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FINITE GK-DIMENSIONAL PRE-NICHOLS ALGEBRAS
OF QUANTUM LINEAR SPACES
AND OF CARTAN TYPE

NICOLAS ANDRUSKIEWITSCH AND GUILLERMO SANMARCO

ABSTRACT. We study pre-Nichols algebras of quantum linear spaces and of
Cartan type with finite GK-dimension. We prove that except for a short list
of exceptions involving only roots of order 2, 3, 4, 6, any such pre-Nichols
algebra is a quotient of the distinguished pre-Nichols algebra introduced by
Angiono generalizing the De Concini-Kac-Procesi quantum groups. There are
two new examples, one of which can be thought of as G2 at a third root of
one.
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1. INTRODUCTION

1.1. Overview.

1.1.1. The problem. Let k be a field. Let GK-dim be an abbreviation of Gelfand-
Kirillov dimension, see [KL]. In this paper we contribute to the ongoing program of
classifying Hopf algebras with finite GK-dim. See [B+,GlL]] and references therein.
Let H be a Hopf algebra and let ££)D be the category of Yetter-Drinfeld modules
over H. Assume that H is pointed (similar arguments apply more generally if its
coradical is a Hopf subalgebra). Basic invariants of H are
(i) the group of grouplikes I' = G(H),
(ii) the diagram R = ®,en, R", a graded connected Hopf algebra in £LYD,
(iii) the infinitesimal braiding V := R, an object in ELYD.
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See [AS3]. Assume that I' has finite growth. In order to classify those H with
finite GK-dim, one first needs to understand all such R with finite GK-dim. As
a coalgebra R is coradically graded and connected; in other words, it is strictly
graded as in [Swi, Section 11.2, see p. 232 and Lemma 11.2.1]. Strictly graded Hopf
algebras R in [LYD with R! ~ V are called post-Nichols algebras of V; also, graded
Hopf algebras R in (LYD generated by R' ~ V are called pre-Nichols algebras of
V. See 2.0

The Nichols algebra (V) is isomorphic to the subalgebra of R generated by V;
see [A] for an introduction to Nichols algebras. When chark = 0 and dim H < oo
(thus T is finite), it was conjectured in [AS2] that R = (V); this is known to
be true when T is abelian by [Anl]. The validity of this conjecture says that the
classification of the finite-dimensional Nichols algebras in ¥LYD is a substantial
step towards the problem of classifying finite-dimensional pointed Hopf algebras
with group I'. When chark > 0 or dim H = oo, the conjecture fails to be true
and the knowledge of the Nichols algebras is not enough. Thus, towards classifying
pointed Hopf algebras with group I' and finite GK-dim, we do not see how to avoid
the consideration of the following questions:

(A) classify all V € ELYD such that 2(V) has finite GK-dim,
(B) for such V classify all post-Nichols algebras with finite GK-dim.

Question appears to be difficult to handle directly. However Lemma
below, proved in [AAH3|, reduces Question for V as in|(A)|to

(C) classify all pre-Nichols algebras of V* with finite GK-dim.

As usual it is more flexible to deal with classes of braided vector spaces rather
than classes of groups I' and correspondingly pre-Nichols algebras as braided Hopf
algebras; see §2.3] for unexplained vocabulary.

1.1.2. Eminent pre-Nichols algebras. For Question we point out that all pre-
Nichols algebras of V' form a poset Pre(V) with T'(V) minimal and Z(V) maximal;
those with finite GK-dim form a saturated subposet Preso (V), cf. §Z5 When
chark = 0 and the braiding is the usual flip, the Nichols algebra is just the sym-
metric algebra and the pre-Nichols algebras with finite GK-dim are the universal
enveloping algebras of the finite-dimensional N-graded Lie algebras generated in
degree one. Thus Pregqk (V) is hardly computable when dimV' > 2. Similar con-
siderations are valid when the braiding is the super flip of a super vector space, see
292 But if dimV = 1 and chark = 0, then Pre;ai (V) = Pre(V) has obviously
a minimal element. We introduce in this paper the notion of eminent pre—Nichol/s\
algebra as one that is a minimum in Pre;gk (V). That is, a pre-Nichols algebra #
of a braided vector V is eminent if

(a) GK-dim % < oo;
(b) if £ is a pre-Nichols algebra of V with GK-dim % < oo, then there exists a
morphism of pre-Nichols algebras 2 — %, necessarily surjective.

The existence of an eminent pre-Nichols algebra P reduces Question to the
determination of all pre-Nichols algebra quotients of 32, that is its homogeneous
Hopf ideals starting in degree (at least) 2. Presently there is no general recipe to
decide whether a braided vector space admits an eminent pre-Nichols algebra. In
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this paper we shall show that many braided vector spaces of diagonal type have
eminent pre-Nichols algebras.

1.1.3. Distinguished pre-Nichols algebras. From now on we assume that k is al-
gebraically closed and chark = 0. In this paper we deal with Question for
braided vector spaces V' of diagonal type, i.e. with braiding determined by a ma-
trix q = (¢;j)i,jer with entries in k* where € N and I = {1,...,60}. See §2.8 for
precise definitions.

First we need to discuss Question for this class. Finite-dimensional Nichols
algebras of diagonal type, i.e. those with GK-dim = 0, were classified in [HI]
through the notion of (generalized) root system. More generally the list of all
Nichols algebras of diagonal type with finite root system is given in loc. cit. It was
conjectured in [AAHI], and verified in various cases [R], [AAIJAAH2], that Nichols
algebras of diagonal type with finite GK-dim are precisely those with finite root
system. We recall this as Conjecture We shall assume in a few proofs that
Conjecture is valid in dimensions < 5.

Let Z(V) = T(V)/J(V) be a finite-dimensional Nichols algebra of diagonal
type. The distinguished pre-Nichols algebra of V' introduced in [An3] is the quotient
B(V) := T(V)/I(V), where Z(V) is the ideal of T(V) generated by the defining
relations of J (V') given in [Anl] but excluding the powers of the Cartan root
vectors and including the quantum Serre relations at Cartan vertices. Detailed
presentations of J(V) and Z(V') are available in [AA2] §4]. The notion of Cartan
root requires the theory of Weyl groupoid that would led us too far from the goal of
this paper. Indeed in Cartan type all roots are so and the distinguished pre-Nichols
algebras are the positive parts of the quantum groups of [DKP]. Originally #(V)
was introduced as a tool for understanding the relations of Z(V'); several results on
B(V) were established in [An3]. The graded duals of the distinguished pre-Nichols
algebras have been presented by generators and relations in [AAR].

Unlike the notion of eminent pre-Nichols algebra, we lack at the moment a concise
abstract definition of Z(V) that could be adapted beyond finite dimensional Z(V')
of diagonal type; but see JL.2.1] for quantum linear spaces.

In [An3] the author and one of us asked whether a distinguished pre-Nichols al-
gebra is eminent (in the terminology just introduced). Recall that the classification
in [HI] was organized in [AA2] in various types: Cartan, standard, super, modular,
super modular and UFO. Here we address the question above when #(V) is either
a quantum linear space or of Cartan type. The recent paper [ACS| treats super
and standard types, the remaining ones being the subject of work in progress.

1.2. The main results. In the present paper we focus on braided vector spaces of
diagonal type of two kinds. Fix V of diagonal type as in §2.8 with braiding given
by the matrix q = (¢i;)s jer.

1.2.1. Quantum linear spaces. Here we assume that q satisfies ¢;;q;; = 1 for all § #
7 € I. We extend the notion of distinguished pre-Nichols algebra to quantum linear
spaces even when they are infinite-dimensional. Namely we define the distinguished
pre-Nichols algebra (V') as the one presented by generators (z;);c; and relations
xix; — qijxjxy, for all ¢ # j € 1. If 1 # ¢ is a root of unit for all 4, then
dim (V) < oo, V is of Cartan type A; X --- X A; and any root is Cartan, so this
definition is consistent with the one given in [An3] and discussed above.
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We need some notation to state our first Theorem. Set
I ={iel:q;¢ Gy}, IN={icl: ordg; =N}, N>1,

(1.1) =1, I* = {icl:gy=+1) =I' UT2.
N>3

Thus T = I+ U3 LTt UI®. For x € NU {#,t,00}, let V* be the subspace of V
spanned by (z;);cr+ and q* the restriction of q to V*. Then

V=vVieVieVieV™.
Theorem 1.1. Assume that Conjecture 18 true.
(a) The distinguished pre-Nichols algebra B(V*) is eminent, x € {3,t,00}.
(b) Let B be a finite GK-dimensional pre-Nichols algebra of V; let %3, respec-

tively B, B> be the subalgebra of B generated by VE @ V3, respectively V',
Ve, Then there is a decomposition

(1.2) B~ BEPRQRB QB
(c) Assume that V has a basis {xy, x5} with x, € V3, x5 € V. Then
GV) = T(V)/{(ade 21)*(22), (ade w2)2(a1))
is an eminent pre-Nichols algebra of V' and has GK-dim = 6.

See §2.7] for the meaning of ®. Parts @ and @ follow from Proposition
whose proof assumes that Conjecture is true. Part is Proposition Al-
though Z(V) of part [(c)]is not the distinguished pre-Nichols algebra of the quantum
plane V', it can be thought of as the distinguished one of the braided vector space
of Cartan type Gs, but degenerated in the sense that the parameter is a primitive
third root of unity. Via suitable bosonizations, @(V) provides new examples of
pointed Hopf algebras with finite GK-dim.

Let # € Preggk (V). By [(a)] and ([L2) we have a surjective map of pre-Nichols
algebras %i’g@é(Vt)@gZ(Vm) — 2. Therefore it remains to understand 3.
Towards this, we know:

o The pre-Nichols algebras of V* with finite GK-dim are (up to a twist) the en-
veloping superalgebras U(n), where n = @jeNnj is a finite-dimensional Lie su-
peralgebra generated by n! ~ V, see §2.0.72

o By Proposition 3.2, %23 ~ #?R%53.

o For instance, if Vi = 0, then there is a surjective map of pre-Nichols algebras
B BVHB(VHRB(V>) — B.

Towards %3 we know Part and §3.31 It is natural to ask:

Question 1.2. Assume that V :~V1 ® V3, dimV! =1 and dim V3 = 2. Is the
distinguished pre-Nichols algebra #(V') eminent?
1.2.2. Connected Cartan type. Here q is of finite Cartan type, i.e.
Qi = i —ord gy < a; <0, i#jel
where a = (a;5); jer is a Cartan matrix of finite type with connected Dynkin di-

agram. In § we recall the possibilities for such q. They depend on a root of
unity ¢, whose order is denoted by N. In the following statement the symbols

T1112, L2221, L2112, T1221 are defined in (Z.I]).
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Theorem 1.3.

