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MONOMIAL CONVERGENCE ON /¢,

DANIEL GALICER, MARTIN MANSILLA, SANTIAGO MURO, AND PABLO SEVILLA-PERIS

ABSTRACT. For 1 < r = 2, we study the set of monomial convergence for spaces of holomorphic func-
tions over ¢,. For Hy(¢,), the space of entire functions of bounded type in ¢, we prove that mon Hy, (¢,)
is exactly the Marcinkiewicz sequence space my, where the symbol ¥, is given by ¥,(n) := log(n +
1)1_% for n € Ny. For the space of m-homogeneous polynomials on ¢,, we prove that the set of mono-
mial convergence mon 2 (™¢,) contains the sequence space ¢ g Where g = (mr")'. Moreover, we show
that for any g < s < oo, the Lorentz sequence space ¢, lies in mon2?("/¢,), provided that m is large
enough. We apply our results to make an advance in the description of the set of monomial conver-
gence of Hy,(By,) (the space of bounded holomorphic on the unit ball of ;). As a byproduct we close
the gap on certain estimates related with the mixed unconditionality constant for spaces of polynomi-

als over classical sequence spaces.

1. INTRODUCTION AND MAIN RESULTS

A basic fact taught on every course of one complex variable is that every function that is differen-
tiable at all points of a disc centred at 0 can be represented as a power series, and vice-versa. In other
words, the derivative f’(z) exists (i.e. f is differentiable at z) for every |z| < r if and only if there is a

sequence of coefficients (c,(f)), < C so that

@ f@=) cu(H)z"
n=0

for every |z| < r (i.e. it is analytic). In this case the coefficients can be computed either by differ-
entiation or by the Cauchy integral formula, and the convergence is absolute and uniform on each
compact subset of the disc. It also rather elementary to see that in fact this extends also to functions
on several complex variables: a function defined on a Reinhardt domain % < C" (all needed defini-
tions in this introduction can be found in Section 2), is differentiable at every z € £ if and only it is
analytic (and has a power series representation as in (1)). So, differentiability and analiticity are two

equivalent ways to define holomorphy in one and several complex variables.
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The idea of developing a sort of function theory in infinitely many variables (or, to put in nowadays
terms, on infinite dimensional spaces) started at the beginning of the 20th century with the work,
among others, of Hilbert, Fréchet and Gateaux. Here the problem becomes much more subtle. To
begin with, while a notion such as differentiability can be considered for functions on any Banach
space the idea of analiticiy, where one needs power expansions with monomials of the form z% =
zf L., -sz”, is much more restrictive. A Schauder basis, where an idea of ‘coordinate’ makes sense, is
atleast needed. This shows that the approach to holomorphy through differentiability is much more
far reaching than the one through analiticity. We say, then, that a function f: U — C (where U is
some open subset of a Banach space X) is holomorphic if it is Fréchet differentiable at every point
of U (or, equivalently, continuous and holomorphic when restricted to any one-dimensional affine
subspace, see [Muj86, Din99]).

It is also worthy to explore the analytic approach whenever it makes sense (as, for example Banach
sequences spaces, the definition is given below). Let us succinctly explain how this works (a detailed
account on this can be found in [DGMSP19, Chapter 15]). Let f be a holomorphic function on some
Reinhardt domain £ in a Banach sequence space X. For each fixed n, the restriction of f to %, =
ZNC" (which is a Reinhardt domain) is holomorphic and, therefore, has a monomial expansion with
coefficients (¢ FNaeng- Ttis easy to check that ¢ =t for g e N7 < N1, In other words, we

have a a unique family (¢4 (f)),, such that

(N)
eNg ™’

) f@= ) cuz°

aeN((]N)
for all n e N and all z€ %,,. The coefficients can be computed, for each a = (a;,...,a,,0,0,...), by

%f0) 1 f f(2)
{lz|=r1}

al 2" zatl =™

3) ca(f) =

where r > 0 such that {|z| < r} € Z. As usual, the power series ), ¢, z% is called the monomial expan-
sion of f.

One could expect that in the settings where these two approaches coexist they are equivalent, just
as in the finite dimensional setting. But this is not the case. When dealing with a totally different
problem, related to the convergence of Dirichlet series, Toeplitz gave in [Toel3] an example that, to
what we are concerned here, provided a holomorphic function on ¢y and a point in ¢y for which the
monomial expansion does not converge absolutely. This shows that there are holomorphic functions
that are not analytic (the converse, however, holds true: every analytic function is holomorphic).
Then the question arises in a natural way: for which z’s does the monomial expansion of every holo-
morphic function converge absolutely? (note that when this is the case when the series converges to
f(2)). From (2) we have that this happens for every z € Z,, but, are there other ones? Ryan showed in
[Rya80] that the monomial expansion of every holomorphic function on ¢, converges at every z € ¢;.

Later Lempert in [Lem99] proved that the monomial expansion of every holomorphic function on
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pBy, (for p > 0) converges at every z € pBy,. This is a somewhat extremal case, where the analytic
and differential approaches coincide. What happens in other spaces? or if we consider smaller fami-
lies of holomorphic functions? To tackle this questions the set of monomial convergence of a family
F (Z) of holomorphic functions on 2 was defined in [DMP09] as

mon% (&) = {zeCN : Y |ealf)z¥] < oo for allfeg(%)},
ael\lg\')
and a systematic study was started. We are mostly interested in studying the set of monomial con-

vergence of the following three families:

e Hy(¢,) (the space of holomorphic functions of bounded type on ¢;)
» Hy(By,) (the space of bounded holomorphic functions on the open unit ball of ¢,)

o P("¢,) (the space of m-homogeneous polynomials on ¢;).

The results of Ryan and Lempert mentioned before imply mon Hy(¢1) = mon 22 ("¢;) = ¢, for every
m and mon Hu,(By,) = By,. On the other endpoint of the scale (p = oco) [BDF"17] gives a precise
description of mon2?("¢,) as ¢ me1 and lower and upper inclusions for mon H.(By_ ) that, al-
though not optimal, are pretty tight. The study for 1 < r < oo was started in [DMP09] and continued
in [BDS], where several interesting results in this direction for polynomials and bounded holomor-
phic functions were obtained. To our best knowledge, nothing has been done so far to describe the
set of monomial convergence of the holomorphic functions of bounded type. In this note we make

progress towards the description of these set of monomial convergence in the case 1 < r < 2.

In Theorem 4.1 we provide a complete characterization of the set of monomial convergence of the

space of holomorphic functions of bounded type for 1 < r <2 as

N Z ?: 1 < ;
monHy(¢;)=4z€C :sup————— <oo,.
n=1 log(n+1)'"7
The proof is given in Section 4 and the main tool developed is a decomposition of the multi-indices
(in an even and a pure tetrahedral part), which allows us to split the monomial expansion in different

pieces, for which we are able to find proper bounds.

Regarding set of monomial convergence of bounded holomorphic functions on By, is considered,
there are a number of deep results (see [DMP09, Example 4.9 (1)(a)]) that in the case we are dealing

with here (1 < r < 2) imply

4) By, n¢1 C mon Hy(By,) € By, N ¥4 for every e > 0.
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We give here some upper and lower inclusions, in the spirit of the ones obtained for Hy(By_). We
show in Theorem 5.1 that

r

Zn_ Z*
{z eCN: 2eC, (limsup k=l K ) + IIZIIZr < 1} cmon Hy,(By,)

n—oo log(n+1)1-1r

i Li=1%k -
c {Z € Bgr : IIJLSCEPW = 1},

1/r
2 log(k+1)"1
where0 < C, < (1;1 —

sequence space my, (see Remark4.4). Let us point out that this is connected with the question stated

and depends on the interplay between ¢, and the Marcinkiewicz

in [BDS, Remark 5.8]. We will see in Remark 5.5 that these lower and upper inclusions recover (4).

Regarding m-homogeneous polynomials we know from [BDS, Theorem 5.1] and [DMP09, Exam-
ple 4.6] that £,_, c mon2?("¢,) c £, for every € > 0 (where 1 < r < 2 and g := (mr’)"). Using
elementary methods we show in Theorem 6.3 that we can even take € = 0 (this proves a conjecture
made by Defant, Maestre and Prengel in [DMP09]). We go one step further, showing in Theorem 6.1
that

¢, m cmon("¢,)

T Togm
for every m = 5 (we also give lower inclusions for m < 4). The proof is technically involved and uses

interpolation of linear operators defined on cones. All this is presented in Section 6.

Finally, as a byproduct, in Section 7 we provide correct estimates of the asymptotic growth of the
mixed-(p, q) unconditional constant (a notion by Defant, Maestre and Prengel in [DMP09, Section 5])

as n tends to infinity for every 1 < p, g < oo; closing the gap of the remaining cases of [GMMDb].

2. PRELIMINARIES

For every x,y € CN we denote by |x| the sequence (|x1],|x2l,...,[xpl,...). If |x;] < |y;| for every i e N
we write |x| < |y|. A Banach sequence space is a Banach space (X, || - | x) such that ¢} c X c ¢
satisfying that, if x € cN and y € X with |x| < |yl, then x € X and [x]lx < llylx. A non-empty
open set Z < X is called a Reinhardt domain if given x € cN and ¥y € Z such that |x| < |y| then
x € Z. Given a bounded sequence x its decreasing rearrangement x* is the sequence defined as
X, = inf{supje,\,\] |xj|: J =N, card(J) < n}. ABanach sequence space (X, | - || x) is said to be symmetric
if x* € X whenever x € X and, moreover ||x||x = [|x* || x. Aset Ac X is symmetricif x € A if and only if
x* € A. For every x € ¢ there is some injective mapping o : N — N such that x}, = |x5(y| for all n € N.

