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Abstract This paper reports the first calculation of the two-dimensional interfacial
profile and energetics of nanoscopically thin films of helium, on an heterogeneous
planar substrate consisting of two adjoining metals. The calculations are performed
in the frame of density functional theory at zero temperature, with the purpose of
identifying the formation process of the interface at the boundary between the two
substrates when few atomic layers are involved, to elucidate the possible relationship
of the magnitude of the boundary tension with the displacement of layers between the
half films, and to extract keys to organize future calculations of film coexistence at
finite temperatures.
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1 Introduction

Wetting transitions involving a vapor (v), a liquid (l) and a solid (s) component, take
place when it becomes energetically more convenient to build two interfaces than three
(see e.g., the reviews in Ref. [1–3]). As the spreading power S(T ) = σsv(T )−σsl(T )−
σlv(T ), with σi j the interfacial tension between phases i and j , becomes positive
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as a function of temperature T , a liquid phase of macroscopic thickness interposes
uniformly between solid and vapor. A byproduct of first order wetting transitions is the
appearance of a prewetting (PW) line [4,5] in thermodynamic phase space, extending
in a range of temperatures TW ≤ T ≤ TPW and characterized by coexistence of a thin
and a thick liquid film on the solid surface, at a chemical potential μ(T ) lower than
the saturation one μ0(T ) for liquid–vapor equilibrium at the given temperature.

In this case, the thermodynamic phase diagram �μ = μ − μ0 vs T splits into two
regimes: (a) the low temperature (T < TW ), partial wetting (PaW) one characterized
by the presence of spherical liquid casks on a thin liquid film on the solid surface,
surrounded by a circular contact line of microscopic width, and characterized by a
contact angle θ defined by Young’s relation cos θ = (σsv − σsl)/σlv , and (b) the PW
coexistence region. As one approaches TW from below, the microscopic contact line
evolves into a macroscopic transition zone, translationally invariant along one direction
parallel to the substrate, that situates the one-dimensional (1D) interface between the
thin and the thick film. Consequently with these geometries, in either side of the
first order wetting transition the free energy excess with respect to the bulk systems
acquires a contribution per unit length. The energy cost due to the inhomogeneity is
the line tension (τ ) in the PaW region, and the boundary tension (τb) along the PW line
[6]. These quantities, like the surface tension at the two-dimensional (2D) interface
between two bulk phases, are thermodynamically well defined and must coincide as
one approaches the wetting transition form either side.

The existence of this interfacial energy cost, a consequence of energy and entropy
imbalance among the particles in the different phases that meet at the contact line,
was recognized by Gibbs in his pioneering papers [7], and triggered many studies
along various decades. Several theoretical analyses [8,9] (see also the review in Ref.
[10]) establish that the behavior of τ near TW depends crucially on the order of the
wetting transition and on the range of the intermolecular forces. From the experimental
viewpoint, the relatively small magnitudes of τ , in the range 10−12 to 10−5 N for
classical fluids (1 N = 7.24 1012 K/Å in the units adopted hereafter), calls for very
accurate techniques to view and measure the contact angle, together with a smooth
and homogeneous solid surface and a highly purified liquid [11].

A closely related subject is the structure of the interface occuring at the edge of
inhomogeneities on a chemically patterned substrate, consisting of one or more differ-
ent materials. The understanding of these interfaces and their energetics may be crucial
for technological uses such as coating and microfluidic circuits, where the patterned
surface can be tuned to control wettability, as well as many other physical and bio-
logical applications [12]. Some examples of such substrates are striped surfaces with
alternating wettable and nonwettable adsorbers with respect to a given fluid [13–15]
or circular lyophobic domains embedded in a lyophilic matrix [13,16]. The simplest
realization of such a substrate, wetted by helium, has been presented in Ref. [17] in
the frame of a phenomenological model. In this case, the subspace z > 0 splits into
two halves containing different solids for x < 0 and for x ≥ 0, keeping translational
invariance along the y–axis.

