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Tomography of zero-energy end modes in topological superconducting wires
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We describe the Majorana zero modes in topological hybrid superconductor-semiconductor wires with spin-
orbit coupling and magnetic field, in terms of generalized Bloch coordinates ¢, 6, . When the spin-orbit cou-
pling and the magnetic field are perpendicular, ¢ and ¢ are universal in an appropriate coordinate system. We
show how to extract the angle 6 from the behavior of the Josephson current-phase relation, which enables to-
mography of the Majorana modes. Simple analytical expressions describe accurately the numerical results.

Topological superconductors host Majorana zero modes
(MZMs) localized at the edges of the system[m, 2. Detec-
tion and manipulation MZMs is motivated by their potential
use for implementing topological quantum computation [B, EI].
Quantum wires with spin-orbit coupling (SOC), proximity-
induced s-wave superconductivity and a magnetic field B hav-
ing a component perpendicular to the direction of the SOC
, ], are one of the most prominent systems. Several works
investigated realizations of this platform for topological su-
perconductivity in wires of InAs [ﬁ—lﬂ].

The existence of MZMs leads to signatures in the behavior
of the Josephson current-phase relation (CPR). In the ac case,
the periodicity as a function of the phase bias ¢ is 47 for non-
time reversal invariant, , ] and time-reversal invariant
] families, in contrast to the 27 one of the ordinary su-
perconductors.

In the topological superconducting phase of the quantum
wires proposed in Refs. [|I|, ], the zero modes have a non-
trivial spin texture [49-51). 1In contrast to what might be
naively expected, the spin density from the exact solution of
the model Hamiltonian shows that the zero modes have mag-
netization components perpendicular to B and the SOC axis.
Remarkably, for perpendicular B and SOC, the components of
the spin polarization perpendicular to B are also perpendicular
to the SOC and have opposite signs at the two ends of the wire
(1, l491.

We introduce a geometrical characterization of the MZMs
in terms of their generalized Bloch coordinates (GBC), i.e.,
Bloch coordinates ¢, 8 associated to the spin orientation and a
phase 6. We show that, when B and the SOC are perpendic-
ular, there exist an easy coordinate frame (ECF) where ¢ and
¢ are universal and can be exactly calculated by symmetry
arguments, up to a sign that can be obtained from the solu-
tion in particular limits. We present a low-energy effective
Hamiltonian to describe the MZMs in Josephson junctions
and show that the angle 6 can be inferred from the behavior
of the CPR in suitable junctions, hence enabling a full tomog-
raphy of these modes.

We consider a lattice version of the model for topological
superconducting wires introduced in Refs. , ], with arbi-

trary orientations of B and SOC [52,53]. The corresponding
Hamiltonian is Hy, = Hy + Ha, with

Hy = Zc} (—t oo — ii-&) ¢l +He. (1)
7
- ZCZ (E'J' +#0'0)C€, Hy = AZ C;TC;L +H.c.,
¢ ¢

where ¢ labels sites of a 1D lattice and ¢, = (c, C[l)T.
B = Bilg and 1 = Aiiy, with B, A > 0, are the magnetic field
and the SOC oriented along the spacial directions 7ig and 7i,,
respectively. The components of the vector & = (o-x, oy, o-z)
are the Pauli matrices and o is the 2x2 unitary matrix. This
model has a topological phase provided that 7, and 7ip are
not parallel. The evaluation of topological invariants 54, 53],
leads to the following expressions for the boundaries
217 = rl < |ul < [20e] + 71, Blity - itgl <Al < B, (2)
with r = VB2 — AZ,
The MZMs of the Hamiltonian of Eq. (@) can be writ-
ten as n, = yv"' + 7v,, where v = L,R denotes the left
and right end of the wires, respectively. We assume that
the spin of y'V" is oriented along the Bloch vector 7, =
(cos 8, sin ¢, cos 6, cos ¢y, sin §,). The angles 6, and ¢, in the
Bloch sphere, as well as a phase §, — defined mod(;r) — are
the GBC, which fully characterize the MZM through
¥} = &% |cos(@/2)c], + ¢ sin(6,/2)c] | 3)
Here, cj,'s are fermionic creation operators associated to the
basis of Hy,, acting at the ends of the wire (usually including a
few sites). Importantly, not only the angles 6, and ¢,, but also
0, depend on the choice of the reference frame. The change
in 7, under a rotation of the coordinate system is a routine
exercise. The corresponding change of 6, leads to a function
&R (7L, fg), — see Eq. (S5) in the SM [@] — which is a
vector potential that depends on 7, but not on §,, generated by
a twist between the spin directions (57]. The quantity

OLr = 01 — Or — Epr (1, ig) mod(m), “4)
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is invariant under rotations. Notice that the SU(2) invariance
of 01 is expected since it appears in the evaluation of expec-
tation values of observables, in particular, the current through
the closing contact of a ring formed with the wire, which is
threaded by a magnetic flux. In addition, the scalar product of
the two unit vectors, 7y, - fig, is also an SU(2)-invariant.