We will say that a sequence x € CNis decreasing whenever |x| is decreasing.
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We are going to deal basically with three classes of Banach sequence spaces: the classical Minkowski
¢, spaces, the Lorentz ¢, ;, spaces and the Marcinkiewicz sequence spaces. Let us recall some defini-
tions. For 1 < p, g < oo the space ¢, 4 consists of those sequences z for which (we use the convention
5=0

1 1
yp— * »a w
Izlle,, = H(znnp q)nzl H[q < 00.

Observe that in general this is a quasi-norm and only defines anormfor1 < g<p <oo. Forze ¢, ,

1/

lzll; =13 e En 1N

¥4 = nr ¥4 .
e~ | & " k

k=1

we define

It should be noted (see [BS88, Lemma 4.5]) thatfor 1 < p,g<ocoand z € ¢}, 4, it holds

< o<
lzle,, <lzl; < plzle,,

so we can always work with the quasi-norm ||-||, pa and treat (£p,q, Il ¢ ) q) as a Banach sequence space
at the expense of p' (the conjugate exponent of p) as a price every time we do so . Let ¥ = (¥ (n))$2,,
be an increasing sequence of nonnegative real numbers with ¥ (0) = 0 and ¥ (n) > 0 for every n € N.
These functions are usually known as symbols. The Marcinkiewicz sequence space associated to the
symbol ¥, denoted by my, is the vector space of all bounded sequences (z;), such that

Yo%

| Zll 739 = SUP ————— < 0.
. )

An m-homogeneous polynomial in 7 variables is a function P of the form

P(2)= ). cCazy'--zy"

aeNg

@y +tan=m

Given a € I\Ig we write |a| = a1+ -+ a, and A(m,n) = {a € I\I(’)’: || = m}. We also consider the
set Z(m,n)={j=(1,...,jm) EN": 1< j <--- < j, < n}. Each @ € A(m, n) defines j, = (1,9 1,2, %2
2,...,n,% n) € _#(m,n). Conversely, each j€ _#(m,n) defines a € A(m, n) by a = card{i: j; = k}. In
this way these two indexing sets are injective and, denoting zf‘ Leeozy" =z% and zj, -+~ zj,, = zj We can
write each homogeneous polynomial in two alternative ways

5) P(@)= ), 2= Y ChmimZiEm = 2, G5

aeA(m,n) l<sjis<jm=n j€ #Z(m,n)

We will freely change from the «a to the j notation whenever it is more convenient (always assuming

that a and j are related to each other). We write

ljl = card{ie N™: there exists a permutation o of 1,..., m so that i, = ji for all k}.
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Note that if j and a are associated to each other, then
m! m!
(6) jl = m = R
We will sometimes denote this by |[a]|. We write 22("C") for the space of all m-homogeneous
polynomials in n variables. Each ¢,-norm on C" induces a different (though all equivalent) norm

[Pl g@mery = supy,y, <1 1P (2.

We follow the theory of holomorphic functions on arbitrary Banach spaces as presented in [Muj86,
Din99]. If X is a (finite or infinite dimensional) Banach space, a function P: X — C is a (continuous)
m-homogeneous polynomial if there exists a (unique) continuous symmetric m-linear form (de-
noted by P) on X such that P(x) = P(x,...,x) for every x. A function f: U — C (where U is some
open subset of a Banach space X) is holomorphic if it is Fréchet differentiable at every point of U.
If U is balanced there are P,,(f) for m =0,1,2,..., each an m-homogeneous polynomial on X, such
that f =) ,, P (f) uniformly on U. The space of all holomorphic functions on U is denoted by
H(U). The space of bounded holomorphic functions on Bx (the open unit ball of X) with the norm
I fIl = supy <1 |f(x)] is denoted by H.(Bx). The space of m-homogeneous polynomials on X is
denoted by 22(" X), and is endowed with the norm || P| = sup) <1 |P(x)|. Every homogeneous poly-
nomial is entire (holomorphic on X) and, then, its coefficients can be computed through (3). Let us

note that ¢, (P) # 0 only if |&| = m and that, if j € _#(m, n) is associated to «, then
m! .
cq(P) = EP(ejl,...,ejm).

An entire function is said to be of bounded type if it is bounded on every bounded set of X. The
space of entire functions of bounded type is denoted by H,(X). It is a Fréchet space with the family
of seminorms defined by p; (f) = supy <, [f (0.

We denote by I\Ig\') the set of eventually zero multi-indices. In other words, I\Ig\') =%, Ng x {0}

From now on we will identify Njj x {0} with Nj without further notice.

3. REARRANGEMENT FAMILIES OF HOLOMORPHIC FUNCTIONS.

A very useful tool in the study of sets monomial convergence (see [BDF*17]) is that usually, a se-
quence belongs to the set of monomial convergence if and only if its decreasing rearrangement does
(see also [DGMPGO8]). We isolate this property, and say in this case that &% < H(Z) is a rearrange-
ment family (where £ is a Reinhardt domain in a Banach sequence space X). In [BDF*17] it was
proved that Hy(B,) and 22(™¢) are rearrangement families. The fact that this is also the case for

¢, for 1 < r <oois implicitly used in [BDS]. Our aim now is to find other rearrangement families of
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holomorphic functions (compare this with [Sch15, Chapter 7] where similar results appear).

To this purpose we introduce another concept. We say a family & c H(Z) is linearly balanced if
fo T|% e F forevery fe Z and T: X — X linear with || T|| =1 and T(%) c Z.

Remark 3.1. Rather straightforward arguments show that Hj,(X), «/,(Bx) (all uniformly continuous
and holomorphic functions on By), H,(Bx) and 2 (" X) for every m = 2 are linearly balanced fami-

lies.

Theorem 3.2. Let Z be a symmetric Reinhardt domain of a symmetric Banach sequence space X and

F < H(Z) a linearly balanced family such that mon% c ¢, then & is a rearrangement family.

We give a series of preliminary results needed for the proof of Theorem 3.2. Given an injective

mapping o : N — N we define two mappings in the following way. First

Ty:CN— N
(7)
X = (Xg(k)) keN -

Second, S, : CN — CN is defined for x € CN by

0 ifk¢ o(N)
(8) (SeX)k =
xa—l(k) lkaO'(N)

Both are clearly linear and T, (S, x) = x for every x.

Remark 3.3. Let us see now how these two mappings behave with the decreasing rearrangement of

a bounded sequence x. Fixed n € N and J <N such that card(J) < n we have

sup |xg(jl= sup |xj| < sup |x;l.
a(jHeENVT jeMN\)HNo(N) jeENVJ

Thus

(Tg(x));'; =inf{ sup |xs(jl:J<N,card(J) < n} <inf{sup |x;|:J <N, card(J) < n} = x;,.
o(HeNJ jeEN\J

Thatis, Ty (x)* < x*. A similar argument shows that (S;x)* = x*.

The following lemma shows that the restrictions of S; and T, to symmetric Banach sequence

spaces are endomorphisms of norm 1.

Lemma 3.4. Let X be a symmetric Banach sequence space and o :N — N an injective mapping. Then

Ty,Ss : X — X defined by (7) and (8) respectively are well defined, | T, || = 1 and Sy is an isometry.
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Proof. Remark 3.3 together with the symmetry of the space imply that both operators are well de-
fined, that S, isanisometryand || 7| < 1. The fact that || T;; || = 1 follows from the equality T, (Ssxo) =
Xo0- Ol

Now we are able to give the proof of Theorem 3.2.

Proof of Theorem 3.2. To begin with we take z € mon.% and see that z* € mon%. As mon% c ¢y
there is some injective mapping o : N — N such that zl’; = |zg(k| for every k € N. Observe that | T;(2)| =
z*. We take f € &, then f o T, also belongs to % and what we want to see first is that, if a(o) € I\Ig\”

denotes the multi-index that fulfils T, (2)* = 2%, then

) ca(f) = Cao)(f o To)

for every a. Take, then, some a € I\Ig\” and set N = max{k: ay # 0}. On one hand we have
(foT)w)= Y cp(foTwh,

N
BeN,

for all w € CN N 2. Define M = max{o(k): k=1,..., N} and note that T,,(w) € CM n %. Thus
(foTo)w) =f(T,(w) =Y ¢(NTe(w) = Y ¢ (NHw".
yeNyy yeNyY

The uniqueness of the Taylor coefficients gives (9). Once we have this we obtain (recall that fo T, € &

and z € mon %)
Y leaNEH = Y leaDNT @)% = Y. lea)(foTHlz* = Y. lcalfo Tx)z% < oo,
ael\lg\') ael\lg\') aeN(()N) aeN(()N)

which proves our claim.

For the converse, suppose z* € mon.%. Again, as mon.% c ¢, there is some injective mapping
o :N — N such that ZZ = |zg(K) | for every k € N. Now it will be useful to notice |z| = S;(z*). Given
f € % we have

(10) Y lea(Pz= ), lea(DIISa ("N
aeN aeN

Besides,

Y ca(foSw®=f(Sew) =Y calNSew)*= ) ca(f)Ss(w)®.

aeNéV ael\l(l)\’ aeNéV
Observe that for a € NV if there is k € N\ o(N) such that a; # 0 then S, (w)® = 0, otherwise we

define a(c~1) e N™ as the only multi-index which fulfils Sy (w)® = w®@ . By the uniqueness of the
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coefficients of the Taylor expansion for fo S, : CN — C it follows

if there is k ¢ o (N) such that a; #0

ca(f)S(2")% = .
Caio-1)([2S8s) ()4 ) otherwise,
then
Y. lea(P2= Y lea(NIISe ("N
aeN(()N) aeN(()N)
() *ya(o™) %
= Y eaen(foS)E@IN ) s Y Jea(foSplIz")% < oo,
ae(@N)ufoh™ aeN
as we wanted. O

Remark 3.5. Let # be a symmetric Reinhardt domain in a Banach sequence space X and consider a
family of homolorphic functions &# < H(Z%) such that for some m = 2 the space 22(" X) lies inside &.
Then, as X c ¢, continuously we have 2("{,) c 2("X) c &. With this, [BDF*17, Theorem 2.1]
yields

mon% c mon? (") = € 2m_ < Co.

