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BEST SIMULTANEOUS APPROXIMATION ON SMALL
REGIONS BY RATIONAL FUNCTIONS

H. H. CUENYA, F. E. LEVIS, AND A. N. PRIORI

ABSTRACT. We study the behavior of best simultaneous (19, LP)-approxima-
tion by rational functions on an interval, when the measure tends to zero. In
addition, we consider the case of polynomial approximation on a finite union
of intervals. We also get an interpolation result.

1. INTRODUCTION

Let z; € R,1 < 7 < k,k € N, and let B; be pairwise disjoint closed intervals
centered at z; and radius § > 0. Let n,m € NU {0} and we suppose that

n+m+1=kc+d, c¢,deNU{0}, d<k.

We denote C*(I), s € NU {0}, the space of real functions defined on I := U_, Bj,
which are continuously differentiable up to order s on I. For simplicity we write
C(I) instead of C°(I). We also denote co(I) the convex hull of I. Let II"™ be the
class of algebraic polynomials of degree at most n, and 0P the degree of P € II".
We consider the set of rational functions

Rg;:{gzpen",c}enm,@;&o}.

Clearly, we can assume g € R with L%-norm of Q equal to one on I. Recall that

g € R}, is called normal if this expression is irreducible and either 0P = n or

0Q = m, and the null function is called normal if m = 0 (see [10]).
If h € C(I), we put

dt\ P
= /|h<t>|p— L 1<p<oo,
OF

where |I| is the Lebesgue measure of I. If p = oo, as it is usual, || - || will be
the supreme norm. For each 0 < € < 1, we also put ||h|lc = ||h¢||, where he(t) =
h(e(t — CL'j) + SCj), t € B;j.
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58 H. H. CUENYA, F. E. LEVIS, AND A. N. PRIORI

If xp, is the characteristic function of the set B;, we write [|hl|p, = [|hxs,||-
We denote I, = U’;zl[xj —eB,z; + €]

Let f1,...,fi € C(I) and 1 < g < co. The rational function u, € R”,, 0 <e <1,
is called a best simultaneous (1%, L?)-approximation ((1%, LP)-b.s.a.) of fi,..., fi

from R}, on I if

l 1/q ) 1/q
@fi—uenz) =ug;zfnm<;||fi—u||z) . 1)

For ¢ = oo, we need to consider in the supreme norm on RY.

If a net {u.} has a limit in R}, as € — 0, it is called a best simultaneous local
(19, LP)-approximation of fi,..., fi from R}, on {x1,...,xx} ((19, LP)-b.s.la.).

A pair (P,Q) € II" x II"™ is a Padé approzimant pair of f on {x1,...,xx} if
Q # 0 and

(Qf — P)(x) = o((x — a:j)c_l), asx —xj, 1<j<k

If (f - g) (z) = o((x — x;)°7 ), as ¢ — x5, 1 < j <k, then g is called a Padé
rational approximant of f on {x1,...,2xr}. This rational approximant may not
exist. If d = 0 there is at most one, and we denote it by Pa(f) when it exists.

In [6] the author studied properties of interpolation of best rational approxi-
mation to a single function with respect to an integral norm, which includes the
LP-norm, 1 < p < oo. In [7] the authors proved that the best approximation to
-1 Z;zl f; from an arbitrary class of functions, S, is identical with the (1%, L?)-
b.s.a. of f1,..., fi from S. However it is known that the (19, L?)-b.s.a., in general,
does not match with the best approximation to the mean of the functions fi,..., f;
when S =T1I" (see [§]). The (I°°, LP)-b.s.l.a. from II" was studied in [4] and [5]. In
[2], the authors showed that the (17, LP)-b.s.l.a. to two functions is the average of
their Taylor polynomials.

In this paper, we prove an interpolation property of any (12, LP)-b.s.a. to two
functions from R},. As a consequence, we prove the existence and characterization
of the (19, LP)-b.s.l.a. when ¢ > 1 and k = 1. Analogous results over (17, LP)-b.s.l.a.
were obtained, for m = 0, in several intervals. All our theorems generalize previous
results for a single function.

2. PRELIMINARY RESULTS

Henceforward we suppose that 1 < p < oo and 1 < ¢ < 0o, except in Lemma [£.3]
and Theorem [£.4] where we assume ¢ > 1. First, we establish an existence theorem
for the (19, LP)- b.s.a.

