). However, its influence is bigger when the displace-

ents are so small that the cable is unloaded before friction can

ccur; in this regard, Fig. 11 (e) evidences that resetting stiffness

mplies energy dissipation without friction. The noticeable differ-

nces (oscillations along the displacement axis) between experi-

ental and numerical curves in Fig. 11 (e) are mainly due to small

ibrations of the L-shaped supports shown in Fig. 6 (a). 

Fig. 12 shows experimental and numerical results for the dis-

lacement responses of the structure ( q s ( t )) with SAC when us-

ng the SPCL. In this case a better fit and lower dispersion

5% < NMSE < 22%) than for PC is observed. Similar to the cases

ith the SQDCL, irreversible slackening is not present and there

s a clear tendency towards displacement reduction as N max 
ncreases. Moreover, the achieved displacement reduction is supe-

ior to that with the SQDCL (compare Fig. 12 (d) to Fig. 10 (d)). 

Fig. 13 (a–d) shows some characteristic hysteresis loops of one

f the SAFTs that were recorded during the tests of SAC with the

PCL (note the good agreement with numerical simulations for en-

losed areas and peak forces). Similar to the case of the SQDCL,

he dissipative forces increase with the normal force while avoid-

ng cable slackening. Assuming the same maximum displacement

nd maximum normal force, the enclosed area reached with SPCL

s larger than with SQDCL (see Fig. 11 ) because the cable force

eaches lower values in the backward-friction branch. Another im-

ortant difference is present in the unloading branches, which are

brupt in the case of the SQDCL and have a slope approximately

qual to the cable stiffness in the case of the SPCL. By compari-

on with analytically constructed hysteresis loops, it also observed

hat the shape shown in Fig. 13 (a) is similar to that shown in Fig.

 (c), the shapes shown in Fig. 13 (b,c) are similar to that shown in

ig. 4 (b), and the shape shown in Fig. 13 (d) is similar to that

hown in Fig. 5 ; except for the oscillations, which do not sub-

tantially modify the enclosed area. This validates the assumptions

ade in Section 3 . 

Fig. 13 (e) demonstrates (with displacements and forces ac-

uired after 15 s), the hysteresis loop degenerates into a straight

ine with no enclosed area for very small displacements. This is
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Fig. 9. Hysteresis loops with PC. 
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clearer in the numerical results which neglect the small vibrations

of the L-shaped supports. 

6. Effectiveness results and discussion 

6.1. Large displacements 

6.1.1. Definition of effectiveness indexes 

To quantify the effectiveness of the control systems in terms

of displacement reduction, the following two classical performance

indexes are used [47] : 

J peak = 

max 

j = 1 , M 

∣∣q s ( C ) ( j �t ) 
∣∣

max 

j = 1 , M 

∣∣q s ( NC ) ( j �t ) 
∣∣ ; (28)

J rms = 

√ √ √ √ 

∑ M 

j=1 ,M 

∣∣q s ( C ) ( j �t ) 
∣∣2 

∑ M 

j=1 ,M 

∣∣q s ( NC ) ( j �t ) 
∣∣2 

; (29)

In Eqs. (28) and ( 29 ): �t M is the test duration; q s ( C ) ( t ) is the

displacement response of the structure with PC or SAC, as the case

may be; and q s ( NC ) ( t ) is the displacement response of the structure

without control. In this last case, the structural response was ob-

tained under the same base excitation ( Section 4.4 ) numerically, by
sing Eq. (1) with F c1 = F c2 = 0 ; and experimentally, by removing

oth cables. 

.1.2. Effectiveness and dissipated energy 

Fig. 14 shows the previously defined effectiveness indexes for

he three studied cases. As can be seen, both, the peak- and RMS-

isplacements, are drastically reduced as compared to the uncon-

rolled case ( J rms = J peak = 1 ). It is noticeable that, despite the val-

es of NMSE (4% ∼ 49%), effectiveness indexes have small errors

1 ∼ 10% for most cases and 20% in the worst). 

