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In this article we investigate cylindrical thin-shell wormholes which are asymptotically anti-de Sitter.
We analyze their stability under perturbations preserving the symmetry by using two different methods.
We compare the results with those corresponding to the wormholes constructed from the Levi-Civita
spacetime. We find that the configurations always require the presence of exotic matter at the throat, and, in
the case of the linearized stability analysis, they can be stable for suitable values of the parameters.
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I. INTRODUCTION

Traversable Lorentzian wormholes were first considered
by Morris and Thorne [1]; because of the interesting
unusual properties of these topologically nontrivial geom-
etries, in the years after this leading work, they have
received considerable attention [2]. A major objection
against their actual existence, however, is the necessity
of “exotic” matter (not fulfilling the energy conditions)
supporting the wormholes; within the framework of general
relativity, this difficulty cannot be avoided in the case of
compact wormhole geometries. Therefore, wormholes of
the thin-shell class [2–4], that is, those which are math-
ematically constructed by cutting and pasting two geom-
etries, present a particular interest because in such
configurations the exotic matter can be restricted to a layer
placed at the throat (see Refs. [5,6] and references therein).
In the last three decades, cosmic strings [7] have been the

object of thorough study, because of their possible rel-
evance in the process of structure formation in the early
Universe [8] and also because, in principle, they could be
detected by gravitational lensing effects [9]. Besides, open
or closed fundamental strings are the center of present-day
programs in the search for a unified theory of the
fundamental interactions. Then the interest in the gravita-
tional effects of both fundamental and cosmic strings and,
in general, in axially symmetric solutions of the equations
of gravitation has been recently renewed (for instance,
see Ref. [10]). Consequently, cylindrically symmetric
wormholes have been studied in the last few years; see
Refs. [11–22]. In particular, a remarkable aspect was noted
in Ref. [16]: cylindrically symmetric wormholes admit two
definitions of the throat, and one of them—-that the
geodesics restricted to a plane normal to the symmetry

axis open up—can be compatible with the energy con-
ditions even within the framework of general relativity.
It has been shown that such cylindrical wormholes satisfy-
ing the weak energy condition cannot have a flat or local
cosmic string asymptotic behavior at both sides of the
throat. Wormholes associated with an azimuthal magnetic
field and supported by nonexotic matter were found; they
are neither symmetric with respect to the throat nor flat or
local string like at infinity (see Ref. [16] and references
therein). The possibility of cylindrical thin-shell wormholes
supported by a layer of positive energy density placed at the
throat was proved in Ref. [18] within the framework of
Einstein’s gravity. Besides, the linearized stability of
generic thin-shell wormholes was studied in Ref. [23].
Cylindrical spacetime solutions with nonvanishing cos-

mological constant Λ were found in Refs. [24,25]; they are
known as the Linet–Tian metric or the Levi-Civita metric
with a cosmological constant and are associated to the
exterior of a cosmic string. Several interesting features of
these geometries were analyzed in Refs. [26–29]. A case of
particular interest is the one corresponding to a negative
cosmological constant, which is asymptotically anti-de
Sitter. In recent years, anti-de Sitter spacetimes have been
of interest within the context of supergravity and string
theories; in particular, they play an important role in
M-theory. The AdS/CFT correspondence conjecture
provides a link between gravity and conformal
field theory. The Linet–Tian metric with Λ < 0 has the
form [24,25,27]

ds2 ¼ −QðrÞ2=3PðrÞ−2ζðkÞ=3αðkÞdt2 þ dr2

þQðrÞ2=3½ξ−2PðrÞ2ϵðkÞ=3αðkÞdφ2 þPðrÞ2γðkÞ=3αðkÞdz2�;
ð1Þ

where
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PðrÞ ¼ 2ffiffiffiffiffiffiffiffiffi
3jΛjp tanh

� ffiffiffiffiffiffiffiffiffi
3jΛjp

r
2

�
;

