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Abstract
Having in mind its future extension for theoretical investigations related to
charmed nuclei, we develop a relativistic formalism for the nonmesonic weak
decay (NMWD) of single-Λ hypernuclei in the framework of the independent-
particle shell model and with the dynamics represented by the K,( )p one-
meson-exchange model. Numerical results for the one-nucleon-induced
transition rates of C12

L are presented and compared with those obtained in the
analogous nonrelativistic calculation. There is satisfactory agreement between
the two approaches, and the only noteworthy difference is that the ratio n pG G
is appreciably higher and closer to the experimental value in the relativistic
calculation. The ability of describing existing data, including the most recent
ones, on NMWD of Λ-hypernuclei, warrants application of the formalism to
evaluate similar decay processes in charmed nuclei.

Keywords: relativistic nuclear models, strange hypernuclei, charm hypernu-
clei, nonmesonic weak decay

1. Introduction

Investigations of exotic nuclear properties, such as large isospin (manifest in the so-called
neutron-rich isotopes), or nontrivial values of flavor quantum numbers (strangeness, charm or
beauty), are of continuous interest. The best-known nuclei within the last category are those
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where a Λ-hyperon, with strangeness 1= -S , replaces one of the nucleons, giving to the
composed system some quite unusual properties. Such nuclei are referred to as Λ-hypernuclei
—for recent reviews, see [1, 2].

One of the most remarkable properties of Λ-hypernuclei is the occurrence of the non-
mesonic weak decay (NMWD), induced by the elementary process

N n N, 1( )L +  +

with N p proton( )= or n neutron( ). This is the main decay channel for medium- and heavy-
weight hypernuclei—[3, 4] provide, respectively, reviews on recent theoretical and
experimental developments in the study of hypernuclear decay. NMWD can only take place
within the nuclear environment and is the unique opportunity offered by nature to access the
strangeness-changing interaction between baryons. Itsmean lifetime has been measured in
several Λ-hypernuclei and found to be of the same order of magnitude as the full mean
lifetime of Λ in free space, 2.632 0.020 10 s10( )t =  ´L

- [5].
The NMWD dynamics is frequently handled by nonrelativistic (NR) one-meson-

exchange (OME) models. Such models are motivated by the fact that the NN interaction at
long distance is due to the one-pion-exchange, but with the difference that in NMWD the
exchange processes occur with one strong and one weak vertex and can include other mesons
in addition to theπ, like the pseudoscalar (K , h) and vector ( K, , *r w ) mesons [6–25] . The
coupling constants at the strong vertices can be taken from different OME models for the NN
interaction, while those at the weak vertices can be extracted from free Λ decay data and
making use of soft meson theorems and SU 6 W( ) symmetry [7]. A recent study [23] indicates
that π and K exchanges give the main contributions to the NMWD of s-shell hypernuclei.

Instead of implanting a Λ in a nucleus one could also imagine to implant a charmed
baryon, like e.g. a cL+, in view of the similarity between the quark structures of the strange
and charmed hyperons, namely uds( )L and udcc ( )L+ . Such a possibility was in fact con-
jectured 40 years ago [26] and several authors in the succeeding decades have found, using
different models for the interactions between nucleons and charmed hyperons, that such
hypothetical exotic nuclei (including even bottom nuclei) could actually form a rich spectrum
of bound states over a wide range of atomic numbers [27–38]. Like Λ-hypernuclei,

cL+-hypernuclei may also decay via a NMWD process. One example is [39]

n p, 2c ( )L +  L ++

which can be induced by the exchange of a ,p r or K meson. Another possibility is

N p N 3c ( )L +  ++

induced by the exchange of a D meson. Experimentally, the literature only reports,
inconclusively, the formation of three cL+-hypernuclei, observed in a series of emulsion
experiments [40, 41]. But this situation can change in a few years, with the starting of
operation of the FAIR facility in Germany and the Hadron Facility at JPARC in Japan.

There are, however, important differences between NMWD in Λ-hypernuclei and

cL+-hypernuclei. A first difference comes from the mean lifetimes of the two hyperons:
10 3

c
t t~L

-
L+ . While the mean lifetime of the NMWD(1) is of the same order of magnitude

of the full mean lifetime of Λ in free space, no theoretical estimate has been made for the
decays (2) and (3). In addition, while the free-space decay of Λ is dominated by the pionic
channels ppL  - and n 0pL  , with other decay channels contributing a thousand times
less, cL+ decays in two semileptonic and numerous hadronic channels with 1= -S final
states, having branching ratios of a few percent each. Also, decays into channels with 0=S
and 1= +S are Cabibbo-suppressed by factors of the order of 10−1

–10−2 [5]. A second very
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important difference concerns the energy liberated in the decays, which is of the order of the
mass difference Δ of the particles involved in the weak vertex: for the decay(2),

M M 1170.9 MeV
c

D = - =L L+ and for the decay(3), M M 1348.2 MeVNc
D = - =L+ ,

which should be compared to M M 177.3 MeVND = - =L for the decay(1). One con-
sequence of such large energy releases is that NR approaches become inapplicable for the
evaluation of NMWD transition matrix elements in charmed hypernuclei. In addition, a large
energy release also implies that nuclear recoil cannot be neglected in the calculation of decay
rates, particularly for light-weight nuclei. On the other hand, the interactions of the fast
outgoing nucleons and/or hyperons with the residual nuclear system are expected to play a
minor role.

In the present paper we develop a relativistic formalism for NMWD of hypernuclei
within an independent-particle shell model (IPSM), and discuss the inclusion of recoil.
Although the use of a relativistic model for the study of the structure of hypernuclei dates
back to the late 1970s [42], so far little is known about the impact of a relativistic approach in
the evaluation of NMWD rates. The first studies started 25 years ago [43] using single-particle
bound-state wave functions obtained by solving the Dirac equation with static Lorentz-scalar
and -vector Woods–Saxon potentials, and transition matrix elements calculated with a K,( )p
OME model. More recently, a similar approach was used in [44, 45], where the nuclear
structure was described by a relativistic mesonic-mean-field model. Quark-meson coupling
(QMC) models [46, 47], where mesonic fields couple directly to the light quarks composing
the nucleons and hyperons, offer another interesting possibility—the model has been used to
study strange [48–51] and charm [36–38] hypernuclei.

