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ON HOMOMORPHIC IMAGES AND THE

FREE DISTRIBUTIVE LATTICE EXTENSION

OF A DISTRIBUTIVE NEARLATTICE

A b s t r a c t. In this paper we will introduce N -Vietoris families

and prove that homomorphic images of distributive nearlattices

are dually characterized by N -Vietoris families. We also show

a topological approach of the existence of the free distributive

lattice extension of a distributive nearlattice.

.1 Introduction and preliminaries

A correspondence between Tarski algebras, called also implication algebras,

and join-semilattices with greatest element in which every principal filter

is a Boolean lattice was developed by Abbott in [1]. The variety of Tarski

algebras is the algebraic semantics of the {→}-fragment of classical propo-

sitional logic and are a special case of more general algebraic structures

Received 15 November 2015

Keywords and phrases: Distributive nearlattice, prime ideal, homomorphic image.

2010 AMS Subject Classification: Primary 06A12; Secondary 03G10, 06D50



58 SERGIO CELANI AND ISMAEL CALOMINO

called nearlattices, i.e., join-semilattices with greatest element in which ev-

ery principal filter is a bounded lattice. In [14] and [11] it is proved that

the class of nearlattices forms a variety and in [2] proves that the variety

of nearlattices is 2-based. An important class of nearlattices is the class of

distributive nearlattices. These algebras have been studied in [12] and [14],

and recently by several authors in [10], [9], [13], [8] and [5].

In [8], a full duality between distributive nearlattices with greatest el-

ement and certain topological spaces with a distinguished basis, called N-

spaces, was developed. The N -spaces are a generalization of Stone space,

also called spectral space [16]. This paper has two objectives. First, moti-

vated by similar results given in [4] and [7], and the duality developed in

[8], we will show that the homomorphic images of a distributive nearlat-

tice can be characterized in terms of families of basic saturated irreducible

subsets of the N -space 〈X (A) ,KA〉 endowed with a lower Vietoris topol-

ogy. The second one is to give a topological approach, different from that

given in [12], of the existence of the free distributive lattice extension of a

distributive nearlattice.

In the remainder of this section we will recall some results and defini-

tions on the representation and topological duality for distributive near-

lattices. In Section 2 we will give the mentioned characterization of the

homomorphic images of a distributive nearlattice. In Section 3 we shall

give the topological proof of the existence of the free distributive lattice

extension of a distributive nearlattice.

Let A = 〈A,∨, 1〉 be a join-semilattice with greatest element. In this

paper and in order to shorten the terminology we will call them semilattices

[9]. Recall that the binary relation≤ defined by x ≤ y if and only if x∨y = y

is a partial order. A filter of A is a subset F ⊆ A such that 1 ∈ F , if x ≤ y
and x ∈ F then y ∈ F and if x, y ∈ F then x∧y ∈ F , whenever x∧y exists.

The filter generated by a subset X of A, in symbols F (X), is the least filter

containing X. A filter G is said to be finitely generated if G = F (X) for

some finite subset X of A. Note that if X = {a} then F ({a}) = [a), called

the principal filter of a. We will denote by Fi (A) and Fif (A) the set of

all filters and finitely generated filters of A, respectively. A subset I of A

is called an ideal if for every x, y ∈ A, if x ≤ y and y ∈ I, then x ∈ I and if

x, y ∈ I, then x ∨ y ∈ I. The set of all ideals of A is denoted by Id (A). A

non-empty proper ideal P is prime if for all x, y ∈ A, if x∧y ∈ P , whenever
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x ∧ y exists, then x ∈ P or y ∈ P . We will denoted by X (A) the set of all

prime ideals of A.

Definition 1.1. Let A be a semilattice. Then A is a nearlattice if for

each a ∈ A the principal filter [a) = {x ∈ A : a ≤ x} is a bounded lattice.

The Tarski algebras are examples of nearlattices where each principal

filter is a Boolean lattice [1]. Nearlattices can be considered as algebras with

one ternary operation: if x, y, z ∈ A, the element m (x, y, z) = (x ∨ z) ∧z
(y ∨ z) is correctly defined since both x ∨ z, y ∨ z ∈ [z) and [z) is a lattice,

where ∧z denotes the meet in [z). This fact was proved by Hickman in

[14] and by Chajda and Kolař́ık in [11]. In [2] Araújo and Kinyon found a

smaller equational base.

Theorem 1.2. [2] Let A be a nearlattice. The following identities are

satisfied:

1. m (x, y, x) = x,

2. m (m (x, y, z) ,m (y,m (u, x, z) , z) , w) = m (w,w,m (y,m (x, u, z) , z)),

3. m (x, x, 1) = 1.

Conversely, let A = 〈A,m, 1〉 be an algebra of type (3, 0) satisfying the

identities (1)–(3). If we define x ∨ y = m (x, x, y), then A is a semilattice

and for each z ∈ A, [z) is a bounded lattice, where for x, y ∈ [z) their

infimum is x ∧z y = m (x, y, z). Hence A is a nearlattice.

As in lattice theory, the class of distributive nearlattices is very impor-

tant.

Definition 1.3. Let A be a nearlattice. Then A is distributive if for

each a ∈ A the principal filter [a) = {x ∈ A : a ≤ x} is a bounded dis-

tributive lattice.