We notice that when #, - ¥ = /ig - ¥ = 0, the Hamiltonian is
invariant under inversion (defined by ¢ <> N+ 1—¢, for a chain
with N sites) and complex conjugation, implying

5R = —5L, QR = 9L =0 $YrR = —@L. (5)

The Hamiltonian is also invariant under inversion and simul-
taneous change in the sign of A. For i, - iig = 0 and 7ip||Z, the
latter change of sign can be absorbed in a gauge transforma-
tion EI,T = icZT, E;l = —ic}l. Therefore the MZM for v = R, has
the same form as the one for v = L, replacing the operators c}'(f
at the left end by the ¢l at the right. Hence, the GBC at the

lo
two ends are related as

T
6R:5Li§’ Or =0, =0, QR =@ + 7. (6)

This means that the Bloch vectors of the MZMs have compo-
nents perpendicular to /i with opposite signs at the two edges,
a conclusion that has been previously reached after the explicit
calculation of the wave function in particular frames [@, ].
We conclude that this property does not depend on the choice
of the coordinate frame, since the relative tilt of the spin ori-
entations is invariant under rotations. Furthermore, combining
with the condition of Eq. (&), we identify an ECF: i#3||Z and
ii,]|%. In that frame we have

(5R=—5L=iﬂ'/4, (,DRZ—tpL:iﬂ/z, O =06, =86. (7)

To conclude the full characterization of the MZMs in this
frame, we still need to define the signs in Eq. (Z) and find
the relation between 6, and the parameters of the Hamilto-
nian [Eq. (I)]. In what follows we present results for the case
B > A,|A|, which by continuity leads to the exact values of
¢, and ¢, in the full parameter space. In the SM [@], we
show that they coincide with the values for these parameters
obtained from the calculation of the continuum version of the
model in Ref. ] in the limit of dominant SOC

The limit of dominant magnetic field is intuitively related to
Kitaev’s model, although in the present case, the MZMs are
not fully polarized in the direction of B, as explained before.
Our aim now is to explicitly calculate the GBC of the two
MZMs as functions of the Hamiltonian parameters A, A, B, u
when B dominates, in the ECFE. To this end, it is useful to
rewrite the Hamiltonian Hy, of the wires in the basis that di-
agonalizes Hy in Eq. (). We introduce the unitary trans-
formation in reciprocal space di. = upciy + VCry, di— =

—ViCk1 + UkCk, being Up, vk/sgn(/lk) = V(l =+ B/rk)/2, with
re = /A7 + B2, and ; = 2Asink. This leads to

Hy= 3 (ows djdis+Aldld" )+ > Adl d', +He.
k

k,s=+,—
®)

being & = & F ry with & = —2fcosk — u. The pairing in-
teraction contains a triplet component with p-wave symmetry
AZ = —ArA/ry — notice that Ay is an odd function of kK — and
a singlet one, A} = BA/ry.

For B > A > A, the transformed model can be solved analyt-
ically with the method of Alase et al. [E—B] (see SM [@], for
details). For t, A > 0, and u = —B, A, the results are

T T
6 :—6 =T = — e 9
L R=7  PL="¢r > 9)
A A
9~—+0(—), ﬁBZZ, ﬁ/lz)?.

B+ +\[(B2-1) B
While Eq. (@) gives the values of 6, and ¢, up to a sign, Eq. (9)
gives their exact values. Although the calculation was done
for dominant B, this result is valid for continuity in the whole
topological phase with B,#,A, 4 > 0, < 0. The correspond-
ing values for the opposite signs of these parameters can be
deduced by means of symmetry arguments l62].
It is important to highlight that the previous results and ap-
propriate SU(2) rotations permit to obtain exactly ¢, and ¢, in
any coordinate system for any value of the parameters of Eq.
(@) with i, - iig = 0, while 6 needs an explicit calculation. Our
goal now is to show that this angle can be inferred from the
behavior of the CPR in suitable junctions.
To calculate the CPR we consider two wires wl and w2 with
different phases ¢1, ¢, of the pairing potentials, related as ¢; —
¢> = ¢ and connected by a tunneling term, as indicated in the
sketches of Figs. Rland[8l Gauging out the dependence on ¢ in
the operators of the wires, the Hamiltonian for the full system
reads H(¢) = Hy + Hyy + H.(¢), where Hy, Hy, have the
same structure as in Eq. (I). The connecting term reads

He(¢) = 1. Z (€] cr0 +Hee.), (10)
o=T,1

with 1 and 2 denoting, respectively, the site at the right/left
end of wl/w2. We can calculate the current numerically as
described in the SM [56]. In the topological phase, however,
a simple description based on the coupling of the MZMs ac-
curately explains the Andreev spectrum and the CPR. This is
because, in a topological junction, Andreev states are formed
from the hybridization of the MZMs [[19, 41, [45].

FIG. 1. (a) Reference frame with 7 along 7. (b) Bloch vectors of
the MZMs of the two wires. (c) Laboratory frame.