1

Corollary 3.6. For every symmetric Banach sequence space X the families of holomorphic functions
Hy(X), ,(Bx), Hoo(Bx) and (" X) with m = 2 are rearrangement families.

Proof. Each of these families satisfies the condition in Remark 3.5. Then Remark 3.1 and Theorem 3.2

give the conclusion. U

Remark 3.7. As we have already pointed out, we are mainly interested in Hy(By,), Hp(¢;) and
2("¢,). The set of monomial convergence of each one of these spaces is, by Remark 3.5 con-
tained in ¢y. But, as matter of fact, we can say more. By [DGMSP19, Proposition 20.3] we have
mon Hy,(By,) € By,. Noting that every functional f € ¢; belongs to H,(¢,) and using the definition
of the set of monomial convergence we have mon Hy(¢,) < ¢,. Finally, exactly the same argument as
in [DGMSP19, Remark 10.7] shows that mon2?("¢,) € 2(1¢,) =mon/¢} = ¢,.

4. MONOMIAL CONVERGENCE FOR HOLOMORPHIC FUNCTIONS OF BOUNDED TYPE ON ¢,

We can now describe the set of monomial convergence of Hy(¢,) for 1 < r < 2. It happens to be a

Marcinkiewicz space my, where the symbol is given by
Y, (n):=log(n+ 1)1_%,

for n e Np.
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Theorem 4.1. Forl<r <2,

1
1=

N Y1 %
monHy(¢;)=my,:=qz€C :sup———— <oo,.
nz1 log(n+1)

We handle the upper and the lower inclusions separately in the following two sections.

4.1. The upper inclusion mon H(¢,) € my,. Typically, the way to prove upper inclusions for a set
of monomial convergence goes through providing polynomials satisfying certain convenient prop-
erties. Over the last years probabilistic techniques have shown to be extremely helpful to find such
polynomials. This is, for instance, what is done in [BDF" 17, Theorem 2.2], where the probabilistic
device is the well known Kahane-Salem-Zygmund inequality. Here we follow essentially the same
lines, replacing the polynomials provided by this inequality by other ones. Following techniques of
Boas and Bayart (see [Boa00], [Bay12] and also [DGMSP19, Corollary 17.6]) for every 1 < r < 2 there

is a constant C, > 0 such that for all 7 and m = 2 we can find a choice of signs (¢4) 4 so that

1

!
(12) sup ‘ Z eaﬁ"z“ sCr(log(m)m!)l‘% n'=r.

lzllr<1" aeA(m,n)

These polynomials are the main tool for the proof of the upper inclusion. We also need the following

result, an extension of [DMP09, Lemma 4.1] whose proof follows the same lines.

Lemma 4.2. Let Z be a Reinhardt domain in a Banach sequence space X and let (Z,(qn)n) be a
Fréchet space of holomorphic functions continuously included in H,(Z). Then, for each z € mon(%),
there exist C > 0 and n such that

Y. lcaz®l = Cqn(f).

(N)
aeN,

forevery f € . In particular, if z € mon Hy,(X), there exists C > 0, such that

Y. lcaP)z¥ = C™|Plpemx),

aeN(m,n)

for every P e 22(" X).
We have now everything at hand to proceed with the proof of the upper inclusion.
Proof of the upper inclusion in Theorem 4.1. Fix 1 < r <2 and choose z € mon Hy(¢,). Now fix n, m,

choose signs as in (12) and define the polynomial P(w) := }_gepm.n) sa% w®. By Corollary 3.6 we

know that z* € mon H(¢,). Using first the multinomial formula, then Lemma 4.2 and finally (12) we
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have
n m m! m!
* _ : KN kO
2lFll = X 1= Y |ea— (@D
j=1 acA(m,n) 2 aeA(m,n)
(13)
m m! a m 1-1
sClsup | ) ea—u < CJi (log(m)min)" 7.
uEB[;z aeA(m,n) a. (e

Taking the power 1/m and using Stirling’s formula (m! < v2n memm m™e™™) yield

n 1 1_%
(14) P EHELoR [log(m)%(znm)ﬁeW%n%] .
j=1
Finally, choosing m = [log(n+1)] gives that the term ﬁ Y- 12y (for every n = 2) is bounded
og(n+l)"" 7 -
independently of n, so z€ my, . U

4.2. The lower inclusion my, < mon Hy(¢,). We face now the proof of the lower inclusion in Theo-
rem4.1. The main tool is the following result, the proof of which requires some work, that we perform

all along this section.

Theorem 4.3. Fix 1 <r < 2. For everye > 0 thereis C, = C,(€) > 0 such that for every m,n € N, every

m-homogeneous polynomial in n complex variables P and every z € C", we have

* 1 m .,
Y. Gz 1< Crledm* T (L+e)2e) T llid: mw, — £, 1™zl IPlgemen.
j€ #(m,n)

Before we start with the proof of this result, let us see how, having it at hand, we can prove the

lower inclusion we are aiming at.

Proof of the lower inclusion in Theorem 4.1. Choose z € my, and let us see that z € mon Hy,(¢,). By
Corollary 3.6 we may assume without loss of generality z = z*. Given f € Hy(¢,) (recall that we
denote P,,(f) for the m-homogeneous part of the Taylor expansion) and Theorem 4.3 (with € = 1)

gives

Y lea(Pz¥=sup Y, > lg(Ngl

ael\lg\') neN m=0je_¢ (m,n)
&0 2+l m . m m
<sup ) Cym*"r(4e)7 |idI™ Izl sup | D (Pyj
neN m=0 ueByn |je 7 (m,n)

& 11 1,
=Cr Y. (m® P m@e)71id | 2llmy, ) " 1Pm(H Iz,
m=0
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Let us see that this sum is finite. Take R > sup,,, (m(2+ P (46)% lid |l z|l my, ), then by the homogeneity

of P, (f)

11 1.
(m@ P 4e)7 1id || 2llmy, )™ 1Pm ()l zime,y

18

m=0
@+l gL m
o [(m<"Pmde)r|id] |zl
-y ( m%) sup |Pp,(f)(w)]

= R WeR-By,

oo (% ey id zlmy, |
=y sup |f(w)|<oo,
o= R wWeR-By,
where the last step is due to Cauchy’s inequality. This completes the proof. =

We start now the way to the proof of Theorem 4.3. We begin with a simple remark.

Remark 4.4. If z € my_, then

n

1

nlzyl <) z] < |zllny, logn+1)7.
I=1

That is
log(n+ 1)%

*
1z, | = |zl my,
for every n € N. This gives

n no n Jog(j+1)7
Y izl < Y12 <Nz, Y S
j=1 j=1 J

j=1

I
oo log(j+1)r’
D

1/r
ST ) (note that this series is convergent for 1 < r).

This implies [1id: my, — £,] <

Our first ingredient is the following lemma, that follows with a careful analysis of the proof of
[BDS, Lemma 3.5], that relates the summability of certain coefficients of a polynomial and its uni-
form norm in ¢7'. It has been very useful to provide a proof ‘at an elementary level’ (in the sense
that it does not require tools from the local theory of Banach space) of the asymptotic growth of the
unconditional constant of the space of m-homogeneous polynomials on ¢7 as n goes to infinite with
suitable care on the dependence of m (in fact this has been proved for general index sets, see [BDS,
Theorem 3.2]). As a consequence the behaviour of the Bohr radii of holomorphic functions on ¢,
for 1 < r <2 has been described in [BDS, Theorem 3.9]. It has recently been used also to study the
asymptotic growth of the mixed Bohr radii in [GMMa]. In some sense, for 1 < r < 2, it plays the role

of the Bohnenblust-Hille inequality for the case r = co.
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Lemma 4.5. Let1 < r < oo and P be an m-homogeneous polynomial in n variables. Then for each

i€ _#(m-1,n) with associated multi-index a (i) € A(m — 1, n) we have

n o r (m_l)n’l—l %
(15) Z [cG, k) (P)] Sem(°—a(i)) I Pllgo(meny.
k=jm-1 a(i)
: (m=D"" _ m-1s : :
Since Qe =e lil we immediately have
5
L M\ m-1 1
(16) ( > |C(i,k)(P)|r) <me'*r il 7 | Pllgo(men).
k:jm—l

This is in fact the statement of [BDS, Lemma 3.5.]. With it we can give the first step towards the proof
of Theorem 4.3.

Lemma 4.6. Let1 < r <2, thereis A, > 0 such that for every m,n € N, every P € 22("™C") and every

decreasing z € C"* we have

2

1 m " log(k+1)" 1

Y gzl Amrerlaly, | Y ———— Y lallil"|IPlome).
je #(m,n) k=1 k7 e gm-2k)

Proof. Consider P € 22("™C") asin (5) and z € C" decreasing. Using first Holder’s inequality and then
(16) we have

(17)
n
Y. lgP)gl= ) Y ¢, jm (P)z4z),,|
je_#(m,n) je£(m=1,n) jm=jm-1
n NE :
L
DY |Zj|( > |C(j.jm)(P)|r)r( 2 |ij|r)
je £(m-1,n) Jm=jm-1 Jm=jm-1
. 1 n 1
1-1 m T r
<e "mer [|[Plgwme, 1z 117 1z, 1"
j j
je £(m-1,n) Jm=jm-1
1 1 m 1 1 & %
Y m o o = r
=e rmer [|Plgpem, 121 | |zill (i, jm-1)1" 12,
j L j
Jjm-1=1 i€ Z(m—-2,jm-1) Jm=Jm-1
1-1 m 1 & & r % ol
e rmet IPlpmeym=-17 Y 1z, X 12,07) 2, lalir,
Jm-1=1 Jm=Jjm-1 i€ Z(m-2,jm-1)

where the last inequality is due to the fact that |(i, j,;,—1)| < (m — 1)|i| for everyie #(m -2, j,—1).
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1
r

We now bound the factor |z;,,_, I(Z;’m:jw1 1Zj,, I’)
(note that - —1=r-2<0).

