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We investigate the high temperature fate of four-dimensional gauge-Yukawa theories featuring short
distance conformality of either interacting or noninteracting nature. The latter is known as complete
asymptotic freedom and, as templates, we consider non-Abelian gauge theories featuring either two singlet
scalars coupled to gauged fermions via Yukawa interactions or two gauged scalars with(out) fermions.
For theories with interacting fixed points at short distance, known as asymptotically safe, we consider two
calculable examples. Exploring the landscape of safe and free theories above we discover a class of
complete asymptotically free theories for which symmetry breaks at arbitrary high temperatures. In its
minimal form this class is constituted by a theory with two fundamental gauged scalars each gauged under
an independent group.
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I. INTRODUCTION

The phenomenonof symmetrynonrestoration (for a review
see for example [1,2]) was first noticed by Weinberg [3] and
then studied in detail byMohapatra and Senjanović [4,5] who
were the first ones to successfully apply the mechanism to
phenomenology. Since then it has been employed in cosmo-
logy to address various issues like the monopole [6–8], the
domain wall [9], and false vacuum problems. The phenome-
non has also been invoked for other phenomena including
baryogenesis [10–15] and inflation [16].
Symmetry nonrestoration at high energy can occur also

due to the concomitance of other mechanisms such as the
presence of large charges that can induce either Bose-
Einstein condensation or superconductivity. This mechanism
has been used in the literature [17–24]. For example a large
charge can still be realistically related to the yet to be
experimentally determined neutrino lepton number [25–30].

Symmetry nonrestoration at high temperature cannot
occur in supersymmetry [31–33] unless we have flat
directions [34,35] and/or nonzero fixed charge.
For nonsupersymmetric quantum field theories sym-

metry nonrestoration has been tested via different methods
in [36–41] for global symmetries and nonrestoration for
local symmetries have been investigated in [42]. The results
seem to support the existence of symmetry nonrestoration
although these claims have been challenged in [43–47].
Analyses including generalization to different space-

time dimensions including ϵ dimensions away from four
are summarized in Refs. [48–51]. More precisely, sym-
metry nonrestoration at high temperature is possible also in
lower [48,50,51] and noninteger dimensions [49].
A common feature of all the theories studied so far for

symmetry nonrestoration at high temperature is that these
can be viewed as effective theories without a well-defined
ultraviolet completion. This fact implies that the arbitrary
large temperature limit cannot be taken.
In this work we go one step beyond with respect to what

has been done so far by analyzing Weinberg’s symmetry
nonrestoration hypothesis within models that are well
defined at short distance. These are, according to Wilson
[52,53] and Weinberg [54] classification of well-defined
theories, of either asymptotically free or safe nature.
Within these theories it is consistent to consider the infinite
temperature limit. It is worth recalling that for these
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theories short scale conformality guarantees the existence
of a well-defined theory at high energy making them UV
complete. Asymptotic safety for gauge-Yukawa theories
was discovered in [55] with the corrections to the quantum
potential presented in [56]. Interestingly, once asymptotic
freedom is lost in the gauge-fermion sector, within pertur-
bation theory, the fundamentality of the theory can only be
reinstated via Yukawa interactions. This implies that
elementary scalars are needed, for the first time, to tame
the high energy behavior of the theory. The discovery of
asymptotic safe quantum field theories [55] has led to an
ongoing number of theoretical [57–61] and phenomeno-
logical investigations [62–69], including the recent discov-
ery of safe nonsupersymmetric grand unified theories of
[70] which naturally integrates and complements the
supersymmetric story of [58].
For the issue of symmetry nonrestoration at arbitrary

high temperatures we consider, at first, the landscape of
complete asymptotically free non-Abelian gauge theories
that feature either two singlet scalars coupled to gauged
fermions via Yukawa interactions or two gauged scalars
without Yukawa interaction.
The first model we encounter of complete asymptotically

free theories for which symmetry breaks at arbitrary high
temperatures is constituted by two gauged scalars trans-
forming according to the fundamental representation of two
distinct gauge groups with fermions also transforming in the
fundamental representation andwithoutYukawa interactions.
To investigate the high-temperature fate of global sym-

metries for asymptotically safe theories we consider the
Litim-Sannino model of [55] and one of its variations that
has been used for perturbative safe extensions of the standard
model [71]. We show that for these examples the safe
quantumglobal symmetries are restored at high temperatures.
The paper is organized as follows: In Sec. II we study

various classes of complete asymptotically free theories.
We start in Sec. II A with gauge singlet scalars and show
that their thermal mass is always positive in the UV. Then in
Sec. II B we first show various examples of SUðNcÞ gauge
groups with scalars in the fundamental representation, for
which the symmetry restores at high temperature. Then we
study a theory of a product of different SUðNÞ gauge
groups in two versions: both for a pair of scalars in
fundamental representation and for a pair of scalars in
adjoint representations we show that for a particular choice
of model parameters the symmetry can be broken at
arbitrary high temperature. Then in Sec. III we study
two examples of asymptotically safe theories both of which
restore their global symmetries at high temperature. Three
Appendixes collect all the of formulas needed for the
computation. Appendix A summarizes the calculation of
the one-loop renormalization group equations and the high
temperature thermal masses for a generic gauge-Yukawa
theory. Appendixes B and C give all of the computational
details used in Secs. II A and II B.

II. COMPLETE ASYMPTOTICALLY FREE
THEORIES AT HIGH TEMPERATURE

Before embarking on our main quest, which is to
investigate the symmetry (non)restoration phenomenon
for complete asymptotically free quantum field theories,
we briefly summarizeWeinberg’s (nonfree) model mechan-
ics. In its most minimal form the model features two scalars
with the following quartic potential:

V ¼ λ1
4
ϕ4
1 þ

λ2
4
ϕ4
2 −

λ

2
ϕ2
1ϕ

2
2 ð2:1Þ

with discrete Z2 × Z2 symmetry ϕ1 → −ϕ1 and ϕ2 → −ϕ2.
For

λ1;2 > 0; λ2 < λ1λ2 ð2:2Þ

the model is bounded from below. At high temperature the
following correction arises [3]:

ΔVT ¼ T2

24
ðð3λ1 − λÞϕ2

1 þ ð3λ2 − λÞϕ2
2Þ: ð2:3Þ

With λ > 3λ2 [but with λ1 satisfying (2.2)] the field ϕ2

acquires a negative thermal mass squared at high temper-
ature which yields a nonzero vev hϕ2i ≠ 0. Therefore in this
case the second Z2 breaks at sufficiently high temperatures.
This theory is, however, not UV complete since the scalar
couplings increase with the energy. Assuming a physical
cutoff, for temperatures below this cutoff one therefore
observes the phenomenon of symmetry nonrestoration.
Because the theory is limited by a physical cutoff we

cannot ask the relevant question of whether the symmetry
remains broken at arbitrary high temperatures. This is
exactly what our work wishes to achieve, i.e., what is
the ultimate fate of the symmetry in a truly UV complete
theory (up to gravity) at arbitrary large temperatures.
Here we analyze complete asymptotically free theories

that are natural UV completions of Weinberg’s model.
These require the presence of gauge fields and the gauge
sector to be asymptotically free given that it is this sector
that is the one responsible to drive the Yukawa and scalar
couplings to be asymptotically free as well.
We divide our theories in whether they feature gauge

singlets or gauged scalars.

A. Symmetry restoration with singlet scalars

To start with we consider an SUðNcÞ gauge group with
Nf ¼ Nf1 þ Nf2 Dirac fermions in the fundamental rep-
resentation coupled to the scalars ϕ1;2 via the following
Z2 × Z2 symmetry1 (ϕk → −ϕk, ψk → iγ5ψk) preserving
Yukawa terms:

1In some cases the symmetry of the theory could be larger
than Z2.
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LY ¼ ϕ1

XNf1

i¼1

y1iψ̄1iψ1i þ ϕ2

XNf2

i¼1

y2iψ̄2iψ2i: ð2:4Þ

Because we are searching for asymptotically free solu-
tions we must have that αg ∝ 1=t for large t ¼ log ðμ=μ0Þ
with μ the renormalization scale and μ0 a reference scale.
Complete asymptotic freedom requires that all couplings
(2.5) must vanish at infinity at least as fast as αg and
therefore their scaling must be proportional to 1=ta with
a ≥ 1. Additionally the requirement of a negative thermal
mass given in (A19), necessary for symmetry breaking,
implies that at least some scalar quartic couplings cannot
decrease faster than the gauge coupling, i.e., they must
approach zero as 1=tb with b ≤ 1. Therefore, for the
purpose of our work, it is sufficient to investigate the fixed
flow solution according to which all couplings (2.5) vanish
at infinity as 1=t [72]. This observation greatly simplifies
the following analyses by transforming a set of nonlinear
and coupled first order ordinary differential equations into a
system of nonlinear and coupled polynomial equations. In
practice, by defining (g is the gauge coupling)

αg ¼
g2

ð4πÞ2 ; αyi ¼
y2i

ð4πÞ2 ; αλi ¼
λi

ð4πÞ2 ; αλ ¼
λ

ð4πÞ2
ð2:5Þ

(i ¼ 1, 2) we will search for solutions of the asymptotic
form

αa ¼
α̃a
t
; a ¼ g; y1; y2; λ1; λ2; λ;… ð2:6Þ

with constant α̃a.
We are now ready to investigate the first relevant

examples with singlet scalars and then we will generalize
the results to a wider class of theories.