Theorem 1.4. [11] Let A be a nearlattice. Then A is distributive if

and only if it satisfies either of the following identities:

1. m (x,m (y, y, z) , w) = m (m (x, y, w) ,m (x, y, w) ,m (x, z, w)),

2. m (x, x,m (y, z, w)) = m (m (x, x, y) ,m (x, x, z) , w).
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We denote by DN the variety of distributive nearlattices. If A ∈ DN ,

we note that from the results given in [12] we have the following character-

ization of the filter generated by a subset X of A:

F (X) = {a ∈ A : ∃x1, ..., xn ∈ [X) (x1 ∧ ... ∧ xn = a)} .

We note that in the characterization of F (X) we suppose that there exists

the meet of the set {x1, ..., xn}. The following result, analogue of the Prime

Ideal theorem, was proved in [13].

Theorem 1.5. Let A ∈ DN . Let I ∈ Id (A) and let F ∈ Fi (A) such

that I∩F = ∅. Then there exists P ∈ X (A) such that I ⊆ P and P∩F = ∅.

We recall some topological notions. A topological space with a base K
will be denoted by 〈X,K〉. We consider the set DK (X) = {U : U c ∈ K}.
A subset Y ⊆ X is basic saturated if it is an intersection of basic open

sets, i.e., Y =
⋂
{Ui ∈ K : Y ⊆ Ui}. The basic saturation Sb (Y ) of a

subset Y is the smallest basic saturated set containing Y . If Y = {y},
we write Sb ({y}) = Sb (y). We denote by S (X) the family of all basic

saturated subsets of 〈X,K〉. On X is defined a binary relation ≤ as x ≤ y
if and only if y ∈ Sb (x). The relation ≤ is reflexive and transitive, but

not necessarily antisymmetric. It is easy to see that the relation ≤ is a

partial order if and only if 〈X,K〉 is T0. We note that Sb (x) = [x). Let

Y be a non-empty subset of X. We say that Y is irreducible if for every

U, V ∈ DK (X) such that U ∩ V ∈ DK (X) and Y ∩ (U ∩ V ) = ∅ implies

Y ∩ U = ∅ or Y ∩ V = ∅. We say that Y is dually compact if for every

family F = {Ui : i ∈ I} ⊆ K such that
⋂
{Ui : i ∈ I} ⊆ Y implies that

there exists a finite family {U1, ..., Un} ⊆ F such that U1 ∩ ... ∩ Un ⊆ Y .

We denote by SIrr (X) the family of all basic saturated irreducible subsets

of 〈X,K〉. The following definition is introduced in [8].

Definition 1.6. Let 〈X,K〉 be a topological space. Then 〈X,K〉 is an

N -space if:

1. K is a basis of open, compact and dually compact subsets for a topol-

ogy TK on X.

2. For every U, V,W ∈ K, (U ∩W ) ∪ (V ∩W ) ∈ K.

3. For every irreducible basic saturated subset Y of X there exists a

unique x ∈ X such that Y = Sb (x).
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If 〈X,K〉 is an N -space, then the relation ≤ is a partial order and 〈X,K〉
is T0.

Proposition 1.7. [8] Let 〈X,K〉 be a topological space where K is a

basis of open and compact subsets for a topology TK on X. Suppose that

(U ∩W ) ∪ (V ∩W ) ∈ K for every U, V,W ∈ K. The following conditions

are equivalent:

1. 〈X,K〉 is T0, and if A = {Ui : i ∈ I} and B = {Vj : j ∈ J} are

non-empty families of DK (X) such that⋂
{Ui : i ∈ I} ⊆

⋃
{Vj : j ∈ J} ,

then there exist U1, ..., Un ∈ [A) and V1, ..., Vk ∈ B such that U1∩ ...∩
Un ∈ DK (X) and U1 ∩ ... ∩ Un ⊆ V1 ∪ ... ∪ Vk.

2. 〈X,K〉 is T0, every U ∈ K is dually compact and the assignment

H : X → X (DK (X)) defined by

H (x) = {U ∈ DK (X) : x /∈ U} ,

for each x ∈ X, is onto.

3. Every U ∈ K is dually compact and for every irreducible basic satu-

rated subset Y of X, there exists a unique x ∈ X such that Y = Sb (x).

If 〈X,K〉 is an N -space, then 〈DK (X) ,∪, X〉 is a distributive nearlat-

tice. We note that if 〈X,K〉 is an N -space then X ∈ K if and only if

DK (X) is a bounded distributive lattice. So, K is the set of all compact

and open subsets of X and we obtain the topological representation for

bounded distributive lattices given by Stone in [16]. If 〈X,K〉 is an N -

space, then the map H : X → X (DK (X)) defined in the Proposition 1.7

is a homeomorphism such that x ≤ y if and only if H (x) ⊆ H (y).

