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1. Introduction

Let X be a compact Hausdorff space, and let C(X) be the space of continuous real functions defined
on X, with the Chebyshev norm

Al = sup |h(x)], h e C(X).
xeX

Let G C C(X). We say that G has the weak betweeness property if for all g,go € G and any closed
subset D C X satisfying milr)1 lg(x) — go(x)| > 0, there exists {g,}nen C G such that
xXe€

(@) llgn — goll = 0,as n — o003
(b) (g(x) — gn(x))(gn(x) — go(x)) >0 forallx € Dandn € N.

Families with the weak betweeness property (see [1]) are also referred to as having the closed sign
property (see [2]) or regular (see [3]). The best known examples are linear families, convex families
and admissible rational functions. Other families with this property include those satisfying: Haar
condition, weak Haar condition,[4] betweeness property,[5] representation condition,[6] or those
which are asymptotically convex,[7] Kolmogorov set of the second kind,[8] unisolvent [9,10] and
sun.[3,11] The relationship between these properties and other examples can be found in [3].

We consider the Hausdorft space

H(R) :={K Cc R: K # ¢ and K is compact},

with the Hausdorff metric dy (see [12]). Let F : X — H(R) be a set valued function. For g € C(X),
x € X, and y € F(x) we write

Er(g,x,y) =y —g(x), Ep(g:x) = sup [Er(g,x,y)| and ep(g) = sup Ep(g,x).
yeF(x) xeX
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We say that gy € G is a best approximation to F from G if
inf er(g) = er(go). (1)
8eg

If for all continuous set-valued function there exists a best approximation, we say that G is an existence
set.

Observe that our definition extends the usual definition of a best Chebyshev approximation to a
function f € C(X), when F(x) = {f(x)}, for all x € X. More generally, if D C C(X) is a compact set,
we can consider the function Fp : X — H(R) defined by

Fp(x) = {h(x) : h € D}. (2)
It is easy to see that

erp (g) = sup sup |h(x) — g(x)| = sup sup |h(x) — g(x)| = sup ||h — g||.
xeX heD heD xeX heD

So, in this case (1) means that gy is a best simultaneous Chebyshev approximation to D from G.

Let G C C(X) be an existence set.

We say that G is a set-sun if for each continuous set-valued function F : X — H(R),go € Gisa
best approximation to F from G implies that

er(g0) < er((1 —a)go +ag), forall ge g, 0<a<1. (3)

Each best approximant with this property is said to be a solar point of G.

Characterization of nonlinear best approximation has been studied extensively in the literature.
In ([5], Theorem 1), Dunham proved a characterization of best approximation by families with the
betweeness property to a function (see Theorem 2.1). A characterization of a best simultaneous
approximation of Kolmogorov type when G has the weak betweeness property and the function F is
as in (2) for a finite set, D, was established in ([1], Theorem 4.1).

The notion of suns has played important roles in nonlinear approximation theory. In ([13],
Theorem 1), a characterization of a sun for simultaneous approximation to a numerable set of
functions is given. Results about characterization of best simultaneous approximation to a bounded
set from suns in different Banach spaces and their relationships with a Kolmogorov-type condition,
were considered in [14,15]. Another results can be seen in [16].

The purpose of this paper was to show that the Dunham’s method, given in ([5], Theorem 1),
can be employed in more general cases, i.e. for approximation of continuous set-valued functions
from families with the weak betweeness property. As a consequence we get a characterization of
Kolmogorov type for approximating to continuous set-valued functions on any compact subset.
Also, show a characterization of set-suns in C(X). In particular, our results can be applied to
simultaneous approximation to a set of continuous functions under certain conditions. In addition,
we prove a property of Amir-Ziegler type for a suitable set of functions, possibly infinite and we get
a characterization of best simultaneous approximation to two functions.