1. SUðNcÞ with two singlet scalars
and fundamental fermions

In this model, described in detail in Appendix B, we
consider two singlet scalars coupled through Yukawa
interactions to Nf1 (Nf2) Dirac fermions in the fundamental
representation of SUðNcÞ. We further allow for Nf0 Dirac
fermions in the fundamental representation of the gauge
group that are inert with respect to the scalars, i.e., do not
possess Yukawa couplings.
We now provide an elegant proof that at high temper-

ature this theory, if completely asymptotically free, cannot
break any symmetry. Let us start with the thermal masses
for the scalars that at one loop read (B18)

m2
i ðTÞ ¼ ð4πÞ2 T2

12 logT
ð3α̃λi − α̃λ þ 2NcNfi α̃yiÞ; ð2:7Þ

written in terms of (2.6) couplings. It is sufficient to
consider one of the two scalar masses to be negative.
Here we choose that to be m2

1 which requires

α̃λ − 2NcNf1 α̃y1 > 3α̃λ1 > 0: ð2:8Þ

Under the assumption that there is a completely asymp-
totically free solution we have (B14)

−α̃λ1 ¼ 18α̃2λ1 þ 2α̃2λ − 8NcNf1 α̃
2
y1 þ 8NcNf1 α̃y1 α̃λ1 ð2:9Þ

for the relevant scalar coupling as a function of the other
couplings. The general form of the renormalization group
equations (RGE) can be found in Appendix B.
Rewriting (2.9) as

2ðα̃2λ − 4NcNf1 α̃
2
y1Þ þ α̃λ1 þ 18α̃2λ1 þ 8NcNf1 α̃y1 α̃λ1 ¼ 0;

ð2:10Þ

we notice that every term except the first one is positive.
This means that to satisfy this equation, the first term must
be negative for the fixed flow solution to be possible.
However, since the first term can be rewritten as

α̃2λ − 4NcNf1 α̃
2
y1 ¼ ðα̃λ − 2NcNf1 α̃y1Þðα̃λ þ 2NcNf1 α̃y1Þ

þ 4NcNf1ðNcNf1 − 1Þα̃2y1 ; ð2:11Þ

the simultaneous requirement of the presence of a negative
mass squared term implies that also the first term is positive
due to (2.8).
We have therefore shown that (2.10) cannot have a

solution and that the symmetry must be restored for this
model at high temperature once complete asymptotic
freedom is enforced.

2. More general result for singlet scalars

Let us consider the more general scalar potential

V ¼ λ

4
ðϕTϕÞ2 − 1

2
ðϕTϕÞηijχiχj þ VðχÞ ð2:12Þ

where ϕ is a real vector with dϕ components. The global
symmetry at the potential level over ϕ is OðdϕÞ. Under this
group ϕ transforms with a dϕ × dϕ orthogonal matrix O of
OðdϕÞ as

ϕ0 ¼ Oϕ: ð2:13Þ

We further consider an arbitrary gauge group with
Weyl fermions transforming according to an arbitrary gauge
representation compatible with asymptotic freedom [73].
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The Yukawa terms written directly in terms of the Weyl
fermions2 read

LYukawa ¼
1

2
ϕaψ iYa

ijψ j þ H:c:þ LYukawaðχ;ψ 0Þ: ð2:14Þ

Under the assumption that

ψ 0 ¼ Uψ ; Õa
bUkiYb

klUlj ¼ Ya
ij ð2:15Þ

with Õ a rotation matrix that is part of a subgroup ofOðdϕÞ
and U a unitary transformation with i; j; k ¼ 1;…; Nf with
Nf the number of Weyl matter fields, the Yukawa terms
preserve the resulting subgroup of OðdϕÞ. The information
on which fermions couple to ϕ is clearly hidden in the
Yukawa matrix. The last unspecified Yukawa terms in
(2.14) contain interactions of the χ scalar fields with the
Weyl fermions ψ 0 that are not coupled to ϕ. We now show
that the thermal mass of ϕ cannot be negative at high
temperatures when the theory is required to be asymptoti-
cally free also in all couplings.
Let us consider the thermal mass

m2
ϕðTÞ ¼ ð4πÞ2 T2

12 logT
ððdϕ þ 2Þλ̃ − η̃kk þ TrðỸ†

1Ỹ1ÞÞ;

ð2:16Þ

where we used

TrðYa†YbÞ ¼ δabTrðY†
1Y1Þ: ð2:17Þ

and defined as usual

λ¼ ð4πÞ2 λ̃
t
; ηij ¼ ð4πÞ2 η̃ij

t
; Ya ¼ 4π

Ỹa

t1=2
ð2:18Þ

with λ̃, η̃ij, Ỹa constants.
In order not to restore the symmetry carried by the

potential term and the Yukawa relative to ϕ the thermal
mass (2.16) must be negative. This implies

η̃kk − TrðỸ†
1Ỹ1Þ > ðdϕ þ 2Þλ̃ > 0: ð2:19Þ

Let us now compute the RGE for λ̃ relative to achieving
the fixed flow solution:

2ðη̃ijη̃ij − 2TrðỸ†
1Ỹ1Ỹ

†
1Ỹ1ÞÞ

þ 2ðdϕ þ 8Þλ̃2 þ λ̃þ 4λ̃TrðỸ†
1Ỹ1Þ ¼ 0; ð2:20Þ

where we used

TrðYa†YbYc†YdÞ¼AδabδcdþBδacδbdþCδadδbc; ð2:21Þ

which follows from the symmetry properties of the Yukawa
matrices (2.15).
To obtain a solution, the first term must be negative (all

the others are positive). However, we have

η̃ijη̃ij − 2TrðỸ†
1Ỹ1Ỹ

†
1Ỹ1Þ

¼ ðη̃kk −TrðỸ†
1Ỹ1ÞÞðη̃kk þTrðỸ†

1Ỹ1ÞÞ
þ 2
X
i<j

η̃ijη̃ij þ ððTrðỸ†
1Ỹ1ÞÞ2 − 2TrðỸ†

1Ỹ1Þ2Þ: ð2:22Þ

The first term on the right-hand side is positive due to the
assumption of the occurrence of a negative thermal mass
squared (2.19); therefore, the only possible negative term
could be the last one. Since the above traces are invariant
under unitary rotations of the Hermitian matrix Ỹ†

1Ỹ1, we
are free to consider the basis with diagonal

ðỸ†
1Ỹ1Þij ¼ ỹ21iδij ð2:23Þ

so that (2.22) becomes

ðTrðỸ†
1Ỹ1ÞÞ2 − 2TrðỸ†

1Ỹ1Þ2
¼
X
μ

dimðR1
μÞðdimðR1

μÞ − 2Þỹ41μ

þ 2
X
μ<μ0

dimðR1
μÞ dimðR1

μ0 Þỹ21μỹ21μ0 ð2:24Þ

with μ and μ0 running over the fermion representations.
For nongauge singlet fermions we have dimðRμ0 Þ ≥ 2 and
therefore the right-hand side is positive. For gauge singlet
fermions the only solution compatible with a UV well-
defined theory is the one for which the Yukawa coupling
vanishes identically and therefore the previous equation
does not apply.
Therefore there is no solution to the RGE for λ̃. Or, in

other words, if a fixed flow solution exists, it cannot have a
negative thermal mass. The previous example with a Z2

symmetry is included here by assuming the original
symmetry to be simply a Z2 for dϕ ¼ 1.

B. Exploring symmetry nonrestoration
with gauged scalars

So far we have shown that a great deal of gauge theories
with scalar gauge singlets do not support symmetry non-
restoration at arbitrary high temperatures. Does this phe-
nomenon persist when considering gauged scalar fields?
This is the question we will answer in this section. To
simplify the discussion we will consider theories without
Yukawa terms. We will find an example with the opposite
behavior, i.e., we will explicitly present a theory featuring

2We use the supersymmetric notation: ψ iψ j ≡ ψT
i ðiσ2Þψ j

(¼ ψ jψ i).
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two different gauge groups displaying simultaneously com-
plete asymptotic freedom and symmetry nonrestoration.
To motivate the introduction of a second gauge group we

will first show that with a single gauge group symmetries
will restore at arbitrary high temperatures with(out) fer-
mionic matter fields.
Although the models in this section share some features

with the ones investigated in [74] the main difference
resides in the fact that we are interested in symmetry
nonrestoration at arbitrary high temperatures. This means
that we investigate theories near their UV fixed point, while
in [74] the authors concentrate on symmetry nonrestoration
occurring near interacting IR fixed points.

1. SUðNcÞ with Ns fundamental scalars

The SUðNcÞ×SUðNfÞ×SUðNsÞ symmetric Lagrangian
is3

L ¼ −
1

2
TrFμνFμν þ TrðQ̄i=DQÞ þ TrðDμSDμS†Þ

− vðTrSS†Þ2 − uTrðSS†Þ2 ð2:25Þ

with the fields transforming as

Q ∼ ðNc; Nf; 1Þ; S ∼ ðNc; 1; NsÞ: ð2:26Þ

The scalar thermal mass at high temperature is

m2
SðTÞ ¼ ð4πÞ2 T2

24 logT

�
4ðNsNc þ 1Þλ̃1 þ 4ðNs þ NcÞλ̃2

þ 3
N2

c − 1

Nc
α̃

�
ð2:27Þ

where we introduced, following [75],

v ¼ ð4πÞ2 λ̃1
t
; u ¼ ð4πÞ2 λ̃2

t
; g2 ¼ ð4πÞ2 α̃

t
ð2:28Þ

with constant λ̃1;2, α̃.
The positivity of (2.27) follows from boundedness

arguments. In fact, the T ¼ 0 potential is bounded from
below if and only if [75]

λ̃2 ≥ 0∶ Nsλ̃1 þ λ̃2 ≥ 0; ð2:29Þ

λ̃2 ≤ 0∶ λ̃1 þ λ̃2 ≤ 0: ð2:30Þ

Since

(1) λ̃2 ≥ 0:

ðNsNc þ 1Þλ̃1 þ ðNs þNcÞλ̃2
¼ 1

Ns
ðNsNc þ 1ÞðNsλ̃2 þ λ̃2Þ þ

�
N2 −

1

Ns

�
λ̃2 ≥ 0

ð2:31Þ

(2) λ̃2 ≥ 0:

ðNsNc þ 1Þλ̃1 þ ðNs þNcÞλ̃2
¼ ðNsNc þ 1Þðλ̃1 þ λ̃2Þ þ ðNs − 1ÞðNc − 1Þjλ̃2j ≥ 0

ð2:32Þ

we can now conclude that the thermal mass is always
positive

m2
SðTÞ > 0 ð2:33Þ

i.e., the symmetry is restored at high temperature.