Let A ∈ DN . Let us consider the poset 〈X (A) ,⊆〉 and the map-

ping ϕA : A → Pd (X (A)) defined by ϕA (a) = {P ∈ X (A) : a /∈ P}.
Let ϕA [A] = {ϕA(a) : a ∈ A}. Then A is isomorphic to the subalgebra

ϕA [A] of Pd (X (A)) and the pair 〈X (A) ,KA〉 is an N -space, called the

dual space of A, where the topology TA is generated by taking as base of

opens the family KA = {ϕA (a)c : a ∈ A}. Let A,B ∈ DN . A mapping

h : A→ B is a semi-homomorphism if h (1) = 1 and h (a ∨ b) = h (a)∨h (b)
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for all a, b ∈ A. A mapping h : A → B is a homomorphism if it is a semi-

homomorphism such that if a∧ b exists then h (a ∧ b) = h (a)∧ h (b). Note

that if a ∧ b exists, then h (a) ∧ h (b) exists. If h : A → B is a onto homo-

morphism, then we shall say that B is a homomorphic image of A.

There exists a duality between homomorphisms of distributive nearlat-

tices and certain binary relations. Let X1 and X2 be two sets, P (X1) and

P (X2) the set of all subsets of X1 and X2, respectively, and R ⊆ X1 ×X2

be a binary relation. For each x ∈ X1, let R (x) = {y ∈ X2 : (x, y) ∈ R}.
We define the mapping hR : P (X2)→ P (X1) by

hR (U) = {x ∈ X1 : R (x) ∩ U 6= ∅} .

It is easy to verify that hR is a homomorphism between P (X2) and P (X1).

Definition 1.8. Let 〈X1,K1〉 and 〈X2,K2〉 be two N -spaces. Let R ⊆
X1 ×X2 be a binary relation. Then R is an N -relation if:

1. hR (U) ∈ DK1 (X1) for every U ∈ DK2 (X2).

2. R (x) is a basic saturated subset of X2 for each x ∈ X1.

3. R(x) 6= ∅ for each x ∈ X, i.e., R is serial.

We say that R is anN -functional relation if R is anN -relation satisfying

that for each x ∈ X1, there exists y ∈ X2 such that R (x) = Sb (y).

Let A,B ∈ DN and h : A→ B be a mapping. In [8] it was proved that

h is a homomorphism if and only if the relation Rh ⊆ X (B)×X (A) defined

by (P,Q) ∈ Rh if and only if h−1 (P ) ⊆ Q is an N -functional relation. We

are interested here a particular class of N -relations.

Definition 1.9. Let 〈X1,K1〉 and 〈X2,K2〉 be two N -spaces. Let R ⊆
X1 × X2 be an N -relation. Then R is 1-1 if for each x ∈ X1 and U ∈
DK1 (X1) with x /∈ U , there exists V ∈ DK2 (X2) such that U ⊆ hR (V )

and x /∈ hR (V ).

If A,B ∈ DN and h : A → B a homomorphism, then h is onto if

and only if Rh is 1-1. Also, if 〈X1,K1〉 and 〈X2,K2〉 be two N -spaces and

R ⊆ X1 ×X2 be an N -functional relation, then R is 1-1 if and only if hR
is onto (see [8]).
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.2 Homomorphic images

Let 〈X,K〉 be a topological space and C (X) the family of all non-empty

closed subsets of 〈X,K〉. Let F be a non-empty family of non-empty irre-

ducible basic saturated subsets of 〈X,K〉. For each U ∈ C (X) we consider

the set

MU = {Y ∈ F : Y ∩ U = ∅} .

The lower Vietoris topology TL defined on F is the topology generated by

the collection of sets

BL = {MU : U ∈ C (X)}

as subbasis for TL [15].

Let A ∈ DN and 〈X,K〉 be an N -space. Let R ⊆ X ×X(A) be an 1-1

N -functional relation and consider

FR = {R (x) : x ∈ X} .

Since R is an N -functional relation, there exists P ∈ X (A) such that

R (x) = Sb (P ) for each x ∈ X. It is easy to see that Sb (P ) is irreducible

and therefore FR ⊆ SIrr (X (A)). For a ∈ A, we consider the set

Ma = {R (x) ∈ FR : R (x) ∩ ϕA (a) = ∅} .

Lemma 2.1. Let A ∈ DN and 〈X,K〉 be an N -space. Let R ⊆ X ×
X (A) be an 1-1 N -functional relation. Then the family

BA = {Ma : a ∈ A}

is a basis for the topology TL on FR.

Proof. First, we prove that FR =
⋃
{Ma : a ∈ A}. Let x ∈ X

and R (x) ∈ FR. Since K is a basis of 〈X,K〉, there exists U ∈ DK (X)

such that x /∈ U . Then, as R is 1-1, there exists V ∈ DKA
(X (A)) such

that U ⊆ hR (V ) and x /∈ hR (V ). So, as A is isomorphic to DKA
(X (A)),

there exists a ∈ A such that V = ϕA (a). Then x /∈ hR (ϕA (a)), i.e.,

R (x) ∩ ϕA (a) = ∅ and R (x) ∈Ma. Therefore FR =
⋃
{Ma : a ∈ A}.

Let a, b ∈ A such that Ma ∩Mb 6= ∅. We prove that Ma ∩Mb = Ma∨b.

If R (x) ∈Ma∨b, then R (x)∩ϕA (a ∨ b) = R (x)∩ [ϕA (a) ∪ ϕA (b)] = ∅. It

follows that R (x)∩ϕA (a) = ∅ and R (x)∩ϕA (b) = ∅, i.e., R (x) ∈Ma∩Mb.