Theorem 2.1. Let f1, fo € C(I) and 0 < € < 1. Then there exists a (19, LP)- b.s.a.
of fi, f2 from R™, on I..
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BEST SIMULTANEOUS APPROXIMATION ON SMALL REGIONS 59

Proof. Let {v, = % € R}, : r € N} be such that

2 2
; lfi —vrl|& — Uérg%; Ifi —v||2:=b asr — oo.

It is easy to see that {||v.||c : 7 € N} is a bounded set. As the sequence {Q; }ren
is uniformly bounded on compact sets, {||P.||e : » € N} is a bounded set. Now,
following the same patterns of the proof of existence for best rational approximation
to a single function (see [I1, Theorem 2.1]), we can find a subsequence v, which
converges to v € R}, verifying Z?:l Il fi —v||2 =0, ie., visa (19 LP)- bs.a. O

The following two lemmas can be proved analogously to [0, p. 88] and [I, p.
236], respectively.

Lemma 2.2. Let fi, fo € C(I) and 0 < € < 1. Suppose that u. = QE € R
(19, LP)-b.s.a. of f1, fa, from R, on I, and fj # uec on I, 1 < j < 2. Then

P.QQ — PQ. P
S5 (/I fj—ue|P1sgn<fj—ue>QQ2(°9)>o, GERL @
j=1 € €

(2-1)
where B; = B;(€) == 4| f; —uclc " .
Remark 2.3. If ¢ > p, the constraints f; # u. on I, 1 < j < 2, are not necessary.
Moreover, if ¢ = p we observe that 8; =1,1 < j <2.
Lemma 2.4. Let v € C(co(I)) be a strictly monotone function. If f € C(I) and
J; fA" =0 for all n € NU{0}, then f = 0.

Lemma 2.5. Let f1, fo € C(I) and 0 < ¢ < 1. Suppose that u. = g‘ ER} isa
(19, LP)-b.s.a. of fi, fa, from R}, on I and f; # ue on I, 1 < j < 2. If uc is not

normal then

2
ST Bilf —udlPlsen(f; —u) =0 onl,

j=1
where (; was introduced in Lemma 2.3
Proof. Suppose that u, is not normal. Let S = {S € II' : S(z) = =z — a,a €
R\co(I)}. For A\e Rand S € S,let P=P.S— X and Q = Q.S. Since u, = qu
is a (19, LP)-b.s.a. by Lemma [2.2]
25 J 15w s - w5 ) =0
J J Q S
Since \ is arbitrary, then Z Bj (f] |fi — uelP~Lsgn(f; — us)ﬁ) =0.
= ; .
2
Let h:= > Bi|fi — uelP ' sgn(f; — ue)& € C(I). Then
j=1 :
/ ht—0, Ses (3)
L S '
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Let o < minco(I) and v(z) = —%-, a > 0. We choose « sufficiently small such

r—a’

that |y(z)] < 1, x € I. For each A € [-1,0) let S(z) = (x — &) — Aa. We observe

that > [Ay(z)]™ uniformly converges to ﬁv(r) on I. Since
n=0

1 . h(x) -
/L o) gy / T a)i- )"
=3 [ 2y,

n=0 I
from (3) we conclude that [, & Ma) yn(x)de = 0, n € NU{0}. As h € C(I.), using
Lemma [2.4] for I, instead of | we get the desired result. O

The following result was proved in [6, Theorem 2] for a single function.

Theorem 2.6. Let 0 < e <1 and fi,fo € C(I). Let uc € R?, be a non normal
rational function. Then u. is a (I?, LP)-b.s.a. of f1 and fo from R?, on I. if and

only if ue = # on I..
Proof. By Remark 2.3} 8; = 1, j = 1,2. Lemma [2.5 implies
1 — el sn(fy — ) + 1o — e sn(fo — ) =0 on I,
If sgn( fi —ue)(z) = —sgn(fa — uc)(x), then u () = L@ - Otherwise, u,(z) =

f1 (x;z: f%(}:f) = %ﬁ on I.. Reciprocally, suppose u, = flerfz on I. and let
u € R},. Then

|1 —ue||€+|f2—u€f:2/l‘(fl_f2)é($) Tiﬂ
<2/<’(f1—;>f(w) . (u—J;2>f(a;)> %

<2</f1—u o)l de /Ifz—u o)l de )
1] ]
= Ilfr = ull? + [lf2 — ull?.
The proof is complete. O

3. AN INTERPOLATION PROPERTY

Next, we introduce some notation to prove an interpolation result. Let fi, fo €
C(I) and 0 < e < 1. We write

yi=yi(e):=zi+eb, y =y(e):=awi1—ef, 1<i<k-1
If g € C(1.), we denote
Alg) = {i : 9(yi(€)g(y'(e)) <0, 1<i <k —1}
and k*(g) the cardinal of A(g). If k = 1, we put k*(g) = 0.