QðrÞ ¼ 1ffiffiffiffiffiffiffiffiffi
3jΛjp sinh ð

ffiffiffiffiffiffiffiffiffi
3jΛj

p
rÞ;

αðkÞ ¼ 4k2 − 2kþ 1, ζðkÞ ¼ 4k2 − 8kþ 1, ϵðkÞ ¼
−4k2 − 4kþ 2, and γðkÞ ¼ 8k2 − 4k − 1. The constant ξ
is related to the angle defect, and the parameter k is related,
but not equal, to the linear mass density of the source.
When Λ → 0, we have that PðrÞ ¼ QðrÞ ¼ r, and one
recovers the Levi-Civita spacetime [30]. For the parameter
k, the physically relevant range [27,29] is 0 ≤ k ≤ 1=2. The
solution (1) is singular in the axis r ¼ 0, except for the
cases k ¼ 0 and k ¼ 1=2. When k ¼ 0 the geometry
corresponds to the so-called nonuniform anti-de Sitter
universe, which is one of the two known vacuum solutions
of the Einstein equations with a negative cosmological
constant [31]. If k ¼ 1=2, it has been shown [26,27] that
with a suitable coordinate change the spacetime corre-
sponds to a black string.
Cylindrical thin-shell wormholes were constructed from

the Linet–Tian metric with a positive cosmological constant
[21,23], for which the stability was recently studied. In the
present article, we consider the mathematical construction
and characterization of cylindrically symmetric thin-shell
wormholes with a negative cosmological constant; in
particular, a detailed analysis of their stability under
perturbations preserving the symmetry is performed.
Two different approaches for the stability analysis are
adopted: in the first one, we assume that the equations
of state for the static configuration are preserved along the
evolution of the perturbation, and in the second one, we
assume a linearized equation of state relating each pressure
with the surface energy density. We compare the results
with those corresponding to the thin-shell wormholes
obtained from the Levi-Civita metric. We adopt units such
that G ¼ c ¼ 1.

II. WORMHOLE CONSTRUCTION

The mathematical construction of generic thin-shell
wormholes with cylindrical symmetry (see Ref. [18]) starts
from a metric which, in coordinates Xα ¼ ðt; r;φ; zÞ, has
the form

ds2 ¼ −AðrÞdt2 þ BðrÞdr2 þ CðrÞdφ2 þDðrÞdz2; ð2Þ
here A, B, C, and D are positive functions of the radial
coordinate only. Two copies M� ¼ fX=r ≥ ag of the
region with r ≥ a are taken and then joined at the hyper-
surface Σ≡ Σ� ¼ fX=r − a ¼ 0g. The resulting new
manifold M ¼ Mþ∪M− is geodesically complete. If a
flare-out condition is satisfied, that is, if the geometry opens
up at the radius a, the construction determines a

cylindrically symmetric thin-shell wormhole with two
infinite regions connected by a throat at Σ. We apply the
standard Darmois–Israel formalism [32–34]. At the throat
we adopt coordinates ξi ¼ ðτ;φ; zÞ, with τ the proper time
on the shell. The radius of the throat is, in general, a
function of τ, that is, a ¼ aðτÞ; in this case, the shell is
defined by Σ∶Hðr; τÞ ¼ r − aðτÞ ¼ 0. The energy density
and pressures of matter on the shell are related with the
extrinsic curvature Kij at the two sides of it. The relation is
given by the Lanczos equations