(a) The distinguished pre-Nichols algebra @q is eminent except in the following
cases: Ag with N = 3,

(13) Ag, 0>2 N=2 Dy 0>4, N=2 Gy N=406.
(b) Suppose q is of type Ay with N = 3. Then
% = kw1, w2|T1112, T2221, T2112, T1221)
is an eminent pre-Nichols algebra of q, and GK-dim % = 5.

This answers (partially) a question in [An3].

The proof of @ is given in Lemmas [£.12] T3] {15 E.T6] €17 EI8 For the
cases listed in ([3) the determination of the poset Pre;ok (V) remains an open
problem except for Gy, with N = 4,6 that was solved in [ACS]. See Section [ for
partial results; answers to Questions [(.2] 5.5 5.7, 5.9 and 5.1l would shed light on
the issue. The proof of is given in Proposition {11l The eminent pre-Nichols
algebra 2% is introduced and studied in §42.21 There we show that %’z properly
covers the distinguished pre-Nichols algebra %(V'), which has GK-dim Z(V) = 3.

2. PRELIMINARIES

2.1. Conventions. For n < m € Ny, put I,,,, = {k € No: n < k < m} and
I, =1 . Given a positive integer N, we denote by Gy the group of N-th roots
of unity in k*, and by G’y C Gy the subset of those of order N. The group of all
roots of unity is denoted by Go, and G := G, — {1}.

The subalgebra generated by a subset X of an associative algebra is denoted by
k(X).

All Hopf algebras are assumed to have bijective antipode. If H is a Hopf algebra,
the group of group-like elements is denoted by G(H), while P(H) is the subspace
of primitive elements. By gr H we mean the graded coalgebra associated to the
coradical filtration.

If A and B are algebras in YD, we denote by A®B = (A ® B, uagp) the
algebra with multiplication pagp = (4 ® pp)(ids ®cp 4 ® idp), where 4 and
pp are the multiplications of A and B, respectively.

2.2. Gelfand-Kirillov dimension. We refer to [KL] for general information on
this topic. The following useful statement is immediate from the definition of
GK-dim. Let R be a ring and let M = &,cn, My, be a direct sum of R-modules M,
which are free of finite rank (we say M is a locally finite graded R-module). The
Poincaré series of M is

Py =Y rank M, X" € Z[[X]].
n€Ny
Lemma 2.1. Let L and F be fields and let T = @pen,Tn and U = ®pen,Un be two

locally finite graded algebras generated in degree one over L and F respectively. If
Pr = Py, then GK-dim T = GK-dim U. ]

Actually [KLL 12.6.2] shows that the Poincaré series of a graded finitely generated
algebra provides its GK-dim.
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2.3. Braided Hopf algebras. A pair (V,c) where V is a vector space and ¢ €
GL(V®?) satisfies the braid equation

(c®id)(id ®c)(c ®id) = (id ®c)(c ® id)(id ®c)

is called a braided vector space. A braided vector space with compatible algebra
and coalgebra structures as in [T] is called a braided Hopf algebra. For instance the
tensor algebra T'(V') has a canonical structure of (graded connected) braided Hopf
algebra such that the elements of degree 1 are primitive. Also the tensor coalgebra
T°(V) becomes a braided Hopf algebra by the twisted shuffle product; see e.g.
[RL Proposition 9]. There is a homogeneous morphism of braided Hopf algebras
Q: T(V) = T°(V) determined by Q(v) = v, v € V; its image is the Nichols algebra
of V, denoted Z(V). In fact Q is the quantum symmetrizer, see e.g. [Al Section
3.3].

Another description: let J(V) be the largest element of the set & of graded
Hopf ideals of T'(V) trivially intersecting k @ V. Then (V) ~T(V)/T (V).

2.4. Principal realizations. Theorems [[LT] and [[.3] are relevant for the classifi-
cation of Hopf algebras with finite GK-dim. Indeed a braided vector space arises
(up to a mild condition) as a Yetter-Drinfeld module over a Hopf algebra; this is
called a realization. Realizations are not unique and we single out a class of them
for braidings of diagonal type. Let H be a Hopf algebra. A YD-pair is a couple
(9,X) C G(H) x Hompye(H, k) satisfying

x(h)g = x(h@2)hw)gS(h)), heH.

Compare with [AST, p. 671]. This compatibility guarantees that k¥ (i. e. H acting
and coacting on k by x and g, respectively) is a Yetter-Drinfeld module over H.
Let (V,¢9) be a braided vector space of diagonal type. Following [AS1] p. 673], a
principal realization of (V,¢9) over H is a family (g;, x;i)icr of YD-pairs such that
qij = X;(g:) for all 4, 7. In this case V = P, k)i € HEyD.

2.5. Pre-Nichols and post-Nichols algebras. We present in detail the objects
of interest in this paper.

o Let B = ®nEN0 2" be a graded connected braided Hopf algebra with ! ~ V.

Then 4 is a pre-Nichols algebra of V if it is generated by Z'. In this case there
are epimorphisms of (graded) braided Hopf algebras

T(V) > B — BV).

Hence the set Pre(V') of isomorphism classes of pre-Nichols algebras of V' is partially
ordered with 7'(V) minimal and #(V) maximal:

(V)

]
\

%/ %/l

\/
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e Dually, a graded connected braided Hopf algebra & = ®HEN0 E" with &' ~ V is
a post-Nichols algebra of V if it is coradically graded. Thus we have monomor-
phisms of (graded) braided Hopf algebras

BV) < € = TV).

Hence the set Post(V) of isomorphism classes of post-Nichols algebras of V' is
partially ordered with 7°(V') maximal and (V) minimal:

~

(V)
The only pre-Nichols which is also a post-Nichols algebra of V' is (V) itself.

2.6. Eminent pre- and post-Nichols algebras. For the purposes of classify-
ing Hopf algebras with finite GK-dim, it is important to describe the (partially
ordered) subset Postiak (V) of Post(V) consisting of post-Nichols algebras with
finite GK-dim. In this paper we are mainly interested in the (partially ordered)
subset Pre;oi (V) of Pre(V) consisting of pre-Nichols algebras with finite GK-dim.
The reason to start with this is given by the following result:

Lemma 2.2 ([AAH3]). Let & be a pre-Nichols algebra of V and let & = $? be the
graded dual of %. Then GK-dim €& < GK-dim #. If € is finitely generated, then
the equality holds. O

A first approximation to the determination of Postiqi (V) and Preok (V) is
through the following notion.

Definition 2.3.

(a) A pre-Nichols algebra % is eminent if it is the minimum of Pregax (V); 1. e
there is an epimorphism of braided Hopf algebras % —» % that is the identity
on V for any B € Prega (V).

(b) A post-Nichols algebra & is eminent if it is the maximum of Post,qx (V); that
is for any € € Post;ok (V), there is a monomorphism of braided Hopf algebras
& < & that is the identity on V.

Beware that there are braided vector spaces without eminent pre-Nichols alge-
bras; e. g., if dimV > 1 and the braiding is the usual flip, then Prei (V) has
infinite chains. An intermediate situation could be described as follows.

~

Definition 2.4. A family (%;)ic; C Prega (V) is eminent if

(a) for any B € Preai(V), there exists ¢ € I and an epimorphism of braided
ngf algebras #; — % that is the identity on V', and
(b) (%;)ics is minimal among the families in Preygy (V) satisfying [(a)]

Eminent families of post-Nichols algebras are defined similarly.
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All the notions above about braided Hopf algebras related to braided vector
spaces have a counterpart for Yetter-Drinfeld modules. Namely, suppose that (V, ¢)
is realized in YD for some Hopf algebra H. Then Pre (V) is the subset of
Pre(V) of pre-Nichols algebras that belong to #YD; similarly we have Prefl (V),
Post (V), Postitk (V), and also H-eminent pre-Nichols or post-Nichols algebras.

2.7. The adjoint representation and ¢-brackets. Any Hopf algebra R in £YD
comes equipped with the (left) adjoint representation ad.: R — End R, given by

(ad. z)y = p(p ® S)(id ®c) (A ®id) (z ®@ y), z,y € R,

where i, A and S denote the multiplication, comultiplication and antipode of R,
respectively. The adjoint action of a primitive element x € R is

(adc2)y = 2y — (2(—1) - Y)2(0), y€R.
Given z;,,x;, ..., i, € R, put
(21) Litig.. i, — (adc xil) ce (adc xik—l)xik'

We also set x () = Tk (k11) (k42)...n for kK < h.
On the other hand, the braided commutator is defined by

[2,yle = 2y — (2(—1) - Y)T(0), z,y € R.

We refer to [AA2] Introduction] for a more detailed treatment.

2.8. Nichols algebras of diagonal type. Fix a natural number 6 and let I = Tj.
Any matrix q = (gi;),jer with coefficients in k* determines a braided vector space
of diagonal type (V,c9), where

(2.2) V has a basis (z;)ier, Nz @ xj) = qijxj @ Ty, i,j €.

The Dynkin diagram associated to q is a non-oriented graph with 6 vertices.
The vertex i is labelled by ¢;;, and there is an edge between i and j if and only if
Gij *= gi;¢j 7 1; in this case, the edge is labeled by ¢;;. Thus we may speak of the
connected components of this diagram and by abuse of notation of q. The following
useful result says that a connected component with at least 2 vertices one of them
labelled by 1 gives rise to an infinite GK-dimensional Nichols algebra.

Lemma 2.5 ([AAHI, Lemma 2.8]). Let U be a braided vector space of diagonal
type with Dynkin diagram

3 . 5 , r#1.
Then GK-dim B(U) = oc. O
Let a1, ..., ag be the canonical basis of Z¢. From the braiding matrix q we obtain

a k*-valued bilinear form on Z¢, still denoted q and determined by q(«;, ;) = Gij,
1,7 € . Put also

(2.3) q(, B) = (e, B)a(B, ), a, B e’
For sake of brevity, we use qo3 = q(a, 5) and qap = q(a, 3) as well.
The braided vector space (V,c9) as in ([22) is realized in %ZyD by declaring

(2.4) deg(x;) = oy, Q- Tj = qi;T5, i,j €L
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The algebra T'(V) becomes Z-graded. Thus any quotient algebra R of T(V) by a
graded ideal inherits the grading: R = @,z R*. We keep the notation deg for
this degree. Furthermore, if R is an algebra obtained as a quotient of T(V') by a
graded ideal I (thus a subobject in %Z YD), then the braiding on the homogeneous
subspaces is given by

(2.5) c(U® V) = (a0 u, ue R ve R
We shall use (Z.5)) many times. The braided commutators satisfy
(2.6) [u, vw]e = [u, v]cw + qapvu, w]e,

(2.7) [uv, wle = qgy[u, w]cv + ulv, wle,

(2.8) [[u, v]e, w]c = [u, [v, w]c]c — agvlu, we + qpy[u, wev,

for homogeneous elements u € R*, v € R?, w € R. N

In the diagonal setting ([Z2) we set as usual Jq3 = J(V), B4 = B(V), By =
@(V), etc. Nichols algebras of diagonal type (i. e. those arising from braided vec-
tor spaces of diagonal type) have been intensively studied. The classification of all
matrices q such that %, has finite root system was provided in [H1]; the defining
relations of these Nichols algebras are given in [Anll[An2]. Clearly, finite dimen-
sional Nichols algebras of diagonal type have finite root system. It was conjectured
that those of finite GK-dim share the same property.