2. Characterization of best approximation

Let g € C(X) and F : X — H(R) be a set valued function such that F is continuous. Then
Yr:={(x,y) : x € Xand y € F(x)} is a compact subset of X x R. In fact, let {(xy, Yo )}weD be a net
of Yr. As X is a compact set, X x F(X) is a compact set. So, there are a subnet, which is denoted in
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the same way, and (x,y) € X x F(X) such that (x4, yo) converges to (x, y). Since

min ly — 2zl =du(F(xa), F(x)) + |y = yaul, @ €D,

zeF(x
F(x) is a closed set, and F(x,) and y, converges to F(x) and y, respectively, we have y € F(x).

Therefore (x,y) € Yr and so Y is a compact subset.
In addition, a straightforward computation shows that

Ep(g,x) — Ep(g,x') < dy(F(x),F(x')) + |g(x) — g(x")|, x,x" € X.
Therefore, Er(g, -) and Er (g, -, -) are continuous functions on X and Y, respectively. So, the sets

Mp(g) = {x € X : er(g) = Er(g,x)} and
]/\;Ip(g) = {(x,y) €Yr:yeF(x)ander(g) = |Ep(g,x,y)

I,

are non empty for all g € G. Moreover, Mr(g) and Mp(g) are compact subsets of X and Y,
respectively.
We observe that if p; : Yr — X is the canonical projection, then

p1 (Mp(9)) = Mp(g). (4)

In ([5], Theorem 1), Dunham proved the following interesting result of characterization.

Theorem 2.1: Let G C C(X) be a family with the betweeness property and let f € C(X). An element
g0 € G is a best approximation to f from G if and only if there exists no element g € G such that
Ef(g,x) < ef(go) forall x € My (go)-

The next result extends Theorem 2.1 to best Chebyshev approximation of a set-valued function.
Theorem 2.2: Let G C C(X) be a family with the weak betweeness property and let F : X — H(R)
be a continuous set-valued function. The following statements are equivalent:

(a) go € G is a best approximation to Fﬁom G; R
(b) there is no element g € G such that |Ep(g,x,y)| < erp(go) for all (x,y) € MF(go);
(c) thereis no element g € G such that Er(g,x) < ep(go) for all x € Mp(go).

Proof: (a) = (b). Suppose that there is g € G with EF(g, x,y) < ep(go) for all (x,y) € Mp(go)-
Since g, go, and F are continuous, there exists an open set U; C Y such that

(i) @F(go) C U
(ii) |Er(g,x,»)| < er(go) forall (x,y) € Uy
(iii) |go(x) — g(x)| >a >0 forallx € p;(U;) and for some o > 0.

Infact,ifr = max ‘/b:p (g, x,y)| and r < s < s’ < ep(go), we consider the open set
(x,y)€MF(go)

Ur = [Br(g )| (= 00,9) N [Er (g0, )| (5, 400)) C Y.

Then, clearly U; satisfies (i) and (ii). In addition, if x € p;(U1), there exists y € R such that
(x,y) € Uy, therefore

lg0(x) — )| > [Er(g0, %, )| — [Er(g. %, 9)| >5 —s =t a >0,

and so (iii) is true.
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Now, M r(go) and YF \ U are disjoint closed subsets of Yr. Since Y is normal topological space,
then there exists an open set U, C Y such that Mr(go) C U, C U, C Uy, where U, denotes
the closure of U,. As py @) is a compact set, the continuity of ¢ and go, and (iii) implies that

min ’ g0(x) — g(x)| > 0. Since G has the weak betweeness property there exists a sequence
xep1(Us
{gn}nen C G such that ||g, — goll = 0asn — o0, and

min  (g(x) — gn(x))(gn(x) —go(x)) >0 forall n e N. (5)
xep1 (02

We consider the compact set W = Yg \ Up. If W = ¢, then Yr = Uj, and (ii) yields |Ec (g,x,y)| <
e(go) forall x € X, y € F(x). Hence, g is not a best approximation to F from G. If W # ¢, let

= e — max E , X, .
B = er(go) (X’y)€W|F(go »|

Since W and Mg (go) are disjoint sets, then 8 > 0. Let ng be such that ||go — g, |l < B.If (x,y) € W,
we obtain