The other inclusion is similar. So, BA is a basis for the topology TL on FR.

�
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Remark 2.2. Let Ha = {R (x) ∈ FR : R (x) ∩ ϕA (a) 6= ∅}. Then

Ha = FR −Ma = M c
a and by Lemma 2.1, Ha ∪ Hb = Ha∨b. Also, since

R (x) is serial, H1 = FR. Therefore

〈DBA (FR) ,∪,FR〉

is a semilattice.

Let A ∈ DN and I ∈ Id (A). In [8] it was defined the set

α (I) = {P ∈ X (A) : I * P} .

It is easy to prove that α (I) =
⋃
{ϕA (a) : a ∈ I}. We have the following

result.

Lemma 2.3. Let A ∈ DN and 〈X,K〉 be an N -space. Let R ⊆ X ×
X (A) be an 1-1 N -functional relation.

1. 〈FR,BA〉 is T0.

2. For every a, b, c ∈ A, (Ma ∩Mc) ∪ (Mb ∩Mc) ∈ BA.

3. Let {Hb : b ∈ B} and {Hc : c ∈ C} non-empty families of DBA (FR).

Then ⋂
{Hb : b ∈ B} ⊆

⋃
{Hc : c ∈ C}

if and only if⋂
{hR (ϕA (b)) : b ∈ B} ⊆

⋃
{hR (ϕA (c)) : c ∈ C} .

4. A subset Y ⊆ FR is basic saturated of 〈FR,BA〉 if and only if there

exists J ∈ Id (A) such that Y = {R (x) : R (x) ⊆ α (J)c}.

Proof. (1) Let x, y ∈ X such that R (x) 6= R (y). Suppose that there

exists P ∈ X (A) such that P ∈ R (x) and P /∈ R (y). Since R is an

N -relation, R (y) is a basic saturated subset of X (A) and there exists a

subset B ⊆ A such that

R (y) =
⋂
{ϕA (b)c : b ∈ B} .

As P /∈ R (y), there exists b0 ∈ B such that P /∈ ϕA (b0)
c, i.e., P ∈ ϕA (b0).

Then P ∈ R (x)∩ϕA (b0) and R (x) /∈Mb0 . On the other hand, if Q ∈ R (y),
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then Q ∈
⋂
{ϕA (b)c : b ∈ B} and in particular, Q ∈ ϕA (b0)

c, and this is

true for all Q ∈ R (y). So, R (y)∩ϕA (b0) = ∅ and R (y) ∈Mb0 . Therefore,

〈FR,BA〉 is T0.

(2) Let a, b, c ∈ A. So, Ma,Mb,Mc ∈ BA. By Lemma 2.1, Ma ∩Mb =

Ma∨b and (Ma ∩Mc)∪(Mb ∩Mc) = Ma∨c∪Mb∨c. Note that (a ∨ c)∧c(b ∨ c)
exists in [c). So, ϕA ((a ∨ c) ∧c (b ∨ c)) = ϕA (a ∨ c)∩ϕA (b ∨ c). We prove

that Ma∨c ∪Mb∨c = M(a∨c)∧c(b∨c). If R (x) ∈M(a∨c)∧c(b∨c), then

R (x) ∩ ϕA ((a ∨ c) ∧c (b ∨ c)) = R (x) ∩ [ϕA (a ∨ c) ∩ ϕA (b ∨ c)] = ∅.

Since R (x) is irreducible, R (x) ∩ ϕA (a ∨ c) = ∅ or R (x) ∩ ϕA (b ∨ c) =

∅. So, R (x) ∈ Ma∨c ∪Mb∨c. The converse is similar, and (Ma ∩Mc) ∪
(Mb ∩Mc) ∈ BA.

(3) Let {Hb : b ∈ B} and {Hc : c ∈ C} non-empty families ofDBA (FR)

such that ⋂
{Hb : b ∈ B} ⊆

⋃
{Hc : c ∈ C} .

Let x ∈
⋂
{hR (ϕA (b)) : b ∈ B}. Then x ∈ hR (ϕA (b)), i.e., R (x) ∩

ϕA (b) 6= ∅ for every b ∈ B. So, R (x) ∈
⋂
{Hb : b ∈ B} and by hypothesis,

R (x) ∈
⋃
{Hc : c ∈ C}. Then there exists c0 ∈ C such that R (x) ∈

Hc0 . Therefore, x ∈ hR (ϕA (c0)) and x ∈
⋃
{hR (ϕA (c)) : c ∈ C}. The

converse is analogous.

(4) Let Y ⊆ FR be a basic saturated subset of 〈FR,BA〉. Then there

exists a subset B ⊆ A such that Y =
⋂
{Mb : b ∈ B}. Let us consider the

ideal J = I (B). It is easy to see that Y =
⋂
{Mb : b ∈ J}. If R (x) ∈ Y ,

then R (x) ∈ Mb, i.e., R (x) ∩ ϕA (b) = ∅ and R (x) ⊆ ϕA (b)c for every

b ∈ J . It follows that R (x) ⊆
⋂
{ϕA (b)c : b ∈ J} = α (J)c. For the other

inclusion is similar. Thus, Y = {R (x) : R (x) ⊆ α (J)c}.
Reciprocally, suppose that Y = {R (x) : R (x) ⊆ α (J)c} for some J ∈

Id (A). Then

R (x) ∈ Y iff R (x) ⊆ α (J)c iff R (x) ⊆
⋂
{ϕA (b)c : b ∈ J}

iff ∀b ∈ J (R (x) ⊆ ϕA (b)c) iff ∀b ∈ J (R (x) ∩ ϕA (b) = ∅)
iff ∀b ∈ J (R (x) ∈Mb) iff R (x) ∈

⋂
{Mb : b ∈ J} .