Conjecture 2.6 (JAAHIl Conjecture 1.5]). The root system of a Nichols algebra
of diagonal type with finite GK-dimension is finite.

The validity of Conjecture would imply the classification of finite GK-dimen-
sional Nichols algebras of diagonal type. There is strong evidence supporting it.
The conjecture holds when § = 2 [AAH2, Thm. 4.1], when the braiding is of
affine Cartan type [AAH2, Thm. 1.2], or when q is generic, that is ¢;; ¢ Goo, and
qijq5i = 1 or qij9ji ¢ GOO, for all ¢ #‘] cl [R,AAlJ

We include for completeness proofs of the following well-known results.

Lemma 2.7. Let 0 # v,w € T(V) be homogeneous primitive elements with degv =
a and degw = . Then (ad.v)w is primitive if and only if qog = 1.
Proof. Using ([Z5), compute A((ad. v)w) = A(vw — o wv) =

=(WR14+120)(wRl+1Q@w)—(qus(wR1l+1Qw) (vel+1xwv)

= R1+1vQW+gopw v+ 1R vw

— o (W R 1+ WRV+ v @w+ 1 wv)
= (adcv)w® 1+ 1@ (adecv)w + (1 — Gop)v @ w.
O

Lemma 2.8. Let R be a graded braided Hopf algebra. If W is any braided subspace
of R contained in P(R) then GK-dim Z(W) < GK-dim R.

Proof. We follow [AS4, Lemma 5.4]. Since the elements of W are primitive, the sub-
algebra k(W) is a braided Hopf subalgebra of R; by definition of the Nichols algebra
it follows that grk(W) projects onto Z(W), so GK-dim Z(W) < GK-dim gr k().
But GK-dimgrk(W) < GK-dimk(W) by [KL| Lemma 6.5], and this proves the
desired inequality. ([l
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2.9. Pre-Nichols algebras of diagonal type. Let (V,c%) be a braided vector
space of diagonal type associated to the matrix q = (g;;)i jer. Recall that ¢;; =

Qij4i, ¢ # j. We write ‘BtefZéK(V) for ‘Bteﬂfg;(V), cf. Z3).

2.9.1. Pre-Nichols algebras under twist-equivalence. Let p = (p;;); jer be another
braiding matrix such that

Qi = Dii dij = Dij» i,j €L
In this case, (V%) and the braided vector space (W, c¢?) with basis (y;);er are said

to be twist-equivalent.

Lemma 2.9. There is an isomorphism of posets mtefZéK(W) ~ ‘BtefZéK(V).

Proof. Let o : 79 x 79 — k* be the bilinear form, hence a 2-cocycle, given by

1 . .
oaT P <
]f” j > ) ; j,’. Let T(V), be the corresponding cocycle deformation

) t>7

of T(V), i. e. with multiplication

O'(Oéi,O[j) =

(2.9) u.ov = o(a, B)uv, ue T(V)*, veT(V)? a,Be’.

By the proof of [AS3| Prop. 3.9] the linear map ¢ : W — V', o(y;) = x4, ¢ € L,
induces an isomorphism ¢ : T(W) — T(V), of Hopf algebras in %ZyD. Let I be

a Hopf ideal of T'(V) that belongs to %Z YD; then it is also a Hopf ideal of T(V),
and GK-dimT'(V)/I = GK-dimT(V), /I by Lemma 211 O

2.9.2. Pre-Nichols algebras of super symmetric algebras. Assume that g;; = 1 = ¢,
forall j #4 € I. Then V =V, @V is a super vector space where V; is spanned
by those x;’s such that ¢; = (—1)7, j = 0,1. Let p = (pij)ijer be the matrix
corresponding to the associated super symmetry. Then

e The pre-Nichols algebras of (V, cP) are the enveloping superalgebras U(n), where
n= @jeNnj is a graded Lie superalgebra generated by n' ~ V.

o Prego (V, cP) consists of the enveloping superalgebras U(n), where n = @;enn?
is a graded Lie superalgebra generated by n! ~ V with dimn < oo.

e Hence ‘BtefZéK(V, c?) consists of the enveloping superalgebras U(n), where n
Bpeze n? is a finite-dimensional Z?-graded Lie superalgebra generated by n' =
0
®ien® ~ V. In particular Prery (V, ) C Presax (V; cP).
6
e By Lemma 23, PreX (V, ¢9) is isomorphic as a poset to the set of isomorphism
classes of finite-dimensional Z?-graded Lie superalgebras as in the previous point.

3. QUANTUM LINEAR SPACES

In this section we investigate finite GK-dimensional pre-Nichols algebras of quan-
tum linear spaces. These are Nichols algebras of braided vector spaces of diago-
nal type with totally disconnected Dynkin diagram. More precisely, fix a ma-
trix q = (¢s5)i,je1 and a vector space V with basis (z;);cr and braiding given by
Nz, @ ;) = qijxj @ T4, 4,§ € L. In this section we assume that

(3.1) 45 = 1, i1#jel
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Then %, is presented by generators (z;);cr and relations
(3.2) xzi; =0, ifi <y,
(3.3) N =0, if g € G, where N; := ord g;; € NU oc;
here we are using the notation ([ZI)). It has a PBW-basis:
(3.4) {x{rag? - ay?: 0 < a; < N; if ¢;; € GL; 0 < a; otherwise}.
As defined in the Introduction, the distinguished pre-Nichols algebra ,@q of V

is presented by generators (x;);er and relations (B.2)); it is a domain of GK-dim 6.
Recall the partition I = I* UT? U T* U I where as in (1)) we set

I° = {i €l: q; ¢ Goo }, I* = {i eI: q;; = +1},
IV = {i €I: ¢; € Gy}, N >3, I'= | J 1V
N>3

For x € {£,3,t,00}, let V* be the subspace of V spanned by (x;);er- and gq*
the restriction of q to V*. Then V = V* @ V3 @Vt @ V. As we have seen in
292 the Zf-graded pre-Nichols algebras of V* are twistings of enveloping algebras
of nilpotent Lie superalgebras with suitable properties; in particular, there is no
eminent pre-Nichols algebra of V*.

3.1. Reduction to order < 3. Below we consider various braided vector spaces
of diagonal type, see §2.§ for the recipe of the Dynkin diagram that encodes the
matrix q that determines the braiding.

Remark 3.1. Let i # j € I. Recall that z;; := (adc z;)x; = z;2; — gi;xjx;. The
braiding of the 3-dimensional subspace kz; +kz;; +kz; C T(V) is easily computed,
and the corresponding Dynkin diagram is either

2
@i a; 4ii45; qj; 4j;
(3,5) o o o,
i ij J

or it is disconnected if the label of some edge is 1. Indeed,
Qiij = GiQig, Qiji = GiQyis  Qijis = GidigQijs  Gigg = G55 Lij = 2idjj

S0 Giij = q%Gi; and G = ququij. Since g;; = 1 because we are in the quantum
linear space situation, [3.5) is the Dynkin diagram of kz; + kx;; + kz;.

Proposition 3.2. Let i,j € I such that 4 < ordq;; + ordg;;. Assume that Con-
jecture is true. Then xz;; = 0 holds in any finite GK-dimensional pre-Nichols
algebra of q.

We point out that Conjecture 2.6 is needed only to discard cases (d), (&) and (&)
below, that require the conjecture only for dimension 3.

Proof. Let % be a pre-Nichols algebra of g, so there is a braided Hopf algebra map
T(V) — 2. Let y1,y2, y3 denote the image of z;, z;, z;;, respectively, and consider
W = ky; + kys + kys. By Lemma [Z7] we have W C P(Z%), hence Lemma [Z8|
warranties GK-dim (W) < GK-dim 4.

Assume y3 # 0, so W is 3-dimensional by a degree argument and its Dynkin
diagram © is (B3]). We show that GK-dim Z(W) = .
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Consider the subspaces Vi = ky; @ kys, Vo = kys @ kya C W; denote their
corresponding Dynkin diagrams by ©; and D,, respectively. From g¢;;q;; = 1 it
follows x;; = —g;;x;i, so the image of z;; in £ is not zero.

We split the proof in several cases according to the possibilities for ord ¢;; and
ord qjj-

Case 1 (gii ¢ Goo or qj; ¢ Go). This essentially goes back to [R]. Assume first
Gii ¢ Goo. If GK-dim B < o0, it follows from [AAHI, Lemmas 2.6 and 2.7] that

there exists a natural number k such that (k‘); lfl;(l)(l —q) = 0, which contradicts
Gii ¢ Goo. The case ¢;; ¢ G is similar: since the image of zj; is not zero, we may

apply the same argument as with q;.

Case 2 (¢;; = 1 or ¢;; = 1). We may suppose ¢;; = 1; if ¢;; = 1, the same
argument applies. By the previous case, we may assume ¢;; is a root of unity, and
by hypothesis its order must be N; > 3. The diagram ®, is

qii ’1?7; qii 2 2 — Ni
O l_oj , Cartan type 9 N, 9 .

If GK-dim B(V;) < oo then [AAH2] implies that the Cartan matrix is of finite type.
Thus we conclude N; = 3, a contradiction.

Case 3 (¢;; = 1 or ¢;; = —1). Assume that ¢;; = 1. By Case 1, we may assume that
@:; 1s a root of unity; by hypothesis, its order is > 3. By [AAH2|, GK-dim #(V;) =
oo since the Dynkin diagram of V; is

qii 4121 —4ii

O ——— ©

% i
and this does not appear in [HIL Table 1]; indeed it is of Cartan, but not finite,
type. The case g;; = —1 is treated similarly.