EF(gnys % )| = 1y = gny ()] < 180(X) — guy ()] + |Er (g0, %, )]

(6)
< B+ er(g) — B = er(g).
On the other hand, if (x, y) ¢ W, then (x,y) € U,. From (5) and (ii), we have
I'EF(gno,x,y)I = |y — gny(x)| < max{|y — go ()|, [y — g()|} @
= max{|EF(go,x,y) , |Ep(g,x,y) } < er(go)-

From (6) and (7) we get |Ep(gn0,x,y)| < ep(go) for all x € X, y € F(x). So, go is not a best
approximation to F from G.
Finally, (b) = (c) is obvious and (¢) = (a) immediately follows from definition of a best approxi-
mation of F. U
Remark 2.3:  We note that for any equicontinuous family of functions, D C C(X), the function
F(x) = {f(x) : f € D} is continuous, so we can apply Theorem 2.2. The results established in
Theorema 2.2 are unknown even in the case D finite.

Next, we obtain a characterization of Kolmogorov type for best Chebyshev approximation to a
continuous set-valued function.

To prove the next theorem, we use the following property of real numbers.

la—0b| <|a—c| implies (a—c)(b—c) >0. (8)
Theorem 2.4: Let G C C(X) be a family with the weak betweeness property and let F : X — H(R)
be a continuous set-valued function. Then gy € G is a best approximation to F from G if and only if for

allg € G,

min  Er(go, X, »)(g(x) — go(x)) < 0. 9)
(x,y)eMF(go)

Proof: Letg € G and suppose that

Er(g0,%, y)(g(x) — go(x)) >0 forall (x,y) € Mp(g). (10)
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From (4) and (10), we have %uzg | lg(x) — go(x)| > 0. Since G has the weak betweeness property,
xeMF(go

there exists a sequence {g,}neny C G such that ||g, — goll = 0asn — oo, and

mm (g(x) — gn(x))(gn(x) — go(x)) >0 forall n e N. (11)

x€ME(go)

We choose 19 € N such that [|gg — gn, || < eF(gO)

We claim that R R

|Ep(gn0,x,y)| <e(g) forall (x,y) € Mp(g). (12)
In fact, let (x,y) € Mp(go), by (4), x € Mp(go). If g(x) > go(x), from (10) we have
go(x) < y. Further, (11) implies that go(x) < g4, (x) < g(x). For y > gy, (x), we have |Ep(gn0,x,y)| =
|y gy )| < |y — go(x)| < er(go). Otherwise, the condition ||gg — gu,ll < % implies that
|Ep(gn0,x y)| < |go(x) — guy(x)| < er(go), so (12) holds. The same conclusion can be obtained for
g(x) < go(x). Now, (12) contradicts Theorem 2.2.
Reciprocally, we suppose that ¢ € G and (9) is true. Then there exists (x,y) € Mg (g) such that

(y — &) (g(x) — g(x)) = 0. From (8) we get er(go) = [y — go(¥)| < |y —g(x)| < er(g). As g is
arbitrary, go is a best approximation to F from G. O

The previous theorem extends Kolmogorov’s characterization theorem of best Chebyshev approx-
imation proved in ([5], p.153). In fact, it is sufficient to take D an unitary set.

3. Characterization of set-suns in C(X)

Let G C C(X)andlet F : X — H(R) be a set-valued function. We claim that
(1 —w)er(h) + aep(g) <ep((1 —a)h+ag) forall hgeq, a>1. (13)
Indeed, for x € X and y € F(x) we have

(1 —a)er(h) +aly —g(x)| = —|1 — alep(h) + |a|ly — g(x)]
< =1 —ally = h(x)| + |ally — g(x)|
<y — (0 —a)hx) +ag)].

Therefore, (1 — a)ep(h) + aer(g) < er((1 —a)h + ag).
Hence, if gy € G is a best approximation to F from G, we get

er(go) <er((1 —w)go+ag) forall ge€G, a>1. (14)

The definition of a set-sun is an extension of the notion given in ([17], p.31) to the case of
approximation of a set-valued function on C(X), as it is proved in the next lemma.