On the other hand, classical density functional theory [18] has proved to be a valu-
able tool to compute the boundary tension within a mean field description [19]. As in
Ref. [17], in the latter work the authors explore the shape of the interface between the
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left and right adsorbed films. This approach permits to show that interfacial Hamil-
tonian models [10], which allow to obtain the border z = l(x) between a liquid film and
the equilibrium vapor by functional differentiation of the boundary tension [8,9], can
be rigorously derived from the energy density kernel, both in their nonlocal and local
versions [19,20]. Although the predictions of the nonlocal theory originally predicted
a much broader transition region than the local displacement model, later refinements
of the numerical techniques [21] permitted to establish that while both theories pro-
vide equivalent descriptions, the more accurate nonlocal theory is necessary when the
interfacial profiles exhibit large curvatures.

The purpose of this work is to investigate the structure and energetics of the two-
dimensional interfacial profile between the half–films of liquid 4He on a chemically
heterogeneous substrate consisting of two metals. With Cs as an exception, at zero tem-
perature 4He wets Mg and alkali metals, with prewetting jumps of a few atomic layers
[24]; consequently, one may address the particular problem of films of nanoscopic
spread, which a priori may lie outside the domain of application of interfacial models
due to their noticeable shell structure. As shown along this work, the small num-
ber of helium layers participating in the construction of the interface makes room to
new energetic aspects, such as the possible relation between the sign of the boundary
tension and the displacement of matter along the interface to remove or add single
monolayers.

The calculations are performed resorting to a finite temperature–finite range density
functional [22] (FRDF) that permitted to perform detailed calculations of adsorption
isotherms of 4He on semiinfinite planar alkali metals [23], and allowed to establish the
density profiles of the coexisting thin and thick films on Cs, the wetting temperature
TW at 2.1 K, in good agreement with experimental observations, and the PW line up
to 3 K.1 For this sake, Sect. 2 briefly describes the FRDF formalism and the numerical
approach. The calculations and results are described in Sect. 3 and summarized in
Sect. 4.

2 Two Film Coexistence Within FRDF

Since the formalism and peculiarities of the FRDF employed in this work have been
given in many references [25], most details are skipped here in order to call atten-
tion on the general background. The determination of the density profiles ρ(r) and
energetics of the films is obtained by solving a three-dimensional (3D) nonlinear, inte-
grodifferential Euler–Lagrange (EL) equation for the wave function � = √

ρ of the
helium atoms of mass m of the form

{
− h̄2

2m
∇2 + V [ρ(r)] + Vs(z)

}
�(r) = μ�(r) (1)

1 In fact, FRDF theory is unable to match the prewetting temperature TPW at the expected experimental
figure of ≈2.5 K, due to the limitations of mean field theory in accounting for critical phenomena.
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constructed by functional differentiation δ	/δρ = 0 of a thermodynamic grandpoten-
tial

	 =
∫

dr {F [ρ(r)] + [Vs(z) − μ] ρ(r)} (2)

where F [ρ] is a temperature–dependent free energy density[22], μ is the chemical
potential of the helium atoms and Vs the substrate field. In this work, the adsorbing
surface is composed by one right (R) and one left (L) adsorber joined at the line x = 0,
so that adhesive forces derive from a step–wise potential [17]

Vs(x, z) = VR(z)
(−x) + VL(z)
(x) (3)

with 
(x) the usual step function, and with VR,L the potential offered to the helium
atoms by homogeneous metals, whose form is given in Ref. [26]. The shape (3) has
been employed in Ref. [19] for a similar study involving classical fluids. The current
results are obtained by solving Eq. (1) employing a three-dimensional (3D) code
constructed along the same lines as those in Refs. [23,25].

The new aspects of the present calculation are the following. The goal is to find two-
dimensional (2D) profiles ρ(x, z) translationally invariant along the y–axis, where the
boundary line lies. Useful input material are points of the zero temperature isotherms
μ(n), with n = N

A the areal coverage, for each substrate in Ref. [26], namely alkali
metals and Mg. These isotherms are very similar to those shown in Ref. [24], with
minor departures due to the different density functionals employed –the current one
yielding slightly lower values of chemical potential and grandpotential—and will not
be displayed here in view of the long computing times needed to extract smooth
curves. The calculation procedure is applied to select values of the chemical potential
where films exist on at least two different metals. For each chemical potential, the
density profiles of both films are computed separately on the corresponding uniform
substrates. These densities identified as ρL and ρR are placed on the respective left and
right halfspace—which extend from −Lx to Lx , joined by a smooth Fermi function
in the x–coordinate that creates an initial interfacial profile, and evolved in imaginary
time [23,25] to minimize the excess grandpotential per unit transverse length 2 L y