In what follows we derive the low-energy effective Hamilto-
nian H.g that describes the hybridization of the MZMs. Im-
portantly, we consider different magnetic-field and SOC ori-
entations in the two wires. H.g takes a particularly simple



form if the quantization axis is chosen in the direction of the
Bloch vector of one of the MZMs next to the junction, which
we choose to be i75. In the basis where i1, = 7 — see Fig. [1l(a)
— the spin down operators of the sites nearest to the junction
contribute only at high energies, while the low-energy compo-
nent is precisely the contribution of the MZM. Concretely, we
can substitute the fermionic operators at the ends of the wires
by their projection on the MZMs,

’ ai s i ’ a s
iy = 7e 1 Cos (3)771, Chy = ?ebznz, (1)
where ¢/ is the angle between 77} and /i, — see Fig. [l (b) —
and 07, 0} are the corresponding phases. a; are real numbers,
af < 1 being the weight of the MZM at the corresponding site.
Replacing in Eq. (S47) we obtain

(@) . ,oa).
Ha(@) = 52 sin($ + 8, = 6 )igms, (12)
, o
tj(6)) = teajas cos 5 ) (13)

which is solved by defining a fermion d = (1 + in)/2 [@],
leading to in;n; = 2d'd — 1. The ground-state energy is

sin(%,) s

where ¢’ = ¢ + 2 (6’2 - 6’1) The CPR is

¢’ (¢
0s (5) sgn {sm (E)} .
5)
Performing the rotation sketched in Fig. [ (see SM (56] for
details), we can express this current in terms of the GBC of

the MZMs of w1 and w2 next to the junction in the laboratory
frame through

(14)

1
Eei(¢) = —§|t1(9'1)|

2e dEe(9) _ el 6 .

Jer(P) = 7 d 7

¢ =¢+2(62-01-412), (16)

where ¢, and 9, are the corresponding phases and

sin (¢1 — ¢2)
cos (g1 — ¢2) + cot (9—2') cot(%z)

&12 = arctan

}. (17)

The different angles are indicated in Fig. [[I We would like
to stress that all the quantities that determine the behavior of
the CPR are SU(2)-invariant, as explicitly shown in the SM
[@]. In particular, ] does not depend on the reference frame
while 6, — &1 — &) 5 is an invariant akin to Eq. @) and from Eq.
(I6) we clearly see that this quantity plays the role of a vector
potential that modifies the magnetic flux.

The CPR of Eq. (I3) has a jump at ¢’ = 0 as a consequence of
the crossing of levels with different fermion parity. If parity is
conserved, the typical 4z-periodicity of topological junctions
is obtained. In the case of junctions of wires with the same
orientation of B and SOC and itz - iy = 0, 6, — 8, = +m, as
given by Eq. (6), and the jump occurs at ¢ = x. However,

in junctions of wires having different orientations of 7z and
i) or fig - iy # 0, this jump may take place at other values
of ¢. In what follows, we analyze junctions of wires with
different configurations of these vectors with the aim of using
the behavior of the CPR to extract information of the MZMs.
We consider now the same orientation of B in both wires, but
a tilt 8, in the orientation of the SOC, i.e. 71, - iiy2 = cosf,.
This can be realized with a junction where the wires are placed
on the superconducting substrate forming an angle 3,, as in
the sketch of Fig. Pl where we also indicate the ECF for w2
(71|17 and 73, 5||¥). We focus on A > 0, u < 0, in which case
Egs. @) give 6> and ¢, while 61 and ¢; can be be also derived
from these Egs. by performing a rotation of 8, around Z. This
leadsto 0y =60, = 0,01 —¢p =nm—Brand §; = o+ (m+,)/2.
Replacing in Eqgs. (I6) and (S3) we obtain

sin (8y)
cos (8,) — cot? (%)

Therefore, from the position of the jump in the current as a
function of the flux it is possible to extract the angle 6 be-
tween the Bloch vector of the MZMs with respect to 7iz. This
completes the full description of the MZMs at both sides of
the junction. In Fig. 2] we show results calculated with Heg,
and by exact diagonalization of the full Hamiltonian H(¢) (see
Ref [56] for technical details). Both calculations are in excel-
lent agreement and also agree with results reported in the limit
of weak SOC in the continuum model [[63] and in the limit of

large B [@].

102 e 3, =0 NG /2
4 s O\=7/3 v [By=mn

¢’=¢—n—ﬁl+2arctan[ } (13)

| o/2m

FIG. 2. CPRforiig ;-ii,; = 0, j = 1,2 and several values of the angle
Bibetween 71, | and i7y,. Solid lines: numerical results. Symbols: Jeg
calculated using H.q. Parametersare t = 1, B=4,1=2,A =2 and
u=-3.

We now focus on the case where the SOC is equally oriented
in the two wires, 7y, = #,, = X, while the orientation of
the magnetic field 77 is tilted by an angle Bz with respect to
iippllZ. We start with the case 7y - iig; = 0, j = 1,2, which
can be realized in the two configurations sketched in Fig. B
As before, for A > 0, u < 0, Egs. @) give us the values of
0y and ¢,. On the other hand, the corresponding values of



01 and ¢; can also be obtained from these Eqs. by perform-
ing a rotation of angle Bz around ¥. These are 6, = —n/4
and ¢; = (/2)sgn[sin (6, — Bp)] and 0, = 6, — Bp. Hence, the
CPR is given by Eq. (I3) with ¢’ = ¢—n. Therefore, the shape
of the function J(¢) is the same for all values of Bp, display-
ing a jump at ¢ = n. However, the magnitude of the current
depends on the angles 6, and Bp according to Eq. (13), with
6 = 26, — Bp. This is illustrated in Fig. BJand has a simple
interpretation. For 8z = 0, 77} and 71, have the same z compo-
nent, §; = 6,, zero x component and opposite y components
[see Egs. (@) and (@)]. Rotating iig; around the x axis, 77 is
moved towards 73, and both vectors coincide when Sz = 26,.
This angle corresponds to the maximum of #;(6)), hence, the
maximum of J(¢) at fixed ¢. In addition, for fixed fermion
%rity, the CPR is 4r-periodic in Sp, in agreement with Ref.

x1072

-1 Bap =0
3\ = 0.367 .
=2+ Bap=m/2 =
Bap = 0.647 B
-3 Bp=7 — . . . B
0 0.2 0.4 0.6 0.8 1

o/

FIG. 3. (a) Configurations of wires with a tilt 85 in the orientation
of the magnetic field with 7ig - 7, = 0. (b) Amplitude of the CPR
ty vs. Bp for I’TB . fl)/{ = 0. (c¢) CPR for fl)/[’l = fl’/{’z, I’_l’B’z . fl’/{’z =0,
fig - i1y = cosBap and all vectors in the same plane. Parameters as
in Fig.