. Foreach 1 < j < nwe use Remark 4.4 to obtain

1 r
n ; log(j+1)7 ( & log(k+1)7 \+
I2i1{ D lzl") " < Izl :
J (kz—] ) my, j (kz—] k" )
1
log(j+1)7 o110 log(k+1)y:
<1121, 3L log(j +1)7 r(ZgT) .
J k=j
We deal with the last sum
n n n+1 n+1
Zlog(kr+1)5(1+ l]erog(kJr,D <2r y log(rk) <72 f loggx) da
=ik 7 =i e+ 1) k=1 K j X
<2r+2(r—1)10g(j)+1<2r+2 2r log(j+1)
- (r_l)er—l - (r_l)z jr—l ’
and ,
" 1 2r log(j+1)7
2l D lzl")" <2 ——|lzll3,, ———F—
J (k:j ) (r—1)2"" "Mr I L
This and (17) give the conclusion UJ

In view of Lemma 4.6, now we need to bound ) ;¢ F(m-2,k) Izillil% in a suitable way (depending on
k). To this purpose we switch to the a-notation of multi-indices (recall (5)), that is going to be more
convenient. Then the sum reads
(18) Y lzl*lall

aeA(m-2,k)
and the strategy is to decompose this sum into two sums: a tetrahedral and an even part and, then,
bound each one of these. This lies in the general philosophy of decomposing index sets into some
smaller subset in which a certain problem results easier and, at the same time, are the bricks in which

any general index can be recovered. This philosophy has alredy been used in [GMMal].

Let us be more precise and introduce some notation. A multi-index « is tetrahedral if all its entries

are either 0 or 1. We consider the set of tetrahedral multi-indices
Ar(m,n)={aeAlm,n):a;€{0,1}}.

A multi-index is called even if all its non-zero entries are even (note that this forces the multi-index

to have even order). We consider then the set
Ag(m,n)={a € A(m,n): a;isevenforeveryi=1,...,n}.

Observe that for every a € Ag(m, n) there is a unique € A(m/2, n) such that a = 20.
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Remark 4.7. Given a € A(M, N) define ar (the tetrahedral part) and ag (the even part) as

( ) 1 ifa;isodd d ( ) a;—1 ifa;isodd
ar). = an agl; = .
' 0 ifa;iseven ' a; if a; is even

If 0 < k < M is the number of odd entries in «, then clearly ar € Ar(k, N) and ag € Ag(M — k, N) and
a=ar+ag. As (agp); < a;foreveryi then ag! < a!. On the other hand, ar! =1, then ar!ag! < a!, and

M! M! M! k! (M —-k)! (M

l[a]l|=— < i

o S aran s G e )uaTnuaEnszMuaTm[aEn.

Our next step is to bound a sum as in (18) when we just consider even or tetrahedral indices. We
start with the latter.

Lemma 4.8. For everyl <r <2 and M, N € N, and every decreasing z € CV we have

1 M 1
Y 1%l <2(1+e)7 l2)M, N,
aeA7(M,N) r
for everye >0 and

i M ‘7. My M
Z Iza”[a]l'Sllzllgrsllld-m‘}’r_’gr” 12152
a€AE(M,N)

Proof. We begin with the first inequality, observing that it is obvious if N = 1. We may, then, assume
N =2. Then, given a € A7(M, N), note that a! =1 and |[«]] is exactly M!. Then,

1 N M 1
Y el = Y el —— < (Y lal) —

aeAr(M,N) aeA(M,N) a]l” k=1 M7

1
T

(108U

1
M
- <2z ¥,

M M
< |zl my, log(N+1)r
MY

A simple calculus argument shows that the function f : [1,00[— R given by f(x) = lolg,(ﬂg is bounded
p g T+e)

by (L2M)M | then log(N)M < N0+ (LEMYM o the other hand M! = ()™ This gives the con-

clusion.

For the proof of the second inequality let us recall first that for each a € Ag(M, N) there is a unique

B e A(M/2,N) such that @ =2 and, moreover,

oM (M2 2 M Bi'Bi! 2
ltell = ayl---ay! _(ﬁll---,ﬁN!) (M/Z)'(M/Z)'H 2B:)! =[1pl
where last inequality holds because 2* < (zk—{?' < 2%% and then
M! ﬁl'ﬁl 1
—=1.
(M/2)/(M/2)! H L 2por = l:Hl 2P
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Then (note that, since 2/r = 1, the ¢; norm bounds the #,;, norm)

1 2/r
Yo Iflalrs Y @A = Y (1))

a€Ag(M,N) BeAM/2,N) BeA(M/2,N)

21 N M/
(X @up) = (X ar ) < vidime, M

BeA(MI2,N)

O

Lemma4.9. Givenl <r <2 thereis a constant K, = 1 such that for every M, N € N, and every decreas-

ing ze€ CN we have

a 1 YoMy N
Y. 12%lall <K (M+D(1L+e) 727 FINT |id : my, — £, 12115,
aeA(M,N)

my,’

for everye > 0.

Proof. Choose some decreasing z and use by Remark 4.7 and Lemma 4.8 to get

~ =

129D | [ar + ag]|
7(k,N) ape Ag(M—k,N)

A
a 1 a 1
|z [ar]|7 Y |z5 | [ag]lT
aTEAT(k N) ageANg(M-k,N)

+
(a+er 720y, N7 ) (1id sy, — €, F D200

Mz

Y 1z%lallr =

aeA(M,N) k

Il
(=)

||M§ ||M§ %

IA
==

2

I/\
|§

1
P A+ oMid: my, — 0,12 Y, NTa 22’““")
k=0

I/\

For r = 2 the last sum is exactly M + 1. If 1 < r < 2 the series converges to This completes the

22/r 2°
proof 0

We are finally in the position to give the proof of Theorem 4.3 from which (as we already saw) the

lower inclusion in Theorem 4.1 follows.

Proof of Theorem 4.3. Fix 1 < r <2 and n, m. Pick then P € P € 22("C") and z € C". Since Izl =

2%l my,, We may assume z = z*. Applying Lemma 4.9 with M = m —2 and N = k after Lemma 4.6
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yields
Y. lg(P)zl
je_Z(m,n)
2
1 m " log(k+1)7 (m-2) m-2 o1 B
<2A,m'*rer IIZII%M Y %Kr(m_ D27 (1+e) 7 id|™ 2 ka7 ||Z||%\I,r2 1Pl memy
k=1 k7
2
1 m. L log(k+1)7
<2AK,m** 7 (1 +¢€)2e) 7 || ldllmllzllﬁ% (Z gH—g I Pllgzmer -
k=1 k= a+or
%
Since r > 1 the series } 2 lolgfk# is convergent. This completes the proof. U

kK a+er’

5. MONOMIAL CONVERGENCE FOR BOUNDED HOLOMORPHIC FUNCTIONS ON Bgr

We change now our focus to the space Hy,(By,) of bounded holomorphic functions on By,. Our
main contribution in this side is the following theorem, that provides with lower and upper inclu-
sions for the set of monomial convergence of these spaces. It recovers (see Remark 5.5 and Corol-

lary 5.6) some previously known results.

Theorem 5.1. Letl < r <2 then,

r

N 3 ri1: ZZZI Z]t r
{zeC : 2ellid: my, — £,||" [limsup + ||z||[r < 1} c

n—oo log(n+1)1-1r

Y1 %
monH.(By.)c{z€ By, : limsup—————— <1
oo (Be,) { O n—>oop10g(l’l+1)l_l/r }
The upper inclusion follows using probabilistic techniques, as in the case of mon H,(¢,). The
lower inclusion, on the other hand, relies on Theorem 4.3 and requires some preliminary work that

we start with the following remark.

Remark 5.2. Given a Reinhardt domain £ in a Banach sequence space X, a simple closed-graph
argument (see [DMP09, Lemma 4.1] or [DGMSP19, Remark 20.1]) shows that z € mon H, (%) if and

only if there is a constant C; > 0 such that

Y. lca(Nz¥ < Celiflla

aeNY
for every f € Hoo(Z).
1
Lemma5.3. Letl <r <2 then, Ty =21 (Ze)lerm‘I’r cmon Hy(By,).

Proof. In order to keep thinsg readable we write K = ||id : my, — .| (2e)!'". We first show that if

ZE %Bm% is non-decreasing, then z € mon Hy,(By,). The general result follows form the fact that
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By, and mon Hy,(By,) are both symmetric (Corollary 3.6). We choose now f € Hy(By,) and fix
€>0sothat (1+¢&)Y" Izl my, K < 1. By Theorem 4.3 we can find C,(¢) > 0 so that

Y lea(P2¥=sup Y., D lg(Nzl

ael\lg\') neN m=0je_¢ (m,n)
(o]
2+1 n
<sup ) Cem* r(1+&) K™zl sup | Y. Gy
neN m=0 ueB,;t je _Z(m,n)

= Lo+l 1 m
<Y C@ (M U+ Klzlmy, ) 1Pm(Plzene,
m=0

X 19,1 1 m
< flls, Cr(e) Y. (mm(2+r)(1+e)r1<llzllm\p,)

m=0

= (2+1)

The choice of € and fact that mm — 1 as m — oo immediately give that the series converges and

complete the proof. U

A useful tool when dealing with mon H,(B,) is that, if a sequence belong to such a set of mono-
mial convergence and we modify finitely many coordinates, then the resulting sequence remains in
the set of monomial convergence (see [DGMPG08, Lemma 2] or [DGMSP19, Proposition 10.14]). It
is unknown whether or not an analogous result result holds for ¢, (see the comments regarding this
problem in [Sch15, Chapter 10]). We overcome this with the following proposition, a weaker version

of this, but enough for our purposes.

Proposition 5.4. Let1 < r < oo and u,z € By, be such that |u,| < |z,| for1 < n < N and |u,| = |z,|
for n > N. Suppose that there exists p > Zﬁ)’zl |2yl so that u € mon Hoo((1 — p)Y'"By,). Then z €
mon Hy, (By,).