−½Kij� þ ½K�gij ¼ 8πSij; ð3Þ

where ½Kij�≡ Kij
þ − Kij

−, ½K� ¼ gij½Kij� is the trace of the
extrinsic curvature tensor and Sij is the surface stress-
energy tensor. If we define the unit normals n�γ (so that
nγnγ ¼ 1) to the surface Σ as

n�γ ¼ �
����gαβ ∂H∂Xα

∂H
∂Xβ

����
−1=2 ∂H

∂Xγ ; ð4Þ

then the extrinsic curvature at each side of the shell is
given by

K�
ij ¼ −n�γ

� ∂2Xγ

∂ξi∂ξj þ Γγ
αβ

∂Xα

∂ξi
∂Xβ

∂ξj
�����

Σ
: ð5Þ

Working in the orthonormal basis feτ̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=AðrÞp

et; eφ̂ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=CðrÞp

eφ; eẑ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=DðrÞp

ezg, for which gι̂ |̂ ¼ ηι̂ |̂ ¼
diagð−1; 1; 1Þ, we obtain

K�
τ̂ τ̂¼∓2AðaÞBðaÞäþA0ðaÞþ½AðaÞB0ðaÞþA0ðaÞBðaÞ� _a2

2AðaÞ ffiffiffiffiffiffiffiffiffiffi
BðaÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þBðaÞ _a2
p ;

ð6Þ

K�
φ̂ φ̂ ¼ �C0ðaÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ BðaÞ _a2

p
2CðaÞ ffiffiffiffiffiffiffiffiffiffi

BðaÞp ; ð7Þ

and

K�
ẑ ẑ ¼ �D0ðaÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ BðaÞ _a2

p
2DðaÞ ffiffiffiffiffiffiffiffiffiffi

BðaÞp ; ð8Þ

where the dot and the prime stand for d=dτ and d=dr
respectively. Therefore, the surface energy density σ ¼ Sτ̂ τ̂
and the pressures pφ ¼ Sφ̂ φ̂ and pz ¼ Sẑ ẑ for the matter on
the shell are given by

σ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ BðaÞ _a2

p
8π

ffiffiffiffiffiffiffiffiffiffi
BðaÞp

�
C0ðaÞ
CðaÞ þ

D0ðaÞ
DðaÞ

�
; ð9Þ
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pφ ¼ 1

8π
ffiffiffiffiffiffiffiffiffiffi
BðaÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ BðaÞ _a2
p

�
2BðaÞäþ BðaÞ

�
A0ðaÞ
AðaÞ þ

B0ðaÞ
BðaÞ þ

D0ðaÞ
DðaÞ

�
_a2 þ A0ðaÞ

AðaÞ þ
D0ðaÞ
DðaÞ

	
; ð10Þ

pz ¼
1

8π
ffiffiffiffiffiffiffiffiffiffi
BðaÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ BðaÞ _a2
p

�
2BðaÞäþ BðaÞ

�
A0ðaÞ
AðaÞ þ

B0ðaÞ
BðaÞ þ

C0ðaÞ
CðaÞ

�
_a2 þ A0ðaÞ

AðaÞ þ
C0ðaÞ
CðaÞ

	
: ð11Þ

The definition of the wormhole throat usually applied to
compact configurations states that it is a minimal area
surface. In the cylindrical case, the area function AðrÞ ¼
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CðrÞDðrÞp

should then increase at both sides of the
throat, and this implies that ðCDÞ0ðaÞ > 0. We can call
it the areal flare-out condition. If ðCDÞ0ðaÞ ¼
C0ðaÞDðaÞ þ CðaÞD0ðaÞ > 0, from Eq. (9) it follows that
the surface energy density is negative, so the matter at the
throat is exotic. However, Bronnikov and Lemos [16]
recently introduced a new throat definition which only

requires that the circular radius function RðrÞ ¼ ffiffiffiffiffiffiffiffiffiffi
CðrÞp

has a minimum at the throat; thus, we can call this one the
radial flare-out condition. This definition implies
C0ðaÞ > 0, imposing no condition on the sign of
ðCDÞ0ðaÞ; in principle, depending on the metric consid-
ered, this could make possible a positive energy
density.
In the case of the wormholes constructed from the

spacetime given by Eq. (1), by using the equations above,
we find the energy density and the pressures