Our aim in the present paper is to set up a relativistic formalism for NMWD with the
perspective of future applications to charmed hypernuclei. In other instances involving
nuclear structure calculations at low and intermediate energies, it is often more convenient
and simpler to use a relativistic approach than a NR one [52]; this seems to be also the case
for NMWD—[53] presents a very complete review on relativistic approaches for the study of
nuclear structure. Although our approach for the NMWD of hypernuclei shares similarities
with previous publications, there are noteworthy differences:

(1) our final expressions for the decay rates do not involve angular momentum projection
quantum numbers, since they have been summed over in closed form using the Racah
algebra, which simplifies the numerical calculation;

(2) spectroscopic factors are evaluated in the second quantized formalism, as done for
instance in [54], without recurring to the technique of coefficients of fractional parentage
(c.f.p.), which is the standard antisymmetrization procedure in the first quantization
framework, see e.g. [55];

(3) we discuss the inclusion of nuclear recoil, which is particularly important for NMWD of
charmed hypernuclei.

The predictions of our formalism are compared with available data [56, 60] for the
NMWD rates of the C12

L hypernucleus. In addition, we make a detailed comparison with
results obtained in NR approaches that include the same ingredients (like short-range cor-
relations (SRC) and OME model); such a comparison between the outcomes of analogous
relativistic and NR approaches had not been done so far.

Our formalism is explained in section 2. We start in section 2.1 from the simplest
scenario, corresponding to hypernuclei with closed-shell cores and ignoring recoil. This part
is done in a strictly relativistic manner, while the next two steps are performed in analogy to
NR calculations: first, in section 2.2, we generalize the formulation to hypernuclei with open-
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shell cores; and secondly, in section 2.3, the recoil effect is discussed. Subsequently, in
section 3, our numerical results for the decay rates of C12

L are presented and compared to those
of NR calculations using a similar model [61, 62]. They are also compared with those of
previous relativistic calculations and confronted with the experimental data, and a few con-
clusions are drawn. Finally, in section 4, a general summary is given. The appendices collect
details of some calculations.

2. Relativistic decay rate

To derive the NMWD rate we start from the Fermi Golden Rule. For a hypernucleus in its
ground state with spin JI and total rest energy EI decaying into (i) two free nucleons, with
asymptotic kinetic energies (T T,1 2), spin projections (s s,1 2), and isospin projections (t t,1 2)
and (ii) the residual A 2( )- -system, with spin JF, total rest energy EF, and kinetic energy of
recoil TR, reads

J
E E

p p2

2 1

d

2

d

2
, 4nm

M J M s s t tI

1
3

2
3 I F FI

2

I F F 1 2 1 2
( ) ( ) ( )

( ) ∣ ∣ ( ) òå å
p

p p
dG =

+
- -

where we are using a compact notation for the transition amplitude whose explicit momentum
and spin and angular momentum dependence is

s s t t J M J Mp p , , 5FI 1 2 1 2 1 2 F F I I( ) ( ) º

with P1 212( ) = - being the antisymmetrized and normalized relativistic matrix
element that is specified below. In addition, M T T T2 N R 2 1 = - - - , MN is the nucleon

mass, p E Mi i
2

N
2= - and E T Mi i N= + are the asymptotic momenta and total energies of

the outgoing particles (i=1, 2). We use unitary, as opposed to covariant, normalization for
the momentum eigenspinors; for details see section 2.2 of [63]. We average over the spin
projections MI of the initial hypernucleus and sum over the final spin projections MF.

For the nuclear structure, the IPSM is used, while the dynamics is described by an OME
potential containing always one weak vertex W and and one strong vertex S, as illustrated in
figure 1. In the IPSM it is assumed that: (i) the initial hypernuclear state can be approximated
as a Λ-hyperon in the single-particle state j s1 1 2=L weakly coupled to an A 1( )- nuclear
core of spin JC and total rest energy EC, i.e., J J j JI C I∣ ⟩ ∣( ) ⟩º L , having energy
E E M ;jI C e= + + LL

(ii) the nucleon N inducing the decay is in the single-particle state jN
( j nljº ); (iii) the final residual nuclear states have the form J J j JF C N

1
F∣ ⟩ ∣( ) ⟩º - with energy

E E M ;jF C NN
e= - - (iv) the liberated kinetic energy is

T T T E E M2 , 6j j jR 2 1 I F N N N
( )e e+ + = - - º D = D + +

L

where M M 177 MeVND = - =L , and the εs are single-particle energies.

2.1. Hypernuclei with doubly closed shell cores and without recoil

Taking the simplest possible case in equation (4), we will start with hypernuclei whose cores
contain only doubly closed subshells, as, for instance, 5

LHe,
13
LC,

17
LO, and we will omit the

recoil effect. Thus, JC = 0, J jI = L, M mI = L, JF = jN, MF = mN, and the transition ampli-
tudeis, up to a global sign, just the two-body T-matrix for the direct OME process. When a
pseudoscalar coupling is considered for the strong vertex, one has for the pion plus kaon
meson exchange, K

FI FI FI  = +p , with
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t tx y x x x y y yd d , , 7s j m s j mp pFI W 1 2 51 1 2 2 N N
¯ ( ) ( ) ( ) (∣ ∣) ¯ ( ) ( ) ( ) ò y y g= G Y D - Yp p p

L L

t tx y x x x y y yd d , , 8K
s j m

K
s

K
j mp pFI 5 W 1 2

1 1 2 2 N N
¯ ( ) ( ) (∣ ∣) ¯ ( ) ( ) ( ) ( ) ò y g y= Y D - G Y

L L

where we have defined t t,W
M

1 2( )G , M K,( )p= , as being

t t t t t t, , , , 9W
M

1 2
M

1 2
M

1 2 5( ) ( ) ( ) ( )  gG = -

with

t t G m g A I t t

t t G m g A I t t A K t t

t t G m g B I t t

t t G m g B I t t B K t t

, , ,

, , , ,

, , ,

, , , , 10

NN

K
K N

NN

K
K N

1 2 F
2

1 2

1 2 F
2

1 1 2 0 1 2

1 2 F
2

1 2

1 2 F
2

1 1 2 0 1 2

( ) ( )
( ) [ ( ) ( )]
( ) ( )
( ) [ ( ) ( )] ( )









=

= +

=

= +

p
p p

p
p

p p

p

L

L

Figure 1. Diagrammatic representation of the hypernuclear NMWD from the initial
state J J j JI C I∣ ⟩ ∣( ) ⟩º L to the final state J J j JF C N