Therefore Y =
⋂
{Mb : b ∈ J} and Y is a basic saturated subset of

〈FR,BA〉. �

Remark 2.4. Note that by item (2) of Lemma 2.3 it is easy to check

that the structure 〈DBA (FR) ,∪,FR〉 is a distributive nearlattice.
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Theorem 2.5. Let A,B ∈ DN . Let h : A → B be an onto ho-

momorphism. Then 〈FRh
,BA〉 is an N -space which is homeomorphic to

〈X (B) ,KB〉.

Proof. By Lemmas 2.1 and 2.3, BA is a basis of open and compact

subsets for a topology TL on FR such that (Ma ∩Mc) ∪ (Mb ∩Mc) ∈
BA for every a, b, c ∈ A. Also, by Lemma 2.3, 〈FRh

,BA〉 is T0 and if

{Hb : b ∈ B} and {Hc : c ∈ C} are non-empty families of DBA (FR) such

that
⋂
{Hb : b ∈ B} ⊆

⋃
{Hc : c ∈ C}, then there exist b1, ..., bn ∈ [B)

and c1, ..., ck ∈ C such that Hb1 ∩ ... ∩Hbn ∈ DK (X) and Hb1 ∩ ... ∩Hbn ⊆
Hc1 ∪ ... ∪Hck . So, by Proposition 1.7, 〈FRh

,BA〉 is an N -space.

Now, we prove that 〈FRh
,BA〉 is homeomorphic to 〈X (B) ,KB〉. We

define the mapping f : X (B)→ FRh
by

f (P ) = Rh (P ) .

Let P,Q ∈ X (B) such that Rh (P ) = Rh (Q). Suppose that P * Q,

i.e., Q /∈ Sb (P ). Then there exists b ∈ B such that P ∈ ϕB (b)c and

Q /∈ ϕB (b)c, i.e., P /∈ ϕB (b) and Q ∈ ϕB (b). Since h is onto, Rh is

1-1. As P /∈ ϕB (b), there exists a ∈ A such that ϕB (b) ⊆ hRh
(ϕA (a))

and P /∈ hRh
(ϕA (a)). So, Rh (P ) ∩ ϕA (a) = ∅. On the other hand,

Q ∈ ϕB (b) ⊆ hRh
(ϕA (a)) and Rh (Q)∩ϕA (a) 6= ∅. Since Rh (P ) = Rh (Q)

we have that Rh (P ) ∩ ϕA (a) 6= ∅, which is a contradiction. Then P = Q

and f is 1-1. It is clear that f is onto. Thus, f is a bijection.

Let a ∈ A and P ∈ X (B). Then

P ∈ f−1 (Ma) iff f (P ) ∈Ma iff Rh (P ) ∈Ma

iff Rh (P ) ∩ ϕA (a) = ∅ iff P /∈ hRh
(ϕA (a))

iff P /∈ ϕB (h (a)) iff P ∈ ϕB (h (a))c .

So, f−1 (Ma) = ϕB (h (a))c and f is continuous.

We prove that f is an open map. Let b ∈ B. Since h is onto, there

exists a ∈ A such that h (a) = b. So,

Rh (P ) ∈ f (ϕB (b)c) iff P ∈ ϕB (b)c iff P ∈ ϕB (h (a))c

iff P /∈ ϕB (h (a)) iff P /∈ hRh
(ϕA (a))

iff Rh (P ) ∩ ϕA (a) = ∅ iff Rh (P ) ∈Ma.

Then f (ϕB (b)c) = Ma and f is open. Therefore, f is a homeomorphism.

�
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Definition 2.6. Let 〈X,K〉 be an N -space. We say that a non-empty

family F of non-empty basic saturated irreducible subsets of 〈X,K〉 is an

N -Vietoris family if 〈F ,BL〉 is an N -space.

Let A ∈ DN and F ⊆ SIrr (X (A)) be an N -Vietoris family. Then

〈F ,BA〉 is an N -space and the structure 〈DBA (F) ,∪,F〉 is a distributive

nearlattice. We define a binary relation RF ⊆ F ×X (A) by

(Y, P ) ∈ RF iff P ∈ Y.

Lemma 2.7. Let A ∈ DN . Let F be an N -Vietoris family of 〈X (A) ,KA〉.
Then RF is an 1-1 N -functional relation.

Proof. First we show that RF is an N -functional relation. Let a ∈ A.

Then

hRF (ϕA (a)) = {RF (Y ) ∈ F : RF (Y ) ∩ ϕA (a) 6= ∅} = Ha ∈ DBA (F) .