For PC, the effectiveness indexes have an optimum normal force

 = 7 N . For SAC with the SQDCL, the effectiveness indexes de-

rease linearly with N max ; whereas with the SPCL, the effectiveness

ndexes decrease showing an approximately parabolic dependence

n N max . It is evident that the achievable effectiveness with SAC

s superior to that with PC, irrespective of the chosen control law.

hen comparing both control laws, it is seen that the SPCL is su-

erior to the SQDCL for every value of N max . 

Fig. 15 shows the dissipated energy obtained with PC, ( Eq. (19 )),

ith SAC under the SQDCL, ( Eq. (23 )) and with SAC under the

PCL ( Eq. (25 )), generated using the system parameters defined in

ection 4 , and the maximum displacement chosen as the average

f the displacements observed in the tests as a representative case.

Regarding PC, Fig. 15 shows that the dissipated energy increases

inearly with N up to the point in which the condition ( 17 ) is not
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Fig. 10. Structure displacement history with SAC and the SQDCL. 
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atisfied (3.74 N). It is evident the existence of an optimal normal

orce that is between 3.74 and 7.74 N (for this example); which

grees with the effectiveness results shown in Fig. 14. 

As regards SAC with the SQDCL, Fig. 15 shows that the dis-

ipated energy increases linearly with N max without restriction.

hen, the achievable effectiveness with the SQDCL is always su-

erior to that with PC (see Fig. 14 ). However, this increase has a

lope that is a half of that of PC (in its linear part); which explains

hy the optimum effectiveness with PC is superior to that with

he SQDCL for N max ( SAC ) = N ( PC ) , as shown in Fig. 14. 

As regards SAC with the SPCL, Fig. 15 shows that the dissipated

nergy increases linearly with N max up to 2.74 N, with the same

lope as with PC. Then, it increases parabolically up to 10.74 N. Fi-

ally, it increases linearly with the same slope as with the SQDCL

ithout restriction. Then, for a given range of normal forces, the

issipated energy and, therefore, the achievable effectiveness with

he SPCL are always superior to that with PC or with the SQDCL

as in the example shown Fig. 14 ). 

.2. Very small displacements 

By evaluating Eqs. (20) , ( 24 ) and ( 26 ) at the system parameters

efined in Section 4 , the following lower bounds on the maximum

isplacement are obtained: 

E D ( PC ) = 0 if q s max ≤ 0 . 7 · 10 

−3 m , 

E D ( SQDCL ) = 0 if q s max ≤ 0 . 2 · 10 

−3 m , 

E D ( SPCL ) = 0 if q s max � 1 . 0 · 10 

−3 m . 

(30) 

Note that (in this example) the SPCL, though more effective for

arge displacements, becomes ineffective if the maximum displace-

ent is smaller than 1 mm, since the dissipated energy is null;

his is clearly demonstrated in Fig. 13 (e). In contrast, the SQDCL

ecomes ineffective only if the maximum displacement is smaller

han 0.2 mm. In this regard, Fig. 11 (e) shows a quasi-triangular en-

losed area for a maximum displacement of 1 mm. In the case of

C, the lower bound on the maximum displacement is between

he other two cases. 
.3. Robustness against pre-tension loss 

A critical aspect in the reliability of any tensile system is its ro-

ustness against loss of pre-tension since this can lead to loss of

ffectiveness. Such a robustness can be quantified as the insensi-

ivity of the dissipated energy E D (which is related to the effective-

ess) to changes in the pre-tension �0 . Although this aspect has

ot been addressed experimentally in this paper, numerical simu-

ations shown in reference [33] validate the following analysis. 

In Section 6.1.2 , the optimum normal force μN for PC was

roved to be between k d ( �0 − q s max ) and k d �0 . Then, the energy

issipated per cycle must be calculated by means of the second

iece of the function stated in Eq. (19) . Evidently, the dissipated

nergy is sensitive to pre-tension �0 . The sensitivity of the dissi-

ated energy (PC) to the pre-tension is defined as S 
E D ( PC ) 

�0 
and can

e calculated by differentiating the second piece of Eq. (19) with

espect to �0 and normalizing, i.e.: 

 

E D (PC) 

�0 
= 

∂ E D (PC) 

∂ �0 

· �0 

E D (PC) 

= 

�0 

q s max + �0 − μN 
k d 

. (31) 

For the example considered in this paper, this implies a 1.6% re-

uction in the dissipated energy for each 1% reduction in the pre-

ension. Then, it can be stated that the optimum case of PC is not

obust against loss of pre-tension. However, it must be said that

ome suboptimal cases can be easily proved to be robust against

oss of pre-tension. 