1
F∣ ⟩ ∣( ) ⟩º - , while two nucleons with

momenta p1 and p2 are emitted into the continuum. S and W are the strong and the
weak vertices, respectively, and M is a nonstrange meson. For a strange meson, the
natures of the two vertices should be interchanged.
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where I t t,1 2( ) and K t t,1 2( ) are, respectively, the isovector and isoscalar isospin factors:

I t t t t t t

K t t t t t t

, 1 2 ,
, 1 1 2 1 . 11

1 2 1 1 2 2 N

1 2 1 1 2 2 N

( ) ⟨ ∣ ∣ ⟩⟨ ∣ ∣ ⟩
( ) ⟨ ∣ ∣ ⟩ ⟨ ∣ ∣ ⟩ ( )

t t= = -
= = -

L

L

Here, G m 2.21 10F
2 7= ´p

- , with GF being the Fermi weak constant and mπ the pion mass,
while g 13.3NN =p and g 14.1K N = -L are the strong vertex couplings [64]. The pion parity-
violating (PV) and parity-conserving (PC) weak coupling constants are adjusted to the free Λ-
decay giving, respectively, A=1.05 and B 7.15= - , while the kaon weak couplings are

A
C

D A
C

B
C

D B
C

2
,

2
,

2
,

2
, 12K

K
K K

K
K

0

PV
PV

1

PV

0

PC
PC

1

PC

( )= + = = + =

with C 0.76K
PV = , C 18.9K

PC = - , D 2.09K
PV = , and D 6.63K

PC = , have been estimated
theoretically in [7]. The propagator, rM ( )D (M K r x y, ; ∣ ∣p= = - ), depends on the energy
q0 carried by the exchanged meson, whose value is fixed by energy conservation (see
discussion in section 3), and incorporates dipole form factors, with a cutoff parameter ML ,
that are attached to each meson-baryon vertex. Defining the quantities

q q m q q, , 13M
0 0 2

M
2

M
0

M
2 0 2( ) ∣( ) ∣ ( ) ( ) ( )l = - L = L -

one can write r
M

( )D as [44, 45]:

(i) For q m0 2
M
2( ) < ,

r
r r

m

q

e

4

1

4 8
e , 14

q r
q rM M

2
M
2

M
0

M
0

M
0( )

( )
( )

( )
( )

⎡
⎣⎢

⎤
⎦⎥p p p

D = - + +
L -

L

l-
-L

(ii) For m qM
2 0 2

M
2( )< < L ,

r
r

e

4
. 15

q r
M

i M
0

( ) ( )
( )

p
D = -

l

Note that for the kinematical situation (ii), the propagator is complex and can have an
oscillatory behavior.

The state of each ejected nucleon, with asymptotic momentum p and spin projections,
will be approximated by a Dirac plane wave, which is expanded in spherical partial waves as
follows ([65] appendix D):

s mr p r , 16s
m

p mp ( ) ⟨ ˆ ∣ ⟩ ( ) ( )*åy k y=
k

k

with

s m l s jm Yp p4 i
1

2
17l

l⟨ ˆ ∣ ⟩ ∣ ( ˆ ) ( )⎜ ⎟⎛
⎝

⎞
⎠* *åk p m=

m
m

and

f r

g r
r

r

r

r

ri i
, 18p m

p m

p m

p m

p m

( )
( ) (ˆ)
( ) (ˆ)

( )

( )
( )

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟y

y

y
=

F

- F
º

-k
k k

k k

k

k-
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where the radial partial waves are, in unitary normalization

f r
E M

E
j pr

2
, 19p l

N( ) ( ) ( )=
+

k k

g r
E M

E
j prsgn

2
, 20p l

N( ) ( ) ( ) ( )¯k= -
-

k k

with 1, 2 ,...k =   , j 1 2∣ ∣k= -k ,

l
for 0,

1 for 0,
21( )

⎧⎨⎩
k k

k k
= >

- - <k

and l l¯ =k k- . To change to covariant normalization, used e.g. in [43–45], make the
replacement E M2 2 N in equations (19) and (20) and insert the factor M E EN

2
1 2( ) in

equation (4). The angular part is written, in standard notation, as

l s jm Yr r
1

2
22m

s
l s(ˆ) ∣ (ˆ) ( )⎜ ⎟⎛

⎝
⎞
⎠å m cF =k

m
m

and the expansion coefficients s mp⟨ˆ ∣ ⟩*k fulfill the following relations

s m s mp p pd 4 , 23mm
s

2ˆ ⟨ ˆ ∣ ⟩ ⟨ ˆ ∣ ⟩ ( ) ( )*òå k k p d d¢ ¢ = ¢ ¢kk

j s m s mp p p2 d ... 4 dcos ..., 24jj
sm

2 2

1

1
ˆ ˆ ⟨ ˆ ∣ ⟩ ⟨ ˆ ∣ ⟩ ( ) ( )*ò òåd k k p d q¢ = ¢kk¢

-

where we are using the notation j j2 1ˆ = + . The first of these relations can be easily
verified, while the second one is shown in appendix A. The bound-state, single-particle, wave
functions read

r

F r
G r

r
r

r
r

r
1

i i
. 25m

m

m

m

m
( ) ( ) (ˆ)

( ) (ˆ)
( )

( )
( )

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟Y =

F
- F

º
Y

- Y
k

k k

k k

k

k-





As explained in appendix B, they are evaluated as in ([66], equation (16)).
To simplify the presentation of formulas in the analytical development of the expression

of the decay rate in equation (4), the intermediate steps will be exhibited only for FIp :

s m s m F Ip p , 26
m
m

FI 1 1 1 1 2 2 2 2

1 1

2 2

⟨ ˆ ∣ ⟩ ⟨ ˆ ∣ ⟩ ⟨ ∣ ∣ ⟩ ( ) å k k= Dp

k
k

p

where we are using the compact notation:

F I t tx y x x

x y y y

d d ,

. 27

p m j m

p m j m

W 1 2

5

1 1 1

2 2 2 N N

⟨ ∣ ∣ ⟩ ¯ ( ) ( ) ( )

(∣ ∣) ¯ ( ) ( ) ( )
ò y

y g

D º G Y

´ D - Y

p
k

p

p
k

L L

Introducing these expansions in the expression for the decay rate in equation (4) gives rise to
auxiliary quantities such as