Case 4 (qi;, qj; € Goo — G2). Now W has connected Dynkin diagram

Qii @ Qii95j a3 455

o 0]

( ij J

If the Nichols algebra of V; is finite GK-dimensional, by exhaustion of [HI, Table
1] we conclude that g;;, ¢j; and ©; satisfy one of the following:

2 2
Qi 9 —1 Qi 9 —1
o o (5) qis € Gg, qiigj; = =1, © o

7 1] 7 1]

gii —1 =1

2 3
. / C— (s Qi i s
(2) i € G47 455 = diis ? ioj (6) qii € G%ijj = Qiin (z? - ?j
2 2
qii 9 4 3 6 4
3) g € Gh.q:i = *qu; o) o o3 YGi % Y
(3) @i € G4, 055 = £ii, O ° (7) 45 € Gb,qii = 425 ¢
2
L ;o 9 @i % 1 @ 4G —1
(4) i € G3,q]‘7 o qii’ ? Z(; (8) qii € G/57Q'L'qu] = 713 H Zoj

In the rest of the proof, we discard one by one all these possibilities.
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@) Now W is of Cartan type with Dynkin diagram and Cartan matrix:

L. —1 —1 —1 L. 2 _2 O
D= q(Z;Z iol qél , Qis € Gﬁl; -1 2 -1
J J 0o -2 2

Since this matrix is of affine type, GK-dim Z(W) = oo by [AAH2].
@) Assume first ¢;; = —g;;. Then

2 2
5 i —Qqii
o —m O

Dy = . i € G,

ij
which is not arithmetic. By [AAH2] we see that GK-dim #(V3) = oo. Next, when
qj; = ii, W is of Cartan type with Dynkin diagram and Cartan matrix:

Gii @2 @ P Gii 2 -1.0
D= T % ey |2 2 -2,
’ Y ! 0 -1 2

which is affine, so GK-dim Z(W) = oo by [AAH2]. (@) Since ¢ # 1, we have
GK-dim A(V1) = oo by [AAHIL Lemma 2.8]. (@) In this case
@, qt q2

9220—?a qiiEva

is of indefinite Cartan type, so GK-dim #(V2) = oo by [AAH2|. (@) Similarly,

4 2
955 955 455
Dy= 0 —————— 0, gj; € Gy,
ij J
is indefinite Cartan, so GK-dim #(V3) = co. In the remaining cases, D is
2 1 w2
(m) D= g = o = g , WE Gé
[ 1] J
— w2 —1 2
(H) @ = 8) nd o o g s w € Gg
i ij J
¢ ¢ -1 ¢ —¢*
B D=3 ° s, (eGs.
1 1] J

Now ([l) and (Bl are equal up to permutation of the indexes. Only here we need
to assume the validity of Conjecture Indeed, these diagrams do not appear in
[HIl Table 2], so GK-dim Z(W) = oo in all cases. O

3.2. A pre-Nichols algebra of type Gs. We assume (V,¢9) has the following
Dynkin diagram

—0€&

1 /
o, w € Gj.

Proposition 3.3. The algebra @q = T(V)/{x11112, T221) is an eminent pre-
Nichols algebra of (V,c%) and GK-dim @q =6.

Proof. We first claim that the elements x11112 and 2991 are primitive in 7'(V'). This
is verified by a direct computation, see [S].

Second, we claim that the relations z11112 = 0 and x92; = 0 hold in any finite
GK-dimensional pre-Nichols algebra % of (V,c9).
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Assume first z11112 # 0 in B. Then also z12 # 0. From Lemma 2.7 and the
previous claim, we have a braided subspace

W =kz1 + kriz + kzi1112 C P(H),

so Lemma 28 gives GK-dim Z(W) < GK-dim #. By a degree argument, W has
dimension three; from direct computation its Dynkin diagram is

S
/1\ 2 -1 -1
(3.6) “ s Cartan type [ -1 2 -1
) r ) 112
g W
12

o )
11112

Since the Cartan matrix is of affine type A}, we have GK-dim Z(W) = oo by
[AAH2| Theorem 1.2(a)]. Thus GK-dim % = oo.

Assume now xg01 # 0 in B. Then x9; # 0, and since g12g21 = 1, we have
ZT12 = —q12221 # 0. Consider W’ = kx; + kx1s + kroo;. We may now use the
same argument as above. Indeed, W’ C P(%) has Dynkin diagram (B.6) replacing
Z11112 by X221, 80 GK-dim B(W') = oo by the same reason as GK-dim (W) = occ.
Hence GK-dim & = co. Thus @q — AB.

The verification of GK-dim f@q = 6 is postponed to Proposition ]

3.3. A further reduction. Let £ be a finite GK-dimensional pre-Nichols algebra
of .. We are naturally led to consider

(3.7) E:={(i,j): i€ ®,jel', 2;; # 0 in B}.
That is, (¢, j) € F means that ordg;; = 3, ¢;; =1 and x;; # 0 in A.

Remark 3.4. If (i,j) € E, the braided vector space kx; @ kz;; C A is of Cartan
type Az by Remark 311

Lemma 3.5. If (i, 1), (i, j2) € E then j1 = ja.
Proof. Since z;j, and w;;, are Z’-homogeneous,
(wij, @ wigy) = q(e + gy, @i + @) Tigy © Tijy = iibigaQiriQin o Tigo © Tigy -

Assume j; # jo. Then z;, z;;, and z;;, have pairwise different 79-degrees, so they
span a 3-dimensional braided subspace W = kx; + ka;;, +ka,;, C P(A). Now the
Dynkin diagram of W is

qii
[¢]

i

@2 az S0
ii i qi; € Gj, Cartan type | -1 2 -1
-1 -1 2

qii q,2, qii

O — 8 O s

i1 ij2
Since the Cartan matrix is of affine type Aél), we have GK-dim (W) = oo by
[AAH2, Theorem 1.2(a)]. Thus GK-dim & = oo, a contradiction. O
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4. CARTAN TYPE

In this section we determine the finite GK-dimensional pre-Nichols algebras of
braided vector spaces of finite Cartan type under some restrictions.

We fix a matrix q = (¢;;):,je1 of non-zero scalars such that ¢; # 1 for all ¢ € I
and a braided vector space (V,¢%) with braiding given by ¢%(z; ® ;) = g;;z; ® x;,
i,7 € Iy, in a basis {z1,...,zs}. Let N; = ordg;; € NU oc.

Recall that g, or (V,¢%), is of Cartan type if there exists a Cartan matrix a =
(aij)ijer such that g;;q;; = q;;’ for all i,j. Let i € I. If N; = oo, then a;; are
uniquely determined. Otherwise, we impose

(41) —N; < Q5 <0, j € I.

In this way we say that (V,¢9), is of Cartan type a.

We follow the terminology of [K]. Cartan matrices are arranged in three families,
namely: finite, affine and indefinite. We say that q, or (V,c¢%), belongs to one of
these families if the corresponding a does.

In this section we assume that q is of connected finite Cartan type and that
dim %, < co. Thus the possible Dynkin diagrams of q have the following form,
where ¢ is a root of unity in k of order N > 1:

q q q q q q P q q @ q q
A9 . O O e o o, 39 : o O s o) o
g ¢ g ¢t ¢ ¢ ¢ 2 ¢
Cg: (o) o) O e o) o ,
q
0]
. -1
Dy : N ol ,
q q q q q q q q
le) O oo fo) o o
q
0]
. —1
E9 ' 1 a . s 0 e ]16,87
q q q q q q q q
[¢) O oo o o o
-1 -2 2 —2 2 _3 3
7 q 9 ¢ ¢ ¢ q a ¢ g
Fy: o o ) o, Gs: o o .

We refer to the survey[AA2] for restrictions on N and other features of %, in each
case. The quantum Serre relations are the following elements of T'(V):

(4.2) (ade ;) ™" x;, i,j €L, i3]

By [AS2] Lemma A.1] these are primitive in any pre-Nichols algebra. Let 53:1 =
T(V)/Z4 be the distinguished pre-Nichols algebra of (V,c7), see §I.1.3

Remark 4.1. From the detailed presentation in [AA2] §4] we see that the quantum
Serre relations ([42) generate Z, in the following cases:

when a is of type Ay or By [AA2 pp. 397, 399, 400],

when a is of type G2 and N # 4,6 [AA2] pp. 410, 411],

when a is simply-laced and N > 2 [AA2] pp. 397, 404, 407],

when a is of type B, C, or F and N > 4 [AA2] pp. 399, 402, 409].
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4.1. Quantum Serre relations. Let a = (a;j); jer be a symmetrizable inde-
composable generalized Cartan matrix and d € GLg(Z) diagonal such that da
is symmetric. The datum (a,d) is equivalent to an irreducible Cartan datum as in
[Lul 1.1.1] by setting
I xIT— 7Z, i-j:diaij, i,7 € L.
Let g = g(a) be the associated Kac-Moody algebra which has a triangular decom-
position g(a) =gT ®hDdg™.
Let ¢ € k* and consider the Dynkin diagram

@3 e gt b

Let q be any matrix with Dynkin diagram ([£3)) and (V,¢%) be the corresponding
braided vector space with basis (z;);c;. Notice that q is of Cartan type but it is
not necessarily of type a as (4] may not hold.

Let %u’q = T(V) modulo the ideal 84 generated by the quantum Serre relations
(ad. z;)' =% (x;), i # j € I, which is a pre-Nichols algebra of V.

Proposition 4.2. GK-dim 9?‘1 > dimg™.

Proof. 1f ¢ € k, €2 = ¢, then p = (£%%) has Dynkin diagram ([&3)). Let (W, c?) be
the corresponding braided vector space with basis (Z;);er.

Claim 1. GK-dim %, = GK-dim %,

Proof. By the proof of [AS3l Proposition 3.9] (or the proof of Lemma 23] there is
a homogeneous linear isomorphism ¢ : T(V) — T(W) determined by ¢ (z;) = 7;
for all ¢ € I and satisfying [AS3| Remarks 3.10]. Hence ¢(R,) = K, and 1 induces

9

a homogeneous linear isomorphism v : #; — %,. Then apply Lemma 2.1 O

Let now f be the Q(v)-algebra defined in [Lul, 1.2.5], where v is an indeterminate
and let 4f be the A := Z[v,v"1]-subalgebra spanned by the quantum divided
powers of the generators of f [Lul, 1.4.7]. By [Lul, 14.4.3], f is a free A-module and

(4.4) P, = P

A

Consider k as A-module via v — £. Then we have the algebras  f = k® 4 4f and k?
defined in [Lul, 33.1.1] (which is nothing else than %,). By [Lul 1.4.3], the quantum
Serre relations hold in f, hence we have a surjective algebra map @p = f — kf.
Thus

(4.5) GK-dim %, > GK-dim f.