2. SUðNcÞ with two fundamental scalars

One of the problems of the previous model was that there
was too much symmetry in the scalar potential. We now
take the case of two scalars, Ns ¼ 2, but instead of scalar
SU(2) the symmetry of the potential will be just a discrete
symmetry. We can take either a single Z2 for even Nc ¼ 2n
or Z2 × Z2 for odd Nc ¼ 2nþ 1.
In fact, we note the following:
(i) Z2 ⊂ Z2n and for evenNc ¼ 2n the center of SUðNcÞ

isZ2n and soZ2 ⊂ SUðNcÞ. Inotherwords, a common
φ⃗i → −φ⃗i is already present. So in this case there is
only one extra Z2 possible, say φ⃗1 → −φ⃗1. In other
words, besides the gauge SU(2n) symmetry there is
also a Z2 symmetry φ⃗1 → −φ⃗1.

(ii) For odd Nc ¼ 2nþ 1 there is no Z2 subgroup of
SUðNcÞ. In fact using the Levi-Civita tensor the
invariant out of Nc ¼ 2nþ 1 fundamentals is pos-
sible. Here it is thus possible to have an extra
Z2 × Z2 symmetry for two fundamentals.

One way or another this means that each term of the
potential can have only an even number of fundamentals φ⃗1

and antifundamentals φ⃗�
1 and an even number of funda-

mentals φ⃗2 and antifundamentals φ⃗�
2:

V ¼ λ1
2
ðφ⃗�

1 · φ⃗1Þ2 þ
λ2
2
ðφ⃗�

2 · φ⃗2Þ2 þ λ3ðφ⃗�
1 · φ⃗1Þðφ⃗�

2 · φ⃗2Þ

þ λ4ðφ⃗�
1 · φ⃗2Þðφ⃗�

2 · φ⃗1Þ þ
λ5
2
ðφ⃗�

1 · φ⃗2Þ2 þ
λ�5
2
ðφ⃗�

2 · φ⃗1Þ2

ð2:34Þ

with λ1;2;3;4 real and in general λ5 complex.
3If Nc ¼ Ns ¼ 4 one can add to the potential a new invariant

w det Sþ w� det S†.
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By taking

g2 ¼ 16π2α̃

Nct
; λi ¼

16π2λ̃i
Nct

ð2:35Þ

with constant α̃, λ̃i, and

λ̃� ¼ 1

2
ðλ̃1 � λ̃2Þ ð2:36Þ

the solutions to the RGE (see Appendix C 3) are
(1)

λ̃þ ¼ 6α̃ − 1

4
; λ̃23 þ λ̃2− ¼ 24α̃2 − 12α̃þ 1

16

ð2:37Þ

(2)

λ̃þ ¼ 6α̃ − 1þ aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24α̃2 − 12α̃þ 1

p

4
;

a2þ ¼ 1; λ̃3 ¼ λ̃− ¼ 0 ð2:38Þ

acceptable only for α̃ ≥ ð3þ ffiffiffi
3

p Þ=12.
The thermal potential at large Nc is

ΔVT ¼ ð4πÞ2 T2

24 logT
ðð2ðλ̃1 þ λ̃3Þ þ 3α̃Þðφ⃗�

1 · φ⃗1Þ

þ ð2ðλ̃2 þ λ̃3Þ þ 3α̃Þðφ⃗�
2 · φ⃗2ÞÞ: ð2:39Þ

The masses are quite symmetric and the search for
symmetry restoration boils down to looking for negative
λ̃3 ¼ −jλ̃3j which leads to a negative mass square for φ⃗1,
i.e., a negative combination

12α̃ − 1

2
− 2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24α̃2 − 12α̃þ 1

16
− jλ̃3j2

r
þ jλ̃3j

�
ð2:40Þ

for

α̃ ≥
3þ ffiffiffi

3
p

12
; 0 ≤ jλ̃3j ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24α̃2 − a2α̃þ 1

16

r
: ð2:41Þ

The function (2.40) is minimized for

jλ̃3j ¼
1ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24α̃2 − 12α̃þ 1

16

r
ð2:42Þ

which is however not enough for a negative mass square.

3. SUðNc1Þ × SUðNc2Þ with fundamental scalars:
Symmetry breaks at high temperatures

The model we will study now is similar to the previous
one, but now we have two simple groups, SUðNc1Þ×
SUðNc2Þ, so that each φi is in a fundamentals representa-
tion of its SUðNciÞ and a singlet under the other one. The
most general potential is

V ¼ λ1
2
ðφ⃗�

1 · φ⃗1Þ2 þ
λ2
2
ðφ⃗�

2 · φ⃗2Þ2 − λðφ⃗�
1 · φ⃗1Þðφ⃗�

2 · φ⃗2Þ:
ð2:43Þ

Defining first

i ¼ 1; 2∶ g2i ¼
16π2α̃i
Ncit

; λi ¼
16π2λ̃i
Ncit

; ð2:44Þ

λ ¼ 16π2λ̃ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc1Nc2

p
t

ð2:45Þ

with constant α̃i, λ̃i, λ̃, the thermal effective potential
becomes at large Nci

ΔVT ¼ð4πÞ2 T2

24 logT

  
2

 
λ̃1−

ffiffiffiffiffiffiffiffi
Nc2

Nc1

s
λ̃

!
þ3α̃1

!
ðφ⃗�

1 · φ⃗1Þ

þ
 
2

 
λ̃2−

ffiffiffiffiffiffiffiffi
Nc1

Nc2

s
λ̃

!
þ3α̃2

!
ðφ⃗�

2 · φ⃗2Þ
!
: ð2:46Þ

Introducing the new variables

λ̃� ¼ 1

2
ðλ̃1 � λ̃2Þ; α̃� ¼ 1

2
ðα̃1 � α̃2Þ; ð2:47Þ

one finds the following solution4 of the RGE (see
Appendix C 4):

α̃− ¼ 0; ð2:48Þ

λ̃þ ¼ 6α̃þ − 1

4
; ð2:49Þ

λ̃2− þ λ̃2 ¼ 1

16
ð24α̃2þ − 12α̃þ þ 1Þ; ð2:50Þ

valid for

α̃þ ≥ ð3þ
ffiffiffi
3

p
Þ=12: ð2:51Þ

4The other possible solution α̃þ ¼ 1=4, λ̃þ ¼ 1
8
, ðλ̃− − 3

2
α̃−Þ2 þ

λ̃2 ¼ 1
32
ð48α̃2− − 1Þ describes a T ¼ 0 potential which is un-

bounded from below.
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We will now prove that this solution supports symmetry
nonrestoration at arbitrary high temperatures.
Denoting by μ2i the coefficient in front of ðφ⃗�

i · φ⃗iÞ in the
parentheses on the right-hand side of (2.46) we have

μ21 ¼
12α̃þ − 1

2
þ 2λ̃− − 2

ffiffiffiffiffiffiffiffi
Nc2

Nc1

s
λ̃; ð2:52Þ

μ22 ¼
12α̃þ − 1

2
− 2λ̃− − 2

ffiffiffiffiffiffiffiffi
Nc1

Nc2

s
λ̃: ð2:53Þ

We are searching for positive

λ̃ ¼ jλ̃j ð2:54Þ

and, up to redefinitions of what is 1 and what is 2, we can
take

λ̃− ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24α̃2þ − 12α̃þ þ 1

16
− jλ̃j2

r
ð2:55Þ

so that

μ21¼
12α̃þ−1

2
−2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24α̃2þ−12α̃þþ1

16
− jλ̃j2

r
þ

ffiffiffiffiffiffiffiffi
Nc2

Nc1

s
jλ̃j
!
;

ð2:56Þ

μ22¼
12α̃þ−1

2
þ2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24α̃2þ−12α̃þþ1

16
− jλ̃j2

r
−

ffiffiffiffiffiffiffiffi
Nc1

Nc2

s
jλ̃j
!
:

ð2:57Þ

Minimizing the expression for μ21 we obtain

jλ̃j2 ¼ 1

1þ Nc1=Nc2

24α̃2þ − 12α̃þ þ 1

16
: ð2:58Þ

The minimized mass parameter

μ21¼
12α̃þ−1

2
−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24α̃2þ−12α̃þþ1

16

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þNc2

Nc1

s
ð2:59Þ

can now be negative by a suitable choice of number of
colors.
Let us now demonstrate that the previous solution leads

to a bounded potential. The latter occurs if

λ1λ2 − λ2 > 0 ð2:60Þ

which can be rewritten first as

λ̃2þ − λ̃2− − λ̃2 > 0 ð2:61Þ

and then as

ð6α̃þ − 1Þ2
16

−
24α̃2þ − 12α̃þ þ 1

16
¼ 12α̃2þ

16
ð2:62Þ

which is indeed positive.
Finally, requiring equal gauge couplings in the large Nci

limit

α̃1 ¼ α̃2 ð2:63Þ

means that the original not rescaled couplings satisfy the
relation

Nc1g21 ¼ Nc2g22: ð2:64Þ

This is achieved by the following suitable choice of
number of matter fermions:

Nf1

Nc1
¼ Nf2

Nc2
: ð2:65Þ

Because of (2.51), they must satisfy

1

2
ð2þ 3

ffiffiffi
3

p
Þ ≤ Nfi

Nci
<

11

2
: ð2:66Þ

We arrive at the result, similar to Weinberg’s model, that
only one thermal mass is negative.

4. The IR story of SUðNc1Þ × SUðNc2Þ
at nonzero temperature

Interestingly the model of the previous subsection can
feature also an IR Banks-Zaks fixed point, more precisely,
a fixed circle [76]. This can be achieved by tuning the
number of fermions to maintain both gauge couplings
equality and the occurrence of a perturbative IR fixed point.
Once this is achieved the remaining equations for the IR
fixed point values5 are

0 ¼ 2λ21 þ 2λ2 − 6α1λ1 þ
3

2
α21; ð2:67Þ

0 ¼ 2λ22 þ 2λ2 − 6α2λ2 þ
3

2
α22; ð2:68Þ

0 ¼ 2ðλ1 þ λ2Þλ − 3ðα1 þ α2Þλ: ð2:69Þ

5N.B. These values should not be confused with the tilded 1=t
coefficients used for the fixed flow solutions in the UV.
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The solutions are

λþ ¼ 3

2
αþ; ð2:70Þ

λ2− þ λ2 ¼ 3

2
α2þ; ð2:71Þ

if and only if

α− ¼ 0: ð2:72Þ

The thermal effective potential is

ΔVT ¼ T2

24
×

  
2

 
λ1 −

ffiffiffiffiffiffiffiffi
Nc2

Nc1

s
λ

!
þ 3αþ

!
ðφ⃗�

1 · φ⃗1Þ

þ
 
2

 
λ2 −

ffiffiffiffiffiffiffiffi
Nc1

Nc2

s
λ

!
þ 3αþ

!
ðφ⃗�

2 · φ⃗2Þ
!