τb = �	

2L y
=

∞∫
0

dz

Lx∫
−Lx

dx [ f [ρ] + (Vs − μ) ρ]

−2Lx
σ [ρL ] + σ [ρR]

2
(4)

Here σ [ρL ,R] ≡ σL ,R = 	L ,R
A is the surface tension of each half film at the liquid–

vacuum interface and 2 Lx the horizontal length of the computation cell, so that
A = 4 Lx L y . Eq. (4) defines the boundary tension.
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3 Calculations and Results

The calculations here presented contemplate different compositions of the heteroge-

neous substrate for values of the chemical potential in the stability region, dμ
dn > 0

and below the bulk figure for helium, μ0 = −7.15 K. In the range of coverages here
considered, weak adsorbers like Cs and K are heliophobic (	 > 0) while Na, Li and
Mg are heliophilic (	 < 0); in fact, Cs is not wetted by helium at zero temperature, but
stable films with negative grandpotential appear on K with a broad prewetting jump,
at a much higher coverage [24]. It is to be noted that even for chemical potentials close
to the saturation one μ0, the film cannot be regarded as macroscopic, since the layer
structure at the nanoscopic level remains fully visible.

As one samples different combinations of adjoining substrates, the first observation
is the fact that the boundary tension is positive indicating an energy cost in order to
join the two half films. To identify the characteristics of the boundary tension and their
possible relationship to the shape of the interface, it is useful to group the samples
according to two criteria: (a) by fixing the chemical potential and considering pairs
of the type L–R, as shown in Table 1, and (b) by fixing the L–R pair and varying the
chemical potential as seen in Table 2. In both tables, in addition to the value of the
boundary tension, other useful data for analyses are listed, such as the total coverage n,
the surface tensions of the lateral films, and the absolute value |�D| of the difference
between the depths of the substrate potentials in the half spaces from Ref. [26]. As a
rule, the strongest adsorber is placed on the left side. The total coverage is constructed
by integration of the output density per unit area

n = 1

4Lx L y

Lx∫
−Lx

dx

L y∫
−L y

dy

Lz∫
0

dz ρ(x, y, z) (5)

The boundaries of the computation cell have been chosen sufficiently large to secure
that the partner films reach their asymptotic profiles, with tests to guarantee that the
three-dimensional densities profiles are stable against small modifications of either cell
dimension. In other words, the finite size of the computation cell does not impose any
spurious strain in the transition region; actually, the displayed calculations employ
Lx = L y = 80 Å, while the smooth interfaces occupy 5–10 Å. It should be noted
that the total coverage in (5) naturally splits into L and R contributions by consid-
ering the corresponding domains in the x–coordinate, however to keep a manage-
able number of parameters, it is convenient to refer to the global quantity for data
analyses.

The first group of data in Table 1 corresponds to μ = −8.5 K with two subgroups
for the L adsorber, i.e., Mg or Li. This is close to the prewetting jump for helium
on Na at zero temperature as predicted by the current FRDF, and is to be consid-
ered the lower boundary for the existence of wetting helium films on this adsorber;
other combinations are excluded because for the weaker substrates K and Cs, the
films do not exist at this chemical potential. In fact, in such situations the expected
density profile is a step–like distribution on the wettable (L) side, thus giving rise to
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Table 1 The boundary tension of helium interfaces for the given chemical potentials and substrate com-
positions, together with areal coverage and surface tensions of the individual half films

μ(K ) Composition n (Å−2) σL (K Å−2) σR(K Å−2) |�D(K )| τb(K Å−1)

−8.5 Mg–Na 0.184 −1.846 −0.106 23.093 0.732

Li–Na 0.151 −0.461 −0.106 5.339 0.218

−7.5 Li–Na 0.297 −0.696 −0.297 5.338 0.117

Li–K 0.268 −0.696 0.013 9.759 0.606

Li–Cs 0.254 −0.696 0.083 10.897 1.009

Na–K 0.243 −0.297 0.013 4.421 0.116

Na–Cs 0.229 −0.297 0.083 5.559 0.436

K–Cs 0.200 0.013 0.083 1.137 0.054

The quantity |�D| is the absolute value of the difference between depths of the adsorbing potentials (in K)
taken from Ref. [26]