When B, is tilted in such a way that there is a finite component
along the direction of the SOC there is no simple analytical ex-
pression relating the tilt in B) and the orientation of the Bloch
vector of the MZMs and we must rely on the full expressions
given by Eqs. (13, (I6) and (S3). In Fig. Bl (c) we show the
CPR for the case in which 7y = 7,2, fips - a2 = 0 and 7ip;
is tilted keeping it perpendicular to 7ip > A 71,2, and forming an
angle 3,5 with 77, ;. Without tilting, J(¢) = 0 as expected [63].
For other cases, J(¢) presents jumps at ¢ # 7 as in the case
of wires with SOC perpendicular to B but with a relative tilt,
analyzed in Fig. [2 It is found again an excellent agreement
between the description in terms of the effective Hamiltonian
H.(¢) and the numerical solution of the exact Hamiltonian
(see SM [@] for details). For small 8,5, the topological phase
is lost in w1 leaving its place to a non-topological phase —

4

see of Eq. (@) — which is gapless for a wide parameter range.
There, Her(¢) is no longer useful and the numerical solution
of H(¢) is necessary, which leads to a CPR, typical of ordi-
nary superconductors, with small amplitude, albeit preserving
some peculiar features of the topological phase, like J(0) # 0
[65], similar to Ref. [66].

We have characterized the MZMs of topological supercon-
ducting wires with SOC and magnetic field in terms of GBC
(¢,6,6). We have analytically calculated ¢, for the ECF
where iz = 7 and ii; = ¥. We have also derived the trans-
formation of these quantities under changes of the reference
frame. We used these results to derive exact expressions for
the CPR in wires having relative tilts in the orientations of the
SOC and magnetic fields. We showed that for suitable con-
figurations of the junctions, the CPR provides the necessary
information to fully reconstruct the structure of the MZMs.
These results may be useful in the experimental implemen-
tation of quantum tomography of MZMs. The dc regime
could be reached, for instance, by adiabatically switching on
the magnetic field or by rotating it from the gapless non-
topological phase of nearly parallel SOC and magnetic field.
This is possible within the present experimental state of the art
of the hybrid superconducting-semiconducting wires we have
studied [[12]. Interestingly, this regime is free from the prob-
lem of the time-scales introduced by the poor equilibration of
the MZMs which affect readout processes of dynamical ef-
fects [@—@].
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Supplemental Material: Tomography of zero-energy end modes in topological superconducting
wires

CHANGE OF REFERENCE FRAME

General case

The spin of the fermionic creation operators defined in Eq. (4) of the main text is expressed in a given reference frame O,
determined by the quantization axis of the Hamiltonian H,,. Here, we analyze the transformation of the spin under a change of
basis to a rotated frame O’. We remind the reader that under an active transformation, (a rotation of the physical system an angle
a around de unit vector v keeping the coordinates unchanged) a state |y) = (acJTr + bcI)|0)), becomes Ry(@)|y), where the SU(2)
matrix Ry(a) is

Ra(a/)zcos(%)—isin(%)ff-é". (S1)

If, instead, the physical system is fixed and the rotation is applied to the coordinate system O to transform it to O’, the state in
the new basis is /) = R;l(a/)lw). Inverting the previous transformation we obtain for the creation operators

1 (cos ( 2) +e72 vz)(cT)‘ + sin ( 5 ) (vy - ivx) (cl)"'
CI = —sin (%) (vy + ivx) (c’T)T + (cos (5) +v.es ) (cl)"', (S2)

where v; is the component of ¥ in the direction j. Replacing this transformation in Eq. (4) of the main text we obtain the
expression of the creation component of the MZM in the rotated frame O’:

7y =& [ACT + B)T,

0, o 0,
A = cos ( > )(cos (Z) +e "2y ) e’ sm(E) sin (Z) (v} + lvx)
9 a . iy i
B—cos(2)sm(z)(vy—zvx)+e sm( )( ( )+vze2). (S3)
Expressing 1 in the same form as Eq. (4) of the main text we get
o, b gl 0
yv e |cos > (ch) + "% sin (cvl) (S4)
from where the parameters in the frame O’ can be obtained. Writing A = |A|e®", it is clear that 0, =&, + 6, being

£, = arctan ( ) aretan | —~ cgos(%) sin(5)v; — sin(gpy) sin(%)esin(%)vy — cos(py) sin(%i)sin(%)vx . (S5
ReA cos(5) cos(F)(1 +v;) = cos(ey) sin(3) sin(5)vy + sin(py) sin(3) sin(5)v,