Let Y ∈ F . By definition, RF (Y ) = Y . Since RF (Y ) is a basic satu-

rated irreducible subset of 〈X (A) ,KA〉, there exists P ∈ X (A) such that

RF (Y ) = Sb (P ). On the other hand, as F is a family of non-empty sub-

sets, RF (Y ) 6= ∅ and RF (Y ) is serial. So, RF is an N -functional relation.

Finally, we show that RF is 1-1. Let a ∈ A and Y ∈ F such that Y /∈ Ha.

Then Y ∩ϕA (a) = ∅. As RF (Y ) = Y , we get Y /∈ hRF (ϕA (a)). It follows

that Ha ⊆ hRF (ϕA (a)), and therefore RF is an 1-1 N -functional relation.

�

Lemma 2.8. Let A ∈ DN . Let 〈X,K〉 be an N -space.

1. If R ⊆ X × X (A) is an 1-1 N -functional relation, then for each

x ∈ X and P ∈ X (A) we have

(x, P ) ∈ R iff (R (x) , P ) ∈ RFR
.

2. If F ⊆ SIrr (X (A)) is an N -Vietoris family, then F = FRF .

Proof. (1) Let x ∈ X and P ∈ X (A). Then

(R (x) , P ) ∈ RFR
iff P ∈ R (x) iff (x, P ) ∈ R.



68 SERGIO CELANI AND ISMAEL CALOMINO

(2) Let Y ∈ FRF . Then there exists G ∈ F such that Y = RF (G), but

as RF (G) = G, we have that Y ∈ F and FRF = F . �

Since homomorphic images of a distributive nearlattice A are dually

characterized by 1-1 N -functional relations of X (A), by Theorem 2.5 and

Lemmas 2.7 and 2.8 we obtain the following result.

Theorem 2.9. Let A ∈ DN and 〈X (A) ,KA〉 be the dual space of A.

Then the homomorphic images of A are dually characterized by N -Vietoris

families of 〈X (A) ,KA〉.

.3 The free distributive lattice extension

In [12] the authors proved that every distributive nearlattice has a free

distributive lattice extension. In this section, following the duality devel-

oped in [8], we show a topological approach of the existence of the free

distributive lattice extension. Also, we study the relation between the fil-

ters of a distributive nearlattice and the filters of its free distributive lattice

extension.

Definition 3.1. Let A ∈ DN . A pair L = 〈L, e〉, where L is a bounded

distributive lattice and e : A→ L a 1-1 homomorphism, is a free distributive

lattice extension of A if the following universal property holds: for every

bounded distributive lattice L and every homomorphism h : A→ L, there

exists a unique homomorphism h : L→ L such that h = h ◦ e.

Let A ∈ DN and 〈X (A) ,KA〉 be the dual space of A. We will denote

by KO (X (A)) the family of all open and compact subsets of 〈X (A) ,KA〉.
It follows that if U ∈ KO (X (A)), then there exist a1, ..., an ∈ A such that

U = ϕA (a1)
c ∪ ... ∪ ϕA (an)c. Moreover, the structure KO (X (A)) is a

distributive lattice. We consider the family

DKO [X (A)] = {U : U c ∈ KO (X (A))} .

So, 〈DKO [X (A)] ,∪,∩, ∅, X (A)〉 is a bounded distributive lattice. We

take the 1-1 homomorphism ϕA : A → DKO [X (A)] defined by ϕA (a) =

{P ∈ X (A) : a /∈ P} and prove that the pair 〈DKO [X (A)] , ϕA〉 is the

free distributive lattice extension of A.
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Theorem 3.2. Let A ∈ DN and 〈X (A) ,KA〉 be the dual space of A.

Let L be a bounded distributive lattice and h : A→ L be a homomorphism.

Then there exists a unique homomorphism h : DKO [X (A)]→ L such that

h = h◦ϕA. Moreover, h is 1-1 if and only if h is 1-1 and if h is onto, then

h is onto.

Proof. Let L be a bounded distributive lattice and h : A → L a

homomorphism. We define h : DKO [X (A)]→ L by

h [ϕA (a1) ∩ ... ∩ ϕA (an)] = h (a1) ∧ . . . ∧ h (an) .

Let U, V ∈ DKO [X (A)]. Then there exist a1, ..., an, b1, ..., bm ∈ A such that

U = ϕA (a1)∩...∩ϕA (an) and V = ϕA (b1)∩...∩ϕA (bm). We show that h is

well defined. If U = V , then ϕA (a1)∩ ...∩ϕA (an) = ϕA (b1)∩ ...∩ϕA (bm).

We prove that h [U ] = h [V ], i.e., h (a1)∧ . . .∧h (an) = h (b1)∧ . . .∧h (bm).

Suppose that h (a1)∧ . . .∧h (an) 6= h (b1)∧ . . .∧h (bm). Then h (a1)∧ . . .∧
h (an) � h (b1) ∧ . . . ∧ h (bm) or h (b1) ∧ . . . ∧ h (bm) � h (a1) ∧ . . . ∧ h (an).