In the case of SAC with the SQDCL, by making a sensitivity anal-

sis to Eq. (23) , it can be obtained that: 

 

E D (SQDCL ) 

�0 
= 

∂ E D (SQDCL ) 

∂ �0 

· �0 

E D (SQDCL ) 

= 0 if �0 > 

μN min 

k d 
+ q s max . 

(32) 

Then, the system with the SQDCL is robust against any loss of

re-tension satisfying this condition. 
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Fig. 11. Hysteresis loops with SAC and the SQDCL: (a-d) large displacements, (e) small displacements. 
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Similarly, for SAC with the SPCL, from the second case of

Eq. (25) (which is the most efficient), it can be obtained: 

S 
E D ( SPCL ) 

�0 
= 

∂ E D (SPCL ) 

∂ �0 

· �0 

E D (SPCL ) 

= 

k d �0 

μN max + k d �0 + v F 
, (33)

which, for the example considered in this paper ( N max = 15 N) , im-

plies a 0.3% reduction in the dissipated energy for each 1% reduc-

tion in the pre-tension. Note that, though the SPCL is not as robust

as the SQDCL, it is five-fold less sensitive to loss of pre-tension

than PC. 

7. Conclusions 

In this paper, shaking table tests, numerical simulations, and

analytical developments were carried out to compare the effective-

ness of proposed Semi-Active Friction Tendon (SAFTs) under pas-

sive control (PC) and semi-active control (SAC) with two different

control laws, one is based on velocity-feedback (denoted as SQDCL)

and the other is based on force-feedback (denoted as SPCL) . 

The main conclusions of the present work are: 

(1) The developed nonlinear model is accurate enough for: (1)

assessing the effectiveness in displacement reduction and

(2) sizing cables, anchorages and dampers. 
(2) For a given pre-tension force, the achievable effectiveness

with SAC is always superior to that with PC, irrespective of

the chosen control law. 

(3) If the displacements are so large that the deformation of ca-

ble can be neglected, the achievable effectiveness with the

SPCL is always superior to that with the SQDCL. 

(4) If the displacements are so small that the deformation of ca-

ble is not negligible, the SPCL can become ineffective while

the SQDCL is still effective (in terms of energy dissipation).

Moreover, in the ideal case in which the minimum normal

force is null, the SQDCL is effective even for very small dis-

placements. 

These conclusions suggest that the SQDCL is more appropriate

or applications involving stringent vibration limits, e.g. large space

tructures [21] or precision equipment [3] ; whereas the SPCL is

ore appropriate where strong displacement reduction is needed

nly during large loads, e.g. vibration control of civil structures [1] .

vidently, SAC should be considered only if PC does not achieve the

pplication requirements in terms of effectiveness and robustness

gainst loss of pre-tension. 

Notwithstanding these suggestions, it is remarked that the

losed-form expressions derived in this paper for the “energy dis-

ipated per cycle”, the “lower bound on the maximum displace-

ent”, and the “sensitivity to loss of pre-tension” can be used as
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Fig. 12. Structure displacement history with SAC and the SPCL. 

Fig. 13. Hysteresis loops with SAC and the SPCL: (a–d) large displacements, (e) small displacements. 
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Fig. 14. Effectiveness of the control system in terms of peak and RMS displacement reduction. 

Fig. 15. Energy dissipated per cycle, for large displacements. 
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an engineering tool in the preliminary design of any practical ap-

plication of vibration control that could use SAFTs. This includes

the comparison with other alternatives, the non-trivial decision to

use PC or SAC and the choice of the control law. Moreover, these

closed-form expressions can be used in linearization techniques for

fast response analysis. 
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Appendix. Derivation of expressions for dissipated energy 

Generalities 

A SAFT is a two-ends device in which one end is fixed and the

other one has a displacement denoted as q s . The displacement is

such that −q s max ≤ q s (t) ≤ q s max , where q s max can be assumed to

be externally imposed. 