S p t p t T T Tp p, d d , 28
m m
s s

j1 1 2 2 1 2 1 2 R FI
2

N

1 2

N
( ) ˆ ˆ ( )∣ ∣ ( )òå dº D - - -p p

L

in which we evaluate all the summations over angular momentum projection quantum
numbers and angular integrations. Neglecting recoil, i.e., setting TR=0, we can use
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equation (23) for both outgoing particles getting

S p t p t T T F I, 4 . 29
m m
m m

j1 1 2 2
4

1 2
2

N

1 1 2 2

N
( ) ( ) ( )∣⟨ ∣ ∣ ⟩∣ ( )åp d= D - - Dp

k k

p

L

Now we perform the angular momentum couplings J j jN= +L

  
and J j j1 2

¢ = +
  

. AsDp is
rotationally invariant, it turns out that J J= ¢, which leads to

F I j m j m JM j m j m JM F I 30
JM

J1 1 2 2 N N⟨ ∣ ∣ ⟩ ( ∣ )( ∣ )⟨ ∣ ∣ ⟩ ( )åD = Dp p
L L

and

S p t p t J T T F I, 4 , 31
J

j J1 1 2 2
4 2

1 2
2

1 2

N
( ) ( ) ˆ ( )∣⟨ ∣ ∣ ⟩ ∣ ( )åp d= D - - Dp

k k

p

where the coupled matrix element of the pion propagator is explicitly given by

F I t t t tx y x x

x y y

i d d , ,

, 32

J A B

j j j j J

1 2 1 2

C , ;1 2 N

⟨ ∣ ∣ ⟩ {[ ( ) ( ) ( ) ( )]

(∣ ∣) ( )} ( )( )

 ò r r

r

D =- +

´ D -

p p p

p
L

where j j j j J, ;1 2 N( )L indicates the angular momentum couplings and the densities ,A Br r and

Cr are given by

x x x x x

x x x x x

x x x x x

,

,

. 33

A p p

B p p

p pC

1 1 1 1

1 1 1 1

2 2 N
2 2 N

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

* * *

* * *

* * *

r y y

r y y

r y y

= Y - Y

= Y + Y

= Y + Y

k k k k

k k k k

k k k k

   

   

   

L L

L L

At this point it is convenient to perform the tensor expansion of the propagators x y(∣ ∣)D -p

in the way done by de-Shalit and Talmi ([55], section 21) for two-body interactions, i.e.,

x y Y Yx y x y, , 34
L

L L L L(∣ ∣) ( )[ (ˆ) · (ˆ) ] ( )åD - = Dp p

where

x y Px y, 2 cos d cos 35L L xy xy( ) (∣ ∣) ( ) ( ) ( )òp q qD = D -p p

and

J Y Y J
j j J

j j L
Y Yx y . 36L L

j j J
L L1 2 N

1 2

N
1 2 N2⟨ ∣[ (ˆ) (ˆ)]∣ ⟩ ( ) ⟨ ∣∣ ∣∣ ⟩⟨ ∣∣ ∣∣ ⟩ ( )

⎧⎨⎩
⎫⎬⎭k k k k k k k k= -L

+ +

L
LL

The reduced matrix elements

Y j j L
j L j

4 1

2
0

1

2

1

2
37L

j
l l L

1 2 1 2⟨ ∣∣ ∣∣ ⟩ ( ) ( ) ˆ ˆ ˆ ( ) ( )
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟k k p¢ = - ¢
¢

-
+ - ¢

- -
+ +

and

Y j j L
j L j

4 1

2
0

1

2

1

2
, 38L

j
l l L

1 2 1 2⟨ ∣∣ ∣∣ ⟩ ( ) ( ) ˆ ˆ ˆ ( ) ( )
¯⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟k k p- ¢ = - ¢
¢

-
+ - ¢

- -
+ +
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fulfill the symmetry relations Y YL L⟨ ∣∣ ∣∣ ⟩ ⟨ ∣∣ ∣∣ ⟩k k k k¢ = ¢ , and Y YL L⟨ ∣∣ ∣∣ ⟩ ⟨ ∣∣ ∣∣ ⟩k k k k- ¢ = - ¢ . It
is then easy to demonstrate that

F I
j j J

j j L
F I , 39J

L

j j J
L

1 2

N

2⟨ ∣ ∣ ⟩ ( ) ⟨ ∣ ∣ ⟩ ( )
⎧⎨⎩

⎫⎬⎭åD = - Dp p+ +

L
L

where

F I x y xy t t B xp

t t A xp x y C yp

d d ,

i , , , 40

L
L

L
L

L

1 2 1

1 2 1 2

1

1 2 N

⟨ ∣ ∣ ⟩ [ ( ) ( )

( ) ( )] ( ) ( ) ( )





òD =

- D

p p
k k

p
k k

p
k k

L

L

with

A rp f r F r g r G r Y

B rp f r G r g r F r Y

C rp f r G r g r F r Y

,

,

. 41

L
p p L

L
p p L

L
p p L NN N N

( ) [ ( ) ( ) ( ) ( )] ⟨ ∣∣ ∣∣ ⟩

( ) [ ( ) ( ) ( ) ( )]⟨ ∣∣ ∣∣ ⟩

( ) [ ( ) ( ) ( ) ( )]⟨ ∣∣ ∣∣ ⟩ ( )

k k

k k

k k

= -

= + -

= + -

kk k k k k

kk k k k k

kk k k k k

L

L

L L L

L L L

The K meson is incorporated through the substitution L L L L
KD  D = D + Dp p in

equation (40), with

F I x y xy B xp x y t t C yp

t t D yp

d d , ,

i , , 42

L
K L

L
K K L

K L

1 1 2 2

1 2 2

1 2 N

2 N

⟨ ∣ ∣ ⟩ ( ) ( )[ ( ) ( )

( ) ( )] ( )





òD = D

-

k k k k

k k

L

where

D rp f r F r g r G r Y . 43L
p p L NN N N( ) [ ( ) ( ) ( ) ( )]⟨ ∣∣ ∣∣ ⟩ ( )k k= -kk k k k k

Clearly the above substitution must be accompanied by the replacement
KD  D = D + Dp p in equation (39), giving

F I
j j J

j j L
F I . 44J

L

j j J
L

1 2

N

2⟨ ∣ ∣ ⟩ ( ) ⟨ ∣ ∣ ⟩ ( )
⎧⎨⎩

⎫⎬⎭åD = - D+ +

L
L

Finally, the expression for the decay rate in equation (4) can be written as

J

j
p p p p T T F I

8
d d , 45

j t t
J

j JN

2

2 1 2 1
2

2
2

1 2
2

N 1 2

1 2

N

ˆ

ˆ
( )∣⟨ ∣ ∣ ⟩ ∣ ( )òåp

dG = D - - D

k k
L

Table 1. Isospin factors the for direct (D) and exchange (E) terms of the matrix element
in equation (45).