We see that in general, the phases J, transform in a non trivial way under rotations or a change in coordinates. Instead, as
expected, the directions i, (defined by 6, and ¢,) transform as ordinary vectors. Comparing Eqs. (S3) and (S4) we see that
B/A = |B/Ale™" or AB = |AB|e™" (A denotes the complex conjugate of A), and |A| = cos(6,,/2), from which 6, and ¢, are easily
obtained:

6, = 2 arccos(|A|) = 2 arctan(|B/A|). (S6)
B m(AB)
P arctan(Re(AB)) (87)

Derivation of Eq. (18)

In the main text, we evaluate the Josephson current through the connection between wires w1 and w2, with the parameters defined
with respect to a frame O’ with 7,||Z, being 7, the direction of the polarization of the MZM of the wire w2 that hybridizes with



the MZM of the wire w1 in the junction. The consequent expression for the Josephson current —see Eq. (16) of the main
text— depends on the Josephson phase ¢, as well as on the phases ¢| and &, of the two hybridized MZMs, which depend on
the reference frame. Since we know the values of these phases, given the values of the parameters of the Hamiltonians for the
wires only when the latter are written in the reference frame O where 7i3||Z and 7)||X —see Eq. (10)— we need to implement a
transformation between O’ and O. The concrete transformation is sketched in Fig. 1 of the main text. In the formalism described
above, this corresponds to a rotation Ry(«) that transforms O to O’ such that Ry(a)it, = Z. We choose ¥ in the direction of 7i; A Z,
so that it is perpendicular to both 7i; and Z, hence a positive rotation in the angle @ = 6, moves i, to Z. The components of the
unit vector ¥ become v, = sin(¢,), vy = —cos(g), v, = 0.

Replacing these values in Eq. (S3)) for v = 2, we see that the numerator vanishes, and therefore & = 0, 5’2 = 0,. Instead forv = 1
we obtain 6| = &1 + 61, with

&) = arctan 7 s 6(;’01 — %) . (S8)
cot (7‘) cot (72) + cos (¢1 — ¢2)
Combining the &) — 61, we get Egs. (17) and (18) of the main text, with &1 > = &1, given above.
SU(2) invariance of d,,
In this section we prove the SU(2) invariance of the quantity
sin (¢ — ¢2)
dip =61—62— &1, &2 = arctan( p 9"01 £2 ] (89)
cot (7‘) cot (72) + cos (¢1 — ¢2)

mod(r) for any two fermions of the form of Eq. (4) of the main text [same as Eq. (S4) without the superscript prime]. The fact
that the quantity is defined mod(sr) means that the branch and discontinuities of the arctan are unimportant. The invariance of
dy» is expected, since in the particular case discussed in Section , it enters the equation of the Josephson current through ¢’ [see
Egs. (17) of the main text] and the current is an observable. Here, we prove it explicitly for the general case.

As is well known, any SU(2) rotation can be obtained by composing infinitesimal rotations around three mutually perpendicular
axis and the generators of these rotations (io,, icry and io; in Section ) form a basis of the Lie algebra of the group. Two
generators are enough for our purposes because the third one is the commutator of the other two times a factor. The invariance
of dj> under any rotation around z immediately verified since 6; and 6, as well as §; — d, and ¢; — ¢, are unchanged under
this transformation. Therefore, it remains to prove that d;, is invariant under a rotation through an axis perpendicular to z. We
choose the y axis in a reference frame with ¢, = 0 to simplify the calculation (the axis forming an angle 7/2 + ¢, with the x axis
in the original reference frame).

We use the results of Section for ¥ = ¥, ¢, = 0 and @ — 0 to linear order in the differential da of the angle of the rotation.
In particular we replace cos(a/2) =~ 1 and sin(a/2) =~ da/2. From Eq. (S3) we obtain the change in the phase under the
infinitesimal rotation, d6, = ¢, — ¢,,

4 sin(p,) sin(%)

do, = darctan(o,) = — 7 (S10)
cos(3)
Evaluating explicitly for v = 1, 2 this equation reads
ds 1 o1\ . dé
- tan(E‘)sm(cpl), == (S11)

From Egs. (S3) and (S6) we get

(3] -] e (3] (-ern () en()) o

2 2

0, 0, 0, 0,
d cot (3) = —cot (3) (tan (3) + cot (3)) cos(py)da. (S13)
Using that for any function r, dr> = 2rdr we obtain

dcot(6;/2)  cos(py) ( (91 )2)
=- 1+ cot|—=
2

Io > (S14)



deot(6>/2) 1 6>\’
deoyl2) _ _5(1 +cot(5)) (s15)

The change of the angles do, = ¢, — ¢, are obtained using Egs. (S3) and (S7)

sin(g,) sin(%) cos(%)

tan(y.) = (S16)
4 cos(g,) sin(2) cos(2) + (cos(2)? — sin(§)2) L
da sin(p;) ( (9,-) (91'))
dtan(g;) = ——— = (cot[= | — tan[ = ]. S17
an(y;) 2 cos(@)? co > an > (S17)
Using d tan(r) = (1 + tan(r)*)dr
0 0
% = —sin(cpﬁ(cot(%)—tan(%)), % =0. (S18)
The remaining task to prove that ddj»/da = 0 is to derive £, » = arctan(g), where
_ sin(g;) (S19)

cos(¢r) + cot(%) cot(%)