Rev. Un. Mat. Argentina, Vol. 57, No. 1 (2016)



BEST SIMULTANEOUS APPROXIMATION ON SMALL REGIONS 61

Let ]71, fg € C(co(I)) be extensions of f; and fo, respectively. Now, we suppose
that 8;, 1 < j <2, introduced in Lemma is well defined. For a) m = 0 or b)
m > 1, k = 1, the function

he := Ba|fi — uc[P~ sgn(fi — ue) + Bo| f2 — uc[P~ sgn(fo — uc) (4)

is well defined on co(I.). We write

2\ !
aj(e) = (8;)7T (Z Bl”1> - (5)
1=1
Now, we establish the main result of this section.

Theorem 3.1. Let f1,fo € C(I) and 0 < e < 1. Suppose that u. € R”, is a
(19, LP)-b.s.a. of fi and fo from R}, on I.. If fj #ue on I, 1 < j <2, and a) or
b) holds, then u. interpolates to ay(€)f1 + ao(€) fa, in at least n +m + 1 different

points of co(I¢), where at least n +m + 1 — k*(he) of them belong to I..

Proof. Since f; # u. on I, 1 < j < 2, the function he is defined. We consider two
cases. First, suppose that u, is not normal, then Lemma implies he = 0 on I..
Now, we assume that u. := ge is normal. It is well known that P.II™ + Q. II" =

ot (see [1, p. 240]). Therefore by Lemma we have

(Qe)?
Suppose_that f; exactly changes of sign in z1,...,2, € I, with s < n+m +
1 — k*(he). We can choose 71, ... T e () with r; € (y;,%") such that hc(r;) = 0,
i~€ A(h.). Let v :=~77Hf:1(x — Zi)HieA(ﬁ:} (x —r;), n := %1 be such that v satisfies
hev > 0on I. and h.v > 0 on a positive measure subset of I.. This contradicts @,
so s > n+m+1—k*(he). In this way we have proved that h. has at least n+m+1

different zeros in co(I.), where at least n +m + 1 — k*(h.) of them belong to I..
Let x € co(I,) be such that h.(z) =0, i.e.

0= B1|(fr —ue)(@)P~" sgn((f1 — ue)(x))
+ Bol(fo — ue) (@) [P~ sgn((fo — ue) ().
Now, the proof follows analogously to the first part in the proof of Theorem 2.6l [

/ he v=0, vell"m (6)
I

We denote [j(e), 1 < j < k, the cardinal of the set of points of B;, where u,
interpolates to the function o (e)fi + aa(e)f2, whenever aj(e), 1 < j < 2, are
defined. The following corollary can be proved similarly to [3, Corollary 9].

Corollary 3.2. Under the same hypotheses of Theorem [3]], there exists j, 1 <
J <k, such that l;(€) > c.
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4. EXISTENCE OF (%, LP)-B.S.L.A. FROM R,

First, in this section we obtain a general result about the asymptotic behavior
of the error

&= Hfl —ue|f + Hf2 - ue”?

Theorem 4.1. Let fi1,fo € C(I), 0 < € <1, u. € R}, a (1%, LP)-b.s.a. of fi
and fao from R, on I.. If there exists a Padé rational approzimant of # on
{z1,...,2}, then

51/Q—2 N = Falle + o(e5), as e — 0.

Proof. Let R be a Padé rational approximant of % on {x1,...,zx}. Consider
the semi-norm on C(I) x C(I) defined by

(91, 92)lle = (lgallZ + llgall2) /.
By the triangle inequality we have

11 = welld +11fo = uellE < [I(fr = RIZ+ 1(f2 = R
:H<f1;f2’f2—f1>+<f1+f2 _phith —R)

2 2 2 .
<<21/q fi— /2

_ <||f1 2f2H coe)

(Ifr = falle +o(ec™h)) "

q

+21/4 - R

T
Since
(a+0)7 <297 (a? 4 b7),a,b >0, (8)
we get
1Fr = wellE + [1f2 = uellf = o= 11 = f2lZ. ()
From and @D we obtain the theorem. O

Remark 4.2. If m =0 and fi, f2 € C°(I), with an analogous proof we have
ENT =2 fy = follc + O(°), as e — 0.