I K

n p n p

D 1 −1 1 1
E 1 2 1 0
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where

F I F I p t p t
1

2
46J J

j j J
1 1 1 2 2 21 2⟨ ∣ ∣ ⟩ (⟨ ∣ ∣ ⟩ ( ) [( ) ( )]) ( )k kD = D - - «+ -

stands for the antisymmetrized and normalized matrix element, with the isospins included.
The isospin factors for the direct and exchange terms of the matrix element in equation (45)
are listed in table 1.

It is worth noting that the matrix elements F I⟨ ∣ ∣ ⟩D are in general complex, as seen from
equations (40) and (42). However, in the usual kinematical regime q m0 2

M
2( ) < , see

equation (14), they are always either real or purely imaginary because there is no set of
quantum numbers for which PC and PV contributions interfere with each other.

To exploit the implications of the delta function in equation (45) we make use of the
relation

p p E E M E M T T M T Td d 2 d 47i i i i i i i i i
2 2

N
2

N N( ) ( ) ( )= - = + +

and get

T T T T T T F Id d , , 48
j t t

J

J

j
j JN

8
1 2 1 2 1 2

2

N 1 2

1 2

2

2 N
( ) ( )∣⟨ ∣ ∣ ⟩ ∣ ( )

ˆ

ˆ òå d rG = D - - D
p

k k
L

where

T T M T T M T M T T M T, 2 2 . 491 2 N 1 1 N 1 N 2 2 N 2( ) ( ) ( ) ( ) ( ) ( )r = + + + +

After integrating over T2 we are left with the T1 integration only,

T T T F Id , . 50
j t t

J

J

j
J T TN

8

0
1 1 2

2j

j

N 1 2

1 2

2

2

N

2 N 1
( )∣⟨ ∣ ∣ ⟩ ∣ ( )

ˆ

ˆ òå rG = D
p

k k

D

=D -
L

As indicated in equation (46), the direct matrix element is given by equation (44) and the
exchange term is obtained through the transposition p t p t, , , ,1 1 1 2 2 2( ) ( )k k« .

2.2. Hypernuclei with open-shell cores and without recoil

So far everything was done in the strict framework of relativistic physics. In what follows we
will make use of analogies with NR calculations. From previous works [19–24] done by our
group, we know that to describe the hypernuclei with open-shell cores within the IPSM it is
enough to do the following replacement in equation (50)

F , 51J

j
J
j

2

2
N ( )

ˆ

ˆ


L

where the spectroscopic factor is given by

F J J a a J J
J J j

J j J
J a J . 52J

j

J
j j J

J
j

2
I F

2 2 C I

N F

2

C F
2N

F

N

F

N

ˆ ∣⟨ ∣∣( ) ∣∣ ⟩∣ ˆ ∣⟨ ∣∣ ∣∣ ⟩∣ ( )† † †
⎧⎨⎩

⎫⎬⎭å å= =- L
L

As mentioned previously, to evaluate the spectroscopic amplitudes J a JjC FN
⟨ ∣∣ ∣∣ ⟩† , instead of

employing the c.f.p. [55] that have been thoroughly used in, both NR [9], and relativistic [43–
45] calculations, we use the second quantization formalism. In equation (52), the summation
goes only over the values of JF that fulfill the constraint J j J J jC N F C N∣ ∣  - + . The values
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for JI and JC are taken from experimental data and, for most hypernuclei of interest, are listed
in table I of [21]. The resulting factors FJ

jN are listed in table II of the same paper.
Therefore, when the recoil effect is not taken into account, the NMWD transition rate in

open shell hypernuclei reads

F T T T F I
8

d , . 53
j t t

J

J
j

J T TN
0

1 1 2
2j

j

N 1 2

1 2

N
N

2 N 1
( )∣⟨ ∣ ∣ ⟩ ∣ ( )òåp

rG = D

k k

D

=D -

We note that, while equation (50) is only valid for doubly closed-shell hypernuclei,
equation (53) is valid for both closed- and open-shell hypernuclei.

2.3. Inclusion of recoil

As seen above, when recoil is neglected one can perform first the full angular integration
p pd d1 2ˆ ˆò ò , leading to a great simplification of the resulting expression. It is self-evident that

this cannot be done anymore in the presence of the recoil energy

E M p p p p2 cos , 54R R
2

1
2

2
2

1 2 12 ( )q= + + +

where MR is the relativistic rest mass of the recoiling nucleus. However, once the
hypernucleus is unpolarized (and unaligned), there is no preferred axis along which to orient
vectors. Therefore, we can choose to orient p2 with respect to p1 and write

p p p pd d ... d d ...,

d dcos d dcos .... 55

1 2 1 12

1 1 12 12

ˆ ˆ ˆ ˆ

( )

ò ò ò ò
ò ò ò òf q f q

=

=

Consequently, we can use equation (23) for integration on p1ˆ and equation (24) for integration
on p12ˆ , with the result that, as shown in appendix C, instead of equation (31) we have now

S p t p t J T T T F I, dcos . 56
J

j J1 1 2 2
4

2

2
12 1 2 R

2
2

1 2

N
( ) ˆ ( )∣⟨ ∣ ∣ ⟩ ∣ ( )( ) òå q d= D - - - Dp p

k k

p

From comparison with (31) one concludes that the results developed so far hold valid even
when the recoil effect is included, as long as one makes the replacement:

p p p p T T p p p p

T T T

d d ...
1

2
dcos d d

.... 57

j

j

1
2

1 2
2

2 1 2 12 1
2

1 2
2

2

1 2 R

N

N

( )

( ) ( )
ò òd q

d

D - - 

´ D - - -

For the sake of convenience we will work here with the NR limit for the kinetic energy of
recoil:

T E M
p p p p

M

M

M
T T T T

2 cos

2
2 cos , 58R R R

1
2

2
2

1 2 12

R

N

R
1 2 1 2 12( ) ( )

q
q= - @

+ +
@ + +

which we consider to be good enough for the present purposes. Moreover, we neglect the
binding energy of the recoiling nucleus, and take M M A 2R N ( )= - . The transition rate
becomes then