σ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ _a2

p ffiffiffiffiffiffiffiffiffi
3jΛjp ½2αðkÞ cosh ð ffiffiffiffiffiffiffiffiffi

3jΛjp
aÞ þ ζðkÞ�

12παðkÞ sinh ð ffiffiffiffiffiffiffiffiffi
3jΛjp

aÞ ; ð12Þ

pφ ¼ 1

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ _a2

p
�
äþ

ffiffiffiffiffiffiffiffiffi
3jΛjp ½2αðkÞ cosh ð ffiffiffiffiffiffiffiffiffi

3jΛjp
aÞ − ϵðkÞ�ð1þ _a2Þ

3αðkÞ sinh ð ffiffiffiffiffiffiffiffiffi
3jΛjp

aÞ

	
; ð13Þ

pz ¼
1

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ _a2

p
�
äþ

ffiffiffiffiffiffiffiffiffi
3jΛjp ½2αðkÞ cosh ð ffiffiffiffiffiffiffiffiffi

3jΛjp
aÞ − γðkÞ�ð1þ _a2Þ

3αðkÞ sinh ð ffiffiffiffiffiffiffiffiffi
3jΛjp

aÞ

	
: ð14Þ

Note that there is no dependence with the parameter ξ of the
metric. It is not difficult to see that the energy density at the
shell is always negative for all the values of the parameter k
(in the range 0 ≤ k ≤ 1=2 adopted in this work) and for any
throat radius a. This result is valid even if the radial flare-
out condition is used. So the weak energy condition (which
requires σ ≥ 0 and σ þ pj ≥ 0) cannot be fulfilled in our
construction, and the matter at the throat is exotic.
For comparison, let us analyze the case of wormholes

constructed from the Levi-Civita metric (Λ ¼ 0), for which
we obtain that the energy density and the pressures are
given by

σðaÞ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ _a2

p
ð1 − 2kÞ2

4πað4k2 − 2kþ 1Þ ; ð15Þ

pφðaÞ ¼
1

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ _a2

p
�
äþ 4k2ð1þ _a2Þ

að4k2 − 2kþ 1Þ
�
; ð16Þ

pzðaÞ ¼
1

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ _a2

p
�
äþ 1þ _a2

að4k2 − 2kþ 1Þ
�
: ð17Þ

The energy density at the shell is always negative for all the
values of k and a, even if the radial flare-out condition is
adopted. Then, the weak energy condition is not satisfied,
and the matter at the throat is also exotic.

III. STABILITY

The static values of the energy density and the pressures
are obtained by putting _a ¼ 0 and ä ¼ 0 in Eqs. (9), (10),
and (11),

σða0Þ ¼ −
1

8π
ffiffiffiffiffiffiffiffiffiffiffiffi
Bða0Þ

p
�
C0ða0Þ
Cða0Þ

þD0ða0Þ
Dða0Þ

�
; ð18Þ

pφða0Þ ¼
1

8π
ffiffiffiffiffiffiffiffiffiffiffiffi
Bða0Þ

p
�
A0ða0Þ
Aða0Þ

þD0ða0Þ
Dða0Þ

�
; ð19Þ

pzða0Þ ¼
1

8π
ffiffiffiffiffiffiffiffiffiffiffiffi
Bða0Þ

p
�
A0ða0Þ
Aða0Þ

þ C0ða0Þ
Cða0Þ

�
; ð20Þ

ASYMPTOTICALLY ANTI–DE SITTER CYLINDRICAL … PHYSICAL REVIEW D 91, 064005 (2015)

064005-3



where a0 is the constant throat radius. Then, the static
wormhole associated to the background geometry given by
Eq. (1) is supported by a shell at the throat with the surface
energy density

σða0Þ ¼ −
ffiffiffiffiffiffiffiffiffi
3jΛjp ½2αðkÞ cosh ð ffiffiffiffiffiffiffiffiffi