For ¢ > 0 and h € C°~(I), we consider the set
H(h) = {Pell": PY(xj) = hW(z;), 0<i<e—1,1<j <k}
We define
Aj=f{i:0<i<e—1 f@) # K@) 1<i<h.
Let m; = min A; — 1if A; # (), and m; = ¢ — 1 otherwise. Set
m=min{m; : 1 <j < k}. (10)
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BEST SIMULTANEOUS APPROXIMATION ON SMALL REGIONS 63

For ¢ = 0, we put H(h) = II", and @ = —1. With these notations, we obtain the
following lemma.

Lemma 4.3. Let ¢ > 1 and assume ¢ > 0, fi,fo € CY(I) and —1 < m <
¢ — 2. Under the same hypotheses of Theorem [{.1, f; # ue on I, 1 < j < 2,

for small €. Then oy (e) and as(e) (see (3) above) are defined for small € and

)
€luré ay(e) = !111(1) as(e) = 3.

Proof. For simplicity all subnets ¢ — 0 will be denoted in the same way. Let
= 2(fi+ fo), H = X(H, + Hs) with H, € H(f;), | = 1,2, and u, = %. Then
(g—H)(z)=o0((x —z;) Y, as z = x;, 1 <j <k, and

(- u)) = (30 - fa 4 o= )+ 1= ) o)

Qe
Hence
Qc(fr :ue)(x) _ Qc(x) (%(fl f2)(9i) + (9 — H@))
Qe ) = i -
i Qe(m)H(x): Pe()
[Qellee™
for x € Bj, 1 < j < k. By Theorem and the definition of m we obtain
Hfi%ffus < f%fl = O(1). Since Q¢ € II"™ on each Bj, and | - || can be also

considered as a norm in (II"™)*, the equivalence of norms in this space implies that
there exists K > 0 such that ||Q¢||c := max max|QE\ < K|QE|l. Asm < c—2,
J

1<j<k
by we get

‘ Q.H — P.
) (12)
Q. H-P,)

Qclle
From 1) we have a subnet such that W — R. Moreover, we can choose
the subnet such that

Q¢
S Hfl 7”5”64‘
S (0|

1l [ gr/a , ||S _
< T (5 Z( o H)>XBJ‘

= 0™,

i( (Q*H)) XB;

||Q ” — S. Here, R and S are polynomials on each B;. We

denote
k
(f1— f2 )T+ (5. —_— R(x)
; (m +1)! (x—;)" " xp,(x) and T(z)= S(x)
As —1<m <e—2,A#0. Since & 0, from we obtain
. (fimu) 1
lim 2= = CA T )
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on I except possibly by the zeros of S. Similarly, we have

Jim /2= ) :—%/\+T. (14)

e—0  emtl
By Fatou’s Lemma, (|13) and (|14 . there exists a subnet such that

1 = el e = uele
— < < .
WTH I Sy e

(] o)
|

1 = welld + |l.f2 — uell?

and 1)\ -T
2

Therefore, from we have

1 1
A== A+T+=A-T
Il = |30+ 7+ 5

1
< 2471 <H2>\ +T

7
AT
s

q—11; — q
N el
where the last equality holds by Theorem So,
1 1 1 1
A+T+=X=T||=|=A+T A=T 1
et fper+ -] )
and . . .
A+ T +][52 =T :<||§A+T||+||§A—T||> (16)
2 2
As || - || is strictly convex, from there exists a > 0 such that
1 1
A—i—Tza(A—T)7 (17)
ie, T = (?1411) Also, as 27 is strictly convex, from we get
1 1
H)\ T TH - H)\ - TH | (18)