F T T T T T T T F Idcos d d , . 59
j t t

J

J
j

j JN
4

12 1 2 R 1 2 1 2
2

N 1 2

1 2

N
N

( ) ( )∣⟨ ∣ ∣ ⟩ ∣ ( )òå q d rG = D - - - D
p

k k
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To perform the integration on T2 we introduce an auxiliary variable x, defined as
T p M x22 2

2
N

2( )= º , i.e.,

T T T T
A

A

x x

x x
x x x xd

2

1

2 d
, 60j2 1 R 2N

( )
∣ ∣

[ ( ) ( )] ( )d d d+ + - D =
-
- -

- + -
+ -

+ -

where

x
T

A

T

A

A

A
T

cos

1

cos

1

2

1
. 61j

1 12 1
2

12
2 1N( )

( )
q q

=
-


-

+ D
-
-

-

Therefore

A

A
F T x x T T

x x x x

x x
F I

8 2

1
dcos d d ,

. 62

j t t
J

J
j

J

N 12 1 1 2

2

N 1 2

1 2

N ( )

( ) ( )
∣ ∣

∣⟨ ∣ ∣ ⟩ ∣ ( )

òåp
q r

d d

G =
-
-

´
- + -

-
D

k k
+ -

+ -

After integrating over x one gets

F T T T F Id dcos , , cos , ,

63

j t t
J

J
j

j J x x x xN
4

1 12 1 2 12
2

N 1 2

1 2

N
N

{[ ( )∣⟨ ∣ ∣ ⟩ ∣ ] [·] }

( )

òå q r qG = ¢ D D +
p

k k

 + -

where

T T
x A T T

T A A T A
, , cos ,

2 ,

cos 2 1 2
. 64j

j
1 2 12

1 2

1
2

12 1
2N

N

( ) ( ) ( )
( )( ) ( )

( )r q
r

q
¢ D =

-

+ D - - - -

It is worth mentioning that:

• In the analogous NR formulation [21], it has been shown numerically that the
contribution corresponding to the second term in equation (63) is negligibly small
compared to that of the first term. This also occurs here.

• In the limit A  ¥, the result in equation (53) is recovered. Indeed, once

x T , 65
A

j 1N
⟶ ( ) D -
¥

x- becomes nonphysical. Therefore, the only contribution comes from the first term in
equation (63), and, as can be seen from equation (64):

T T T Tdcos , , cos , 2 , . 66j
A

12 1 2 12 1 2N
( ) ⟶ ( ) ( )ò q r q r¢ D

¥

3. Numerical results

We present here results for the NMWD rates of12
L C. In general, recoil effects can be

neglected, as we have learned in previous NR calculations [19, 25], although they are relevant
for the energy distribution of emitted particles in very light systems, such as s-shell hyper-
nuclei. They are also crucial for the angular distribution in general, but less important for the
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integrated rates. Therefore equation (53) can be used. However, for reasons of completeness,
a few results with the effect of recoil included are also presented.

Two approaches have been tested for the propagators x yM (∣ ∣)D - , both based on the fact
that the ranges of Yukawa-like baryon–baryon forces within hypernuclei depend not only on
the intermediate meson mass but also on the baryon masses, as stated in appendix G of [67],
namely:

RA1 This is the standard approach in NR calculations [13, 15, 68], where the energy q0
carried by the exchanged meson is constant and always smaller that the meson mass
mM, having the value q 2 88.50 = D = MeV. This implies that the factor

m qM
2 0 2( )- in (14) is taking the place of the effective mass m m 4M M

2 2˜ = - D .
RA2 This is the approach introduced in [44, 45], which is more appropriate for relativistic

calculations, where q0 is evaluated for each value of the kinetic energy T1, with direct
and exchange energies being respectively q TD

j0 1e= D + -
L

, and q TE
j0 1 N

e= - .
Since for the NMWD in L-hypernuclei the energy transfer is of the order
50–150MeV, q0 can be larger than mp and the factor m q2

0
2-p can become

complex. Therefore, in the case of the p meson, besides making use of equation (14),
one also needs equation (15). We are particularly interested in this approach, since, as
mentioned above, the energy transfer in the NMWD of charmed nuclei can be large.

Effects due to short-range correlations (SRC) on the initial and final states involved in the
NMWD matrix elements in equations (7) and (8) are introduced by making the substitution

g r g rr r , 67i f
M M( ) ( ) ( ) ( ) ( )D  D

in equation (34), where r x y∣ ∣º - and

g r r

g r j q r

1 e e ,

1 68
i

r r

f

2 2

0 c

2 2 2 2( ) ( )
( ) ( ) ( )

b= - +
= -

a g- -

are Jastrow factors corresponding, respectively, to the initial and final states, with 0.5a = fm,
0.25b = fm 2- , and g= 1.28 fm, and q 3.93 fmc

1= - [13, 15, 43–45]. The dipole form-factor
cutoffs Lp=1.3 GeV and 1.2KL = GeV are also the same as in those works. Jastrow factors
have been recently used in relativistic calculations in [69–71]—see also [72] for a discussion
on this. Although the use of such factors cannot be a substitute for a relativistic many-body
calculation a la Brueckner–Hartree–Fock (RBHF), they are nevertheless useful to assess
order of magnitude effects one can expect from SRC. For a very recent discussion on the
status of a RBHF theory for finite nuclei, see [73].

We present here two different sorts of comparisons involving our results for the decay
rates of 12

L C. First, in table 2, the two relativistic calculations RA1 and RA2 are compared
with each other, and also with the analogous NR calculation using the RA1 approach for the
propagator. The NR calculation is analogous to the relativistic one in the sense that it uses: the
same OME model, the same Jastrow-like correlation function(68), the same single-particle
energies, and single-particle wave functions of a harmonic oscillator potential with size
parameter b=1.60 fm, which gives the same root-mean-square radius for the initial hyper-
nucleus as the relativistic wave functions. We show the decay rates nG and pG , the total one-
nucleon-induced nonmesonic decay rates nm n pG = G + G , and the ratios n pG G within different
OME models, namely, the p and K,( )p exchanges without and with SRC. Obviously, the
relativistic calculations were evaluated in the laboratory frame of reference (LFR). Therefore,
we confront them with NR calculations that also were done in the LFR. These, in turn, have
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been shown elsewhere [61, 62] to nicely agree with the NR evaluation in the center-of-mass
frame (CMF).