ð2:73Þ

so that the thermal masses are proportional to

μ21 ¼ 6αþ þ 2λ− − 2

ffiffiffiffiffiffiffiffi
Nc2

Nc1

s
λ; ð2:74Þ

μ22 ¼ 6αþ − 2λ− − 2

ffiffiffiffiffiffiffiffi
Nc1

Nc2

s
λ: ð2:75Þ

Searching again for the branch

λ ¼ jλj; λ− ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
α2þ − jλj2

r
ð2:76Þ

we have first

μ21 ¼ 6αþ − 2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
α2þ − jλj2

r
þ

ffiffiffiffiffiffiffiffi
Nc2

Nc1

s
jλj
!
; ð2:77Þ

μ22 ¼ 6αþ þ 2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
α2þ − jλj2

r
−

ffiffiffiffiffiffiffiffi
Nc1

Nc2

s
jλj
!
: ð2:78Þ

μ21 is minimized for

jλj2 ¼ 1

1þ Nc1=Nc2

3

2
α2þ ð2:79Þ

so that the thermal mass

μ21 ¼ 6αþ − 2

ffiffiffiffiffiffiffiffiffi
3

2
α2þ

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Nc2

Nc1

s
ð2:80Þ

is negative for (but still in the Veneziano limit Nci → ∞)

Nc2

Nc1
> 5: ð2:81Þ

Since

λ2þ − λ2− − λ2 ¼ 3

4
α2þ > 0 ð2:82Þ

the parameter choice describes a T ¼ 0 potential which is
bounded from below.
We have therefore found an example in which symmetry

nonrestoration occurs near an IR fixed point which is more
minimal than the one presented in [74].

5. Another example of symmetry breaking at high T:
Two adjoints in SUðNc1Þ × SUðNc2Þ

This model is similar to the previous one, except that
adjoint scalars are considered instead of fundamental
scalars. The details are described in Appendix C 5. The
most general quartic potential is

V ¼ λ01
4
TrΣ4

1 þ
λ02
4
TrΣ4

2 þ
λ1
4
ðTrΣ2

1Þ2 þ
λ2
4
ðTrΣ2

2Þ2

−
λ

2
TrΣ2

1TrΣ2
2: ð2:83Þ

We redefine the couplings as

λ01;2 ¼ ð4πÞ2 λ̃01;2
Nc1;2

×
1

t
; λ1;2 ¼ ð4πÞ2 λ̃1;2

N2
c1;2

×
1

t
;

ð2:84Þ

λ ¼ ð4πÞ2 λ̃

Nc1Nc2

×
1

t
; g21;2 ¼ ð4πÞ2 α̃1;2

Nc1;2

×
1

t

ð2:85Þ

with all tilded quantities constants, and eventually we will
take the large Nc1;2 limit.
As shown in [75], the potential (2.83) is bounded from

below if the parameters satisfy the following inequalities:

λiþ
λ0i
ki
>0 ð1≤ki≤NciÞ;

�
λ1þ

λ01
k1

��
λ2þ

λ02
k2

�
> λ2:

ð2:86Þ

If λ0i > 0, then it is enough to check the above for ki ¼ Nci,
while if λ0i < 0, ki ¼ 1 suffices. However, for large Nci , the
second case is impossible, since

λi þ λ0i > 0 → λ̃0i > 0 ð2:87Þ

which is in contradiction with the original assumption
of λ0i < 0.

BAJC, LUGO, and SANNINO PHYS. REV. D 103, 096014 (2021)

096014-8



So the only possibility is just λ01 > 0, λ02 > 0:

λ̃1 þ λ̃01 > 0; λ̃2 þ λ̃02 > 0; ðλ̃1 þ λ̃01Þðλ̃2 þ λ̃02Þ > λ̃2:

ð2:88Þ

The thermal mass is

VT ¼ ð4πÞ2 T2

48 logT

��
λ̃1 þ 2λ̃01 −

Nc2

Nc1

λ̃þ 12α̃1

�
TrΣ2

1

þ
�
λ̃2 þ 2λ̃02 −

Nc1

Nc2

λ̃þ 12α̃2

�
TrΣ2

2

�
: ð2:89Þ

We provide here an existence proof for a negative
thermal mass with parameters satisfying the boundedness
of the potential constraint.
First one can show that only one sector would not work,

as expected. This means that if λ̃ ¼ α̃2 ¼ λ̃2 ¼ λ̃02 ¼ 0,
there is no solution of the above fixed flow RG equations
for real α̃1, λ̃1, λ̃

0
1 assuming λ̃1 þ λ̃01 > 0 (boundedness) and

λ̃1 þ 2λ̃01 < 0 (negative thermal mass).
However, a solution for bounded potential with negative

thermal mass squared exists for

α̃1 ¼ α̃2 ¼
2þ ffiffiffi

2
p

2
; ð2:90Þ

λ̃01 ¼ λ̃02 ¼ 2; ð2:91Þ

λ̃1 ¼ 12ð2þ
ffiffiffi
2

p
Þ − 26; ð2:92Þ

λ̃2 ¼ 16; ð2:93Þ

λ̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
120ð2þ

ffiffiffi
2

p
Þ − 392

q
; ð2:94Þ

Nc2

Nc1

¼ 16: ð2:95Þ

This is therefore another relevant example of symmetry
nonrestoration at arbitrary high temperature.

III. ASYMPTOTIC SAFETY AT HIGH
TEMPERATURE

Another way to achieve a UV complete theory, up to
gravity, is via the presence of an interacting ultraviolet fixed
point in all couplings. In fact, one can have a combination
of safe and free couplings for the model to be well defined
at all scales.
Due to the fact that the discovery of asymptotically safe

quantum field theory is relatively recent [55] the issue of
symmetry nonrestoration for this relevant class of models
has never been investigated before.

We will consider here examples classified according to
whether we can reuse part of the results and reasoning
employed above for the complete asymptotically free theories
or we need a separate in-depth analysis of the safe model.
For the first class we consider theories structurally

similar to the one considered above albeit with sufficient
matter fields such that asymptotic freedom is lost while
assuming that perturbative asymptotic safety occurs.
To transform the previous proof valid for asymptotically

free theories to the equivalent potential asymptotically safe
case we need to

(i) replace all tilded quantities with untilded ones;
(ii) eliminate the logT in the denominator of the

thermal mass;
(iii) replace the 16π2dαi=dt in the left-hand sides of the

RGEs with a zero.
This means that in the theories investigated in the previous
section, once asymptotic freedom is lost and potential
asymptotic safety appears, symmetry restoration is a must.

A. Explicit examples of asymptotic safety

We now consider explicit constructions of asymptoti-
cally safe quantum field theories that cannot be reduced to
the example above because they either have multiple gauge
singlet scalar quartic terms or/and have gauged scalars
with nonzero Yukawa couplings. Interestingly we antici-
pate that in both examples the symmetry is restored at high
temperature.

1. The Litim-Sannino (LS) model

The first model we consider here is the one put forward
in [55] in which asymptotically safe quantum field theories
and their structure was first discovered and understood.
The Lagrangian reads

L ¼ −
1

2
TrðFμνFμνÞ þ TrðQ̄i=DQÞ þ Trð∂μH†∂μHÞ

þ yTrðQ̄LHQR þ Q̄RH†QLÞ
− uTrðH†HÞ2 − vðTrH†HÞ2; ð3:1Þ

with symmetry

G ¼ SUðNCÞ × SUðNFÞ × SUðNFÞ ×UVð1Þ; ð3:2Þ

under which the fields transform as

QL ∼ ðNC;NF; 1; 1Þ; ð3:3Þ

QR ∼ ðNC; 1; NF; 1Þ; ð3:4Þ

H ∼ ð1; NF; NF; 0Þ: ð3:5Þ

We assume the Veneziano limit, needed to ensure the
rigorousness of the result

ASYMPTOTICALLY FREE AND SAFE FATE OF SYMMETRY … PHYS. REV. D 103, 096014 (2021)

096014-9



NF;NC → ∞;
NF

NC
¼ 11

2
þ ϵ; ð3:6Þ

with ϵ ≪ 1 to control the size of the UV fixed point
couplings that at the relevant order in perturbation theory
read

αg ≡ g2NC

ð4πÞ2 ¼
26

57
ϵþOðϵ2Þ; ð3:7Þ

αy ≡ y2NC

ð4πÞ2 ¼
4

19
ϵþOðϵ2Þ; ð3:8Þ

αh ≡ uNF

ð4πÞ2 ¼
ffiffiffiffiffi
23

p
− 1

19
ϵþOðϵ2Þ; ð3:9Þ

αv ≡ vN2
F

ð4πÞ2 ¼ −
1

19

�
2
ffiffiffiffiffi
23

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20þ 6

ffiffiffiffiffi
23

pq �
ϵþOðϵ2Þ:

ð3:10Þ

The T2 term of the H mass squared is

m2
T ¼ ð4πÞ2 T

2

24
ð8αh þ 4αv þ 2αyÞ

≈ 9.7ϵT2 > 0; ð3:11Þ

so that the symmetry is restored at high temperature.
Therefore we arrive at the conclusion that the original
model of an asymptotically safe quantum field theory is
also safe with respect to global symmetries.