Proof. Let ay, ..., ay be positive real numbers such that |z;| < a; for every 1 <i < N and

N
a:=)y_ a,<p.
n=1
Given for f € Hy(By,) and ki, ..., ky €N, we define (following the proof of [DGMPGO08, Lemma 2])

flwi,..., wN, VN+1,VN+2,...)
dw;---dwy.
_ _ ki1+1 kn+1
lwl=ay lwyl=an e W

wl .o N

fkl ..... kn (V) .

- @mi)N

.....

I £l s,

r

(19) I .., kN”(l—a)“’-B[r = o kn
a; -ay
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Our next step is to understand the coefficients cq (f%,,... k,) in relation to those of f. For each multi-
index a = (ay,...,a,,0,...) with a,, # 0, an application of the Cauchy integral formula yields
Clkyknsanstrman) ) ifar=---=an=0,
(20) Ca(fky,kn) = s an)
otherwise.
We have now everything we need to proceed. Note that, since a < p, we have u € mon Hy((1 —
p)Y"B,.) cmon Hy, (1 — a)!/" By,). With Remark 5.2 and (19) we get

B B2 ”f”B[r
(21) 2 16pUfier k) Nty = Unsy 1 = Cull fir, e N0y, < Cu—— -
penV a, --ay
Now using (20) and (21) (recall that |u,| = |z,| for n = N + 1) we have
k k
Y oleaPllz¥= Y 1Y e e p DI 2]
aeN(Y (k1,...kn)ENEY pengy
k k
= Y Y e UE U]
(ky,...kn)ENY peNg”
I flB
< Y 125 2 o ——
1 N I Ty
(kp, k)N ap -ay
N |2\ "
=Culflis, [T 2 [=—| <oo
n=1k,=0\ 4n
as we wanted. U

Let us make a last observation before we proceed with the proof of Theorem 5.1. Given a Banach
sequence space X, for every f € Ho(tBx) and ¢ > 0 the function f; given by f;(x) = f(tx) for x € Bx

belongs to Hy(Bx) and cq (f;) = t'% ¢, (f) for every a. Then, if z € mon Hy,(Bx) we have

Y lea(NED = Y lealHNEM2% =Y lea(fr)2%] < oo.

1Y) ) V)
aeN, aeN, a€Ny

This implies fmon H,(Bx) € mon Hy,(tBy) for every Banach sequence space X and every ¢ > 0.

Noting that By is the open unit ball of the Banach sequence space (X, ¢| - || x), the previous inclusion

yields

t"'mon Hy (tBx) € mon Heo (¢t tBx) = mon Huo(Bx).
This altogether shows
(22) mon H,(tBx) = tmon H,,(Bx)

for every Banach sequence space X and every ¢t > 0. We are now in conditions of proving Theo-

rem 5.1.
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Proof of Theorem 5.1. Let us start with the upper inclusion

n

. Y1 %k
monHOO(B[r) C {Z € B[r : IIIJLSCEPW < }

Fix z € mon Hy(By,). Arguing as in the proof of the upper inclusion of Theorem 4.1, proceeding as

in (13), replacing the role of Lemma 4.2 by Remark 5.2, and as in (14) we get

1
-

where C,+ , is a positive constant that depends only on z* and r. Choosing m = |log(n + 1)] we get

n
limsup—————— ) lz,l<1,
n—oo log(n+ 1)1 g’ "

which gives our claim.

We now face the proof of the lower inclusion

r

Zn_ Z*
{ze cN: 2e|id: my, — 0" (limSUPW) + ||z||2r < 1} cmon Hy (By,).
n—oo

In order to keep the notation as simple as possible, let K = 2e|id: my, — ¢,|". Take z € CN such that

r

Zn_ Z*
K(limsup =1k +lzlly, <1,

n—oo log(n+1)1-1r

Zn_ Z*
and note that this implies z € By, . Denote L :=limsup K21k __ choose & > 050 that

n—oo log(n+1)-1/r

(23) K(1+e)L)" + lzlly <1,

and N € N for which
Yo%
sup————— < (1+¢)L.
e log(n+1)1-1/r (+e)

Let us observe that

. log(N+1)Vr
(24) zZy < N (1+¢€)L,

(this follows essentially as in Remark 4.4) and define u = (zy;, ..., Zy, 25, 1» x40+ --)- On the one hand,
~—_——

N
for every n < N we have, using (24),

Loy Ug

On the other hand, for n > N,

Li=1 Yk _ Lj=1%n
log(n+1)Vr log(n+1)1-1/r

<(l+¢&)L.
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This altogether gives || u/| my, <(L+€&)L. We choose p > 21,:]:1 |zi|" such
lid: my, — €.1"(2e)(L(1+€) +p <1,

and, using (23) we get

(l_p)l/r
lid: my, — £,](2e)V/"

||u||qu, <(l+¢eL<

Lemma 5.3 and equation (22) imply u € mon Hyo((1 — p)l’ "By,) and, then Proposition 5.4 gives z* €

mon Hy, (By,). Finally, Corollary 6.7 yields z € mon H(By,) and completes the proof. U

Remark 5.5. Theorem 5.1 implies other known results which try to characterize the set of monomial
convergence of Hy(By,). Note first that, if z € £1, then

noox
n—»oop log(n+ 1)1-1/r

Thus

n r

. . Yz
By, 0t c{zeCV: 2elid: my, — £, hglsong) +lally, <1}

On the other hand, if z € By, is such that

Zn_ Z*
limsup =1k

n—oo log(n+1)1-Yr—
then there is a constant ¢ > 0 so that

Clog(n+ pi-uvr

n

*
n—=

From this we easily get that z € £, for every € > 0, and we recover (4) from Theorem 5.1.

The following corollary extends [BDS, Theorem 5.5(1a) and Corollary 5.7] for 1 < r < 2.

Corollary 5.6. Let1l <r <2. Then

1
(25) ( - ) By cmon Hy(By.)
nt'"log(n+2)%) ., b ool
for every8 > 0. Also, denoting K = (2e||id:mq:,1—>[r||+1)”’ , we have
! B H. (B
(26) ol nzl‘ ¢, ©mon Hy(By,).

Proof. Let us begin by proving (25). Fix 8 > 0 and choose z € (+) By,. We can find
nx=1

n!'" log(n+2)8

L for every n € N. Since z € ¢y, there is an injective o : N — N such that

€ =02t
w € By, so that z, = — Tog(ni1)?



22 DANIEL GALICER, MARTIN MANSILLA, SANTIAGO MURO, AND PABLO SEVILLA-PERIS

[Wom|
a(m)V" log(o (n)+2)0

zy =lzgml = . Using Holder’s inequality we get

1 R72900
/ Z ’

log(n + DY = oDV loglo (1) +2)°

1/r 1/7'
1 L L 1
7 Z |W0(l)|r) (Z )

<
“log(n+ DV 15 = a(Dloglo(l) +2)r'0

i P

3 1 1/r
" log(n+ DV \m o(Dlog(o(l) +2)7'0

1/r'
3 1 i 1 ) |

log(n+ 1)1/ log(l+2)""?

log(n+ 1)1/’

1

gD defines a decreasing function for x > 1. The

where the last inequality holds because x —

1 (Zn 1
log(n+1)V/r" \=1=1 [log(1+2)"'6

n
lim sup ——— Z z; =

n—oo log(n+ i

1/r
last term, ) , goes to 0 as n — oo, and therefore

1

Togli2? is decreasing on 0). Thus,

Indeed, suppose that 0 < % (which me may always asume since

there is some C,s g > 0 such that

/7 .
! SC/g(f —/dx) :C’H(f —=d ) <C,glog(n)” +7,
(zgi “08(1+2)’9) "7 \Jiz2 xlog(x)"" O\ 1ctogy 70 Y r,0108
Then L ( n 1 )l/r, <Cpplog(n)™@—0
" log(n+ 1)V \“=1=1 [log(1+2)"? = Lr0108

On the other hand, z € By, (note that |z,| < |w,| for every n and w € By,), then
r

Y13
2elid: my, — €, (limsup — ) +lzly, =lzl, <1,

n—oo log(n+1)-1/r

and, by Theorem 5.1, z € mon Hy(By, ).

5 wn) . with w € By,, and note that ||z||;r < % Pro-

We give now the proof of (26). Take z = (K o

ceeding as before we get

n n 1 1/r
K ) /< — = <1.
log(n+1)1” ; b= log(n+1)1/’ (; l)

Since K = (2ellid: my, — £,]" + 1)1'7,
.

2ellid: my_ — £,||" hmsupzk:—lzi) +lzll}, <Relid: my — ¢ ||’+1)i:1
T U hese” log(n+ 1)1-UT lr B KT

Again Theorem 5.1 gives the conclusion. UJ
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6. LOWER INCLUSIONS FOR THE SET OF MONOMIAL CONVERGENCE OF Z2("¢,)

We turn now our attention to the set of monomial convergence of homogeneous polynomials. We

ﬁx1<rsZandmzZanddeﬁnqu(mr'),:%'

[BDS, Theorem 5.1] and [DMP09, Example 4.6] that

As we already pointed out, we know from

lyecmonP("l;)clyq

for every € > 0. Our aim now is to tighten this lower bound. We find a lower inclusion that gets

narrower when m gets bigger.

Theorem 6.1. Fix 1 < r <2 and, for each m = 2, define q := (mr')'. Then {; < mon@(*¢,); €4, <

mon@(3€r);€q 3+y5 C mon?(*¢,) and
"2

¢, m cmon??("¢,).

a log(m)

form=5.

We start with Theorem 6.3, which proves the case m = 2 in the previous theorem and also provides
an elementary proof of the fact that ¢, is contained in mon2?("/¢,). We even get a very good esti-
mate for the sums. We will show later in Remark 6.14 (see also the comments after it) that for m =3

something more can be achieved. We need first a lemma.