It is not possible here to separate the decay rates nG and pG in the usual Block–Dalitz
channels [74]:

S S , P S , S S ,

D S , P S , P S , 69

1
0

1
0

3
0

1
0

3
1

3
1

3
1

3
1

1
1

3
1

3
1

3
1 ( )

  
  

  
  

a b c

d e f

as one can always do in the CMF within the s-wave approximation [22]. Therefore, we only
show separate results for the PC and PV parts of the decay rates, which contain, respectively,
the ( + +a c d) and ( + +b e f ) contributions. From table 2, it can be concluded that:

(i) There is gross agreement between analogous NR and relativistic results, with and
without SRC.

(ii) The SRC, while not crucial for some decay rates, can significantly reduce others, both in
the NR and in the relativistic cases.

(iii) The decay rates nG and pG are both higher in RA2 than in RA1.
(iv) Relativity tends to make nG become larger and pG smaller, and this effect is more

pronounced in the RA2 approach for the propagator. As a consequence the relativistic

Table 2. Comparison between the nonrelativistic (NR) and relativistic results for nG , pG ,

nm n pG = G + G , and n pG G in C12
L , for different OME models: π and Kp + exchanges

without and with SRC. Parity-conserving (PC) and parity-violating (PV) parts of nG and
pG are given separately. The decay rates are in units of the free Λ decay rate,

2.50 10free 12G = ´L
- MeV. Except for the last row labeled as K r( )p + , results were

obtained without taking recoil into account.

Model n
PC( )G n

PV( )G p
PC( )G p

PV( )G n pG G nmG

NR
No SRC
p 0.11 0.16 0.87 0.40 0.21 1.54

Kp + 0.03 0.19 0.37 0.35 0.30 0.94
SRC
p 0.01 0.18 0.81 0.45 0.15 1.45

Kp + 0.02 0.19 0.38 0.40 0.27 0.99

RA1
No SRC
p 0.12 0.15 0.69 0.33 0.26 1.29

Kp + 0.06 0.24 0.40 0.38 0.38 1.08
SRC
p 0.10 0.12 0.52 0.24 0.29 0.98

Kp + 0.06 0.16 0.35 0.27 0.35 0.84

RA2
No SRC
π 0.17 0.22 0.79 0.45 0.31 1.63

Kp + 0.10 0.31 0.48 0.51 0.41 1.40
SRC
π 0.14 0.19 0.62 0.36 0.34 1.31

Kp + 0.10 0.23 0.44 0.39 0.40 1.16
K r( )p + 0.09 0.25 0.38 0.42 0.42 1.14
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n p ratio becomes significantly larger than the NR one, especially when the recoil effect
is considered. Therefore, the relativistic approach RA2 helps to solve the longstanding
puzzle on the n pG G ratio [13, 75]. (See also table 3.)

(v) Inclusion of recoil gives a relatively small contribution, as indicated by the last row. As
pointed out elsewhere [23], the effect of recoil is much more relevant in s-shell
hypernuclei. Very likely, it is also sizeable in the case of charmed nuclei, and this was the
main reason for discussing it in section 2.3.

In table 3 we compare the RA2 calculations for C12
L with previous relativistic calculations

performed in [43, 45] for several OME models. We consider only the calculations using
pseudo-scalar couplings. The difference with the calculation of [45] is due to differences in
parametrization and to the fact of a missing normalization factor of 1 2 in the anti-
symmetrized matrix elements in that work—compare equation (46) here and equation (33) in
[45]. This explains why the rates obtained in that reference are approximately twice as large
as ours. The results in [43] agree well with ours without SRC, but they disagree when
including them; we note that in that reference, separate multipole expansions are made for the
propagators and the correlation functions, while here a single multipole expansion is made for
the product of these quantities, with coefficients computed numerically as indicated in

Table 3. Nonmesonic decay rates nG , pG and nm n pG = G + G , and the ratio n pG G in C12
L

for several OME models: π and Kp + exchanges without and with SRC. Results
obtained with approach RA2 for the propagators are compared with those of the
literature using PS coupling and with experimental data. All results are in units of

2.50 10free 12G = ´L
- MeV.

Model nG pG n pG G nmG

p
Present (RA2) 0.39 1.24 0.31 1.63
[43] 0.27 1.32 0.20 1.62
[45] PS 0.86 2.09 0.41 2.95

SRCp +
Present (RA2) 0.33 0.98 0.34 1.31
[43] 0.06 0.29 0.20 0.35
[45] PS 0.71 1.72 0.34 2.43

Kp +
Present (RA2) 0.41 0.98 0.41 1.39
[45] PS 1.25 1.60 0.78 2.85

K SRCp + +
Present (RA2) 0.33 0.82 0.40 1.15
[43] 0.05 0.36 0.15 0.41
[45] PS 0.96 1.42 0.68 2.39

Experiment

[56] 0.23±0.08 0.45±0.10 — —

[57] — — 0.51 0.13 0.05  —

[58] — — — 0.828 0.056 0.066 
[59] — — — 0.953±0.032
[60] — 0.65±0.19 — —
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equation (35). We have checked the stability of our results with respect to the number of
partial waves and Gauss quadrature points used in the numerical integrations.

In the same table 3 are shown the pertinent experimental data obtained by the KEK and
FINUDA groups [56–60], which show good agreement with the present evaluation within the

K SRCp + + model. In particular, the good agreement for the ratio n pG G should be
highlighted. The only significant discrepancy is with the experimental values for nG and pG
obtained by KEK in [56]. However, there is agreement with the experimental value for pG
obtained by FINUDA group in [60]. As to the last column in tables 2 and 3, it is important to
remark that, while all the listed calculations include only one-nucleon-induced transitions, the
experimental values include also eventual two-nucleon-induced contributions.