On the other hand, let ko be k as A-module via v — 1. Then kof' ~ U(g") by
[Lul, 33.1.1] and dimgy, f, = dimy, (,f,) by [Lul 33.1.3]; that is

(4.6) GK-dim f = GK-dim(y,f) = dim g™,

where the first equality holds by Lemma 211 The Proposition follows. O
2 =5 g 9° ¢

Example 4.3. Let a = 1 9 ) Then ([A3) takes the form 0 ° with

q € kK. If 1z € kKX and g = qi3'q"°, then q = (qgl qq?) has the Dynkin
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diagram above. Here ,@q = k(x1, x2) modulo the relations

231 — 421(2)g w212 + 905, T173,

2820 — 3¢%, xlmon? 4 3qiy wiwox] — ¢by a0af.
In this setting Proposition gives GK-dim g:”q = 00.
-3
2

3
Example 4.4. Let a = (_21 ) Then ([£3) takes the form % qc2> with

g € k. If g2 € k¥ and g1 := q1_21q*3, then q = (qgl 212> has the Dynkin

diagram above. Here ,@q = k(x1, x2) modulo the relations
ngl — q21(2) g3 27122 + q§1q3 9613037
4

4
T1ms — qa(4)g 2oy + Q%2q<2) T3m22T — 1y (4) g 2 Tams + qloq® ol
q

In this situation Proposition establishes GK-dim @q > 6.

This last example gains more relevance when the parameter ¢ € k* specializes
to a root of unity with small order.

Proposition 4.5. Let a and g € k* as in Example [£4l
(a) If g € Gy then GK-dim %, = 6.
(b) If g € GY then z%,, =0 m%’

Proof. Let g € k*. Put x1392 = [r112,212]. By direct computation, in gZ’q the
following relations hold:
L1272 = Q12q3$2$12,
T112T2 = Q%zq3f€2$112 + q129 (q - 1)(2)qx12a
T1112%2 = G120 TaT1112 + 012¢(q° — ¢ — D)@ 1302 + qi2¢°(q — 1)(3)@127112,
T1322%2 = Q?2q6$2331322 + quq‘?’(q - 1)2(2)#%27
T1T1392 = 1oq° T1302@1 + T1112T12 — GG  T12T1112,
(2)g71112712 = 4126° (2)gT 1221112 + q12¢(q — 1)(3)g27 5.
@ Here ¢q € G, so the last relation above becomes
T1112T12 = (12T1221112.
Substituting this in the penultimate equation we get
T1Ty322 = Q%2$1322$1~
These equalities imply more commutations:
T1322%12 = 127121322, L11221322 = (1213222112,
T11127112 = 12711271112, T111271322 = (J%zl’1322$1112-
Now we claim that @q is linearly spanned by
B = {z5" o300 {75270 0 <ny,... ne}.

Denote by Z the linear span of B. Since 1 € Z, it is enough to show that 7 is
left ideal of #,. If we multiply x5 732552 {52 ]1,27° by 21 on the left, we
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can use the previously deduced commutations between the (powers of the) z,’s to
successively rearrange the terms until we get a linear combination of elements in B.
The claim follows. Let K = {2,12,1322 112,1112, 1} be ordered by

2>12>1%22 > 112> 1112 > 1.

This order is convex, that is for o, 3 € K with a > [, the braided commutator
[Za,Zs]c is a sum of monomials in the letters v such that 5 < v < a. Indeed this
follows from the equalities above.

Consider next the lexicographical order on B induced by the order of K and
the corresponding Ny-filtration F on %g’q. Let gr;(@q) be the associated graded
algebra. By the convexity of the order, there is a natural projection from a quantum
polynomial algebra kq(y1, ..., ys] = gr]_-(gzq), hence GK-dim gr}-(FZ’q) < 6. By [KLL
Proposition 6.6] and Example[4.4] we also have GK-dim gr;(f@q) = GK-dim f@q > 6,
so the equality holds.

@ This follows by specialization at ¢ = —1 in the relation

(2)g71112712 = 120" (2)qT1271112 + q12q(q — 1)(3) 427 5.
O

Remark 4.6. Let us point out the relevance of By Kharchenko’s theory [Kh],
ﬂ?’q has a PBW-basis. By Proposition we know GK-dim @q > 6 but, when
q € G}, the root 2a + ag will not contribute to GK-dim 9§q by @ above. So even
if a is of type G5, one should not expect that the PBW generators are just those
related to the six positive roots of Go, as was the case in the proof of @

4.2. Type As. In this and the next subsections we seek eminent (families of) pre-
Nichols algebras in order to determine finite GK-dim pre-Nichols algebras of braid-
ings of finite Cartan type. The distinguished pre-Nichols algebra will serve as the
principal guide in our exploration.

4.2.1. Type As with N > 3.

Lemma 4.7. Assume a is of Cartan type Ay with N > 3. If & is a finite GK-
dimensional pre-Nichols algebra oqu, then x112 = 0 and 2991 = 0 in B, i. e. the
distinguished pre-Nichols algebra By is eminent, cf. Definition 2.3

Proof. Assume x;;; # 0 for some 7 # j € Ip; the 3-dimensional braided subspace
W =kz; ® ka; @ kayi; C P(A) has GK-dim B(W) < oo.

Consider the braided subspace W7 = kz; @ kz;;; C W. By direct computation,
the braiding on W7 is of Cartan type with the following Dynkin diagram and Cartan
matrix:

Qii 4 e 2 3—N N/S, if 3‘N,
_— s A = s M =
Ci) i?j ! (1 -M 2 ) {N ) otherwise.

If either N =5 or N > 6, it is evident that the Cartan matrix A; is not finite, so
GK-dim #(W;) = oo by [AAH2, Theorem 1.2 (b)]. This contradicts GK-dim # <
0.

For the remaining cases (i. e. N = 4 and N = 6), we consider the whole W.
Since q(oy, 204 + o) = (qjiqij)ijzj = 1, the braiding on W is of Cartan type with
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the following Dynkin diagram and Cartan matrix

qé‘)I i Q(z?z 04 C’L)l 7 A _ 1 9 3_N

! ' " 0 1-M 2
Now it is straightforward to verify that if N = 4 or 6, then A is of affine type,
which contradicts GK-dim (W) < co by [AAH2, Theorem 1.2 (b)]. O

4.2.2. Type As with N = 3. Here is the first restriction.

Lemma 4.8. Assume a is of Cartan type Ay with N = 3. Let % € Preyqi. Then
Tiiij = 0 and Tjiij = 0in A fOT‘ all i 7&] e ls.

Proof. Since z;;; is primitive, using that (v, 20;+a;) = ¢*¢~! = 1 and q(a;, 20, +
aj) = ¢*q7? =1, we get Ziij, Tjii; € P(#) by Lemma 27l Assume first z;;;; # 0
in Z. The braided subspace kx; ® kx; & kx5 C P(#) has finite GK-dim Nichols
algebra. The Dynkin diagram is

q
O
2N 2 -1 -1
! X Cartan type | -1 2 -1
-1 -1 -1 2
q q q
O—O,
4 J

The Cartan matrix is of affine type Aél), and by [AAH2, Theorem 1.2(a)] this
contradicts GK-dim £ < oc.

If 255 # 0, the same argument leads to a contradiction. Indeed, by direct
computations, the Dynkin diagram of U = kx; ® kz; ® kzj4;; is

q
[e]
Jitg
q/ \1
q q ! q
oO———F————O0,
i J

so GK-dim #(U) = oo by [AAH2| Theorem 1.2(a)]. O

Remark 4.9. Denote @ = T(V)/<J)1112, 22221,22112, 1‘1221>. The deﬁning ideal of @
is a Hopf ideal by the proof of Lemma 4.8 Let 7: # — Z(V) denote the natural
projection. Let Z be the subalgebra of % generated by

21 =13, Zo = Too1, 23 1= T119, 24 i= 13, 25 1= 3.
The next results are devoted to prove that % is eminent.
Lemma 4.10.
(a) Given i # j € g, the following relations hold in B:
[2ij, wiigle = 0 = [wij, 2j5le;  [wai, Tjzale = 0.

(b) Z is a normal braided Hopf subalgebra of B.

(c) The z;’s g-commute; B = {27 252 25% 24*25° : n; € Ny} is a basis of Z.

(d) Z=c"R.
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Proof.
[(a)] Just compute using ZJ):

[@ij, i3], = [ (25, Taigle] , — @igas [, vas] , + qjjq?i (i, 2a45] 25 = 05
[wij, 2j5] , = (@i, [, wggle] , — i (w6, wj5] , + Qiiq?j (@i, wj5i] 25 = 0;
[@iigs wj51] . = [2i, @igle 255

= [, [wig, wj5ile] , = Giitigwig (26, w351] , + @hiais [wi, 2554 g

= [, [l'ijaxjji]c]c = 0.
@ We claim that the generators of Z are annihilated by the braided adjoint

action of Z. Fix i € I,. By definition (ade ;)22 = 0 = (ad. x;)z3. In T(V) we have
(ade z;)x? = 2} — ¢S} =0, and if j # i then
3

o N3 — k k k(k—1)/2 3—k,. k

(4.7) zjjji = (ade ;) @i = kzo( 1)*q5i4;; (k)qjjxj Lillj
= 33;’51% - qj’zxzaji’ = —qg’i(adc xz)xg’

Thus ad. x; annihilates z; and z4. Finally, we proceed with z5. From @ we get
the commutation 2112212 = ¢%q12T127112 in %. Then using (2.6])
(4.8) (ade 1)25 = 112275 + Q1120128112812 + ¢51¢12TTaT112
= qis(qh + ¢ + ai1)2Tar112 = 0.

For (ad. x2)z5, notice that on the one hand

3
3 k(k— 3
[I127 —]CIQ = Z(—l)k((hthz)quz( R (k> Ii’z kxgx’fQ
(49) k=0 q22

= x?ﬂi - Q?ﬂiaﬁz = —Q?2(adc 372)35?2

On the other hand, using [z12, 72]c = ¢35q22w221 and @ we get

3
[510127 —]CUC2 = [3?127 [90127 [25127372]5] C]
(4.10) ©
= (a2 [Iu, [1’12,35221]4 = [CE1270} =0,

C

so (ad. z2)z5 = 0. This shows that Z is a normal subalgebra.
Next we verify that A(z;) € Z® Z for i € I5. This is clear for ¢ € I, because
those elements are primitive in T(V); for i = 5 we compute in T(V):
A(z}y) =23, @ 1+ 1@ a3,
(4.11) + (@ =g )z @1 + (1 — ¢ 1) 328 @ 23
. +(1—q) gz @5 — (1 — ¢ 1)%q "2t @ 2oom

+ (g — D)a1 ® [712, T221)c — (1 — ¢ V)go1[z12, T112)c ® 72

Using @ and the defining relations of % we see that Z is a Hopf subalgebra.