If h (a1) ∧ . . . ∧ h (an) � h (b1) ∧ . . . ∧ h (bm), then there exists P ∈ X (L)

such that h (b1) ∧ . . . ∧ h (bm) ∈ P and h (a1) ∧ . . . ∧ h (an) /∈ P . Since P is

prime, there exists j ∈ {1, ...,m} such that h (bj) ∈ P . On the other hand,

h (ai) /∈ P for all i ∈ {1, ..., n}. Thus, bj ∈ h−1 (P ) and ai /∈ h−1 (P ) for

all i ∈ {1, ..., n}. As h is a homomorphism, h−1 (P ) ∈ X (A). It follows

that h−1 (P ) /∈ ϕA (b1)∩ ...∩ϕA (bm) and h−1 (P ) ∈ ϕA (a1)∩ ...∩ϕA (an),

which is a contradiction.

We see that h is a homomorphism. By definition, it is easy to see

h [U ∩ V ] = h [U ] ∧ h [V ]. Also, we have

h [U ∪ V ] = h [(ϕA (a1) ∩ ... ∩ ϕA (an)) ∪ (ϕA (b1) ∩ ... ∩ ϕA (bm))]

= h [ϕA (a1 ∨ b1) ∩ ... ∩ ϕA (a1 ∨ bm) ∩ ... ∩ ϕA (an ∨ bm)]

= h (a1 ∨ b1) ∧ ... ∧ h (a1 ∨ bm) ∧ ... ∧ h (an ∨ bm)

= (h (a1) ∧ ... ∧ h (an)) ∨ (h (b1) ∧ ... ∧ h (bm))

= h [U ] ∨ h [V ] .

So, h is a homomorphism.

To see that h is unique, suppose there exists a homomorphism h̃ :

DKO [X (A)] → L such that h = h̃ ◦ ϕA. Then h [ϕA (a)] = h̃ [ϕA (a)] for

all a ∈ A. If W ∈ DKO [X (A)], then there exists c1, ..., ck ∈ A such that
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W = ϕA (c1) ∩ ... ∩ ϕA (ck). So,

h [W ] = h [ϕA (c1) ∩ ... ∩ ϕA (ck)]

= h [ϕA (c1)] ∧ . . . ∧ h [ϕA (ck)]

= h̃ [ϕA (c1)] ∧ ... ∧ h̃ [ϕA (ck)]

= h̃ [ϕA (c1) ∩ ... ∩ ϕA (ck)]

= h̃ [W ] .

Therefore, h is unique.

Now, we prove that h is 1-1 if and only if h is 1-1. Suppose that h

is 1-1 and suppose that h [U ] = h [V ] such that U 6= V , i.e., there exists

P ∈ ϕA (a1) ∩ ... ∩ ϕA (an) such that P /∈ ϕA (b1) ∩ ... ∩ ϕA (bm). Then

ai /∈ P for all i ∈ {1, ..., n} and there exists j ∈ {1, ...,m} such that bj ∈
P . Let us consider the set h (P ) = {h (p) : p ∈ P} and we prove that

h (P ) ∈ X (h (A)). It is obvious that h (P ) is a non-empty proper subset

of h (A). If a, b ∈ h (A) are such that a ≤ b and b ∈ h (P ), then there

exists p1 ∈ A and there exists p2 ∈ P such that h (p1) ≤ h (p2). Since h is

1-1, p1 ≤ p2 and as P is a ideal, p1 ∈ P and a ∈ h (P ). Let a, b ∈ h (P ).

Then there exist p1, p2 ∈ P such that h (p1) = a and h (p2) = b. Let

p = p1∨p2 ∈ P . Since h is a homomorphism, a∨b = h (p) and a∨b ∈ h (P ).

Thus, h (P ) ∈ Id (h (A)). Let a, b ∈ h (A) such that exists a ∧ b and

a ∧ b ∈ h (P ). Then there exist p1, p2 ∈ A and there exists p3 ∈ P such

that a = h (p1) , b = h (p2) and a ∧ b = h (p3). So, h (p3) = h (p1) ∧ h (p2).

It follows that

h (p3) = [h (p1) ∧ h (p2)] ∨ h (p3)

= [h (p1) ∨ h (p3)] ∧ [h (p2) ∨ h (p3)]

= h (p1 ∨ p3) ∧ h (p2 ∨ p3)
= h ((p1 ∨ p3) ∧p3 (p2 ∨ p3))

because p1∨p3, p2∨p3 ∈ [p3) and [p3) is a bounded distributive lattice. As h

is 1-1, p3 = (p1 ∨ p3)∧ (p2 ∨ p3) ∈ P and by the primality of P , p1∨p3 ∈ P
or p2 ∨ p3 ∈ P . Then p1 ∈ P or p2 ∈ P , i.e., a ∈ h (P ) or b ∈ h (P ). So,

h (P ) ∈ X (h (A)). Since h (bj) ∈ h (P ) and h (b1) ∧ ... ∧ h (bm) ∈ h (P ),

we have that h (a1) ∧ ... ∧ h (an) ∈ h (P ). Then, as h (P ) is a prime ideal,

there exists k ∈ {1, ..., n} such that h (ak) ∈ h (P ), i.e., ak ∈ P which is

a contradiction. Therefore, h is 1-1. Reciprocally, if h is 1-1 and a, b ∈ A
such that h (a) = h (b), then h [ϕA (a)] = h [ϕA (b)] and ϕA (a) = ϕA (b).