4. Summary and final remarks

Starting from the Fermi golden rule for the decay rate, equation (4), we have constructed in
section 2 a relativistic formalism to describe the NMWD of single-L hypernuclei within the
framework of the IPSM, with the dynamics represented by the K,( )p OME model. First, in
section 2.1 we implemented the formalism for hypernuclei whose cores have only closed
subshells and neglected recoil effects. Here, the Dirac plane waves are expanded in spherical
partial waves, the multipole expansion of the propagator is performed, and the two-body
matrix element is properly antisymmetrized with regard to the two outgoing nucleons.
Making use of the orthogonality condition given in equation (23) and exploiting the energy
conserving d-function, the six momentum–space integrals in equation (4) are reduced to a
single integral in equation (50), with the latter performed numerically. Next, the derived result
is generalized to include hypernuclei with open-shell cores. This is done by means of the
spectroscopic factors given by equation (52), which are evaluated in second quantization,
without recurring to the c.f.p. technique. In this way, we arrive at equation (53). Finally, in
section 2.3, we discuss recoil effects, which are important [23] not only for the evaluation of
angular distributions of the pairs of emitted nucleons, but also for the study of single kinetic
energy spectra in light and medium-weight hypernuclei.

Numerical results for C12
L are presented in section 3, from where the following conclu-

sions can be drawn. First, table 2 shows the comparison between analogous NR and relati-
vistic calculations of the transition rates nG and pG . The PC and PV contributions are given
separately. Indeed, because of the relatively low energy exchange in the nonmesonic decay, a
relativistic formalism by itself is not to bring pronounced effects if implemented correctly.
Nevertheless, such a comparison, never done before in the literature, is useful for assessing
the ability of a relativistic model to describe experimental data. The agreement between the
two formalisms is satisfactory, with the ratio n pG G being appreciably higher in the relativistic
calculation and agreeing better with experiment than the NR one, especially when the RA2
approach for the propagators is used; the agreement with experimement is even better when
recoil is considered. In addition, the results shown in the table 3 indicate that the

K SRCp + + OME model provides results that compare well with experimental data.
The present formalism needs to be complemented with a more detailed study of SRC.

Proper treatment of SRC is a key issue in nuclear physics, not only in the relativistic context
—for recent reviews, see e.g. [76–78]. In the absence of a fully RBHF calculation of finite
nuclei [73], a particularly interesting way to treat SRC is provided by the unitary correlation
operator method (UCOM) [79]. In the UCOM, a unitary correlation operator moves a pair of
nucleons away from each other whenever they start to overlap and, due its unitary character,
conserves the probability normalization of the pair relative wave functions. Very recently
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[80], the UCOM has been implemented in a relativistic mean-field model like the one we used
in the present paper. As shown in [80], SRC can be handled even in the presence of meson-
baryon form factors within the UCOM and so the method seems to provide a good starting
point to include in a consistent manner SRC in relativistic NMWD matrix elements. Work in
this direction is in progress, where we also intend to investigate further observables in the
NMWD, as the decay asymmetry.

Finalizing, we have achieved our goal of developing a relativistic model that is able to
give a reasonable description of NMWD rates of L-hypernuclei, which can be extended for
similar weak decays in charmed nuclei, where it is imperative to resort to a relativistic
formalism.
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Appendix A. Derivation of equation (24)

From the definition (17) it follows that
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Now, if we use the relation
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m
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we can solve the integral over the azimuthal angle to obtain
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Appendix B. Relativistic single-particle wave functions

The evaluation of the matrix elements of the NMWD is made in the context of the IPSM. This
means that the L wave functions are those generated by spherically symmetric mesonic mean
fields. That is, in solving the Dirac equations for the single-particle level of L, one must use
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the meson mean fields from the C12 nucleus. This is similar in spirit to the works of
Ramos et al [43], where single-particle bound-state wave functions are obtained by solving
the Dirac equation with static Lorentz-scalar and -vector Woods–Saxon potentials.

The radial bound-state wave functions F r( )k and G r( )k in (25) and corresponding energy
eigenvalues ek for a single-particle state k for the N orL are obtained by solving the following
Dirac equations:

r r
F V S G

r r
G V S F

d

d
0,

d

d
0, B.1

( )

( ) ( )

⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

k
e

k
e

+ + - + =

- - - - =

k k k

k k k

where the scalar potential S=S r( ) is

S r M g r , B.2( ) ( ) ( )s= + s

with M MN= and g g N=s s for the N , and M M= L and g g=s s
L for the L; the vector

potential V V r( )= for the nucleon is given by

V r g r t g r t e A r1 2 , B.3N
0 0 0( ) ( ) ( ) ( ) ( ) ( )w r= + + +w k r k

with t 1 2=k for the proton, t 1 2= -k for the neutron, and for the L it is given by

V r g r . B.40( ) ( ) ( )w= w
L

The meson and Coulomb fields satisfy the following Klein–Gordon and Poisson equations
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where n N
k are the nucleon occupancies of the statek.

The system of equations is solved by iteration following the scheme of [66]:

(i) we solve the Dirac equations for given initial ansätze for the S and V potentials;
(ii) the solutions for F r( ) and G r( ) are then used to solve the Klein–Gordon and Poisson

equations and construct new potentials; and (iii) we put these into the Dirac equations
and cycle until convergence to a prescribed precision is attained. Note that the nonlinear
terms for the s field are put together with the scalar density s

Nr in the iteration procedure.
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The numerical values of the meson-nucleon parameters are those of the column NL3 [81]
of table I in [82], and for the meson–lambda couplings are those from [83] (masses are given
in MeV):

g g g

e g g g g

g g

m m m

M M

10.2169, 12.8675, 8.9488,
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2
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p
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s w r

s s w w

s w r

L L

-

L

In table B1, we present the single-particle energies for C12 and C12
L . Note that these

results are obtained without adjusting any parameters to fit experimental numbers. Clearly, a
reasonable description of the experimental single-particle energies is achieved. Of course, a
better description could be obtained by fine tuning the parameters, but for the purposes of the
present paper such a refinement is not necessary.

Appendix C. Derivation of equation (56)

Here we demonstrate the result in equation (56) starting from the definition in equation (28)
for S p t p t,1 1 2 2( )p , i.e.,
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Using the expansion in equation (26) and making the change of variable p p2 12ˆ ˆ as shown
in equation (55), we are free to perform the p1ˆ integration according to equation (23), and are
left with
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Table B1. Single-particle energies for C12 and C12
L . (See text.) Experimental values for

C12 are taken from [43], and for C12
L from [84]. All values are in MeV.

Level Calculated Experiment

p1s1 2 −38.53 34.-
p1p3 2 −13.52 −15.96

n1s1 2 −42.03 37.-
n1p3 2 −16.65 −18.72

Λ 1s 1 2 −11.59 −10.79
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Next, we perform the angular momentum algebra as in equation (30),
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Finally, using equation (24) one gets equation (56).
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