Lemma 3.1: Let G be an existence set in C(X) and go € G. Then g is a solar point of G if and only if
for each continuous set-valued function F : X — H(R), go is a best approximation to F from G implies
that gy is a best approximation to Fy 1= gy + a(F — go) from G for all oo > 0.

Proof: The proof follows immediately from (14) and the equality
aer, (h) =er((1 —a)go +ah) forall he C(X). (15)

O

Definition 3.2: LetG C C(X) bean existence set, F : X — H(RR) a continuous set-valued function,
and gy € G. We say that g is a local best approximation to F from G, if there exists r > 0 such that g
is a best approximation to F from G N B(go, ), where B(go,7) = {g € C(X) : |lg — goll < 7}.
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The following result generalizes ([17], Theorem 2.6).
Theorem 3.3:  Let G C C(X) be an existence set. The following statements are equivalent:

(a) G isa set-sun;
(b) Each local best approximation from G to any F is a best approximation to F from G;
(c) G isa family with the weak betweeness property.

Proof: (a) = (b).LetF : X — H(R) be a continuous set-valued function. Assume that g is a local
best approximation from G to F from a set-sun G. Then there exists r > 0 such that gy is a local best
approximation to F from G N B(gy, r), i.e.

er(go) <er(g) forall ged, suchthat |g— gl <r. (16)

If er(go) > 0,let 0 < @ < min {W, 1}. Forg € G,x € X and y € F(x), we observe

.
3er(go)
<l|go() +aly — go(x) — g(x)|

1 1

y - <<1 - —) go(x) + —g(x)>
o o
r 1 1

ligo —gll — 3 SoeF <<1 - E) &+ ag) -

Therefore, for |lgo — gl > % we have

1 1
er(go) <er ((1 - —) 8o+ —g) . (17)
o o

On the other hand, for [|gy — gl| < %, it follows from (13) and (16) that

180(x) —g(¥)| — g < Igo(x) —gx)| — [y — &o(x)| < Igo(x) —gx)| —aly — go(x)]

=u

>

and consequently,

1 1 1 1
er(go) = <1 - —> er(g0) + —er(go0) < (1 - —) er(g0) + —er(g)
o o o

o
1 1
sr((-3)weis)

According to (15), (17) and (18), we have

(18)

er,(g0) <er,(g) forall geg.

If er(go) = 0, the last inequality also holds. So, g is a best approximation to F, from G. Since G is a
set-sun, gy is a solar point of G. Lemma 3.1 shows that gq is a best approximation to (F,), from G.
As (Fa) 1 = F, the proof is complete. ’

(b) = (¢). The proof of this implication is the same as in ([17], Theorem 2.6).

(¢) = (a). Assume that G has the weak betweeness property. Let G : X — H(R) be a continuous
set valued function and let gy be a best approximation to G from G. Suppose that there exist g € G
and 0 < @ < 1 such that eg((1 — @)go + ag) < eg(go)- Set F = go + é(G — £0)- Replacing in (15), F,
Fi and h by G, F and g, respectively, we obtain
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aep(h) = eg((1 — a)go + ah), he C(X). (19)
Hence, er(g) < er(go) and so 8 := 1(ep(go) — er(g)) > 0. Put
A={(xy) € Yr: |y —gX)| = er(go) — 4}

For (x,y) € A, we have

_ er(go) + er(g)
2

ly — go(x)| = er(go) — 6 >ep(g) = |y — gl

and from (8) we get
(r — g0(x)(g(x) — go(x)) > 0. (20)

Obviously, A is a compact set and therefore p; (A) is a compact set. In addition, by (20) it follows that

mi& ) |g(x) — go(x)| > 0. So, by the weak betweeness property there is a v € G such that
Xep1

lv—goll <8, and (g(x)— v(x))(v(x) —go(x)) >0 forall x e pi(A). (21)

Let (x,y) € A. If y — go(x) > 0, from (20) we get g(x) — go(x) > 0 and by (21), go(x) < v(x) < g(x).
If y — go(x) < 0, by a similar argument we have g(x) < v(x) < go(x). So, we deduce that

(y —gox)(v(x) —go(x)) >0 forall (x,y) € A.