(c)] We show that any pair of generators of zZ g-commute. By definition of %7’
both 1 and x5 g-commute with 25 and z3, so z4 and z; ¢g-commute with 2z and
z3. Secondly, (@) implies that z; and z4 g-commute. Thirdly, @ shows that
z5 g-commutes with zs and zo, and also that zo and z3 g-commute. Lastly, z5
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g-commutes with z4 by (@8], and with z; by (£9) and (@I0). Hence B linearly
generates Z.
The linear independence is proven by steps.

Step 1. The set {27 25225 2)* : n; € Ng} is linearly independent.

Proof. Consider the Hopf algebra %’#kZz; let A denote the subalgebra generated by
21,...,24 and Z2. Since all the generators of A are either skew-primitives or group-
likes, it follows that A itself is a pointed Hopf algebra. Notice that z;,...,24 € ’P(ZA)
are linearly independent. Indeed, they are non-zero because their Z-degree is 3, so
they are linearly independent since their Z2-degrees are pairwise different (here we

are using that the defining ideal of Bis a Hopf ideal generated by Z2-homogeneous
elements of Z—degree 4). Hence the infinitesimal braiding of A contains the braided
vector space kzy @ - - - @ kzy, which is quantum linear space with all points labeled
by 1. Thus {27252 zg*” zp*g: n; € No,g € Z*} C A is linearly independent. O

Step 2. The element z5 does not belong to the left ideal @(zl, 29,23, 24)-

Proof. We verify this using [GAP]. O
The ideal @(zl, 29,23, 24) is a Hopf ideal because the ger/l\erators are primitive.

Denote the quotient by R and consider the projection 7wr: % — R.

Step 3. The set {mr(z5)™: n € Ny} is linearly independent.

Proof. Consider the Hopf algebra R#7Z2. The subalgebra generated by mr(25) and
72 is a pointed Hopf algebra. Moreover, its infinitesimal braiding contains 7g(z5),
which is a non-zero point by Step Bl and is labeled by 1. Now proceed as in the
proof of Step [l O

Step 4. We have (id @mr)A(22) = > 1o (1) 2F @ mr(25)"F for all n € Ny.

Proof. The case n = 0 is obvious, and n = 1 follows from (@II). An standard
inductive argument for braided comultiplication yields the desired result. ]

Step 5. The set B is linearly independent.
ng

Proof. Let 37, cny Ani,ns 21 2572521 25° = 0. Assume there exists n; such
that A, . n, # 0 for some ng,...,ns € Ny; take IV as the maximal one. By Step
[B there is a linear map f: R — k such that f(7mr(25)") = d,,n for all n € Ng. Now
using Step Ml we compute

0= (1d ®f)(ld ®7TR)A ( Z )\n1 ..... n521 2222;;32,242,?5)

MY yenny n5€Ng

S M (id@f)(id @mr) <(HZ<”) 7@ oM™ J) AZna)

MNYyeeny n5€E€Ng i=1j5=0

> en (S )

n1,...,ng€Ng, ng<N

I
3

niy  n2 n'g n4
ng,NZ1 29 ® 1.

.....

This contradicts Step [l O
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[(d)] Since A(z;) € Z ® Z and Z is normal, the right ideal ZZ* is a Hopf ideal.
By [A+] Proposition 3.6 (c)] we get that the equality Z =% is equivalent to
Bq ~ B/PBZT. This last isomorphism holds because the diagram

Jo———1T(V)
P G 2y
commutes. O

Proposition 4.11.

(a) There is an extension of braided Hopf algebras
k— Z < B — By — k.
(b) The pre-Nichols algebra B is eminent and GK-dim % = 5.

Proof.

[(a)] Follows from Lemma EIT[(d)]

@ We know that Z covers all elements of PBregax by Lemma [L8 it remains to
show that 4 itself belongs to Pregx- By [A+] Proposition 3.6 (d)] there is a right
Z-linear isomorphism %, ® Z ~ %. Since %, is finite dimensional, this implies
that % is finitely generated as a Z-module. Now [KTl, Proposition 5.5] provides
GK-dim # = GK-dim Z = 5. 0

4.3. Type B,.

Lemma 4.12. Assume that a is of Cartan type By. Then the distinguished pre-
Nichols algebra %, is eminent.

Proof. Here N > 2. We may fix a braiding matrix q such that q1; = ¢3,, 50 ¢ = gao
and ¢12 = ¢~ 2. Let % be a finite GK-dimensional pre-Nichols algebra of V. It is
enough to prove that z110 = 0 = z9991 in A.

Assume first 112 # 0, and consider the 3-dimensional braided subspace W :=
kzi ® kxo @ kri1o C P(H). Then GK-dim B(W) < oo from Lemma 28 We split
the proof according to the several possibilities for N.

@ N = 3. Now the braiding on W is of Cartan type

2 -2 —2 2 —1 O

2
q q q q q
L A=

112

Since A is of affine type C’él), this contradicts [AAH2, Theorem 1.2(a)].
@ N = 6. In this case the braiding on Wy := kxo ® kay11o C W is

2 =2
2, Cartan type <_4 9 ) .

The Cartan matrix is of indefinite type, and by [AAH2, Theorem 1.2(b)] this con-
tradicts GK-dim Z(W) < oo.

DO
o
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O N # 3,6. The Dynkin diagram of Wy := k1 @ kxy1o C W is

2 6 5
q q q
D= o o .
1 112

Since GK-dim #(W7) < oo, it follows from [AAH2, Theorem 1.2(b)] that the as-
sociated root system is finite. Now @D is connected; by exhaustion on [HI1, Table
1], we deduce that we must have N =4 or N = 8. We turn again to Ws, whose
Dynkin diagram is easily computed in each case:

q qa? q 2 -2
QON =4: L Cartan type (_2 9 > ,

q qa? q° 2 -2
QON =8: o O Cartan type (_2 9 > )

In any case the Cartan matrix is of affine type Agl), so GK-dim Z(W3) = oo by
[AAH2, Theorem 1.2(b)].

Assume x9291 # 0 in B. The subspace U := ka1 @ kg ® kose; C P(H) has
dimension 3 and GK-dim #B(U) < oco. Now U; := kx1 @ kaagay C U has connected
Dynkin diagram

q2 2 q5

O o 5

1 2221
and it is finite by [AAH2l Theorem 1.2(b)]. By exhaustion on [HI, Table 1] we
deduce that N = 4. Then the Dynkin diagram of U is of Cartan type

1 1 1 2 20
g - b5 - g A=|-1 2 =41
2221 0 —2 9
Since A is of affine type Cél), this contradicts [AAH2, Theorem 1.2(a)]. O

4.4. Type G,.

Lemma 4.13. Assume that a is of Cartan type Go. Then the quantum Serre
relations hold in any B € Preyoi. In particular, the distinguished pre-Nichols
algebra %Bq is eminent if N # 4,6.

Proof. Here N > 3. Let % € Pregqr(V); we show first that the quantum Serre
relations x11112 = 0 = 29927 hold in A.

Start assuming 11112 # 0. Then the 3-dimensional subspace W :=kz; @ kxo &
kzi1112 C P(Z) satisfies GK-dim Z(W) < GK-dim £ by Lemma 28 The Dynkin
diagram of Wy := ka1 @ kxy1112 C W is

q5 q7

@1 = o} .
11112

=0

Since GK-dim Z(W7) < oo, it follows from [AAH2, Theorem 1.2(b)] that the root
system of ®; is finite. We split the proof according to the several possibilities for
N.

O N = 5. The diagram ®; is disconnected, but we might consider instead
Wy = kz11112 D ke C W, that satisfies GK-dim Z(Ws) < oo as well. By direct
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computation Wy is of indefinite Cartan type:

%"’ q " qo3 2 -3
11112 2’ -2 2 )
which is in contradiction with [AAH2, Theorem 1.2(a)].
O N # 5. Now D, is connected and finite; by inspection on [HI, Table 1], we

must have N =4 or N = 6.
QON = 4. In this case W5 is of Cartan type

R 2 -2
11112 2’ -2 2)°
which is of affine type Agl), now contradicting [AAH2, Theorem 1.2(b)].
QON = 6. In this case the Dynkin diagram of W is of Cartan type

2 -1 0

1 -3 3
3 g 3 g 5, A=|-1 2 =3
11112 0 1 9

By [AAH2, Theorem 1.2(b)] this contradicts GK-dim Z(W) < oo, since A is of
affine type Gél).
Assume now a9 # 0 in A. The subspace U := kay @ kzo ® kaggy C P(HB) has

dimension 3 and GK-dim #(U) < co. Consider two possibilities for N.
ON # 4. Now Uy := ka1 ® krogy C U has connected Dynkin diagram

O————+ O .
1 221
By exhaustion on [HIl Table 1] we conclude that this diagram is never finite, which

contradicts [AAH2, Theorem 1.2(b)], as GK-dim B(U;) < .
QN = 4. In this case the braiding on U is of Cartan type

2 -3 0

_3 3 -3 3
R % 1 5 A=|-1 2 -1
2 221 0 1 9

Since A is of affine type Ggl), this contradicts [AAH2, Theorem 1.2(a)].
Thus the quantum Serre relations hold in 4. By Remark [£1] this proves the
assertion regarding N # 4, 6. ([l

4.5. Type As.
Lemma 4.14. If a is of Cartan type Az with N > 2, then @q is eminent.

Proof. As N > 2, the ideal 7, is generated by the quantum Serre relations 13 = 0
and x;;; = 0 for |[j —i| = 1, cf. [AA2 p. 397]. Let B € Pre;gi(q). Then x13 =0
holds in # since the braided vector space kx;, & kxg satisfies the hypothesis in
Proposition

Turn to x;;; for some fix i,j € I3 with |j — 4| = 1; in this case ka; & ko, is
of Cartan type Ay. If N > 3, then z;;; = 0 in % by Lemma 7l Only the case
N = 3 remains. Now we have q(2a; + a;, 20; + ;) = ¢4, qj; = ¢°¢~2 = 1. Using
[AAHI, Lemma 2.8], in order to guarantee x;;; = 0 in 4 it is enough to find k € I3
such that q(ag, 2a; + ;) # 1. It is straightforward to verify that the unique k € I3
different from i and j does the trick. O
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4.6. Types Bs and Cj.

Lemma 4.15. The distinguished pre-Nichols algebra %’75] is eminent if either
(i) a is of type B3, or (ii) a is of type Cs.

Proof. Let # € Pregai(q). Then x13 = 0 holds in #. Indeed, the braided vector
space kx1 ®kzxs satisfies the hypothesis in Proposition3.2l Similarly, since kxs@®kzs
is of type Ba, it follows from Lemma[T2that the quantum Serre relations involving
r9 and z3 hold in £.

Step 1. If a is of Cartan type Bs, then the quantum Serre relations hold in any
finite GK-dim pre-Nichols algebra.