If 2 )\ T=0, then $A+T =0 and ||| = 0, a contradiction. Therefore 1)\ T #0,
SO and (| 1mp1y a = 1. Therefore T'= 0. Now, from and , we have
(fi—ue)® A o (f2 —u)e A

lim Sy =5 and D e~ -3
on I except possibly by the zeros of S. Again, an application of Fatou’s Lemma

implies @ < lg% Hfé%%“e and @ < lg% Hf:%%“e for some subnet. Theorem

implies
_ q _ q q
i (o uelle | If2 —uell2 _ 1M
e—0 e(m+1)4 e(Mm+1)q 2q—1
So,
M ”fl uE”E — 11 HfQ ueHE. (19)
2 6—)0 6m+1 e—0 em+1

Note that there exists ¢¢ > 0, such that for all 0 < € < ¢y, we have
Ilfi — welle # 0, 5 = 1,2, because A # 0. So, f; # u. on I, 1 < j < 2, for
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BEST SIMULTANEOUS APPROXIMATION ON SMALL REGIONS 65

0 < e < €, and a1(e) and as(e€) are defined for 0 < € < ¢y. Finally, from and
O

1' we conclude that lgr(l) aq(e) = lgr(l) az(e) = 3.

Next, we prove the main result of this section, which extends [I0, Theorem 1].

Theorem 4.4. Let ¢ > 1 and assume k = 1. Let fi, fo € C"™™(I), 0 < € < 1,

and ue = gs € R a (19, LP)-b.s.a. of fi and fa from R}, on I.. Suppose that

there exists Pa (%) Then there ezists a subnet € — 0 such that P — Py,

e — Qo, and (Py, Qo) is a Padé approximant pair o Ltfe op {24}, In addition,
2

if the Padé approzimant pair is unique, then ue converges pointwise to % ase— 0,
i a neighborhood of x1 except possibly at x1. Moreover, if Pa (#) is mormal

fitfo
2

then u. uniformly converges to Pa ( ), in a neighborhood of x1.

Proof. Lemma [£.3] and Theorem imply that for small € there are n +m + 1
points in co(I) = I, say zo(€), ..., Zntm(€), such that
Pe(zi(€)) = Qe(2i(€))(ar(e) f1(zi(€)) + az(e) fo(zi(€))), 0<i<n+m.
Consider g. = aq(€) f1 +aa(€) f2. By the uniqueness of the interpolation polynomial
of degree at most n + m, we get
Pe = H{zo(e),...,szrm(e)}(Qege),
where the right-hand side denotes the interpolation polynomial of Q.g. of degree

n+m on {zy(€),..., 2nrm(€)}. For a subnet ¢ — 0, we have

QE’ — QO and Pe’ — Tn—i—m,zl (QOg) = P07

where ¢ is the limit of g, and T}, 4m 5, (h) represents the Taylor polynomial of h
of degree n + m at xy. First, we assume that —1 < m < ¢ — 2. By Lemma |4.3|
g= f1-5f2 and

(@)
<Qof1;f2—Po> (171):0, 0<i<n+m.

Now, we suppose that m = ¢ — 1. Theorem implies Hfl — %
clle

= o(e"t™). As
a consequence ||Qcf1 — Pe|, = o(e"t™), so

||Q6Tn+m,:r1 (fl) - Pe”E = 0(6n+m>.
By definition of m we can replace fi by %
(see [3, Theorem 3]) we have

, and from a Poélya type inequality

(%)
(Qofl—;—fé—Po) (1‘1):0, 0<t1<n+m.

In any case, we conclude that (Pp, Qo) is a Padé approximant pair of # on
{z1}. On the other hand, if Pa (%) is normal, then (Py, Q) is the unique Padé
approximant pair of f1742-f2 on {x1} and Qo(x1) # 0 (see [10, Lemma 3]). Therefore
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Pa (f 1+f2) = % and ue uniformly converges to Pa (%) on a neighborhood

of . O

5. EXISTENCE OF (l%, LP)-B.S.L.A. FROM II"

Next, we prove a result about uniform boundedness of a net of best simultaneous
approximations from II".

Theorem 5.1. Let f1, fo € C*(I), 0 < e <1, and let P. € II" be a (19, LP)-b.s.a.
to f1 and fo from II"™ on I.. Then the net {P.} is uniformly bounded on compact
sets as € — 0.