Therefore, for (x,y) € A we have sgn((y — go(x)) = sgn(v(x) — go(x)) and

‘y - ((1 - l) 20(x) + lv(x))‘
o o

1
5 |la(y — go(x)) — (V(x) — go(x))|

1
o laly — go(x0)| — [v(x) — go(®)]]
ly — go(®)| < er(go)-

N

On the other hand, for (x,y) € Yr \ A it follows from the definition of A that

1 1
‘)’ - ((1 - —) go(x) + —V(x)>‘
o o

1
5 |ee(y = go(x)) — (v(x) — go(x))]

A

1
<ly—gM®|+ &HV — &l
< (er(go) — 8) + 8 = er(go).

Consequently, ep ((1 — é) g + év) < er(go)- Finally, from (19) we conclude that eg(v) < eg(go), a
contradiction. Therefore

ec(go) <ec((1 —a)g +ag), forall ge g, 0<a<l, (22)
and so G is a set-sun. [l

4. Best simultaneous Chebyshev approximation

A necessary condition for best simultaneous Chebyshev approximation is established by the next
theorem.
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Theorem 4.1: Let G C C(X) be a family with the weak betweeness property and let D C C(X). Let
g0 € G be a best simultaneous Chebyshev approximation to D from . If there exists f € D satisfying
(@) DN\ {f}isacompact set,
(b) llh = goll <Ilf —goll forallh € D\ {f},
(c) F := Fp is continuous,
then gy is a best approximation to f from G.
Proof: We claim that

Mp(go) = {x e X : [f(x) — go()| = IIf —gll}- (23)

Indeed, if x € MF(go), from (b) we get sup |h(x) — go(x)| = ||f —goll- By (a), D is a compact set, thus
heD
lg(x) — go(x)| = |If — goll for some g GED. According to (b) we have g = f, and so |f(x) — go(x)| =
IIf — goll- On the other hand, if |[f(x) — go(x)| = ||f — goll and h € D\ {f}, then (b) implies that
|h(x) — go(x)| < lh — goll < IIf — goll = |f (x) — go(x)|. Hence, sup |h(x) — go(x)| = sup ||h — gl
h heD

€D
and consequently, x € MFp(go).

Suppose that gy is not a best approximation to f from G. As F is a continuous function, Theorem
2.2 implies that there is g € G with

f(x) —g)| < |If —goll forall x e Mp(go). (24)

If x € MF(go) and go(x) = g(x), from (23) we get ||f — goll = |f(x) — go(x)| = |f (x) — g(x)|, which
contradicts (24). Therefore for x € Mp(go) we have go(x) # g(x).
Since ME(go) is a closed set and

= min x) — go(x)| >0, 25
o xeM;(gO)Ig() o) (25)

the weak betweeness property implies that there exists a sequence {g, },en C G such that ||g, —goll —
0,as n — 00, and

(gn(x) — g0(x))(g(x) — gu(x)) >0 forallx € Mr(go), n € N.

sup [|h—gull— sup llh—goll| <lign — &oll,
heD\{f} heD\({f}

from (a) and (b) we can choose ng € N such that
o
llgny — oll < > and  [|h — gnyll < IIf —goll = er(go) forall he D\ {f}. (26)

Let x € Mp(go). We claim that

go(x) + g(x)

5 <f(x) it go(x) < gn(x) < g(x).

80(x) < gno(x) <
In fact, from (25)-(26) we get g,,, (x) — go(x) < 8 —20® ;4 50 Gnp (%) < M According to
(24) we have go(x) < f(x). If g(x) < f(x), clearly ‘M < f(x). Otherwise, go(x) < f(x) < g(x),
s0 (24) implies that g(x) — f(x) < f(x) — go(x) and thus ‘w < f(x).
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A similar argument shows that

L& (%) ;—g(x)

fx) < gny(X) < go(x) if g(x) < guy(x) < go(x).