To simplify the algebra we use the notation ¢ = cos (¢1), s = sin(¢;) and x; = cot (6;/2) . With this notation the equations (S14),

(SI5). (ST8) and (ST9) become

dxl_c 2 dx2_1 2 dcpl_s 1 B K s
%——§(1+x1),E——§(1+x2),—a——— X1——|,q= = —. (SZO)

Differentiating the last expression we get

dq c% S(—S% + %XZ+X1%) % +CX1)C2% —S(%XQ+X1%) 21
de = h h? B h? (521
and replacing Egs. (S2Q) above, we obtain
ﬁ _ s 1+ 2cx1x + xfx% (S22)
da  2x; h?
On the other hand, from Eq. (S19)
dq 2 2.2
dé o o ) ) s 1+ 2cx1x; + x7x5
[ s th1+ :1+—:—, 823
da 1tq VMM 12 = (523)
and using Eq. (S22)) we obtain
d .
&1 5 sin(gy) ) (S24)
da 20 2cot(61/2)
Finally, differentiating Eq. (S9) and expressing it as
dd12 d51 d52 dé:l 2
ddip _ doy _doy | deio $25
da da da da (525)
and substituting Eqs. (SI1), (ST9), and (S24) we get the desired result
dad
Z-o. (526)

da



STRUCTURE OF THE MAJORANA STATES IN SOME LIMITING CASES
Solution for dominant spin-orbit coupling with /i = Yand i, = 7

We apply the formalism of Section to the exact solution of the continuum version of the model of Eq. (1) of the main text,
calculated in Ref. ]. A very simple expression was found for the left and right MZMs in the region of parameters where the
spin-orbit coupling dominates, assuming A > 0, 4 > t, B > A, u ~ 0 (equivalent to u ~ —2¢ in the lattice version). From there,
we can easily examine the properties summarized in Eqgs. (6) to (8) of the main text. The solution, as expressed in Ref. @]
reads

1 . - + 1 . - t
=5 (lﬁL,T — W+ llﬁiu + lﬁ‘m) o MR= 3 (lﬁR,T + R, — “ﬁ}gyl + lﬁ}m) , (S27)

where the labels L, R in the field operators indicate that they are evaluated at spacial coordinates corresponding the the L, R ends,
respectively. In order to make an explicit comparison to Egs. (7) and (8), we need to perform a rotation of = 7/2 around the y-
axis, corresponding to @ = —xr/2 and ¥ = (0, 1, 0) in Eq. (S2), and a change in the sign of A which changes the sign of both § and
¢ (see Ref. 53 of the main text). Under these transformations, the above operators transform to

Vo= Wi —il),  Ye= e (W + i), (S28)
in full agreement with Egs. (7) and (8) of the main text.
Solution for dominant magnetic field, B > A > A with iz = Zand 7i; = ¥

In this Section, we obtain analytically the zero-energy modes at the ends of a finite long chain for 0 < 4 < A <t < B and
u ~ —B. We start with the Hamiltonian Eq. (9) of the main text, which to linear order in A/ B takes the form

H= Y (-2tcosk - 1) df di; BZ( i —d_di )+Z[AS di,d' —Arsink Y did", : (529)
k,s=+,— s=+,—
with Ag = A and Ay = AA/B. Transforming Fourier to Wannier functions localized at any site j, d .< = 2% ’Jkdzs/ VN, the
Hamiltonian becomes !
H=—t Z (ddjors+He) - B Z(dgdj+ ~di d; )+ Z [AS d,d_+iAr Z d',di +He. (S30)
=y j j =

For later use we note that in the real-space basis, to linear order in /B the transformation introduced in the main text to define
Eq. (9) from Eq. (1) reads

¥ vy il +
"Cj—u)’ d; =cj 23( AT i—lT)' (831)

In order to eliminate the imaginary unit in the coefficient iAr of the triplet superconductivity in Eq. (S30) we define

ot il

dj, =cjp = 23( jatl
gioo_ /4 gt Gt _ -in/4 4T
d, =e™di, di_ =" (S32)

and the triplet superconducting term takes the form Az 3 (d . 1 dh - d 1 d 1" +H.c.).

JH1I+T j+

We obtain the solutions with zero energy of Eq. (S30) for a ﬁmte long chaln of N sites using the method of Alase et al. [@, ]
in the form used previously by some of us.[@] As in the Nambu formalism, the operators are mapped to one particle states,
using the following notation

djs & |jsl), st o |js2). (S33)

The desired solutions are linear combinations of states of the form (not normalized)

N
lzsi) = sz—w jsiy,  s=+ i=1,2, (S34)



where z is a complex number with |z] < 1 (> 1) for the Majorana zero mode localized at the left (right) of the chain. Since
both modes are related by symmetry we focus here on the left mode only. The possible values of z are obtained from the bulk
equation Pg(H — E)|¢) = 0, where in our case E = 0 and Pg = 7;21 > lisiy(jsil. In the basis |z, +, 1), |z, +, 2), |z, —, 1), |z, —, 2),
the matrix PgH takes the form

—a -b 0 As
e e -ag 0 - 1 1
PpH = 0 —As —a+2B b ,a—u+B+t(z+E),b—AT(z—E) (S35)
As 0 b  a-2B
and its determinant is
Det(PgH) = (a* — b?) [(a —2B)* - bz] - [2a(2B —a)+ 2b2] A2 + A} (S36)