3jΛjp
a0Þ þ ζðkÞ�

12παðkÞ sinh ð ffiffiffiffiffiffiffiffiffi
3jΛjp

a0Þ
ð21Þ

and the pressures

pφða0Þ ¼
ffiffiffiffiffiffiffiffiffi
3jΛjp ½2αðkÞ cosh ð ffiffiffiffiffiffiffiffiffi

3jΛjp
a0Þ − ϵðkÞ�

12παðkÞ sinh ð ffiffiffiffiffiffiffiffiffi
3jΛjp

a0Þ
; ð22Þ

pzða0Þ ¼
ffiffiffiffiffiffiffiffiffi
3jΛjp ½2αðkÞ cosh ð ffiffiffiffiffiffiffiffiffi

3jΛjp
a0Þ − γðkÞ�

12παðkÞ sinh ð ffiffiffiffiffiffiffiffiffi
3jΛjp

a0Þ
: ð23Þ

In the Λ ¼ 0 case, we find that

σða0Þ ¼ −
ð1 − 2kÞ2

4πa0ð4k2 − 2kþ 1Þ ; ð24Þ

pφða0Þ ¼
k2

πa0ð4k2 − 2kþ 1Þ ; ð25Þ

pzða0Þ ¼
1

4πa0ð4k2 − 2kþ 1Þ : ð26Þ

In what follows, we adopt two possible formalisms for
the stability analysis of the static configurations, previously
presented in a general form in Refs. [18] and [23]. We
consider small perturbations, so we assume that the
geometry outside the throat remains static.

A. Fixed equations of state

A possible approach to the study of the mechanical
stability relies on the fact that we are interested in small
perturbations starting from a static solution, so that the
evolution of the shell matter can be considered as a
succession of static states [15,17]. We summarize here
our general analysis for radial perturbations introduced in
Ref. [13] and generalized in Ref. [18], in which we fix the
form of the equations of state. By using Eq. (18), we see
that Eqs. (19) and (20) can be recast in the form

pφða0Þ ¼ −
Cða0Þ½Aða0ÞD0ða0Þ þ A0ða0ÞDða0Þ�
Aða0Þ½Cða0ÞD0ða0Þ þ C0ða0ÞDða0Þ�

σða0Þ;

ð27Þ

pzða0Þ ¼ −
Dða0Þ½Aða0ÞC0ða0Þ þ A0ða0ÞCða0Þ�
Aða0Þ½Cða0ÞD0ða0Þ þ C0ða0ÞDða0Þ�

σða0Þ:

ð28Þ
Then, the functions Aða0Þ, Cða0Þ, and Dða0Þ determine the
equations of state pφðσÞ and pzðσÞ of the exotic matter on

the shell. Hence, we can assume that the equations of state
for the dynamic case have the same form as in the static
one, i.e. that they do not depend on the derivatives of aðτÞ;
then pφðσÞ and pzðσÞ are given by Eqs. (27) and (28) with a
instead of a0. Therefore, as we have shown in our previous
works, even in the most general case of a wormhole
connecting two geometries of the form (2), a simple
second-order differential equation for aðτÞ is obtained:

2BðaÞäþ B0ðaÞ _a2 ¼ 0: ð29Þ
Now, in our case for both Λ < 0 and Λ ¼ 0, the metric has
BðrÞ ¼ 1, so that ä ¼ 0, _aðτÞ ¼ _aðτ0Þ and then

aðτÞ ¼ aðτ0Þ þ _aðτ0Þðτ − τ0Þ: ð30Þ
So, when given in terms of the proper time on the shell, the
radius of the wormhole throat can only undergo a monoto-
nous evolution with constant speed. This result is a
particular case of the general behavior found in our
previous articles.