Hence,
[f (X) — gy ()| < [f(x) — go(x)| = er(go) forall x € Mp(go). (27)
Now, (26) and (27) imply that

EF(gny,x) < ep(go) forall x e Mp(go).

In consequence, according to Theorem 2.2 we have that gy € G is not a best simultaneous approxi-

mation to D from G, a contradiction. O
Remark4.2: Let D C C(X) andf € D. The conditions (a) and (b) of Theorem 4.1 are equivalent
to the conditions: , iIIDl\f{f} (If — goll = Ilh — goll) > 0 and D a compact set.

S

The following result is an immediate consequence of Theorem 4.1. It gives a necessary condition
for best simultaneous Chebyshev approximation from a family with the weak betweeness property
similar to those discovery by Amir and Ziegler for convex sets and two functions (see [18]). It is
unknown for approximation from no convex sets and for a set of functions with cardinality greater
than two.

Theorem 4.3: Let G C C(X) be a family with the weak betweeness property and let D C C(X) be

such that D\ {h} is a compact set for all h € D and Fp is continuous. Let gy € G be a best simultaneous
Chebyshev approximation to D from G. Then either

(a) thereexistf,h € D such that |f — goll = |h — goll, or
(b) there exists f € D such that ||h — gl < |If — gll for all h € D\ {f} and g is the best
approximation to f from G.

Given f,g € C(X), we will denote by y 7 (f, g) the one-sided Gateaux derivative of the norm at f
in the direction g, i.e.

y+(f>8) = max{sgn(f (x))g(x) : x € X and [f(x)| = [[fII}. (28)

The next result extends ([19], Theorem 5) for Chebyshev approximation and a class G more
general than a closed subspace.
Theorem 4.4: Let G C C(X) be a family with the weak betweeness property, and fi,f» € C(X).
Consider the following conditions:

@ v+ — 80,80 —& = 0oryy(fa— g0 — &) = 0, foreveryg € G;
®) I — gl =12 — gl

(© 2 —goll < llfi — goll and go is the best approximation to fi from G;
(d) Nfi —goll <Ilfza — goll and go is the best approximation to f> from G.

Then gy € G is a best simultaneous Chebyshev approximation to {f1,f>} from G if and only if (a) and
exactly one of (b), (c) or (d) hold.

Proof: Assume that gy € G is a best simultaneous Chebyshev approximation to {fi,f,} from G and
let Mj := {(x,fj(x)) : [fi(x) — go(X)| = |Ifj — goll}, j = 1,2. It follows easily that

R My UM if |Ifi — goll = Ilf2 — gl
ME(go) = My i o — gl < IlAi — gl - (29)
M i fi = goll < IIf2 — goll
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If ¢ € G, by Theorem 2.4 we have

max  Er(go,x, y)(g(x) — g(x)) > 0. (30)
(x,y)eME(go)

Since Ep(go,x,y) = er(go)sgn(y — go(x)) for all (x,y) € Mp(go), from (28) and (29) we have

r'n;iu;{)q_(ﬁ — 0,20 — &)} = 0. Therefore (a) holds.
=L

On the other hand, according to Theorem 4.3, exactly one of (b), (¢) or (d) hold.
Reciprocally, we assume that (a) and (b) (or (¢)) holdsand let g € G. If y4 (fi — g0,80 — &) > 0,
from Proposition 1.4 in [20], we have [|f; — gll — [Ifi — goll = y+(fi — &0, — &) = 0. Hence,

max{[lfi — goll, [lf2 — goll} = i — gll = lIfi —gll = max{|fi —gIl. Il — glI}-

Otherwise, y4(f2 — 0,80 — £) > 0 and similarly we obtain ||, — gl < |lf2 — gll. Now, (b) or (c)
implies
max{[|fi — goll, 2 — g} = Ifi — gl < max{|fi — gl I —gll}.

As g € G is arbitrary, gy € G is a best simultaneous Chebyshev approximation to {f;, f,} from G. The
same reasoning applies to the case (a) and (d). O
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