To linear order in Ag /B, we can neglect Ag above and the four roots z; of Det(PgH) = 0 with |z| < 1 and the corresponding
coefficients of the eigenvectors |e;) = > ; ﬁfil jsiy, fory’ = u+ B <t are

ZZiC / ﬁ ﬁl :Lﬁl =ﬁl :0 c= t—AT
! 2(t+A) HE P T g P T Vit A’

Z ic — /17/ 2 — gl
2(t+ Ar)’ Bsi = B

D=2 =—
2B— 2B—w \* t-A 1

2(t+ Ar) 2(t + Ar) t+Ar NGE
_ 2By 2B—p V' 1+ Ar 3 _ 3 _ 3 _ o |
“Z20-An \/(2<r - AT>) —ap P =P =0 =h = (S37)

The zero mode state has the form [f) = >}, axlex), and the coefficients are obtained from the boundary equation, which in our
case takes the form P H|f) = 0, where P; = };|1si)(1si|. It is easy to see that the form of the matrix P;H is similar to Eq.
(S33) without the terms in 1/z (due to the fact that there are no sites at the left of site 1), and z replaced by z;. Taking for the
basis state |b), the four states |z, +, 1), |z, +,2), |z, —, 1), |z, —, 2), {(b|P1H|f) = 0 imply

Z [_ (/J/ + tZk).Bﬁl - ATZk,Bﬁz + AS,BIfz] ar =0,

k

X [rat + 6+ ) - A58t

o
Z[ AsB, + 2B - —1z) BY, —ATZk,BkQ]a'k
|

=0,
%
Z AsBl, + ArziBt, — (2B — i —1z) B, | ax = 0. (S38)
k
Using Egs. (S37) and calling
Cio=As(a1+@), C3=2B— ' —1z3— Arzz, C4 =2B — i’ — 124 + Arza, (S39)
the last two Eq. (S38)) can be written as
—Ci2+ C3a3 — Csay =0,
C12 - C3a/3 — C4a4 =0. (S40)
The solution of this equation is
wr=0,05= 2 =gt 4 (B—’i)z—t2+A2 (S41)
4 3= O > > .

where the expression of C3 has been obtained using Egs. (S37) and (S39). From Egs. (S37), (S39), and (S4])) it is easy to see
that the contribution of @3 and a4 to the first two Egs. (S38) is either of order A§ or zero. Therefore, it can be neglected to first
order in Ag leading to

2
Z (W + tz + Arz) ax = O. (S42)
=1



Using the expressions for zi, the solution can be written in the form

—iw

W e

e
@) = ——, w = arctan

V22
Using |f) = Yy axlex), lex) = X BN 1jsi), Egs. (832), (S33), (S34), (S3D), (S41), and (S43), we obtain the final expression of

the Majorana zero mode at the left end of the chain (except for a normalization factor)

) =

(S43)

(t+2A0)
2(t+ Ar)c '

N
n = IZ:‘ [Re(elmz{_l) (ezn/4d;;+ + e—m/4dj+) + AS;#Z%—I (67’”/46[1‘.-_ + em/4dj)} ) (S44)
The amplitude of the mode is maximum at the first site and decreases exponentially for sites inside the chain with different decay
rates for spin + and —.

In order to make contact to Egs. (7) and (8) , we need to express 7, in terms of the operators ¢, of the original model. To this
end, we introduce the representation of Eqs. (S31) in to Eq. (S44) and focus on the limit A — 0. The projection of Eq. (S44) on
the first site of the lattice reads n;, =y, + yz with

| in/4 | 4 S —in/2 i
~ e cl .+ —e ci |- (545)
YL 17 : 1l
We see that this solution has the structure of Eq. (4) with
Ag A
op=n/4, @ =-n/2, tan(6./2)= oA + O(E) (546)
3

The results for §;, and ¢, are valid for any value of the parameters in the topological phase with A, 7> 0 and u < 0, with 7ip = Z,
ity = X, and are in full agreement with the result of the continuum model discussed in Section . The value of 6, is however very
sensitive to the values of the parameters of the Hamiltonian. As explained in the main text, our goal is to show that this angle
can be inferred from the behavior of the Josephson current in suitably designed junctions.

In contrast to 6, and ¢;, (obtained for 7ip||Z and 77, ||X), € depends on the site. As a consequence for other directions of 7ig and 7, (or
other systems of coordinates), d; and ¢;, also depend on the site, since their transformation properties depend on . Nevertheless
for the calculation of the Josephson current we are only interested in the first and the last site of the chain.

NUMERICAL CALCULATION OF THE JOSEPHSON CURRENT

The Hamiltonian of the system describing two wires and a Josephson junction is

H($) = Hy1 + Hys + Ho($), He = 1 Z (€2cl, cora +He), (S47)
=10

where Hy;, i = 1,2, describe two topological superconducting wires, wl at the left of w2, described by Eq. (1) of the main text,
and with a difference ¢ = ¢; — ¢, between the superconducting phases, with ¢ = 2z corresponding to one superconducting flux
quantum. The subscript 1R (2L) indicates the last (first) site of w1 (w2). Denoting as Ny = ) j C'Liscl, js the operator of total
number of particles of w1, the current flowing through the junction from left to right is

J($) = (e%) = <%e [Ny, H]) = —%C zg: Im ¢ (clp e )] (S48)