-2

2 2
Proof. Here ka1 ®kxo has Dynkin diagram % % , type Ag. Hence, if ord ¢* >
3, we know from Lemma [4.7] that the quantum Serre relations between z; and x4
hold in . Let us show that in the cases ord ¢?> = 2,3 the same happens.
Qordg? = 2. If 2112 # 0 in B, we get a subspace kro @ krs @ krq12 C P(B) of
dimension 3 with the following Dynkin diagram

-1 1 1 —1 2 -1 0
o — g — o, Cartan type | -2 2 -2
2 3 112 0 -1 9

This matrix is of affine type 02(1), hence GK-dim % = oo, a contradiction.
Similarly, the assumption x901 # 0 yields a subspace of P(%) with braiding

-1

0]
221 2 -1 0 0
-1 2 -1 -1
-1 Cartan type 0 —2 9 0
-1 -1 —1 —1 q 0 -1 0 2
O 0] O7
1 2 3

The Cartan matrix is of affine type Bél), and again GK-dim (%) = oc.
Q ord ¢ = 3. Notice that
q(2a1 + az,20q + ag) = ¢% =1, G201 + g, 3) = g 2 # 1,
(o + 20, a1 +202) = ¢° = 1, q(ar + 209, 03) = ¢~ # 1.
Assuming z112 # 0 in & we get kasz @ kx1o C P(H) with Dynkin diagram
—2
&2 5. Then by [AAHIl Lemma 2.8] it follows that GK-dim # = oo, a con-
tradiction. By the same argument, we can not have zs21 # 0 in £. ([l

The assertion for N > 4 follows since, in that case, ng is presented by the
quantum Serre relations, cf. Remark .11

Step 2. If a is of Cartan type B3 with N = 3, then @q is eminent.

Proof. By [AA2] pp. 399, 400], ,@q is presented by the quantum Serre relations and
[£3321, T32]c = 0. Given B € Preak, let us show that [z3301, 232]c € P(H). Using
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x13 = 0 a straightforward computation gives

A(x3321) =23321 ® 1 + 1 ® 23321 + (1 — ¢33) 2332 @ 1
+ (1 — q33)g3373 @ T391 + (1 — g33) (1 — qo2) 73 ® o1.

With this we compute

A([z3321, T32]c) =[3321, T32]c ® 1 + 1 ® [w3321, T32]c
— (1= g33)*(1 — q22)q12 73 @ Tam
— (1 = ¢33)q12413923933 T3332 @ T21
+(1— Q33)Q32,3(J12Q13 T332 ® (w321 — [T32, 71]c)
— (1 - ¢33)q23G13 T33321 ® T2
+ (1 — g33)q13q12 [T332, T32]c @ 71
+ (1 — g33)q33 T3 ® (913923933 [T3321, T2]c + [T321, T32]c)
The third and fourth terms vanish in % by Step Il For the fifth term, a straight-
forward computation involving 213 = 0 shows that x32; = [232,%1].. The last three

terms also vanish, but they require a more detailed analysis.
Q I33321 — 0 in A. Notice that

A(z33301) =T33321 @ 1 + 1 ® 33321

+ (1 —g33)w3332 @ 11 — (1 — q§3)q32x332 & 31,

so this element is primitive in % by Step[ll Assuming x33321 # 0 we get a subspace
ka1 @ kaszzer C P(HB) where the braiding is given by
q2 qfl q2

2 =2
o 4121 Cartan type <_2 9

1
) , affine type Ag ),

this contradicts GK-dim % < oo by [AAH2, Theorem 1.2].
QO [x332, 32]. = 0 in #. Now we have
A([r332, 232]c) =[2332, T32]e ® 1 + 1 ® [2332, T32]c
- (1 - %3)2(123 a:% & [963273?2]c - (1 - (J33)CI33(J23 T3332 @ Ta.
The element [x32, 23], is primitive in %, so it vanishes by the same reason that zaa3

does (cf. proof of LemmalI2]). So [z332, Z32]. € P(#) by Step[l If it is non-zero,
consider kxy @ k[zsse, r32]. C P(H) where the braiding is

2 —1 2 —
b % , Cartan type ( 2 2) , affine type Agl),
Z1 [2332,732] -2 2

thus we get the same contradiction as with x33321.
O q13923933[3321, T2]e + [T321, T32]c = 0. Denote this element by r. Then

A(r) =r@1+1®7r+ (1 - ¢33)q22q12¢13 T32 ® (T321 — [T32, 71])
+ (1 — 33)933912413G23 [5637 (232, xzﬂ ® 21

— (1 = ¢33)q22q12q13q23 T3 ® [[15327962], !E1]-
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Since [z32,z2] = 0 and x321 — [x32,21] = 0 in £, it follows that r is primitive. If
r # 0 we consider kzy @ kr C P(Z#). The Dynkin diagram is computed:

2 -1 2 ) -9
F L R S , Cartan type (_2 9 ) , affine type Agl),
thus we get the same contradiction as before.

Using these three O we get [r3321,%32]c € P(Z#). If this element is non-zero,

consider U = kag @ k[x3321, 32]c C P(H). We compute the braiding:
q(ag + 20 + 303, 01 + 200 + 3a3) =1, q(ay + 202 + 3as,a3) = ¢+ # 1.

From [AAHI Lemma 2.8] it follows that GK-dim #(U) = oo, but this contradicts
GK-dim #Z < oo. Then [z3321, Z32]. = 0 in # and Step [ holds. a

Step 3. If a is of Cartan type B3 with N = 4, then @q is eminent.

Proof. By [AA2l pp. 399, 400], @q is presented by the quantum Serre relations
and [2123, 2] = 0. We claim that this element is primitive in any % € Preygxk-
Indeed, using that z13 = 0 in A, we get

A([z123, T2]c) =[T123, T2]c ® 1 + 1 ® [@123, T2]c
— (1 = q12)g3221 ® @223 + (1 — q23)q32[T12, T2]c ® 3.

By straightforward computations, [z12,22]. € P(Z#) and it vanishes by the same
reason that xee; does (cf. proof of Lemma [L7). Since xoo3 = 0, the claim follows.

Assume [2123, Z2]. # 0. Inside P(A) we have the 2-dimensional subspace U =
kzs @ k[z123, 22]. where the braiding is given by

q -1 —q 2 =2
o——— o Cartan type .
T3 [z123,22] P <_2 2 )
Since this matrix is of affine type Agl), from [AAH2, Theorem 1.2(b)] it follows
GK-dim #(U) = oo, contradicting # € Pregai- O

Step 4. If a is of Cartan type Cs, then the quantum Serre relations hold in any
finite GK-dim pre-Nichols algebra.
—1

Proof. Now kz1 @ kao has Dynkin diagram 3 3 , type Ao. If N > 3, then
the quantum Serre relations in 1 and x9 hold by Lemma 7l For the case N = 3,
let 4, j such that {i,7} = {1,2} and suppose z;;; # 0 in Z. Since q(2¢; + o, 2; +
aj) = ¢ % =1 and q(20; + aj,a3) = (1526;3 # 1, we get GK-dim % = oo by
[AAHIl Lemma 2.8]. O

The assertion for N > 4 follows since, in that case, ,%2, is presented by the
quantum Serre relations, see Remark .11

Step 5. If a is of Cartan type C3 with N = 3, then @q is eminent.

Proof. Following [AA2] pp. 401, 402]) we see that @q is presented by the quantum
Serre relations and [[.’L’lgg, Z9]e, xﬂ . = 0. Given # € Preyq, let us show that this
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element is primitive in #. Using 13 = 0 it follows that
A([z123, T2]e) =[T123, T2]c ® 1 + 1 ® 2123, 2]c + (1 — q12)%123 ® X2

+ (1= ¢*)z12 ® 232 + (1 — q12) 71 @ (T2372 — G32T2723)
+ (1 = q23)q32[212, T2]c ® T3.

By straightforward computations, [z12, %3] = ¢35qr221 in T(V), and so [r12, Z2).

vanishes in #Z by Step @l Then we obtain

A([[w128, x2]e, 22] ) = [[w123, 22]e, 22|, @ 1+ 1@ [[2123, T2e, T3],
+ (1 = ¢*)g32q22[12, T2]e @ T32 + (1 — (12) 2243071 ® T2023,

and now the claim follows from Step Ml

If Hxlgg,xg]c,a:g]c # 0, consider U = kx; & k[[wlgg,xg]c,xg]c C P(#%). By
[AAHT, Lemma 2.8], since q(a; + 3aa + az, a1 + 3az + az) = ¢'?¢7® = 1 and
q(a1 + 3 + a3, 1) = ¢?¢~3 # 1, we have GK-dim #(U) = oco. This contradicts
B € Preggk- O

Step 6. If a is of Cartan type C5 with N = 4, then 9§q is eminent.

Proof. By [Anl, Theorem 3.1], %, is presented by the quantum Serre relations
and [z123, 23] = 0. Let us show that this element is primitive in any pre-Nichols
algebra £ of finite GK-dim.

First we claim that [z1923, 23], = 0 in %: using that 213 = 0 we compute

A([w123, 3]c) =[123,73]c @ 1 + 1 @ [2123, T3]c
+ (1 — q12423¢33) 713 ® T23 + (1 — q12)71 @ [T23, T3],

Since [x23,z3]. € P(Z), it vanishes in A by the same reason that xssz does (cf.
proof of Lemma [A12)). So [x123,23]c € P(#). Hence, if it is non-zero we get a
subspace U = kx1 @ [2123, 23] C P(#) where the braiding is given by

_a _
S , indefinite Cartan type 2 3 .
r3 [123,73] -3 2

But then GK-dim Z(U) = oo by [AAH2, Theorem 1.2(b)], a contradiction.
Next we compute

A([w123, T23]c) = [T123, T2s]e ® 1+ 1 @ [w123, 23]
+ (1 = ¢23) 1242243222 @ [123, 73] + (1 — 23)% @271 ® [w12, T2

Using the previous claim and the fact [z12, ¥2). = ¢35q221 = 0 (by Step M), we get
[€123, T2s]e. € P(HB). If [x123, x23]c # 0, consider the subspace W = kzi @ kao ®
k[2z123, T2 C P(HB), where the braiding is

—1 —1 3 2 - 1 0
3 1 3 ! % , Cartan type | -1 2 -1
1 2 [z123,723] 0 -3 2

Since the Cartan matrix is of affine type Gél), it follows GK-dim Z(W) = oo by
[AAH2, Theorem 1.2(a)]. This contradicts # € Preak- O

The result follows. O



324 NICOLAS ANDRUSKIEWITSCH AND GUILLERMO SANMARCO

4.7. Some cases in rank > 3. Here we assume that 6 > 4.

Lemma 4.16. In any of the following cases, @q is eminent.