Proof. Without loss of generality we can assume that the extensions fl, fg consid-
ered in page [61] belong to C"(co(I)). By Theorem [3.]] - 1| there exists zp(€) < -+ <
zn(€) in co(I) such that P. = H{z(,( Yoozn (3 (71(€) f1 + 2(e€ )f2), where as before
Hzo(), om0} (11 (€ )fl +72(€ )fz) denotes the interpolation polynomial of v, (e)fl +
va2(€) fo of degree m on {zg(€),...,zn(€)}, Y1(€),72(€) > 0 and 71 (€) + y2(e) = 1.
Since the nets {(zo(€),...,2zn(€))} and {(v1(€),72(€))} are bounded, we can find
convergent subnets. Suppose that v;(€’) = v;, j = 1,2, and z;(¢') = t;, 0 < i < n,
as ¢ — 0. Clearly tg < --- < t,. Using Newton’s divided difference formula and
the continuity of the divided differences we get P, — H{to,._,tn}(’hfl + ’ygfg), as
€ — 0. Therefore the net { P.} is uniformly bounded on compact sets as e — 0. O

Now, we state results about the convergence of b.s.a. We consider a basis of I1",
{tusy} 1<v<r U {we<e<q which satisfies
0<s<ec—1 ==

ull) (z;) = 6
where ¢ is the Kronecker delta function.

In the next theorem we need to recall the number m which was defined in .

Theorem 5.2. Assume f1, fo € C°(I), 0 < e <1. Let P. € 1" be a (1%, LP)-b.s.q.
to f1 and fo from O™ on I, and let A be the cluster point set of the net {P.} as
€ — 0. Then:
a) A is contained in M(f1, f2), the set of solutions of the following minimiza-
tion problem:

9 A B ) q/p
min | 32 (z (= P) ™D @y)] )

iy, wW(x) =0, 0<i<c—1, 1<j<k,

Pelln =1 (20)

, ) (21
with the constraints P4 (z;) = M, 0<i<m, 1<j<k.

b) If f1, fo € C*(I), then A # 0. In particular, if M(f1, f2) is unitary, there
exists a unique (19, LP)-b.s.l.a. of f1 and fo from II"™ on {x1,...,xx}.

Proof. a) Let Py € A. By deﬁnition of A, there is a net € | 0 such that P. — Pj.
We denote U, = 12 Pe and V, = € H(fi), 1 =1,2. Clearly,

> (”fl _P€||e + ||f2 _PEHE)q
- 2
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Since (H; — fi)(z) = O((x — z;)°), as ¢ = xj, 1 = 1,2, 1 < j < k, we obtain

1Uelle + Velle < €Y + O(e°). (21)
By Remark [4.2]
g J1— fo
b= B2l o )

Expanding (fi — f2)¢ by its Taylor polynomial at z;, 1 < j < k, up to order m, we
have

fi—fa

lim o

e—0

1/p

- m+1 Z| — )T @) - ) | =L (23)

E

From ( and 1 3) we obtam that m+1 is bounded as ¢ — 0. So, implies

that H =57 , 1 <j <k, are bounded. Since elﬁ]ﬁ, gﬁ € II" on

and H =5
(] g) (%) _PY@D () i
‘Bj7 then ( EE)WJrSCLJ) (f1— P) (z;) z m—1 and e )erga: i) _ (f2 P€2) ( J)Ez—m—l are

bounded for all 0 < i < ¢ — 1 1<j5<k. Therefore there exists d;; such that

lim (fi — P)D(z)e ™ =dy;, 0<i<m, 1<j<k =12 (24)

for some subnet, that we again denote by e. For ¢t € B; we have

—P)e m —PYOD(25) . .
(fl em_’_«l) (t) _ Z (fl Z') ( ])ez (m+1)(t_l,j)z

0
(fr = P) D (e(g;(t) — a5) + ;)
(m+1)!

where ;(t) belongs to the segment with ends ¢ and z;. From we get

+ (t - x]’)m—i_lv

. — P)e(t o~ dij 1L — Po) ™ (ay m
llmu:ZT(t—x]) + 0 (Tr(L))—F 1! ( )(t_xj) .,

uniformly on B;. Therefore

(=P
ll—>0 1em+1
_ £ | & i (fl Po) ™+ () Al ’
_Z ZT man ) (25)
J=11l:=0 Bj
k (m+1) p
2 g (m + 1)! o JJP’
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where J; = inf ||(t —2;)™ ! — Q(t)||p,. Clearly holds for f, instead of f;.
Qemm™