B. A gauged scalar variant of the LS model

Here we consider an interesting example featuring a two-
scalar sector with one of the scalars being gauged while the
full theory remains asymptotically safe [71]. This model
allows for a relevant test of symmetry (non)restoration and
the Lagrangian of the model reads

L ¼ −
1

2
TrðFμνFμνÞ þ TrðQ̄i=DQÞ þ Trð∂μH†∂μHÞ

þ TrðDμS̃
†DμS̃Þ þ

�
yffiffiffi
2

p TrðQ̃HQÞ þ H:c:

�
− u2TrðH†HÞ2 − u1ðTrH†HÞ2
− w2TrðS̃†S̃Þ2 − w1ðTrS̃†S̃Þ2; ð3:12Þ

where the fields transform under the gauge and three global
symmetries (NS ¼ NC − 2)

G¼SUðNCÞ×SUðNFÞL×SUðNFÞR×SUðNSÞ; ð3:13Þ

as

Q ∼ ðNC;NF; 1; 1Þ; ð3:14Þ

Q̃ ∼ ðNC; 1; NF; 1Þ; ð3:15Þ

H ∼ ð1; NF; NF; 1Þ; ð3:16Þ

S̃ ∼ ðNC; 1; 1; NSÞ: ð3:17Þ

For small and positive

ϵ ¼ NF

NC
−
11

2
þ NS

4NC
→

NF

NC
−
21

4
; ð3:18Þ

the following relations are satisfied [71] at the UV fixed
point:

αg ≡ NCg2

ð4πÞ2 ¼
25

18
ϵ; ð3:19Þ

αy ≡ NCy2

ð4πÞ2 ¼
24

25
αg; ð3:20Þ

αu1 ≡
N2

Fu1
ð4πÞ2 ¼

−6
ffiffiffiffiffi
22

p þ 3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
19þ 6

ffiffiffiffiffi
22

pp
100

αg; ð3:21Þ

αu2 ≡
NFu2
ð4πÞ2 ¼

3

25
ð
ffiffiffiffiffi
22

p
− 1Þαg; ð3:22Þ

αw1
≡ N2

Cw1

ð4πÞ2 ¼
3�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4 ffiffiffi

2
p

− 5Þ
q
16

ffiffiffi
2

p αg; ð3:23Þ

αw2
≡ NCw2

ð4πÞ2 ¼ 1

16
ð2 −

ffiffiffi
2

p
Þαg: ð3:24Þ

Following the analysis of the LS case but now generalized
to both scalars we arrive at

m2
TðHÞ ¼ ð4πÞ2 T

2

48
ð2αy þ 16αu2 þ 8αu1Þ ≈ 38.4ϵT2 > 0;

ð3:25Þ

m2
TðSÞ ¼ð4πÞ2 T

2

24
ð8αw2

þ 4αw1
þ 3αgÞ ≈ 37.2ϵT2 > 0:

ð3:26Þ

This implies that no symmetries can be broken at high
temperature.

IV. CONCLUSIONS

In this paper we analyzed Weinberg’s symmetry non-
restoration idea within UV complete theories of either
asymptotically free or safe nature.
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The reason why these are natural models to investigate is
that only for UV complete theories it is consistent to
consider the arbitrary large temperature limit.
Safe and free theories share short scale conformality that

insures a well-defined behavior at arbitrary high energies.
Because of this, they belong to a special subset of all
possible quantum field theories. The remaining field
theories should be considered as effective low energy
descriptions that cannot be complete without quantum
gravity possibly modifying their high energy behavior.
In any event, given the fact that we do not yet have a
complete theory of quantum gravity, for these theories the
symmetry nonrestoration test cannot be performed at
arbitrary high temperatures.
As complete asymptotically free templates we com-

menced our investigation with SUðNcÞ gauge-Yukawa
theories featuring Nf fundamental Dirac fermions and
two singlet scalars coupled via Yukawa interactions to
the fermions. We demonstrated that symmetry is restored
for this class of asymptotically free theories. We then
generalized the result to arbitrary (Weyl) fermion repre-
sentations and to certain multiple singlet scalar theories. It
was sufficient to demonstrate the incompatibility between
the request of negative thermal mass squared for one of
the scalars and the simultaneous need for its coupling to be
asymptotically free.
We then moved to investigate the case of gauge scalars

and have shown that high temperature symmetry non-
restoration appeared for the case of two gauged scalars
transforming according to the fundamental representation
of two independent gauge sectors. Fermions in the funda-
mental representation were included as well but without
Yukawa couplings.
We then moved to investigate the case of asymptotically

safe theories starting by noticing that the symmetry
restoration results discovered for the singlet scalars dis-
cussed above could be extended to potentially safe theories.
Two more relevant examples were investigated in the

asymptotically safe scenario in which either multiple
quartic scalar field terms were present in the Lagrangian
[55] and/or some of the scalars were gauged [71]. In these
models symmetries restore at high temperature.
As an interesting class of UV complete theories featuring

symmetry nonrestoration at arbitrary high temperatures we
discovered the one featuring two gauged scalars, each in a
fundamental representation of its own SUðNciÞ gauge
group: for large enough ratios of colors, one scalar thermal
mass can be negative.
So far we discussed UV complete theories before adding

quantum gravity. We can imagine that a possible safe and
free completion of the standard model occurs few orders of
magnitude below the scale above which quantum gravity
cannot be ignored. In this case our analysis still applies. It
can even happen that quantum gravity is, per se, asymp-
totically free [77], and in this case we can ignore it.

The simplicity of the UV complete models discovered
here featuring arbitrary high temperature symmetry non-
restoration phenomenon invites for further theoretical and
phenomenological investigations. For example, it would be
interesting to investigate whether UV complete grand-
unified theories of the Pati-Salam type exist and that can
feature the phenomenon of symmetry nonrestoration.
Additionally there could be dark sectors that are gravita-
tionally coupled to us that can be UV complete and feature
early universe phase transitions from a symmetric to a
broken one as the temperature increases.
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Note added.—While we were completing the present work,
a related paper appeared [74] in which explicit examples
of Banks-Zaks type CFTs were considered in which
symmetry nonrestoration occurred at nonzero temperature.
Differently and in a complementary manner of [74] our
work investigates, rather than theories around IR fixed
points, models featuring either Gaussian (completely
asymptotically free) or interacting (completely asymptoti-
cally safe) UV fixed points such that we can investigate the
infinite temperature limit within a given UV complete
quantum field theory.

APPENDIX A: THE ONE-LOOP RG EQUATIONS

In this Appendix we summarize the relevant one-loop
RG equations used in the main text starting with the
normalization of the fields given by

Lkin ¼ −
1

4
FA
μνFAμν þ iΨ̄=DΨþ 1

2
DμΦaDμΦa: ðA1Þ

The gauge RG equation is

ð4πÞ2βg ≡ ð4πÞ2μ dg
dμ

¼ −b0g3 ðA2Þ

with

b0 ¼
11

3
TðGÞ − 2

3
TðFÞ − 1

6
TðSÞ ðA3Þ

where G, F, S stand for gauge bosons, Weyl fermions, and
real scalars, respectively, and TðRÞ is the Dynkin index of
the representation R, defined as
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TrðTAðRÞTBðRÞÞ ¼ TðRÞδAB: ðA4Þ

In SUðNcÞ we will need the following:

TðfundamentalÞ ¼ 1

2
; TðadjointsÞ ¼ Nc: ðA5Þ

The Yukawa RG equations for Dirac fermions Ψi

LYukawa ¼
X
i;j

Ya
ijΨ̄iϕ

aΨj ðA6Þ

are [78] (κ ¼ 1 for Dirac fermions and κ ¼ 1=2 for Weyl
fermions)

ð4πÞ2βaY ≡ ð4πÞ2μ dY
a

dμ
¼ 1

2
ðYbYb†Ya þ YaYb†YbÞ

þ 2YbYa†Yb þ κYbTrðYb†Ya þ Ya†YbÞ
− 3g2ðC2ðFÞYa þ YaC2ðFÞÞ ðA7Þ

where ϕa are real scalars and

ðC2ðFÞÞij ¼
X
kA

TA
ikT

A
kj ðA8Þ

where the generators TA are in the (in general reducible)
representation of the fermions.
Here and in the following a repeated index gets summed

[a, b over real scalars, α over SUðNcÞ generators, i, j, k
over (bi)spinors] even when the explicit sum is not written.
Notice that the Yukawa matrices in (A6) are Hermitian

by definition.
The scalar sector is defined by

V ¼ 1

4!
λabcdϕaϕbϕcϕd ðA9Þ

Following [79] we introduce the completely symmetric
tensors

Λ2
abcd ¼

1

8

X
perm

λabefλefcd; ðA10Þ

ΛY
abcd ¼

1

12

X
perm

TrðYa†Ye þ Ye†YaÞλebcd; ðA11Þ

Habcd ¼
1

4

X
perm

TrðYa†YbYc†YdÞ; ðA12Þ

ΛS
abcd ¼

1

6

X
perm

XN2
c−1

A¼1

ðTAðSÞTAðSÞÞaeλebcd; ðA13Þ

Aabcd ¼
1

8

X
perm

XN2
c−1

A;B¼1

fTAðSÞ; TBðSÞgabfTAðSÞ; TBðSÞgcd

ðA14Þ

where the sum over “perm” means that we sum over all 4!
permutations of the indices a, b, c, and d so to make the
left-hand sides completely symmetric in all indices. The
matrices TAðSÞ are the Hermitian SUðNcÞ generators in
the representation of the scalars. Since ϕa are taken real,
these generators are imaginary and antisymmetric. For real
representations of SUðNcÞ this is automatic, while for
complex representations one has to work out the form of
these matrices. More precisely, they are found in the
covariant derivative:

Dμϕ
a ¼ ∂μϕ

a − igWA
μ ðTAðSÞÞabϕb: ðA15Þ

For the case of more gauge couplings gα of gauge groups
with generators TA

α , one should remember that

Aabcd
ϕaϕbϕcϕd

4!
¼ ðM2

WÞABðM2
WÞAB ðA16Þ

with the W mass

ðM2
WÞAB ¼ 1

2
ϕagαgβfTA

αðSÞ; TB
β ðSÞgabϕb: ðA17Þ

The one-loop RG equations then read [79]

16π2
dλabcd
dt

¼ Λ2
abcd þ 2κΛY

abcd − 8κHabcd

− 3g2ΛS
abcd þ 3g4Aabcd: ðA18Þ

Finally, at high temperature the thermal mass matrix is
given by [3] (see also [80])

m2
abðTÞ ¼

T2

24
ðλabcc þ 2κTrðYa†Yb þ Yb†YaÞ

þ 6g2ðTAðSÞTAðSÞÞabÞ: ðA19Þ

It is useful to rewrite the above formulas by multiplying
the various quantities by constant ϕaϕbϕcϕd=4! and sum-
ming over the indices a, b, c, d. We thus define

VΛ2 ≡ Λ2
abcd

ϕaϕbϕcϕd

4!
¼ 1

2

∂2V
∂ϕa∂ϕb

∂2V
∂ϕa∂ϕb ; ðA20Þ

VΛY ≡ 2κΛY
abcd

ϕaϕbϕcϕd

4!
¼ κϕaTrðYa†Ye þ Ye†YaÞ ∂V∂ϕe ;

ðA21Þ
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VH ≡ −8κHabcd
ϕaϕbϕcϕd

4!