Table 2 Same as in Table 1 for the pair Mg–Li

μ(K ) n (Å−2) σL (K Å−2) σR(K Å−2) τb(K Å−1)

−7.5 0.354 −2.156 −0.695 0.099

−8.5 0.213 −1.846 −0.461 0.162

−9.0 0.178 −1.736 −0.376 0.305

−10.0 0.146 −1.523 −0.247 0.180

−11.0 0.112 −1.359 −0.140 0.342

−12.0 0.095 −1.014 −0.085 0.599

The difference |�D| takes the value 17.755 K

a singular boundary tension. Figure 1 displays, in the upper panel, the translation-
ally invariant densities ρ(z) for the three adsorbers, while the corresponding mean
fields that arise from functional differentiation of the potential energy as seen in
Eq. (1)

Vmean(z) = V [ρ(r)] + Vs(z) (6)

are shown in the lower panel. The second group in Table 1, in correspondence with the
layering profiles and mean fields illustrated in Fig. 2, exhibits data for μ = −7.5 K—
close enough to the saturation value—with three subgroups labelled by the strongest
adsorber L (e.g., Li, Na or K). Magnesium at −7.5 K is excluded from this list of
paired substrates, because as seen in the lower panel of Fig. 2, the mean field decays
very slowly, which requests much larger computation boxes. The substrate Rb is
not considered in the current calculations, in view of the large similarity between
adsorption profiles of helium on this metal and on Cs.

The layering profiles of the adjoining films on their respective homogeneous sub-
strates in Figs. 1 and 2 confirm the expectations that follow from the relative shape
and location of the μ(n) isotherms (cf. Ref. [24]), namely, the stronger the adsorber,
the broader the film and the richer the layering structure, whose structure follows the
reflection of the mean field with respect to the horizontal axis.
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Fig. 1 Density profiles of helium films on homogeneous substrates at μ = −8.5 K.
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Fig. 2 Density profiles of helium films on homogeneous substrates at μ = −7.5 K.

Starting from type (a) data defined at the beginning of Sec. 3 (fixed chemical
potential), from the analyses of Table 1 and examination of Figs. 1 and 2 we can see
that for each chemical potencial and composition, the absolute value of the interfacial
tension scales with |�D| and with the jump in the lateral spread of the adjoining films.
As an illustration, Fig. 3 displays the contour map of ρ(x, z) for the Li–Cs combination,
which corresponds to the largest boundary tension in Table 1, with contours to guide the
eye. We appreciate the disappearance of two helium layers on Li within a spatial range
of nearly 5 Å as seen in Fig. 2. The apparent rule for these boundary tensions is that
the energy cost for constructing the interface is essentially associated to the removal of
layers from the strongest adsorber. In fact, the smallest values of the boundary tension
occur for the combination Li–Na at μ = −8.5 and for the pair K–Cs at μ = −7.5 K,
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Fig. 3 Interfacial profile of a
helium film on a composite
Li–Cs substrate at z = 0, for
chemical potential μ = −7.5 K.
Densities on the right column
are in Å−3 (Color figure online)
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where the difference in transverse size of the partners is small as compared to the other
pairs.

It is generally understood that an interfacial energy should reveal the competition
of the adhesive and cohesive forces acting on the fluid sample, in charge of creating
both the mean field and the film shape; however, it is to be noted that at variance
with classical fluids, at zero temperature, the quantum pressure associated to the finite
kinetic energy of the liquid counteracts to a moderate extent—below 7% of the absolute
value of total energy—the overall attraction. To illustrate further the formation of the
interface, one can explore the type (b) data for each fixed Mg–Li pair in Table 2. This
substrate composition has been selected due to the fact that these are the strongest
adsorbers and in spite of the remarkable value of |�D|, for both substrates helium
presents a prewetting jump not wider than a single monolayer. The case μ = −7.5 K has
been included for completeness, at extra computational cost, and the lowest chemical
potential equal to −12 K is near the prewetting value for submonolayer condensation
of helium on Li. Figure 4 shows six panels corresponding to the Mg–Li combination
for values of the chemical potentials in the range [−12K ,−7.5K ]. In each plot, the
left (right) panel displays the asymptotic profile ρ(z) that coincides with that for the
translationally invariant density on the respective homogeneous surface, while the
middle panel is a contour plot for the profile ρ(x, z).