B. Linearized analysis

Let us review the formalism introduced in Ref. [23],
which was previously developed for the spherically sym-
metric case in Refs. [3–6]. From Eqs. (9), (10), and (11), we
can obtain the conservation equation

dðAσÞ
dτ

þ pφ
Affiffiffiffiffiffiffiffiffiffi
CðaÞp d

ffiffiffiffiffiffiffiffiffiffi
CðaÞp
dτ

þ pz
Affiffiffiffiffiffiffiffiffiffiffi
DðaÞp d

ffiffiffiffiffiffiffiffiffiffiffi
DðaÞp
dτ

¼ _aAF ðaÞ; ð31Þ

where A ¼ 2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CðaÞDðaÞp

and

F ðaÞ ¼ −
σ

2

�
A0ðaÞ
AðaÞ þ

B0ðaÞ
BðaÞ

þ
�
C0ðaÞ2
CðaÞ2 −

2C00ðaÞ
CðaÞ þD0ðaÞ2

DðaÞ2 −
2D00ðaÞ
DðaÞ

�

×

�
C0ðaÞ
CðaÞ þ

D0ðaÞ
DðaÞ

�
−1
	
:

In the left-hand side of Eq. (31), the first term represents the
internal energy change of the throat, and the second and the
third terms represent the work done by the internal forces of
the throat; the right-hand side corresponds to a flux. By
using that d=dτ ¼ _ad=da, this conservation equation can
be rewritten to give

ðAσÞ0 þApφ
½ ffiffiffiffiffiffiffiffiffiffi

CðaÞp �0ffiffiffiffiffiffiffiffiffiffi
CðaÞp þApz

½ ffiffiffiffiffiffiffiffiffiffiffi
DðaÞp �0ffiffiffiffiffiffiffiffiffiffiffi
DðaÞp ¼AF ðaÞ: ð32Þ

The last equation can be formally integrated to obtain σ ¼
σðaÞ if the pressures are known as functions of the energy
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density. From Eq. (9) we can write the equation of motion
of the throat in the form

_a2 þ VðaÞ ¼ 0; ð33Þ
with the potential

VðaÞ ¼ BðaÞ−1 − ð8πÞ2
�
C0ðaÞ
CðaÞ þ

D0ðaÞ
DðaÞ

�
−2
σ2: ð34Þ

A Taylor expansion to second order of the potential VðaÞ
around the static solution gives

VðaÞ ¼ Vða0Þ þ V 0ða0Þða − a0Þ þ
V 00ða0Þ

2
ða − a0Þ2

þOða − a0Þ3: ð35Þ

It is easy to see that Vða0Þ ¼ 0. Taking the derivative of the
potential and using the conservation equation (32), we have
that V 0ða0Þ ¼ 0. Using Eq. (32) again and introducing the
parameters η1 ¼ ðdpφ=dσÞða0Þ ¼ p0

φða0Þ=σ0ða0Þ and η2 ¼
ðdpz=dσÞða0Þ ¼ p0

zða0Þ=σ0ða0Þ, the second derivative of
the potential evaluated at a0 reads

V 00ða0Þ ¼
C0ða0ÞD0ða0Þχða0Þ þ ½C0ða0ÞDða0Þη1 þ Cða0ÞD0ða0Þη2�Ωða0Þ

Bða0Þ½C0ða0ÞDða0Þ þ Cða0ÞD0ða0Þ�
; ð36Þ

where

χða0Þ ¼
A0ða0Þ
Aða0Þ

�
Cða0Þ
C0ða0Þ

þ Dða0Þ
D0ða0Þ

��
−
A0ða0Þ
Aða0Þ

þ A00ða0Þ
A0ða0Þ

−
B0ða0Þ
2Bða0Þ

�
−
B0ða0Þ
Bða0Þ

−
C0ða0Þ
Cða0Þ

þ C00ða0Þ
C0ða0Þ

−
D0ða0Þ
Dða0Þ

þD00ða0Þ
D0ða0Þ

;

and

Ωða0Þ ¼
C0ða0Þ
Cða0Þ

�
−
B0ða0Þ
2Bða0Þ

−
C0ða0Þ
Cða0Þ

þ C00ða0Þ
C0ða0Þ

�
þD0ða0Þ

Dða0Þ
�
−
B0ða0Þ
2Bða0Þ

−
D0ða0Þ
Dða0Þ

þD00ða0Þ
D0ða0Þ

�
:

A static solution is stable under radial perturbations if V 00ða0Þ > 0. So the stability analysis reduces to the study of the sign
of the second derivative of the potential.
For the static wormhole constructed from the metric given by Eq. (1), we obtain that

V 00ða0Þ ¼
2Λ½ζðkÞ cosh ða0

ffiffiffiffiffiffiffiffiffi
3jΛjp Þ þ 2αðkÞ�

αðkÞ½2αðkÞ cosh ða0
ffiffiffiffiffiffiffiffiffi
3jΛjp Þ þ ζðkÞ�sinh2ða0

ffiffiffiffiffiffiffiffiffi
3jΛjp Þ

× ½ðη1 þ η2 − 1ÞαðkÞ cosh ða0
ffiffiffiffiffiffiffiffiffi
3jΛj

p
Þ þ η1ϵðkÞ þ η2γðkÞ þ ζðkÞ�: ð37Þ

The functions in the denominator αðkÞ and sinh2ða0
ffiffiffiffiffiffiffiffiffi
3jΛjp Þ are always positive, and the function 2αðkÞ coshða0

ffiffiffiffiffiffiffiffiffi
3jΛjp Þ þ

ζðkÞ is also positive for all k within the range 0 < k < 1=2, so using that Λ < 0 we can simplify the condition for
V 00ða0Þ > 0 in the form

½ζðkÞ cosh ða0
ffiffiffiffiffiffiffiffiffi
3jΛj

p
Þ þ 2αðkÞ�½ðη1 þ η2 − 1ÞαðkÞ cosh ða0

ffiffiffiffiffiffiffiffiffi
3jΛj

p
Þ þ η1ϵðkÞ þ η2γðkÞ þ ζðkÞ� < 0: ð38Þ

We see that this inequality is rather complicated to be interpreted analytically. So we show the results graphically in Figs. 1
and 2, in the plane ðη1; η2Þ, for some relevant values of the other parameters. For given values of Λ, k, and a0, in each plot
the stable region (in gray) is limited by the straight line

½αðkÞ cosh ða0
ffiffiffiffiffiffiffiffiffi
3jΛj

p
Þ þ ϵðkÞ�η1 þ ½αðkÞ cosh ða0

ffiffiffiffiffiffiffiffiffi
3jΛj

p
Þ þ γðkÞ�η2 ¼ αðkÞ cosh ða0

ffiffiffiffiffiffiffiffiffi
3jΛj

p
Þ − ζðkÞ; ð39Þ

which has a positive slope for small values of a0
ffiffiffiffiffiffijΛjp

; this
slope becomes negative as a0

ffiffiffiffiffiffijΛjp
increases. If the stable

region lies above or below this line depends also on the sign
of the expression ζðkÞ coshða0

ffiffiffiffiffiffiffiffiffi
3jΛjp Þ þ 2αðkÞ, which is

positive for small k and becomes negative as k grows (the

value where it changes sign is determined by a0jΛj). The
plots corresponding to small values of k, exemplified by
Fig. 1 for k ¼ 0.1, show that the stable region is above the
straight line for small values of a0

ffiffiffiffiffiffijΛjp
and is below this

line as a0
ffiffiffiffiffiffijΛjp

grows. When k is large, as displayed in
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Fig. 2 for k ¼ 0.4, the stable region is above the limiting
line for small a0

ffiffiffiffiffiffijΛjp
, below this line when a0

ffiffiffiffiffiffijΛjp
grows,

and then above again. From the figures we see that, for
appropriate values of k and a0

ffiffiffiffiffiffijΛjp
, stable configurations

can be found with both η1 and η2 belonging to the interval
[0,1], which is an useful feature if one wants to interpret
these parameters as the squared velocity of sound in the
corresponding directions. But for the exotic matter at the
throat, this interpretation is not mandatory [4].
In the case of wormholes constructed from the Levi-