¼ −2κTrðYa†YbYc†YdÞϕaϕbϕcϕd; ðA22Þ

VΛS ≡ −3g2ΛS
abcd

ϕaϕbϕcϕd

4!

¼ −3g2ϕaðTAðSÞTAðSÞÞae
∂V
∂ϕe ; ðA23Þ

VA≡3g4Aabcd
ϕaϕbϕcϕd

4!

¼3

8
g4ðϕafTAðSÞ;TBðSÞgabϕbÞðϕcfTAðSÞ;TBðSÞgcdϕdÞ:

ðA24Þ

Equation (A18) can thus be written as

16π2
ϕaϕbϕcϕd

4!

dλabcd
dt

¼ VΛ2 þ VΛY þ VH þ VΛS þ VA

ðA25Þ

while the equivalent of (A19) is

ΔVðTÞ≡ 1

2
m2

abðTÞϕaϕb

¼ T2

48

�
2

∂2V
∂ϕa∂ϕa þ 6g2ϕaðTAðSÞTAðSÞÞabϕb

þ 2κϕaTrðYa†Yb þ Yb†YaÞϕb

�
: ðA26Þ

APPENDIX B: SUðNcÞ WITH TWO SINGLET
SCALARS AND FUNDAMENTAL FERMIONS

In this model the two singlet scalars with the potential
(2.1) couple through Yukawa couplings to Nf1 (Nf2) Dirac
fermions in the fundamental representation of SUðNcÞ.
We further allow for Nf0 Dirac fermions in the funda-
mental representation of the gauge group that are inert
with respect to the scalars, i.e., do not possess Yukawa
couplings.
The gauge coupling one-loop RGE is

16π2
dg
dt

¼ −b0g3; ðB1Þ

with

b0 ¼
11

3
Nc −

2

3
ðNf0 þ Nf1 þ Nf2Þ: ðB2Þ

The solution is

αg ¼
g2

ð4πÞ2 ¼
α̃g
t
; ðB3Þ

with

α̃g ¼
1

2b0
: ðB4Þ

The Yukawa RGE are

16π2
dyi
dt

¼ ð3þ 2NcNfiÞy3i − 3g2
N2

c − 1

Nc
yi; i ¼ 1; 2:

ðB5Þ

Assuming the ansatz

αyi ¼
y2i

ð4πÞ2 ¼
α̃yi
t
; ðB6Þ

the fixed flow solution is given by

α̃yi ¼
6 N2

c−1
Nc

α̃g − 1

2ð3þ 2NcNfiÞ
; i ¼ 1; 2 ðB7Þ

and has positive solutions only if the gauge coupling is big
enough

6α̃g
N2

c − 1

Nc
− 1 > 0; ðB8Þ

which reduces to a constraint on the number of Dirac
fermion fundamentals:

22

4
Nc −

9

2

�
Nc −

1

Nc

�
< Nf0 þ Nf1 þ Nf2 <

22

4
Nc:

ðB9Þ

The RG equations for the scalar couplings are

16π2
dλ1
dt

¼ 18λ21 þ 2λ2 − 8NcNf1y
4
1 þ 8NcNf1y

2
1λ1;

ðB10Þ

16π2
dλ2
dt

¼ 18λ22 þ 2λ2 − 8NcNf2y
4
2 þ 8NcNf2y

2
2λ2;

ðB11Þ

16π2
dλ
dt

¼ −8λ2 þ 6λðλ1 þ λ2Þ þ 4NcðNf1y
2
1 þ Nf2y

2
2Þλ:
ðB12Þ
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The ansatz

αλi ¼
λi

ð4πÞ2 ¼
α̃λi
t
; αλ ¼

λ

ð4πÞ2 ¼
α̃λ
t

ðB13Þ

reduces the system of ODEs (B10)–(B12) to a system of
algebraic equations

−α̃λ1 ¼ 18α̃2λ1 þ 2α̃2λ − 8NcNf1 α̃
2
y1 þ 8NcNf1 α̃y1 α̃λ1 ;

ðB14Þ

−α̃λ2 ¼ 18α̃2λ2 þ 2α̃2λ − 8NcNf2 α̃
2
y2 þ 8NcNf2 α̃y2 α̃λ2 ;

ðB15Þ

−α̃λ ¼ −8α̃2λ þ 6α̃λðα̃λ1 þ α̃λ2Þ þ 4NcðNf1 α̃y1 þ Nf2 α̃y2Þα̃λ:
ðB16Þ

To this we add (B4) and (B7). We look for strictly
positive solutions for all 6 couplings α̃g;y1;y2;λ1;λ2;λ, with

Nc > 1; Nf0;1;2 ≥ 0; Nf1 > 0 or Nf2 > 0

ðB17Þ

and Nf0 þ Nf1 þ Nf2 in the interval (B9).
Once this is obtained one can compute the thermal mass

for the scalars:

m2
i ðTÞ ¼ ð4πÞ2 T2

12 logT
ð3α̃λi − α̃λ þ 2NcNfi α̃yiÞ: ðB18Þ

It turns out that there are 1784 inequivalent (we do not
count those obtained by Nf1 ↔ Nf2) choices of colors and
flavors which satisfy (B17) and (B9). However we are not
only looking for fixed flow solutions, what we also need is
that they lead to a negative thermal mass.
We will now prove in general that there are no solutions

with symmetry nonrestoration.
Let it be m2

1ðTÞ < 0. To be so one needs

α̃λ − 2NcNf1 α̃y1 > 3α̃λ1 > 0: ðB19Þ

We can now rewrite (B14) as

2ðα̃2λ − 4NcNf1 α̃
2
y1Þ þ α̃λ1 þ 18α̃2λ1 þ 8NcNf1 α̃y1 α̃λ1 ¼ 0:

ðB20Þ

All the terms except the first one are manifestly positive,
so to satisfy the equation, the first term should be negative.
However, the first term can be rewritten as

α̃2λ − 4NcNf1 α̃
2
y1 ¼ ðα̃λ − 2NcNf1 α̃y1Þðα̃λ þ 2NcNf1 α̃y1Þ

þ 4NcNf1ðNcNf1 − 1Þα̃2y1 : ðB21Þ

This is positive, since the last term is non-negative, while
the first product is positive due to (B19). Equation (B20)
thus cannot have a solution.
We conclude this Appendix summarizing the result for

the model presented: there is no fixed flow solution once a
negative thermal mass is assumed.

APPENDIX C: GAUGED SCALARS

We consider in this Appendix various examples of
scalars in nontrivial representations of the gauge group.

1. SUð2Þ with two scalar triplets

First we take the two scalar fields as gauge SU(2)
triplets, coupled each to one fermion SU(2) doublet
(Nf1 ¼ Nf2 ¼ 1). To use almost all of the old results we
still keep the Z2 × Z2 discrete symmetry. There is now an
extra quartic term:

V ¼ λ1
4
ðφ⃗1 · φ⃗1Þ2 þ

λ2
4
ðφ⃗2 · φ⃗2Þ2 −

λ11
2

ðφ⃗1 · φ⃗1Þðφ⃗2 · φ⃗2Þ

−
λ12
2

ðφ⃗1 · φ⃗2Þ2: ðC1Þ

Denoting

ϕ ¼ ðφ⃗1; φ⃗2Þ ðC2Þ

we compute the quartic couplings directly from the
definition

V ¼ λabcd
4!

ϕaϕbϕcϕd ðC3Þ

i.e.,

λabcd ¼
∂4V

∂ϕa∂ϕb∂ϕc∂ϕd ; a; b; c; d ¼ 1;…; 6: ðC4Þ

For the Yukawa term we take

LYukawa ¼
X2
i¼1

yiψ̄ i

�
τ⃗

2
· φ⃗i

�
ψ i ðC5Þ

with τA, A ¼ 1, 2, 3 the Pauli matrices.
The (reducible) generators for the fermions [two funda-

mental representations of SU(2)]

Ψ ¼ ðψ1;ψ2Þ ðC6Þ

are
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TA ¼ 1

2

�
τA 0

0 τA

�
; A ¼ 1; 2; 3: ðC7Þ

The fixed flow RGE are

α̃g ¼ 2b0α̃2g; ðC8Þ

−α̃yi ¼
5

2
α̃2yi − 9α̃gα̃yi ; ðC9Þ

−α̃λi ¼ þ22α̃2λi þ 6α̃2λ11 þ 4α̃λ11 α̃λ12 þ 2α̃2λ12 − α̃2yi þ 4α̃λi α̃yi

þ 12α̃2g − 24α̃gα̃λi ; ðC10Þ

α̃λ11 ¼ 6α̃2g þ 24α̃gα̃λ11 þ 8α̃2λ11 − 10α̃λ11ðα̃λ1 þ α̃λ2Þ
þ 2α̃2λ12 − 2α̃λ12ðα̃λ1 þ α̃λ2Þ − 2α̃λ11ðα̃y1 þ α̃y2Þ;

ðC11Þ

α̃λ12 ¼ 6α̃2g þ 24α̃gα̃λ12 þ 16α̃λ11 α̃λ12 þ 10α̃2λ12

− 4α̃λ12ðα̃λ1 þ α̃λ2Þ − 2α̃λ12ðα̃y1 þ α̃y2Þ: ðC12Þ

The thermal mass squared results are

m2
i ðTÞ ¼ ð4πÞ2 T2

12 logT
ðα̃yi þ 5α̃λi þ 6α̃g − 3α̃λ11 − α̃λ12Þ:

ðC13Þ

The gauge beta function is known as

b0 ¼
22

3
−
2

3
ðNf0 þ 2Þ − 2

3
¼ 16 − 2Nf0

3
→ α̃g

¼ 3

4ð8 − Nf0Þ
ðC14Þ

from where, to get α̃g > 1=9, see (C8), we need

2 ≤ Nf0 < 8: ðC15Þ

By explicit search one can find that there are no solutions
of the fixed flow RGE for positive α̃g, α̃y1;2 , α̃λ1;2 and
real α̃λ11;12 .