The above expectation value can be numerically calculated given the eigenmodes of the Hamiltonian which correspond to
annihilation operators that satisfy [I',, H] = 4,I’,, with positive 4,. The relevant part of these operators have the form

Ty = > [ATkeClre + Ab1oChiy + BigoCire + Byppeors| + oo (849)
o

where ... denotes the contribution of operators at site different from 1R and 2L. The coefficients are known from the numerical
diagonalization. Inverting Eq. (S49) we have

Clre = Z (Z‘I/RU'FV + BYR(TFI)’ CoLe = Z (Agwri + Egmrv)- (550)

v



Replacing in Eq. (S48) and taking into account that in the ground state the only non vanishing expectation values of a product
of two I', and/or l"i, operators is (FVFD = 1, we obtain

J(@) = Im[ iz ZAZLUAIRU}- (S51)

An alternative expression can be derived from the numerical derivative with respect of the flux of the eigenvalues A,. This
simplifies the diagonalization procedure at the cost of introducing numerical errors in the differentiation.
Noting that only H, depends on the flux, Eq. (S48)) can be also related to the ground state energy E, as follows

d{H) _t (e

2e dE, (¢)
¢ 5 clR CZL0—+HC> .

Iy =" s

(S52)

In turn, except for an additive constant, E, can be calculated as half the sum of all positive eigenvalues of the Hamiltonian
matrix S = )}, A,. The latter procedure can be justified by using symmetry arguments[@ ] as follows. Considering the charge
conjugation operation C, acting as ClT,jD' < ¢jjo plus complex conjugation. It is easy to see that CHC = —H — 2uN, where
N = N| + N, is the total number of particles. Taking the number of particles as fixed (N), we can write this equation in the form
H = CH'C = -H’, H' = H+ u{N), which can be considered as change of representation of the same states. Since both A’ and

H’ have the same many-body spectrum but inverted, the maximum energy of H’, which we denote as £}, and the ground state

E, are related by E}, = —E},. On the other hand the state of maximum energy is obtained applying all the creation operators r
to the ground state. Therefore £}, — E;, =S = 3., A, which leads to E, — u{N). Hence,
ed, A
J(p)=-—-—== S53
@) =-7— ¢ (853)

We have verified that the results of Eq. (S31) and (S33)) coincide within numerical precision.

NUMERICAL CALCULATION OF 4,, 6, AND ¢,

The Majorana modes that enter the effective low-energy Hamiltonian H g for the Josephson current [see Eqs. (12) and (13) of
the main text] have the form

=7+ vl = a,e® [cos(@v /2)cl, + ¥ sin(6,/2)c] l] + o (S54)

where a, is a real number that can be chosen positive, the subscript e refers to the site at the end of the chain (first or last) where
the Majorana mode is localized and ... refers to the contribution of other sites which are not important for H.s. The normalization
72 = 1 implies that a2 < 1 is the weight of the end site in the Majorana mode. Each fermionic operator y, can be expressed as a
combination of two Majorana operators 7, and 7}, of the form, y, = (, + i®},) /2, y;’,' = (n, — i7},) /2, of which only n, contributes
at low energy, yi=n,/2.

For a finite chain, there is a effective mixing between the Majorana at the left (L) and right (R) end of the chain which by
hermiticity should be proportional to in.ng. Therefore, the one-particle eigenstates of lowest absolute value correspond to the
fermions f = €(; + ing)/2 and f7 which diagonalize in;17z. The phase £ is unknown. Thus, for the end we are interested (L or
R) we can write, including explicitly only the operators related with that end

f= eif’% + o= Ach + Beg + CCl 4+ Degy + .. (S55)

where the coefficients at the right side are determined by the numerical calculation. Comparing with Eq. (S34) we see that the
parameters of 7, can be obtained from the following equations

1 Im[A/B] |C| Im[C/A]
ay, = 24(JAP +|CP), 6, = 3 arctan(Re[A/B]) 0, = 2arctan(|A|) o, = arctan(m). (S56)

The dependence of 6, and a, with the parameters, obtained numerically as described above is shown in Fig. Both determine
the coeflicient #; of the Josephson current. The amplitude a tends to zero at the borders of the topological region. Curiously, it
has a maximum for intermediate values of 1. The angle 6 tends to 0 or  (depending on the sign of 7 - Z) when both A and A
tend to zero as anticipated above.



FIG. S1. Parameters 6, (top panels) and a, (bottom panels) as a function of A (2) for several values of 1 (A)andt =1, B=4u=-3,/ip =7
and i, = %.

As explained in the main text, for perpendicular directions of the magnetic field and spin-orbit coupling, d, and ¢, can be
determined from symmetry arguments and analytical calculations. In particular, for 7i3||Z and 77, || %,

T b4
§; = —O0p = -, = —gg=—=. S57
L R 4 oL (23 ) ( )

In Fig. [S2lwe show how these parameters change when the orientation of the spin-orbit coupling 77, is rotated keeping it in the
xy plane. We can see that the absolute values of §, and ¢, increase, keeping §; = —dg and ¢;, = —@g, as anticipated in the main
text by symmetry arguments.
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FIG. S2. Parameters ¢, (top panel) and ¢, (bottom panel) as a function of the angle between the magnetic field and spin-orbit coupling for
t=1,B=4,A=1=2,u= -3, = X and /ig = Zin the xz plane.
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