Civita geometry, we find that the second derivative of the
potential takes the form

V 00ða0Þ ¼
−2η1 − 8k2η2 þ 4kðη1 þ η2 þ 1Þ

a20ð4k2 − 2kþ 1Þ ; ð40Þ

where 0 < k < 1=2, as stated previously. The denominator
is always positive, so the stability condition V00ða0Þ > 0
reduces to

−ð1 − 2kÞη1 þ 2kð1 − 2kÞη2 þ 2k > 0; ð41Þ

which is independent of the throat radius a0. We show the
results in the plane ðη1; η2Þ for different values of the other
parameters in Fig. 3. We see that, for a given value of
k (two values: 0.1 and 0.4 are shown in the plots), there is a
stable region above the line

−ð1 − 2kÞη1 þ 2kð1 − 2kÞη2 ¼ −2k: ð42Þ

It is easy to verify that the slope of this line is positive and a
decreasing function of k. Configurations with both η1 and
η2 within the interval [0,1] are possible for all values of k in
the range adopted.

IV. DISCUSSION

We have constructed cylindrical thin-shell wormholes
with anti-de Sitter asymptotics, starting from the Linet–
Tian metric with Λ < 0. We have characterized the matter
at the throat, finding that it cannot satisfy the energy
conditions for any of the two usual flare-out definitions, i.e.
it is always exotic. We have also studied the case with
Λ ¼ 0, corresponding to wormholes constructed from the
Levi-Civita spacetime, which are also always supported by
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FIG. 1. Thin-shell wormholes constructed from the Linet–Tian metric with Λ < 0: linearized stability regions (in gray) in the plane
ðη1; η2Þ, for k ¼ 0.1 and several values of a0

ffiffiffiffiffiffijΛjp
.

ERNESTO F. EIROA AND CLAUDIO SIMEONE PHYSICAL REVIEW D 91, 064005 (2015)

064005-6



exotic matter at the throat. We have performed two different
stability analyses under perturbations preserving the sym-
metry. If we fix the form of the equations of state by
assuming that those corresponding to a dynamic throat

maintain the form of the static case, the configurations are
unstable, as it was previously shown in the general case
[18]. Instead, in the linearized stability analysis, stable
configurations are possible for suitable values of the

4 2 0 2 4
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2
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4

1

2

4 2 0 2 4
4

2
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2
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1

2

FIG. 3. Thin-shell wormholes constructed from the Levi-Civita metric (Λ ¼ 0): linearized stability regions (in gray) in the plane
ðη1; η2Þ, for k ¼ 0.1 (left) and for k ¼ 0.4 (right). The results do not depend on a0 (see text).
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FIG. 2. Thin-shell wormholes constructed from the Linet–Tian metric with Λ < 0: linearized stability regions (in gray) in the plane
ðη1; η2Þ, for k ¼ 0.4 and several values of a0

ffiffiffiffiffiffijΛjp
.
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parameters. When Λ ¼ 0 the stability does not depend on
a0, while if Λ < 0 it depends on the product a0

ffiffiffiffiffiffijΛjp
. For

Λ ¼ 0 and Λ < 0, stable configurations with both
0 ≤ η1 ≤ 1 and 0 ≤ η2 ≤ 1 are possible, so these param-
eters can be interpreted as the squared velocity of sound in
the corresponding directions. In the Λ < 0 case, this
desirable feature is present for any value of a0

ffiffiffiffiffiffijΛjp

when k is small and only for low values of a0
ffiffiffiffiffiffijΛjp

if k
is large.
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