2. SUð2Þ with one scalar singlet and one scalar triplet

We take now one adjoint scalar and one singlet scalar
that couple to the fermions (again in the fundamental
representation, Nf1 ¼ Nf2 ¼ 1) with the following Yukawa
term:

LYuk ¼ y1ψ̄1ϕ1ψ1 þ y2ψ̄2

�
τ⃗

2
· φ⃗2

�
ψ2: ðC16Þ

Now the first scalar is singlet, the second is triplet.
Obviously λ12 cannot appear now. We will again call the
remaining mixed constant λ11 ¼ λ in this section.
The fixed flow RGE are now

α̃g ¼ 2b0α̃2g; ðC17Þ

−α̃y1 ¼ 14α̃2y1 − 9α̃gα̃y1 ; ðC18Þ

−α̃y2 ¼
5

2
α̃2y2 − 9α̃gα̃y2 ; ðC19Þ

−α̃λ1 ¼ 18α̃2λ1 þ 6α̃2λ − 16α̃2y1 þ 16α̃λ1 α̃y1 ; ðC20Þ

−α̃λ2 ¼ 12α̃2g − 24α̃gα̃λ2 þ 2α̃2λ þ 22α̃2λ2 − α̃2y2 þ 4α̃λ2 α̃y2 ;

ðC21Þ

α̃λ ¼ 12α̃gα̃λ − 6α̃λ1 α̃λ þ 8α̃2λ − 10α̃λα̃λ2

− 8α̃λ

�
α̃y1 þ

1

4
α̃y2

�
ðC22Þ

while the thermal masses are

m2
1ðTÞ ¼ ð4πÞ2 T2

12 logT
ð4α̃y1 þ 3α̃λ1 − 3α̃λÞ; ðC23Þ

m2
2ðTÞ ¼ð4πÞ2 T2

12 logT
ðα̃y2 þ 5α̃λ2 þ 6α̃g − α̃λÞ: ðC24Þ

The gauge beta function is

b0 ¼
22

3
−
2

3
ðNf0 þ 2Þ − 1

3

¼ 17 − 2Nf0

3
→ α̃g ¼

3

2ð17 − 2Nf0Þ
ðC25Þ

from where, to get α̃g > 1=9, see (C18) or (C19), we need

2 ≤ Nf0 ≤ 8: ðC26Þ

We find only two solutions:

Nf0 ¼ 8∶ðα̃g; α̃y1 ; α̃y2 ; α̃λ1 ; α̃λ2 ; α̃λÞ
¼ ð1.5; 0.893; 5.0; 0.518; 0.182; 0Þ ðC27Þ

Nf0 ¼ 8∶ðα̃g; α̃y1 ; α̃y2 ; α̃λ1 ; α̃λ2 ; α̃λÞ
¼ ð1.5; 0.893; 5.0; 0.518; 0.5; 0Þ ðC28Þ

Since both have α̃λ ¼ 0, symmetry is always restored at
high enough T.
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3. SUðNcÞ with two scalar fundamentals

The potential is

V ¼ λ1
2
ðφ⃗�

1 · φ⃗1Þ2 þ
λ2
2
ðφ⃗�

2 · φ⃗2Þ2 þ λ3ðφ⃗�
1 · φ⃗1Þðφ⃗�

2 · φ⃗2Þ

þ λ4ðφ⃗�
1 · φ⃗2Þðφ⃗�

2 · φ⃗1Þ þ
λ5
2
ðφ⃗�

1 · φ⃗2Þ2 þ
λ�5
2
ðφ⃗�

2 · φ⃗1Þ2

ðC29Þ

with λ1;2;3;4 real and in general λ5 complex.
The relation between the complex and the real basis is as

usual

φαk ¼
1ffiffiffi
2

p ðRαk þ iIαkÞ; α ¼ 1; 2; k ¼ 1;…; Nc

ðC30Þ

so that

ϕa ¼ ðRk
1; I

k
1; R

k
2; I

k
2ÞT: ðC31Þ

We get

VΛ2 ¼ 1

2

∂2V
∂ϕa∂ϕb

∂2V
∂ϕb∂ϕa

¼
X2
α;β¼1

XNc

k;l¼1

� ∂2V
∂φα

k∂φ�
βl

∂2V
∂φβ

l∂φ�
αk

þ ∂2V
∂φα

k∂φβ
l

∂2V
∂φβl

�∂φ�
αk

�

¼ TrðM1M
†
1 þ 2M2M

†
2 þM3M

†
3 þ N1N

†
1 þ 2N2N

†
2 þ N3N

†
3Þ ðC32Þ

with

M1 ¼ ðλ1ðφ⃗1
� · φ⃗1Þ þ λ3ðφ⃗�

2 · φ⃗2ÞÞ1þ λ1φ⃗
�
1 ⊗ φ⃗1 þ λ4φ⃗

�
2 ⊗ φ⃗2; ðC33Þ

M2 ¼ ðλ4ðφ⃗�
1 · φ⃗2Þ þ λ�5ðφ⃗�

2 · φ⃗1ÞÞ1þ λ3φ⃗
�
1 ⊗ φ⃗2 þ λ�5φ⃗

�
2 ⊗ φ⃗1; ðC34Þ

M3 ¼ ðλ2ðφ⃗�
2 · φ⃗2Þ þ λ3ðφ⃗�

1 · φ⃗1ÞÞ1þ λ4φ⃗
�
1 ⊗ φ⃗1 þ λ2φ⃗

�
2 ⊗ φ⃗2; ðC35Þ

N1 ¼ λ1φ⃗1 ⊗ φ⃗1 þ λ5φ⃗2 ⊗ φ⃗2; ðC36Þ

N2 ¼ λ3φ⃗1 ⊗ φ⃗2 þ λ4φ⃗2 ⊗ φ⃗1; ðC37Þ

N3 ¼ λ2φ⃗2 ⊗ φ⃗2 þ λ�5φ⃗1 ⊗ φ⃗1: ðC38Þ

This gives

VΛ2 ¼ ðð2Nc þ 8Þλ21 þ 2Ncλ
2
3 þ 4λ3λ4 þ 2λ24 þ 2jλ5j2Þ

1

2
ðφ⃗�

1 · φ⃗1Þ2

þ ðð2Nc þ 8Þλ22 þ 2Ncλ
2
3 þ 4λ3λ4 þ 2λ24 þ 2jλ5j2Þ

1

2
ðφ⃗�

2 · φ⃗2Þ2

þ ð2ðNc þ 1Þðλ1 þ λ2Þλ3 þ 4λ23 þ 2ðλ1 þ λ2Þλ4 þ 2λ24 þ 2jλ5j2Þðφ⃗�
1 · φ⃗1Þðφ⃗�

2 · φ⃗2Þ
þ ð2ðλ1 þ λ2Þλ4 þ 8λ3λ4 þ 2Ncλ

2
4 þ ð4þ 2NcÞjλ5j2Þðφ⃗�

1 · φ⃗2Þðφ⃗�
2 · φ⃗1Þ

þ 2ðλ1 þ λ2 þ 4λ3 þ 2ðNc þ 1Þλ4Þλ5
1

2
ðφ⃗�

1 · φ⃗2Þ2 þ 2ðλ1 þ λ2 þ 4λ3 þ 2ðNc þ 1Þλ4Þλ�5
1

2
ðφ⃗�

2 · φ⃗1Þ2: ðC39Þ

We easily find

VΛS ¼ −3g2ϕaðTAðSÞTAðSÞÞab
∂V
∂ϕa ¼ −3

N2
c − 1

2Nc
g2
�
φk
α
∂V
∂φk

α
þ φ�

αk
∂V
∂φ�

αk

�
¼ −6

N2
c − 1

Nc
g2V: ðC40Þ
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Using

ϕafTAðSÞ; TBðSÞgabϕb ¼ 2g2φ�
αafTA; TBgabφb

α ðC41Þ

and the usual

ðTAÞabðTAÞcd ¼
1

2

�
δadδ

c
b −

1

Nc
δabδ

c
d

�
ðC42Þ

we get

VA ¼
3

4
g4
N2

cþ2

N2
c

ðφ⃗�
1 · φ⃗1þ φ⃗�

2 · φ⃗2Þ2

þ3

4
g4
N2

c−4

Nc
ððφ⃗�

1 · φ⃗1Þ2þ2ðφ⃗�
1φ⃗2Þðφ⃗�

2φ⃗1Þþðφ⃗�
2 · φ⃗2Þ2Þ

¼ 3

4
g4
N3

cþN2
c−4Ncþ2

N2
c

ððφ⃗�
1 · φ⃗1Þ2þðφ⃗�

2 · φ⃗2Þ2Þ

þ3

2
g4
N2

cþ2

N2
c

ðφ⃗�
1 · φ⃗1Þðφ⃗�

2 · φ⃗2Þ

þ3

2
g4
N2

c−4

Nc
ðφ⃗�

1φ⃗2Þðφ⃗�
2φ⃗1Þ: ðC43Þ

By taking

g2 ¼ 16π2α̃

Nct
; λi ¼

16π2λ̃i
Nct

ðC44Þ

we get for constant α; λi in the large Nc limit the following
fixed flow RGE:

−λ̃1 ¼ 2λ̃21 þ 2λ̃23 − 6α̃λ̃1 þ
3

2
α̃2; ðC45Þ

−λ̃2 ¼ 2λ̃22 þ 2λ̃23 − 6α̃λ̃2 þ
3

2
α̃2; ðC46Þ

−λ̃3 ¼ 2ðλ̃1 þ λ̃2Þλ̃3 − 6α̃λ̃3; ðC47Þ

−λ̃4 ¼ 2λ̃24 þ 2jλ̃5j2 − 6α̃λ̃4 þ
3

2
α̃2; ðC48Þ

−λ̃5 ¼ 4λ̃4λ̃5 − 6α̃λ̃5: ðC49Þ

The thermal potential is

ΔVT ¼ T2

48

�
2

∂2V
∂ϕa∂ϕa þ 6ϕaðTAðSÞTAðSÞÞabϕb

�

¼ T2

48

X2
i¼1

XNc

a¼1

�
4

∂2V
∂φa

i ∂φ�
ia
þ 6g2

N2
c − 1

Nc
φa
i φ

�
ia

�
:

ðC50Þ

Using (C33) and (C35)

X2
i¼1

XNc

a¼1

∂2V
∂φa

i ∂φ�
ia
¼ TrðM1 þM3Þ

¼ ððNc þ 1Þλ1 þ Ncλ3 þ λ4Þðφ⃗�
1 · φ⃗1Þ

þ ððNc þ 1Þλ2 þ Ncλ3 þ λ4Þðφ⃗�
2 · φ⃗2Þ:
ðC51Þ

At large Nc

ΔVT ¼ ð4πÞ2 T2

24 logT
ðð2ðλ̃1 þ λ̃3Þ þ 3α̃Þðφ⃗�

1 · φ⃗1Þ

þ ð2ðλ̃2 þ λ̃3Þ þ 3α̃Þðφ⃗�
2 · φ⃗2ÞÞ: ðC52Þ

4. SUðNc1Þ × SUðNc2Þ with two scalar fundamentals

The model we will study now is similar to the previous
one, but now we have two simple groups, SUðNc1Þ×
SUðNc2Þ, so that each φi is in a fundamental representation
of its SUðNciÞ and a singlet under the other one. The most
general potential is

V ¼ λ1
2
ðφ⃗�

1 · φ⃗1Þ2 þ
λ2
2
ðφ⃗�

2 · φ⃗2Þ2 − λðφ⃗�
1 · φ⃗1Þðφ⃗�

2 · φ⃗2Þ:
ðC53Þ

As before we derive the various pieces of the RGE using
(A20), (A23), (A24):

VΛ2 ¼ ðð2Nc1 þ 8Þλ21 þ 2Nc2λ
2Þ 1
2
ðφ⃗�

1 · φ⃗1Þ2

þ ðð2Nc2 þ 8Þλ22 þ 2Nc1λ
2Þ 1
2
ðφ⃗�

2 · φ⃗2Þ2

− ð2ðNc1λ1 þ Nc2λ2Þλ
þ 2ðλ1 þ λ2Þλ − 4λ2Þðφ⃗�

1 · φ⃗1Þðφ⃗�
2 · φ⃗2Þ; ðC54Þ

VΛS ¼ −6
N2

c1 − 1

Nc1
g21

�
λ1
2
ðφ⃗�

1 · φ⃗1Þ2 −
λ

2
ðφ⃗�

1 · φ⃗1Þðφ⃗�
2 · φ⃗2Þ

�

− 6
N2

c2 − 1

Nc2
g22

�
λ2
2
ðφ⃗�

2 · φ⃗2Þ2 −
λ

2
ðφ⃗�

1 · φ⃗1Þðφ⃗�
2 · φ⃗2Þ

�
;

ðC55Þ

VA ¼ 3

4
g41

N3
c1 þ N2

c1 − 4Nc1 þ 2

N2
c1

ðφ⃗�
1 · φ⃗1Þ2

þ 3

4
g42

N3
c2 þ N2

c2 − 4Nc2 þ 2

N2
c2

ðφ⃗�
2 · φ⃗2Þ2: ðC56Þ

ASYMPTOTICALLY FREE AND SAFE FATE OF SYMMETRY … PHYS. REV. D 103, 096014 (2021)

096014-17



Defining

i ¼ 1; 2∶ g2i ¼
16π2α̃i
Ncit

; λi ¼
16π2λ̃i
Ncit

; ðC57Þ

λ ¼ 16π2λ̃ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc1Nc2

p
t

ðC58Þ

with constant we get for the RG equations at large Nci

−λ̃1 ¼ 2λ̃21 þ 2λ̃2 − 6α̃1λ̃1 þ
3

2
α̃21; ðC59Þ

−λ̃2 ¼ 2λ̃22 þ 2λ̃2 − 6α̃2λ̃2 þ
3

2
α̃22; ðC60Þ

−λ̃ ¼ 2ðλ̃1 þ λ̃2Þλ̃ − 3ðα̃1 þ α̃2Þλ̃: ðC61Þ

The thermal effective potential

ΔVT ¼ T2

48

X2
i¼1

XNci

a¼1

�
4

∂2V
∂φa

i ∂φ�
ia
þ 6g2i

N2
ci − 1

Nci
φa
i φ

�
ia

�

ðC62Þ

becomes at large Nci

ΔVT ¼ð4πÞ2 T2

24 logT

  
2

 
λ̃1−

ffiffiffiffiffiffiffiffi
Nc2

Nc1

s
λ̃

!
þ3α̃1

!
ðφ⃗�

1 · φ⃗1Þ

þ
 
2

 
λ̃2−

ffiffiffiffiffiffiffiffi
Nc1

Nc2

s
λ̃

!
þ3α̃2

!
ðφ⃗�

2 · φ⃗2Þ
!
: ðC63Þ

5. SUðNc1Þ × SUðNc2Þ with two scalar adjoints

We now present a model again with two simple gauge
groups, SUðNc1Þ × SUðNc2Þ, and one adjoint for each
gauge group. The potential is parametrized by

V ¼ λ01
4
TrΣ4

1 þ
λ02
4
TrΣ4

2 þ
λ1
4
ðTrΣ2

1Þ2 þ
λ2
4
ðTrΣ2

2Þ2

−
λ

2
TrΣ2

1TrΣ2
2: ðC64Þ

The one-loop corrections are (A20), (A23), (A24):

VΛ2 ¼ 1

8

�
TrΣ4

1

�
12λ1λ

0
1 þ λ021

2N2
c1 − 18

Nc1

�
− TrΣ2

1TrΣ2
2

�
λ1λð2N2

c1 þ 2Þ þ λλ01
4N2

c1 − 6

Nc1

�

þ ðTrΣ2
1Þ2
�
λ21ðN2

c1 þ 7Þ þ λ1λ
0
1

4N2
c1 − 6

Nc1

þ λ021
3N2

c1 þ 9

N2
c1

�
þ ðTrΣ2

2Þ2λ2ðN2
c1 − 1Þ

�
þ TrΣ2

1TrΣ2
2λ

2

þ 1

8

�
TrΣ4

2

�
12λ2λ

0
2 þ λ022

2N2
c2 − 18

Nc2

�
− TrΣ2

1TrΣ2
2

�
λ2λð2N2

c2 þ 2Þ þ λλ02
4N2

c2 − 6

Nc2

�

þ ðTrΣ2
2Þ2
�
λ22ðN2

c2 þ 7Þ þ λ2λ
0
2

4N2
c2 − 6

Nc2

þ λ022
3N2

c2 þ 9

N2
c2

�
þ ðTrΣ2

1Þ2λ2ðN2
c2 − 1Þ

�
; ðC65Þ

VΛS ¼ −3g21Nc1ðλ01TrΣ4
1 þ λ1ðTrΣ2

1Þ2 − λTrΣ2
1TrΣ2

2Þ
− 3g22Nc2ðλ02TrΣ4

2 þ λ2ðTrΣ2
2Þ2 − λTrΣ2

1TrΣ2
2Þ;
ðC66Þ

VΛA
¼ 3g41ðNc1TrΣ

4
1 þ 3ðTrΣ2

1Þ2Þ
þ 3g42ðNc2TrΣ

4
2 þ 3ðTrΣ2

2Þ2Þ: ðC67Þ

We redefine the constants as

λ01;2 ¼ ð4πÞ2 λ̃01;2
Nc1;2

×
1

t
; λ1;2 ¼ ð4πÞ2 λ̃1;2

N2
c1;2

×
1

t
; ðC68Þ

λ ¼ ð4πÞ2 λ̃

Nc1Nc2

×
1

t
; g21;2 ¼ ð4πÞ2 α̃1;2

Nc1;2

×
1

t
; ðC69Þ

with all tilded quantities constants, and eventually took the
large Nc1;2 limit.
In the Veneziano limit the RGE are

−λ̃1 ¼
1

2
λ̃21 þ 2λ̃1λ̃

0
1 þ

3

2
λ̃021 þ 1

2
λ̃2 − 12α̃1λ̃1 þ 36α̃21;

ðC70Þ

−λ̃2 ¼
1

2
λ̃22 þ 2λ̃2λ̃

0
2 þ

3

2
λ̃022 þ 1

2
λ̃2 − 12α̃2λ̃2 þ 36α̃22;

ðC71Þ

−λ̃ ¼ λ̃

�
1

2
ðλ̃1 þ λ̃2Þ þ λ̃01 þ λ̃02 − 6ðα̃1 þ α̃2Þ

�
; ðC72Þ

−λ̃01 ¼ λ̃021 − 12α̃1λ̃
0
1 þ 12α̃21; ðC73Þ

−λ̃02 ¼ λ̃022 − 12α̃2λ̃
0
2 þ 12α̃22: ðC74Þ
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The thermal mass is

VT ¼ T2

48

��
λ1ðN2

c1 þ 1Þ þ λ01
2N2

c1 − 3

Nc1

− λðN2
c2 − 1Þ þ 12Nc1g

2
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2N2
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− λðN2
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2
2

�
TrΣ2

2

�
ðC75Þ

and becomes in the Veneziano limit

VT ¼ ð4πÞ2 T2

48 logT

��
λ̃1 þ 2λ̃01 −
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: ðC76Þ
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