All analytically-constructed force/displacement diagrams

( Fig. 2 –5 ) describe a closed curve, i.e. a hysteresis loop. For-

tunately, that loop can be decomposed into two functions: F c+ ( q s )
when ˙ q s > 0 , and F c−( q s ) when ˙ q s < 0 . 
On this basis, the energy supplied to the SAFT when the dis-

lacement q s increases from −q s max to q s max is given by: 

 s = 

∫ q s max 

−q s max 

F c+ ( q s ) d q s , (A.1)

hile the energy returned from the SAFT when the displacement q s 
ecreases from q s max to −q s max is given by: 

 r = −
∫ −q s max 

q s max 

F c−( q s ) d q s . (A.2)

Therefore, the energy that a SAFT dissipates per cycle equals

o E D = E s − E r . Thus, E D can be obtained as the area under the

orce/displacement diagram [37] . In the following derivations, this

rea is calculated straightforwardly by adding or subtracting well-

nown formulae for the area of parallelograms and triangles. 

assive control 

The following closed-form expression for the energy dissipated

er cycle can be obtained from geometrical considerations on

ig. 2: 

 D ( PC ) = 

k c 

k c + k d 

(
4 q s max μN − 4 ( μN ) 

2 

k c 

)

f μN < k d ( �0 − q s max ) and q s max ≥ μN 

k c 
. (A.3)

Note that the first term of Eq. (A.3) accounts for the enclosed

rea of the parallelogram (1,2,4,5) and the second one accounts for

he two missed triangles, (1,2,3) and (4,5,6), in Fig. 2. 

From Eq. (A.3) can be observed that, when the maximum dis-

lacement is small, the second term is relevant respect to the first

ne and the energy dissipated per cycle is reduced. Evidently, by

nspecting Fig. 2 , the friction branches vanish if the maximum dis-

lacement reduces enough; and, therefore, the hysteresis loop de-

enerates into a straight line. This lower bound on the maximum

isplacement can be found by equating Eq. (A.3) to zero, and solv-

ng for q s max , which yields: 

 D ( PC ) = 0 if q s max ≤ μN 

k c 
. (A.4)

On the contrary, if the maximum displacement is large enough

nd k c � k d then, the second term of Eq. (A.3) can be neglected

nd the dissipated energy can be approximated as: 

 D ( PC ) ≈ 4 q s max μN if μN < k d ( �0 − q s max ) . (A.5)

http://dx.doi.org/10.13039/501100002923
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As expected, Eq. (19) reduces to the standard Coulomb’s friction

aw ( Eq. (A.5 )) [23] . 

It is interesting to consider the transitional case in which it is

uaranteed that the cable gets taut at least once in every cycle but

t is not always taut, i.e. the condition ( 18 ) is satisfied but condition

 17 ) is not. In this case, the dissipated energy can be approximated

s: 

 D ( PC ) ≈ γ · 4 q s max μN if k d ( �0 − q s max ) ≤ μN < k d �0 . (A. 6)

n which γ is a reduction factor that depends on the displacement

raction in which the cable force vanishes, i.e.: 

= 

1 

2 

+ 

1 

2 

(
q ∗s max 

q s max 

)
, (A.7) 

here q ∗s max is the larger maximum displacement that satisfies the

ondition ( 17 ), i.e.: 

 

∗
s max = �0 − μN 

k d 
. (A.8) 

Finally, Eqs. (A .5) –(A .8) can be combined into the following

eneral expression of the energy dissipated per cycle for large dis-

lacements: 

 D ( PC ) ≈

⎧ ⎪ ⎨ 

⎪ ⎩ 

4 q s max μN if μN < k d ( �0 − q s max ) 
2 q s max μN + 2 μN �0 if k d ( �0 − q s max ) 

−2 ( μN ) 
2 

k d 
≤ μN < k d �0 

(A.9) 

Eq. (A.9) is not defined when condition ( 18 ) is not satisfied.

owever, that is an impractical case in which the cable does not

et taut at least once and should be avoided by design, since

 D ( PC ) = 0 . 

emi-active control with SQDCL 

Analogously to the PC case, the following closed-form expres-

ion can be obtained for the energy dissipated per cycle from

ig. 3: 