From |.) we can assume P ( 5) = f1 (sr:]) for 1 <j <k, 0<i<m, sowe can

write -
m

ZZ A7 uSv+wae+Z Z Covtsn;
v=1s=0

v=1s=m+1
for some real numbers {b H<e<q and {csv} 1<osk . Given two sets of real numbers
<s<c—1

(independent of €), say {csy} 1<o<h and {b }<e<d, consider the following net of
0<s<c—1 - -
polynomials in 11",
k
= Z (fls (xv) - Cé'U m+1 S u.S'U + Z b we + Z Z céUuSU
v=1 s=0 v=1s=m+1
We observe that R (2;) = f1¥ (xj) — ¢jem T 1 <j<k 0<i<m.
Let h = E Z f1 (mv)uw + Z bewe + Z Z CsplUsy- Expanding (fi — Re)©

v=1s= v=1s=m+1
by its Taylor polynomlal at ; up to order m, we obtain

(fl - Re)e(t>

_ i it (fr = W) T (t) — 2)) + ) (t— ;)7

prfil (m+1)!
k mtl—s, (F+1)
Csy€ Usv (E(fj(t) — zj) + zj) e
t—x; t e B.
+;; (m + 1)! (t—=z,)™ ', teBy,

where ;(t) belongs to the segment with ends ¢ and x;. Since hm M =

Z St — )+ %(t — 2;)™ "1, uniformly on Bj, we have

=0
k|| m . p
[ = RO Cij o (=R (z) Ml
vy s *;1 Z OW(FIJ) T mr (8 =) .
= 1= J

m .
Let ¢;j, 1 < j <k, 0 <14 <m,besuch that > < (t—x;)" is the best approximation
i=0

(+1) _
W(t ;)™ with respect to ||.||5,. Then

k . p
(=R (fr =)™ V(@) ",
i ||| =2 (m+1)! 7 (26)
j=1
and similarly we get
k . p
NP2 = R - [ L= W)@ [,
) e D B e &)
=

Rev. Un. Mat. Argentina, Vol. 57, No. 1 (2016)



BEST SIMULTANEOUS APPROXIMATION ON SMALL REGIONS 69

From — and the continuity of the function |z|» + |y|¥, we have

5 (1) » a/p
J
=1 \Jj= (m+1)!
9 i (m+1)( " » q/p
o »
< hgélf 6(m+1)q l_zl Z CE] Jj , (28)
LN
forall h= > > £ (0)usy + Z bew, + Z Z CopUsy-
v=1s=0 v=1s=m+1
1
Forall1 <j <k J; = Qiennfﬁ (ffﬂ ly™ T — Q(y )|p\1\) # 0. Then J; does not

depend on j. So, from we obtain

q/p 2 k a/p
(Z‘ fi — Po) ™ (g J)‘P> < 2_: ( ’(fz _ h)(m+1)(.’17j)‘p> .

1= Jj=

In addition, as f1 (:c]) = Q(i)(mj), 0<i<m1<j <k, then Péi)(xj) =

w The proof of a) is complete.

b) If f1, f € C"(I), by Theorem [5.1] the net {P.} is uniformly bounded on compact
sets, then there exists Py € A. From a), Py € M(f1, f2). In particular, if M(f1, f2)
is unitary, there exists a unique ({9, LP)-b.s.l.a. of f1 and f5 from II" on {z1, ..., zx}.

O

The following theorem gives sufficient conditions for M(f1, f2) to be a unitary
set. Its proof is analogous to that of [5, Theorem 12].

Theorem 5.3. Let f1, fo € C¢(I) and ¢ > 1. If either a) m =c—2,d =0 or b)
m=c—1, then M(f1, f2) is a unitary set.

The next theorem shows that there always exists a unique (I, L?)-b.s.l.a. of f;
and fo from " on {zy,..., 2%}

Theorem 5.4. Let fi, fo € C°(I). Then there exists a unique (1%, L?)-b.s.l.a. of

f1 and fo from II™ on {x1,...,z1}, and it is the best local approzimation of %
from ™ on {x1,..., 21} with respect to the norm L?.

Proof. Let 0 < € <1 and let {P.} be a net of (12, L?)-b.s.a. of f; and f3 from II"
on I; then it is well known that P. is the best approximation to % with respect
to the norm L? (see [12, Theorem 3]). Hence, we deduce that {P.} converges to
the best local approximation of flJQFfQ (see [9, Theorem 4]). O
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