Lemma 6.2. Letr > 1. There exists C, > 0 such that, for every m,

m™r ! ny! T -
sup{ - nl/r---nnk/r:kel\l,nl,...,nkeN\{O},n1+---+nk:m}sCrm 2
k

Proof. We proceed by induction on m. The statement is trivially satisfied for m = 2 and we assume

it holds for m — 1. Fix then k and choose ny,..., n; €N, all non-zero, such that ny +--- + n = m. We
. . o 1

may assume n; = --- = ng = 1. We consider two possible cases. First, if k < em1 Stirling formula and

the fact that n; < m for every j yield

gl/12n))
/ j
m™ m! ! 1 em ﬁ\/%n n,
m! n;zl/r nZk/r /271. mm/r i=1 nj
k1 vk nl nzk—rnl nk% klz 1 kel
< (om) T e )" | <(en) T Fimm
mm m
1 1
eIl eTT -1
<(2n) 7 emrhm 2
. a1
On the other hand, if k = er-T we have
27) m™7r p! ! _( m )’"Tl 1 (m-1"mDr i Comga! !
m! mlr nglr m—1 ml/r’ (m-1)! nilr N /r _nglr”
n n; n P
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If ng. = 1then n; +---+ni_; = m—1 and we may use the induction hypothesis and the fact that k < m

to have
— 1 1 1
m™" ! ny! m %1 c DR o gL DL o L
< — 2 < — 2 < 2
m! nyl/r nglr (m—l] ! r(m ) =tre ;(m ) =Lrm
n, n e-nr’
Finally, if n; > 1 then
u nir—1
(=17 ne  (mp=-h— L%
:( ) n, <n, .
nZk/r ne k k

We may use again the induction hypothesis and the fact that n; < m/k to obtain from (27)

mlr | | m-1 / 1 m-1 L
m n;! ng! m n\lr erT—1-1 m 1 eT—1-1
<(—) " (&) cm-n"=" =(——) " ==Cm-1"7
m! nnl/r nilr m—1 m m—1 kl/r
1 g
From here we conclude as in the previous case. 0

Theorem 6.3. Foreachl < r < 2, there exists d, > 1 such that for each m and n, every P € 22("'C") and
allzeC"

(28) Y 1Pz, < mTIPlgemey izl

1<ji<jmsn
where q := (mr')'. In particular

lycmon?("¢)).

Proof. Clearly it is enough to show (28) and, by (11) (see also [DGMSP19, Lemma 10.15]), we may

assume without loss of generality z = z*. First of all, by Hoélder inequality we have

n

Y 1§z zipl= X 1z za ] ) 16(P)Z),|
1=ji=%jm=n 1212 S o120 Jm=Tmt
n , % n %
r r
S T (e Y
Isjis=<jm-1=n Jm=Jm-1 Jm=Jm-1
_ -1
Using Lemma 4.5 together with the fact that for every (i, k) € _ (m — 1, n) we have (%) <e(m-
_oym-2 .
1)(%) we obtain
Y. lg(P)zl
j€ #Z(m,n)

n 1

141 1 1 (m—2)""2\+ Y
e " (m-1rmlPlpmey 3 12j,al D |Zi|( Dad) ) ( 2 |me|)
Jjm-1=1 i€ #(m—-2,jm-1) a( Jm=jm-1
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1
T—

-1 and the fact that

e

For each fixed 1 < k < n we have, using (6) and Lemma 6.2 (we write a, =

2
qg<r
(m_z)m—Z % n % . (m_z)(m—Z)/r _ n 1
|2k | Z |Zi|(w) (Z |Zj|r) < |zl Z |Zi||l|W(|Zk|r q Z |Zj|q)r
ic_#Z(m-2,k) 1 j=k i€ #7(m-2,k) 1 1 j=k
k n 1 q k -2
. 2_4 . q o4 m
=Crm=2"z" Y 1zl X 121%) = Crm=2)" 20 12 (Y 1)
i1yeeimez=1 j=k q i=1
9+ m-2 g m=2
<Crm-2"lzl;, " lal Tk T .
q
Now
n m-2 q q
o 4, M2 2-4 2-4
Yo lal* Tk =lzll,n " =lzl,»"
k=1 q.2—qlr q
because 2 — % = g for m = 2. This altogether gives
1
Y 16(P)zj| < Kym(m = 1)7 (m=2)" | Pllgpmen 121 7 O

j€ #(m,n)

This gives the case m = 2 in Theorem 6.1. We face now the problem of getting the result for other
m’s. The general philosophy is always to try to get a bound as that in (28), where in the right-hand-
side we have some constants that depend on r and m (but not on n, the number of variables), the
norm of the polynomial and the norm of z in some space X. This then implies X ¢ mon2?("/¢,).
What we do is to take the sum as depending on m different variables; that is, for each polynomial P

we consider

y 1 (m)
(29) > gz’ ...z

) . 71
l=ji<-<jm=n

with zD, ..., z™ € C" and then try to get an estimate that involves the norms of the z'/) in (possibly)
different spaces. This then gives that the smallest of these spaces is contained in the set of monomial
convergence (see Remark 6.10). We do this (giving the proof of Theorem 6.1) in two stages (that we
present in the following two subsections). First we give an estimate for the sum that involves both
¢4 and ¢, norms (the precise statement is given in Proposition 6.4). Then we interpret this in-
equality as operators from £ g oo X+ x € g 0o X € 41 X € g 00 %+ x € g 0 t0 £1(_# (M, n)) and use interpolation
techniques to improve the ¢,;-norm (by weakening the ¢, .,-norm). This is done in Theorem 6.9.
What happens here is that, since in the estimate in Proposition 6.4 some of the variables have to
be decreasing, we cannot use general multilinear interpolation, but interpolation in cones (a more

detailed explanation is given in Section 6.2).
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6.1. First bound for the sum. As we announced, our first step towards the proof of Theorem 6.1 is

to get a bound for a sum like that in (29). This becomes the main result of this section.

Proposition 6.4. Let1 <r <2 and m = 2. Define q := (mr')". There exists C,,» > 1 so that for every

neN, every P e 22("mC"), every z,...,z" € C" and 1 < k < m — 1 we have

1 k) (k+1 k i
> gl g0 < o120, T2 e 1P e -
. . +1 Jm q.1 | 9, r

1<j1<<jm<n izk

The proof requires some work, that we prepare with a few lemmas. But before let us make a couple

of elementary comments. First of all, by definition,

N 1
(30) Z, < ||Z||€q,mm

for every ze C" and, then

M M 1
(31) e =lellege 2 2777
k=N k=N
Also, for1 #a <0,
M M M 1
(32) Y n¥=N%+ ) n“sN“+f x%dx=N*+——(M** - N,
k=N k=N+1 N a+1

Lemma6.5. Letn, k=1 andl < g <oo. Then foreveryz\V,...,z¥ e C" and 1 < j < n we have

k
1 k k.7 i
> 12y 221 = @ T T 120,

lsjis-<ji=sj 1<i<k

Proof. We proceed by induction on k. For k = 1 the statement is a straightforward consequence of
(31) and (32). Assume that the result holds for k- 1. Then

J
W, k) _ (k) (k-1
; Z . .szl “i | Z Izjk I( . Z . lzjl R I)
l=ji=-sji=] Je=1 l=ji=-=je-15Jk
k1
k-1 i .
=@ T 127,47,

! ®) nk L ()
2 1z1=@) i 7 F T 127000
1<i<k-1 jr=1

1<i<k

which concludes the proof. 0

Lemma6.6. Letl<r<2, m=3andneN. Fixq:= (mr') and1 < k< m-2. Foreveryz/W,...,z\W e
C" and1 < t < n we have

1 1
(+ (% 777 mr L) &t-J
I A B I e i

ISji<<jpsn 1=i=k M~

(i)
( TT 12%1,.).

1<i<k
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Proof. First of all let us note that a simple computation shows that % - % =-- r, <0Oforeveryl<s<
m — 1. We now proceed by induction on k. For k =1 we use (31) and (32) to have

L B
212517 < Nzl Z;
Jj=t
Let us suppose now that the statement holds for k-1 and prove it for k.

1
RPN
Y g ik

. . J1
tSjp<--<jirs<n

2

2 2
7T < 2l g 17

1
r/ 1

12 1 g 21
(S-S

1
q

1_1
(11)* (ip) * ()% 777
—le . > gz
=t N<jps<ji<n
! k 1
(i)* mr Lo (i)
le [ IT +=)) i (T 121,
1<l<k-1 m-1-1 j 2<l<k *
! n k 1
mr 1 ; I
5( [T ( +—)) [T 121, m) pIREI TR
1<isk-1 M—1=1 774,y iz
/ n k+1 1
mr 1 ; -1
<( T ) T 1e%e,) X 07
1=<i<k-1 m—1-1 t 1<i<k I 1=t
!
mr 1 . 111 k+1 1.
S( ( +—))( l_[ ”Z(”)”&,m)t’ r’(__(_,__,) )
1<l<k-1 m—-Il-1 t 1<l<k t q r
! !
mr 1 . kt1_1 0] mr
:( ( +—))( I1 IIZ(”)Ingm)t ’ r’(—+ ) O
m-1-1 7\ 2, t m-k-1

For the following next we need the following well known Hardy-Littlewood rearrangement in-

equality (see for example [HLP52, Section 10.2, Theorem 368]).

Lemma 6.7. Let (ay)xen and (by)xen two non-increasing sequences of non-negative real numbers.