 D ( SQDCL ) = 

k c 

k c + k d 

(
4 q s max μN min −

4 ( μN min ) 
2 

k c 

)

+ 

k c 

k c + k d 
μ( N max − N min ) 

×
(

2 q s max − 2 μN min 

k c 
− μ( N max − N min ) 

2 k c 

)

f μN min < k d ( �0 − q s max ) and q s max ≥ μ( N max + N min ) 

2 k c 
(A.10) 

Note that the first term in Eq. (A.10) is a merely passive dissi-

ation of energy due to the area enclosed by the points (1,3,7,9) in

ig. 3 . In contrast, the second term accounts for the energy dissi-

ated because of SAC; i.e. the area enclosed by the points (3,5,6,7).

he area of the polygon (3,5,6,7) is obtained by subtracting the

rea of the triangle (3,4,5) from that of the parallelogram (3,4,6,7).

If the maximum displacement is small enough to make the

orward-friction branch vanish, i.e. if 2 q s max ≤ μ( N max + N min ) / k c ,

he hysteresis loop degenerates into a triangle mounted over a par-

llelogram (similar to the case shown in Fig. 11 (e)) and the dissi-

ated energy results: 

 D ( SQDCL ) = 

k c 

k c + k d 

(
4 q s max μN min −

4 ( μN min ) 
2 

k c 

)

+ 

k c 

k c + k d 

(
2 q s max − 2 μN min 

k c 

)2 k c 

2 

f μN min < k d ( �0 − q s max ) and q s max ≤ μ( N max + N min ) 

2 k c 
. (A.11) 
Now, if the maximum displacement is small enough to make

oth friction branches vanish, the hysteresis loop degenerates into

 straight line. This lower bound on the maximum displacement

an be found by equating Eq. (A.11) to zero, and solving for q s max ,

hich yields: 

 D ( SQDCL ) = 0 if q s max ≤ μN min 

k c 
. (A.12) 

This lower bound on the maximum displacement (with no dis-

ipation of energy) is closely related to the passive dissipation of

nergy. 

In the opposite situation, if the maximum displacement is large

nough and k c � k d , the dissipated energy can be approximated,

rom Eq. (A.10) , as: 

 D ( SQDCL ) ≈ 2 q s max μ( N max + N min ) if μN min < k d ( �0 − q s max ) . 

(A.13) 

emi-active control with SPCL 

In this case, as the hysteresis loops stabilize after many cycles

epending on the parameters combination, it is appropriate to sep-

rate the analysis into large displacements ( Fig. 4 (a–c)) and very

mall displacements ( Fig. 5 ). 
Analogously to previous cases, when the maximum displace-

ent is large enough and k c � k d , the energy dissipated per cycle

an be approximated by geometry from those three cases shown
n Fig. 4 (a–c) as follows: 

 D ( SPCL ) 

≈

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

4 μN max q s max if μN max ≤ k d ( �0 − q s max ) − v F ,
2 q s max ( μN max + k d �0 − v F ) if μN max ≥ k d ( �0 + q s max ) − v F 
4 μN max q s max elsewhere 

− ( μN max − k d ( �0 − q s max ) + v F ) 
2 

2 k d 

if μN min < k d ( �0 − q s max ) − v F . (A.14)

Unlike the previous case, N min does not appear in the three

ases of Eq. (A.14) and it is observed a detrimental effect of high

alues of v F in two of them. 

Now consider the case shown in Fig. 5 in which the maximum

isplacement is small enough to neglect the variable component of

uxiliary spring force, k d q s , in friction branches, but not the effect

f cable stiffness in loading and unloading branches. In this case,

he unloading branch (3-4) has a slope equal to the cable stiffness

ecause the SPCL switches the normal force from N max to N min just

hen the cable force reaches the force threshold, v F (point 4 of

ig. 5 ). 

By inspecting Fig. 5 , it is evident that the hysteresis loop de-

enerates into a straight line if the displacement is so small that

oth friction branches vanish. This lower bound of the maximum

isplacement changes every cycle until it converges to a value that

an be approximated as follows (see Fig. 13 (e)): 

 D ( SPCL ) = 0 if q s max � 

μN max + k d �0 − v F 
2 k c 

. (A.15) 
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