Although seemingly redundant, these plots are useful to elucidate some trends
for the boundary tension dissociated from its dependence on the relative adsorption
strength as in type (a) data. One may note, in addition, that no obvious relationship
between boundary tension and chemical potential, or coverage, can be traced out of
the data in Table 2; in fact, the nonmonotonic dependence of τb with these magnitudes
appears somehow puzzling. The largest boundary tension corresponds to −12 K and
occurs for a very thin film with a single monolayer on the Li side and two on Mg; the
undergoing process can be visualized as the bifurcation of a single peak on the softer
Li surface into two more strongly bound bumps on the harder Mg one. The energy
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Fig. 4 Sequence of density profiles of helium on homogeneous Mg (L) and Li (R) substrates and interface
at the juncture between the two metals for the chemical potentials in Table 2

cost of this construction is reduced when the total amount of deposited helium atoms
increases, reaching its smallest value for −10 K where the profiles of the two films
are similar, considering that the third peak on the Mg side is not fully developed. This
peak is clearly visible at −9 K, where both the structure and the energy cost resemble
the lower panel, confirming that an energy supply has to be provided to remove one
complete layer formed on the stronger substrate. Comparable profiles already appear
at −8.5 K with reduced interfacial energy; the latter is significantly reduced at −7.5 K,
when both films approach the bulk limit.

Finally, the magnitude of the boundary tension lies in the range 10−1–1 K/Å, i.e.
10−13 to 10−12 N in agreement with the lower edge of the scale reported for classical
fluids.
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4 Summary

This paper reports the first calculation of the interfacial profile and energetics for
nanoscopical films of superfluid helium, on an heterogeneous planar substrate con-
sisting of two adjoining metals. The calculations are performed in the frame of grand
canonical DFT for the zero temperature case. The possibility of nucleation of finite
helium samples [23], that are only stable in a canonical frame, has been deliberately
excluded in the present work.

A key feature of the application of FRDF to a quantum fluid is the possibility,
here exploited, of restricting oneself to zero temperature, with considerable numer-
ical simplification; in fact, for a quantum fluid such as 4He, one expects that such
a description yields acceptable references for realistic systems up to 10−2to10−1 K.
At variance with classical fluids, an heterogeneous bosonic system possesses a finite
kinetic energy, that takes part as well in the establishment of the bundary tension, in
the form of a quantum pressure that counteracts the effects of attractive forces. As
in most studies of helium under external confinement, the major interest resides on
revealing aspects of the structure at the nanoscopic level, and of the involved energetic
balance. In this respect, the problem here proposed permits to investigate phenomena
that involve the displacement of planar layers of helium across the juncture between
the two adjoining substrates, thus bringing into evidence the competition of the various
forces –including the quantum pressure– that together give rise to the sign and magni-
tude of the interfacial tension. The overall scenario agrees with early predictions based
on interfacial Hamiltonian models, whose local version relies on capillarity theory [17]
where all cohesive effects appear embodied in the surface tension, and where the local
film height results from the competition between capillary and substrate forces. Since
this view has been devised for macroscopic films, doubts might arise regarding its
validity for systems of nanoscopic size, especially for those films with a noticeable
shell structure, thus the convenience of employing a more sophisticated instrument
like a fully 2D or 3D FRDF code.

A possible limitation of the current approach may be the fact that the substrate
potential is a function of the transverse coordinate only; in other words, each helium
atom feels only the effect of the substrate at its (x, y) location, while in a realistic
situation every particle is exposed to the whole heterogeneous adsorber. This drawback
could be removed by the use of a potential depending on both x and z, such as the
one in Ref. [17], to the expense of much larger computing times for each sample. The
possibility of undertaking a more refined calculation along these lines remains open. In
addition, future developments of this work point to the study of helium on Cs, a widely
investigated system, both on theoretical and experimental standpoints; however, a
calculation of the coexisting profile at finite temperatures on an homogeneous substrate
poses a very important numerical effort, currently under consideration [27].
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