Then, for every m € N and every injection o :N — N we have

m m
Z ag (k) bk < Z akbk.
k=1 k=1

Lemma6.8. Letl <r<2,m=3. Fixq:=(mr') and1<k<m-2. Foreveryz,...,z® e C" we have

1_1
1) (k) (k+1)x* (m D, .77 q / m=2 (k) (i)
Xz ezl g U =@ D2 e, [T 12N
lsjls...sjm_ISn lslil’;cl—l
1

Proof. We begin by splitting the sum in a convenient way
@, (k) (k+1) ( D o

N +1)* m-—1)x* roq

Z 12 i R B 2 jm-1 -1

11
(k) (k+l)* (m Dx; .7 q 1) (k-1)
le D S F- T AN | I DR o ]|}
Jk=1 JkSjkr1= - Sjm-1=n Isjissjr-15Jk

1<sjis<jm-1=n
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We fix ji and bound the first block using Lemma 6.6, taking into account that we have now m — k-1
z’s and that =t

m_q "+1foreveryl<l<m-k-1,

1_1
(k+D)x  _(m=1)%,:7 "4
Z |z A [J 1
JkSikr1s<jm-1=n ]k ! Jmt "
m—k _ 1 !
it 1 mr j
<i” (O === T 1,
1sismok-1Jk M=I=1 % giom
et
: r -k-1 i
<ji." " +n" T 127,
k+l<sism-1
With this, and bounding the second block using Lemma 6.5 we get
k) _(k T4 P it
1 1 1
Z |Z§l)"'Z;)Z(.+)*-- (m )*ljrrn ;I (q+1)m anlz(l)”[oozlz( )qu r
. . ko Jk+1 Jm-1 q, i
1sji<<jm-1=n iZk
It easy to see that % + mq—_,k -1 = 7 — 1. Therefore, using Lemma 6.7 we have
() Sy T ®)
* 124 —
Z 2] |]k = 2GR =127l O
Je=1 Je=1

As it was the case for the study of holomorphic functions, Lemma 4.5 (in fact (16), which is [BDS
Lemma 3.5]) is a crucial tool for the proof of Proposition 6.4

Proof of Proposition 6.4. We begin by using Holder’s inequality and (16) (noting that |i| < (m —1)! for
everyie _#(m—1,n))and (30) to have

n
M., k) e+ (m)* L _(m-Dx (m)
I L e RS V= S Lo B ST
1=ji=<jm=n Isji<<jm-1=n Jm=Jm-1
L0 ome) z N B )T
m-— * m)x
< y 20 2lm |( y cj(P)’)’( Y 1 |’)
lsjli"'sjm—lsn jm:jm—l jm:jm—l
1 142=L 1 1
<m-Drme T IPlgma 2™, Y 12 Z ]m)
1<sjis<jm-1=n

Jm=jm-1
Observe now that, for each N € Nwe have N~"/9 <2"/9x7"/4 for every N < x < N + 1. Then

n _é T n r T q .1_%
Y im szqf X ququr_ Jmt
]m:jm—l Jm-1 q

The proof now finishes with a straightforward application of Lemma 6.8
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6.2. Real interpolation on cones. What we are going to do now is to look at the inequalities for
sums like in (6) from the point of view of multilinear mappings. We fix a polynomial P € 22("C") and

consider the mapping C" x --- x C"* — ¢1(_¢ (m, n)), given by

(33) e, 2 = (P2 2 )i

Note that, since everything here is finite dimensional, the mapping is well defined. The idea is, then,
to consider norms on the domain spaces so that the norm of this mapping is bounded by a term
involving the norm of the polynomial and some constant independent of n. Since the inequality
that we get in Proposition 6.4 requires some variables to be decreasing we have to restrict ourselves
to cones of decreasing sequences. To be more precise, if we denote EZ,S ={z€ly;s: |z| = z"} for
1 < s < oo, Proposition 6.4 tells us that there is a constant C,;, , > 1 (independent of P and n) such

that, for every 1 < k < m — 1, the mapping

(34) Ty ZZ,OO Xoee X ZZyoo XZZ,I x (ZZyoo)d X X (ZZ,oo)d — 01(F(m, n)),

g v~

k-1 m—k
given by (33) satisfies

(35) [Tkl = Co,r IPllgp(m ).

All these mappings have the same defining formula (which is m-linear), so it is tempting to apply
multilinear interpolation. But, since we need to restrict ourselves to the cone of non-increasing se-
quences in the last m — k variables, we are not able to directly apply the classical multilinear interpo-
lation results, but interpolation in cones.

For the general theory of interpolation we follow (and refer the reader to) [BL76]. Since (as we have
already explained) we have to consider linear operators on cones, we use the K-method of interpola-
tion for operators on the cone of non-increasing sequences, as presented in [CM96]. Then the main

result of this section, from which Theorem 6.1, follows is the following.
Theorem 6.9. Let1<r <2 and m = 3. Define q := (mr') and

2 ifm=3

s= —3+2‘/5 ifm=4

ifm=5

m
log(m)

There exists a constant Cp, , = 1 such that, for every P € 22("C") the m-linear mapping

T: (00 x e x (00 ) x (0 ) — €1(F (m, )

mt 1
given by

o) My = (o M (m)
(z yeooy & ) (CJ(P)Zjl Z]m )jej(m,n)
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satisfies
1Tl = Co,r 1Pl gpmeny -

Remark 6.10. If we take z = ... = 2" = z and observe that | zll¢, , <l zll¢,,, Theorem 6.9 gives

Y Gz} 2] 1= Crllzly, IPloemey

1<ji<<jm<n
forevery P € 22("C") and z € C". A standard argument shows that z* € mon2?("¢,) forevery z€ £ 4

and, then, Corollary 3.6 implies £, s < monZ?("™/¢,). This gives Theorem 6.1.

Before we proceed, let us fix some notation. Given a Banach function lattice X (in particular a
sequence space or a finite dimensional Banach space, on which we are mainly interested), we write
X4 for the cone of non-increasing functions in X. If Y is any Banach space and S: X — Y is a linear

operator we can restrict it to the cone and denote
(36) I1S: X4 — Y] =inf(l Sy : xe X, llxll < 1}.

Clearly neither is X d g vector space, nor is || S|| a norm. We will later use an analogous notation for
m-linear mappings. We are now ready to state our main tool to interpolate in cones. It is a direct

corollary of [CM96, Theorem 1-(b)] (recall that we are using the notation as introduced there).

Theorem 6.11. Given a pair of quasi-Banach function lattices (Xy, X1), a pair of quasi-Banach spaces
(Yo, Y1) and a linear operator S defined both Xy — Yy and X, — Y, with

I1S: X¢ — Yoll<s My and ||S: X — Yill < M;.
Then for every0 < 0 < 1 the operator S : (x4, de)g,a — (Yo, Y1)g,4 is well defined and
1S (X¢, X{Dg,a — (Yo, Y)g,all < My~ MY,

We are going to apply this to Lorentz sequence spaces. In this case, it was proved in [Sag72] (see
also [CM96, Theorem 4]) that

d d _ d
Cqpor Cap)oa=Capylap)g -

On the other hand, it is known (see for example [BL76, Theorem 5.3.1]) that whenever % = 1’;—09 + %
we have
(gq,poy gq,pl)ﬂ,p = gq,py
and therefore
(37) (CGpor Lapon=Cap.

Finally [BL76, Theorem 3.7.1] gives that (if py, p1, p are related as before)

(38) Capr Cap)0p = CapoCaply,=Lap-
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The idea now is to use Theorem 6.11 to interpolate multilinear mappings. Let us explain how we
are going to do this. Let X;,..., X}, be Banach function lattices (in our case they will always be finite
dimensional Lorentz spaces), Y some Banach space (¢1(_# (m, n) for us) and some continuous m-
linear T: Xj x--- x X, — Y (for us given by (33)). Now we fix 1 < j # k < m and, for each i # j, k pick

z%¥ € X; and ¢ € Y’ and consider v = (z,..., 2", ). Now we define
(39) Ty:Xj— X, by (Tp(z)EP)=e1EY,...,2"M)).
An easy computation shows that

(40) I Tl <Nl iTi TT 121

i#],k
Observe that in this procedure we may consider le’l for every i except for i = k, getting the same
estimate for the norm (defining the “norm” for multilinear mappings on cones with the same idea as

in (36)). We are now ready to present the main technical tool for the proof of Theorem 6.9.

Lemma6.12. Letm=3,1<r <2, defineq:= (mr') and let C, ; be the constant from Proposition 6.4.

Foreach0<60 <1, everyPe 2("C") and all 1 < k < m -2 the m-linear mapping

n d n \d n \d n \d n \d
TEO): (€7 1) x (07 1) % x (€51) % (Co0) %+ % (Co0) = 017 (m )

(19

~ S g

‘]; m—k-1

given by (33) satisfies
IT*@)1l < Con,r I Pllgomeny.

Proof. We proceed by induction on k and begin with the case k = 1. We consider the mappings (see
(34))

Ty 0 x (00 ) x (€8 )T x o x (0 ) — £1(F (m, n))

2 'g

m—1

To: Cgoox 1 X ()" x oo x (£ ) — £1(F (m, ).

v~

m—2

!
We fix z¥,...,z2" € (¢7)% and ¢ € (ﬁl(j(m, n))) and writing v = (z®, ..., 2", ¢) define, following

(39), two linear operators
d d
(Mo (Che)” = (€51) and  (T2)u:(€5,1)" = (€f00)
that, by (35) and (40), satisfy (for i = 1,2)
(T vl < Conyr IPlgpemem 12PN gy - 12Nl 2y o 10N 21 o mumyy

Now we interpolate, using Theorem 6.11 and equations (37) and (38), to have

[(rh@),:(e2 ) = (en )

3
( < CorIPlgemem | 2900 e, oo -+ 127 N, NPl oy gty
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for every 0 < 6 < 1. This immediately gives (just taking supremums)

[T @2 o x(0,) % (£00) 5o x (€)= €1 m,m) | < Con I Plrineny.

m-2

Now let us assume that,for1<k<m -2,

Tk_l(e) : g;l 1 X (g;ly%)d X eoe X (g;ly%)d X ([Z,oo)d X eoe X (g;lyoo)d _ gl(j(m, n))

(25)

v~

v~

k=1 m—k

has norm = Cy, | Pllgp(m ¢m- On the other hand consider the mapping defined by Theorem 6.4 (see
(34))

Tk+1 : ngOO Xoree X [Zvoo XZZ,I X (KZVOO)d Koeee X (KZVOO)d - gl(j(m’ n))

k m—‘%—l

that (recall (40)) also has norm < C, /|| Pllgo(n¢m. Since IIZZ L= KZYOO | =1 we have (recall (36))
'

Tiesr 1 L0 % (€7 1) o x (€] ) 5l x (£500) " xox (£G.00) = 017 (mym)

v~

k=1 m—‘;(:—].

has again norm bounded by Cyp, [ Pllg(ngny. We fix ¢ € (¢1(Z (m, n))) and z'V € (C")? fori # 1,k and,
taking v = (2@, ...,z®, 262 2™ ) we have, by (39) and (40)

||(Tk_1(9))y : ([Z,oo)d — ( Zy(ﬁ)k—l),”

(k) (k+2) (m)
1200, 125 P g 127

2
< Conrll Plgoen @l ey gimmy 22 N,
’ 0

D~

and

[(Tesn)o: (@p )4 = (€0 )]

(k) (k+2) (m)
e lie e 12 o 127 g -

2
< CnrIPlgnenl@le,rommy2? e,
0

1
0

Once again, we may interpolate using Theorem 6.11, (37) and (38) to have

[(Tf @] )= (e; )|
’ "a-k

k k+2 m
q q
9, ! !