(a) a is of Cartan type with simply laced Dynkin diagram and N > 2.
(b) a is of type By, Cy (0 > 4) or Fy, and N > 4.

Proof. By Remark [4.1] and the restrictions on N, 327(1 is presented by the quantum
Serre relations. Let & € Preai(q). If a;; = 0, then z,; = 0 holds in Z by
Proposition 3.2l If a;; # 0, then there is k € I such that {4, j, k} span a subdiagram
of type As, Bs or Cs. Then (adx;)'~%i(z;) = 0 by Lemmas EI4] or Thus
Q’Zq — AB. O

In the next subsections we treat some remaining cases with small N.
4.8. Types By, Cy, Fy, 0 >3, N = 3,4.

Lemma 4.17. If a is of types By, Cy, with 6 > 3, or Fy, and N = 3 or 4, then
Bq is eminent.

Proof. We split the proof according to the type. Let % € Prepgk-
O Type Fy. Here %, is presented by the quantum Serre relations and

(4.12) (7123, T23]c = [T432, 23] = 0 if N = 4; (2234, T23]c = 0 if N = 3.

Since N > 2 we get x14 = 0 in A from Proposition The subdiagram spanned
by {1,2,3} is of type C3 thus the quantum Serre relations involving these indices
hold in & by Lemma Finally, {4,3,2} span a diagram of type Bs so
the quantum Serre relations involving these indices hold in % by Lemma
Moreover ([AI2]) are defining relations of the distinguished pre-Nichols algebra of
type B3 or C3 for the corresponding N, hence Lemma implies that these also
vanish in 2. B
O Type Bg. Here %, is presented by the quantum Serre relations and

(4.13)  [T(it2), Tit1]e, 1 <O =1, if N =4;  [2g9(9—1)(0—2), Too—1]c, if N =3.

The relations involving the indices {# — 2,6 — 1,60} hold in & by Lemma
also x;9 = 0 for any ¢ < § — 1 by Proposition We are left to treat the relations
involving {1,...,0 —1}. If N = 3 we only have the quantum Serre relations, which
hold by Lemma 14l Turn to N = 4. Now {1,...,0 — 1} form a subdiagram of
type Ag_1 at a root of order 2. If 6 — 1 > 4 we apply Lemma 5.6 to get all the Serre
relations except for xs21 and xg_29_2¢—1. The last one holds by Lemma
For the first one, we apply [AAH2, Theorem 1.2] since the diagram

—1
o]
221
\
—1 -1 —1 -1 —1 —1 -1

is of affine Cartan type. Now [2(;;42), Zit1]c = 0 for i < 6 — 2 hold by Lemma [5.6]
We treat separately the last case standing.

QOO0 Type By with N = 4. The relations z921 and zg_29_2¢_1 hold by the same
reason as above. Moreover, we also have 213 = 0. This follows from [AAHI Lemma
2.8] since q(a1 + as, a1 + as) = 1 and q(a1 + a3, aq) # 1. Finally, using (EJ) and
the relations deduced so far, we get that [z(13), 2]. is primitive in %. Notice that

=0
N O
O
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q(a1 420+ a3, a1+ 202 +a3) = 1 and q(ag +2as +ag, ag) # 1, so [AAHI], Lemma
2.8] applies again.
O Type Cy. Here %, is presented by the quantum Serre relations and

(4.14) [T9—20), To—10]c, if N =4 [[z(9—20); To—1]c, Tg—1], if N =3.

As before, Proposition B2 gives x;9 = 0 for any i < 6 — 1; all the relations involving
the indices {6 — 2,6 — 1,60} hold in # by Lemma It remains to verify the

relations involving {1,...,0 — 1}. Here we only have the Serre relations. But these
indices span a subdiagram of type Ag_1, # — 1 > 3, at a root of unity of order 3 or
4, so they hold by Lemma 141 O

4.9. Types Eg, E; and Eg with N = 2. By [AA2l p. 407] the distinguished
pre-Nichols algebra is presented by the quantum Serre relations and

[®ijk, xj]c = 0 if 4, §, k are all different and ¢;;, ;5 # 1.

Lemma 4.18. Assume that Conjecture is true. If a is of type Eg, E7 or Eg
with N = 2, then %, is eminent.

We point out that Conjecture is needed only for a 5-dimensional braided
vector space of indefinite Cartan type.

Proof. Let % € Pre;ai(q). First we deal with the quantum Serre relations, which
are always primitive. Fix i # j € [y. Consider two possibilities.

Q ¢;; = 1. In this case choose k € Iy different from ¢ and j such that ¢; = 1 but
qir # 1. We get q(oy + o, o + o) = 1 and q(o; + a5, o) # 1. By [AAHI| Lemma
2.8], this warranties z;; = 0 in £.

Q© ¢;; # 1. In this case ¢ and j are consecutive vertices in a subdiagram of type
Ay with N = 2. By Lemma @ below, it follows that z;;; = 0 except in the
following cases: (7,7) € {(2,1),(0 —3,0),(0 — 2,0 — 1)}. Fix such (i,7), assume
x;i; # 0 and consider kz1 & - - - @ kxg @ kay;; C P(A). Then the Dynkin diagram
of this braided vector space is of indefinite Cartan type. We illustrate the case
(i,7) = (6 — 3,0), the other cases being similar.

-1 —1

0] o)

0 0—36—36

—1

—1

-1 —1 -1 -1 -1 -1 -1 -1
O S 5 o o .
1 2 6—3 0—2 0—1

Thus Conjecture and Lemma 2.8 imply GK-dim # = cc.

Finally, fix 4, j, k different such that g;;, ;i # 1. These are consecutive vertices
in a suitable chosen subdiagram of type A4. The Serre relations hold in %, so by
Lemma, below we get that also [z, ;] = 0 in A. a

5. ON THE OPEN CASES

This section contain partial results towards those braidings of finite Cartan type
which are still open. The detailed proofs can be found in [S].
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5.1. Type Ay with N = 2.

Lemma 5.1. Assume a is of Cartan type As with N = 2. Let B be a finite
GK-dimensional pre-Nichols algebra of q. The following hold:

(a) if B € ‘BtefZéK, then either x112 = 0 or x901 = 0 in %;

(b) for different i, j € I, (ad.z;)z; =0 in B. O

Question 5.2. Let %, = k(z1, 22|z201, 211112). By Lemmal.Tlany 2 € (BtefGK(V)
is a quotient of either %’1 or %’2 = k(x1, x2|2112, Z22221). Clearly %’1 %’2 as al-
gebras. Is GK-dim %’1 < oo?

5.2. Type Az with N = 2.

Lemma 5.3. Assume a is of Cartan type As with N = 2. Let # be a finite
GK-dimensional pre-Nichols algebra of q. Then the following hold in %B:
(a) z112 = 0= 233, T213 = 0,
(b) w2201 =0 = 222223, T11113 = 0 = x33331,
(c) if B € ‘BtefZGK, then at most one of x113, 331, T221, L223 1S NON-ZETO. O
Remark 5.4. The relation * is relevant because in the tensor algebra
A([zasy, 22]e) = [Tas), 2] ® 14+ 1 ® [2(13), T2] — 2¢3271 ® T203

(5.1) 2 2 2 2
—2019G32T221 ® T3 — 2q15q32T2 ® T213 + 4753275 @ T13.

Question 5.5. By Lemma (.3 every & € %tefZéK is covered by one of
% = k(z1, 22, T3|T112, T332, T22221, T22223, T11113, 33331, £213)
B = B(wns), Bo=B|(wsn), Bs=B|(wm), Ba=RB/(wns).
Are GK-dim 33/71 or GK-dim %33 < 007 (@1 ~ %32 and @3 ~ @4 as algebras).
5.3. Type Ay, 0 > 4 with N = 2. In this setting @q is presented by
i =0, |[i—j]>1 24;=0, [i—jl=1 [Zait2),Tiz1]e =0, i€lp_o.

Lemma 5.6. Assume a is of Cartan type Ag, 0 > 4, with N = 2. The following
hold in any finite GK-dimensional pre-Nichols algebra % of q:

(a) z;; =0 for any |i — j| > 1;

( ) Liij = 0 fO?" |Z _.7| =1 and (Za]) 7é (2’1)3 (9_ 1a9);

(€) iz =0 for (i,5) = (2,1), (6~ 1,6);
(d)
)

d) if # € ‘BtefGK, then either xoo1 =0 or xg_19_19 = 0;
(e) if (1,7) € {(2,1), (0 — 1,0)} and x4; = 0, then [r(—1 i+1), Zi]e = 0. O
Question 5.7. Let %, denote the quotient of T(V) by the relations
zij =0, |i—j|>1; (adcwg—1)*zg = 0;
2y =0, [i—jl=1,(,7)# (0 —1,0); [(13), T2]c = 0.
Similarly, define 9?2 by the relations
zij =0, |i—j|>1; (adc22) 21 = 0;
zi; =0, |i—jl=1,(i7) #(2,1); [z(0—2 6); To—1]c = 0.

(Clearly 922 ~ @1 as algebras). Is GK-dim @1 < 007
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5.4. Type Dy with N = 2. Here (cf. [AA2] p. 404)) the distinguished pre-Nichols

algebra %, is presented by the quantum Serre relations and a bunch of g-brackets
coming from the several subdiagrams of type As, namely:

(5.2) (@i Tiv1le, 1 <O =35 [To_30-20,T0-2]c;  [Teo—20-1,To—2]c

Lemma 5.8. Assume a is of Cartan type Dy with N = 2. The following relations
hold in any & € Preyqk:

(a) ifi # j and q;; = —1, then x;; = 0;

(b) ifi # j and q;; =1, then xy;; =0 for all k € Iy;

(c) if r is one of the elements in (B2), then (ad.xk)r =0 for all k € 14. O

Question 5.9. Let % denote the quotient of T(V) by the relations [(a)] [(b)] and
[(c)]. Is GK-dim # < c0?

Lemma 5.10. Assume a is of Cartan type Dy with 0 > 4 and N = 2. The following
relations hold in any B € Preax (V):

(a) all the defining relations of @q except xgg—1 and [Topo—20-1,2To—2)c;
(b) the relations xrp9—1 and (ad. xx)[Too—20-1, To—2]c for all k € Ty. O

Question 5.11. Let % denote the quotient of T(V) by the relations

zi; =0, qi; =1, (4,7) # (0,0 —1);  [zo_39-20,To—2]c = 0;
ziij =0, Qi = —1; [T(;i42), Tiv1]e = 0, i <0 —3;
Troo—1 =0, k € Ip; [Tk, [To6—20-1,To—2]] =0, k € Iy.

Is GK-dim % < o0o? We conjecture that GK-dim # = GK-dim @q + 2. This will
be treated in a subsequent paper.
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