Since ϕA is 1-1 it follows that a = b and h is 1-1.
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Suppose that h is onto. Let b ∈ L. Then there exists a ∈ A such that

h (a) = b. Thus, ϕA (a) ∈ DKO [X (A)] and h [ϕA (a)] = h (a) = b. Hence,

h is onto. �

Theorem 3.3. Let A ∈ DN and 〈DKO [X (A)] , ϕA〉 be the free dis-

tributive lattice extension of A. Then the lattices Fi (A) and Fi (DKO [X (A)])

are isomorphic.

Proof. Let us consider the mapping Ψ : Fi (DKO [X (A)]) → Fi (A)

defined by

Ψ (G) = {a ∈ A : ϕA (a) ∈ G} .

First, we prove that Ψ is well defined, i.e., if G ∈ Fi (DKO [X (A)]) then

Ψ (G) ∈ Fi (A). If G is a filter of DKO [X (A)], then ϕA (1) ∈ G and 1 ∈
Ψ (G). Let a, b ∈ A such that a ≤ b and a ∈ Ψ (G). Then ϕA (a) ⊆ ϕA (b)

and ϕA (a) ∈ G. Therefore ϕA (b) ∈ G and b ∈ Ψ (G). If a, b ∈ Ψ (G)

are such that there a ∧ b exists, then ϕA (a) , ϕA (b) ∈ G. Since G is a

filter, ϕA (a) ∩ ϕA (b) = ϕA (a ∧ b) ∈ G and a ∧ b ∈ Ψ (G). Therefore,

Ψ (G) ∈ Fi (A).

We see that Ψ is a homomorphism. Let G1, G2 ∈ Fi (DKO [X (A)]). It

follows that Ψ (G1 ∩G2) = Ψ (G1) ∩ Ψ (G2). Let a ∈ Ψ (G1) ∨ Ψ (G2) =

F (Ψ (G1) ∪Ψ (G2)). Then there exist x1, ..., xn ∈ Ψ (G1)∪Ψ (G2) such that

x1∧ ...∧xn exists and x1∧ ...∧xn = a. Thus ϕA (x1) , ..., ϕA (xn) ∈ G1∪G2

and ϕA (x1)∩...∩ϕA (xn) = ϕA (a). It follows that ϕA (a) ∈ F (G1 ∪G2) =

G1 ∨ G2 and a ∈ Ψ (G1 ∨G2). So, Ψ (G1) ∨ Ψ (G2) ⊆ Ψ (G1 ∨G2). Con-

versely, if a /∈ Ψ (G1) ∨ Ψ (G2) = F (Ψ (G1) ∪Ψ (G2)), then for every sub-

set {x1, ..., xn} ⊆ Ψ (G1) ∪ Ψ (G2) such that x1 ∧ ... ∧ xn exists we have

x1 ∧ ... ∧ xn 6= a. It follows that for every subset {ϕA (x1) , ..., ϕA (xn)} ⊆
G1 ∪ G2 such that x1 ∧ ... ∧ xn exists we have ϕA (x1) ∩ ... ∩ ϕA (xn) 6=
ϕA (a), i.e., ϕA (a) /∈ F (G1 ∪G2) = G1 ∨ G2. Then a /∈ Ψ (G1 ∨G2) and

Ψ (G1 ∨G2) ⊆ Ψ (G1) ∨Ψ (G2). So, Ψ (G1 ∨G2) = Ψ (G1) ∨Ψ (G2).

We prove that Ψ is 1-1. Let G1, G2 ∈ Fi (DKO [X (A)]) such that

Ψ (G1) = Ψ (G2). If U ∈ G1, then there exist a1, ..., an ∈ A such that

U = ϕA (a1) ∩ ... ∩ ϕA (an). So, ϕA (ai) ∈ G1, i.e., ai ∈ Ψ (G1) =

Ψ (G2) for all i ∈ {1, ..., n}. Then ϕA (ai) ∈ G2 for all i ∈ {1, ..., n} and

ϕA (a1) ∩ ... ∩ ϕA (an) = U ∈ G2. Similarly, if U ∈ G2 then U ∈ G1 and

G1 = G2. Thus, Ψ is 1-1.
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Finally, we prove that Ψ is onto. Let G ∈ Fi (A) and we consider

ϕA (G) = {ϕA (a) : a ∈ G}. Then the filter generated F (ϕA (G)) ∈
Fi ((DKO [X (A)])). We prove that Ψ (F (ϕA (G))) = G. If a ∈ G, then

ϕA (a) ∈ ϕA (G) and ϕA (a) ∈ F (ϕA (G)). So, a ∈ Ψ (F (ϕA (G))). Re-

ciprocally, suppose that a /∈ G. Then ϕA (a) /∈ ϕA (G). We see that

ϕA (a) /∈ F (ϕA (G)). If ϕA (a) ∈ F (ϕA (G)), then there exist x1, ..., xn ∈
G such that ϕA (x1) ∩ ... ∩ ϕA (xn) = ϕA (a). On the other hand, since

a /∈ G, there exists P ∈ X (A) such that a ∈ P and P ∩ G = ∅, i.e.,

P /∈ ϕA (a) and P ∈ ϕA (xi) for all i ∈ {1, ..., n}, which is a contra-

diction. Then ϕA (a) /∈ F (ϕA (G)) and a /∈ Ψ (F (ϕA (G))). Therefore

Ψ (F (ϕA (G))) = G and Ψ is onto. �
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