2
< CnrIPlgeneplQley gommyl 221e,
! 0

D~

for every 0 < 0 < 1. Taking supremum as before this gives

IT%®) :eZ , X w;’%)d X oo X w;{%)d x w;’m)d X e X w;’m)d — 01(Z(m,n)|| < Cpr IPllgpmen) .-

‘]g m—7c—1

(t9)

O
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log(m+%) 1 m
> - —_— < = > __Hr
Proof of Theorem 6.9. For m =5, we choose 0 T+ logon+ D)’ Then 5 = Tog(m) and

( 1 )k:(1+10g(m+%))m—2> m

1-6 m-1 “logm’
Therefore || £" L=l I=1e", = ¢" , |I=1. Using Lemma 6.12 with k = m — 2 the result
q,(ﬁ) a log(m) 99 9 *Tog(m)
follows. For m =3 and m =4 just take 0 = Z and 0 = % - @ in Lemma 6.12, respectively. UJ

We finish this section with some comments on the hypercontractivity of the inclusion of ¢, in
monZ("¢,). For the ¢, case it is known (see [BDF"17, Theorem 2.1]) that the inclusion ¢ 2m

m-1’

in mon2?("¢,) is hypercontractive in the sense that there exists a constant C > 0 such for every
PeP(Mly),

o0

Y. lgP)zl<C™zly,
je_#(m,n) m-1">°

| Pllpeme,)-

For 1 < r <2, although we do not know if £, , lies in the set mon22("¢,) it is easy to see that we

cannot expect to have a hypercontractive inequality as above.

Remark 6.13. Proceeding as in the proof of the upper inclusion in Theorem 4.1 (see (14)) with m =
[log(n +1)] we would have that

1

12112, 0., lO8(1 + -7

is bounded independentlyl of n for every z € € )0g,. Take now z = ( j~Valog(j)~% log(m))].. Then

1 logm
120 g = (£ 7 )™ - But,

J=1 jlog*(j)
1 L L 1
=SNG =
||Z||[q’]0gm log(n+1) j=1 log(n+1) Jj=1 jH4log(j) logm
2 n 2
e 1 e /
> > nt'dq.

clog(n+ 17 j=1 iY77 clog(n+ 1)+

Since g’ = mr' = |log(n + 1)]r', the last expression is > log(n)%. This shows that there exists no
constant C > 0 such that for every n and m and all P € 22("'C"*) we have

Z l¢j(P)zj| < lelzllzzlo mIIPIIgZ(mw)-
je #(m,n) o8

On the other hand, applying carefully the ideas developed in this section, it is possible to obtain

hypercontractive inequalities in some cases.
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Remark 6.14. Given ¢ > 0, there exists a constant C > 0 such that for every m = 3, n € N and every

Pe2(MCh

Y. 1Pzl < CA+&)"Plgmemlzl] .
je Z(m,n) @2

To see this fix 1 < r <2, m = 3, and take z, 2™ 2, z"=D 1y € C" such that z™V = z(m=D* gpnd

w = w*. Then we have, using Lemma 4.5 (see also (15)) and Lemma 6.2,

2) _(m-1
Y. 1gP)zj, - z],“z;m )Zﬁf_l)“’fm'
je #(m,n)

-1 n
2 _(m-n, ((M=—1)""\Ur r
<emlPlomey Y. 12 Zjns 2 D2V () (Y )

je £(m-1,n) Jmezdm a(j)a(]) Jm=Jjm-1 Im
3 r'- = (m-2) . = (m-1) < r\Ur
<em®Cm® " IPlpemey Y, 120" > illgl) X 1 PI0 Y w))
]m 2=1 ]E(f(m_&jm—z) jm—lzjm—z ]m ]m 1
v n (m-2) Jm=2 m— n (m—1) 1_1
m- m r
<Cm wle, JPlpeey Y 1272 1al) X 12l

Jm-2= =1 Jm-1=jm-2
2
<cm? p S pme2) (i y1-d M3 -1y e
<cm® 1wle, IPlome Y, 12721 (Gn-2 Teley)” 12y, + 01
Jm—2=1

=

/ r -3 -2 -1
< (' +1)Cm® |wle,N2l7 212" 2 e, 127 Ve, N Pl

where in the penultimate inequality we used the bound of the identity from ¢ ’f to? ch,oo that may be
found for example in [DM06, Lemma 22]. On the other hand, we also have,

(m-2) (m-1)
Y. lg(P)zj, .. Zjadi 2 Wi,
j€ #(m,n)

2 -1
Sem||P||@(mg¢) Z |Zj1 Z Sz(m )z )|-

((m_l)m—l)m n
je#(m—1,n) Jm-2 " Jm-1

— ( Z wr'm)l/r
a(])a(]) Jm=Jjm-1 !

/ n Jm=1 n
3 rot 1 . -2 1/r
<em’Cm® IPlpemey Y 1ZMP X diligl) X O2TAI(Y w))

. . A m-2 . - Jm
Jm-1=1 jEZ(M=3,jm-2) Jm—-2=1 Jm=Jjm-1
o n ( 1 Jm=2 m—3 Jm=1 ( 2) 1_1
m- m- r
<Cm 1wl WPlpeey Y, 1Y 1al) Y 18
Jm-1=1 =1 jmeo=1
/ n 1 m-3 1-1 11
r m-1 . 1-= . -2 .
<Cm® |wlg, NPlgpmen Y, |z§m_1)|((]m_2) quzneqm) Jne 122 gt
]’m—lz1

!
r -3 -2 -1
=Cm® Wi, N2l7 212" N, 12Vl IPloene.

Thus, proceeding as in Lemma 6.12 we may construct an operator which is bounded from ¢4

(¢4,1)" and also from ¢ a4 to (¢ 7400) - Applying the K-interpolation method restricted to the cone of
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non-increasing sequences to this operator we can conclude that for any z = z*,

r’ —
Y. lgPglsVA+rCm® |zl jnzuéqzupuy(mm = CU+0)"IPlgmenzlgn.
je_#(m,n) ' '

Therefore, by (11), we have proved our claim.

With some extra work it can proved, in a similar way, that given any s = 1 and € > 0, there exist
some my and some C > 0 such that for every n € N, all m = m, and every polynomial P € 22("'C") we

have

Y. 1Pzl < CA+8)"Plgmen izl .
je #(m,n) @S

7. SOME CONSEQUENCES

We now provide several consequences of the results obtained in the previous sections.

7.1. Mixed unconditionality for spaces of m-homogeneous polynomials. Let usrecall that,if (P;);ea
is a Schauder basis of 22("C"), for 1 < r, s <oco and n, m € N, the mixed unconditional basis constant
Xr.s((Pi)iep) is defined as the best constant C > 0 such that
1) 0iciPillgmeny < Cll Y ciPillgpemen),
ieA ieA
for every P = Z c;P; € 22(™C™) and every choice of complex numbers (6;) ;e of modulus one. Once

ieA
we have this, the (r, s)-mixed unconditional constant of 22("C") is defined as

Xrs(@("C™) :==inf{y 4((Pi)ien) : (Pi)ien basis for 22("C")}.

This notion was introduced by Defant, Maestre and Prengel in [DMP09, Section 5].

In [GMMDb] the exact asymptotic asymptotic growth of the mixed-(r, s) unconditional constant as
n tends to infinity was computed for many values of p and g’s. To achieve this the authors proved
that

Xr,s(@(mq:n)) ~ Xr,s((zj)jej(m,n))-

We complete the result given in [GMMb, Theorem 3.4] by providing the exact asymptotic asymptotic

growth for the remaining cases. In this way we have the behaviour of y, ;(2("C")) for every 1 <

p,q < oo.
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FIGURE 1. Graphical overview of the mixed unconditional constant described in Theorem 7.1.

Theorem 7.1. For each m € N we have

Hrs(@"C) ~ 1 for(: G +35t sing<glorBteon<ing=<]l
1 1,1 1

Xrs@ M) ~neTsT for(ID [+ Bt = At <],

Xrs (@) ~ nm V=05 2=5 for(IID s [1-L4+-L>1aloloy

Proof. The behaviour of y,(22("C")) in regions (I) and (II) was already given in [GMMb, Theo-
rem 3.4]. We now deal with (111). By Theorem 6.3 we know that £/, « mon2?(™/¢,). Thus, for every
polynomial P(2) =} 4= Ca 2% € 22("C") we have

(41) Y lcaz® I<CmIIZ||[ IPllg@me,),

lal=m

where g := (mr')’. Since

1.1
(42) lzlle, =ne <llzle,,
combining (41) and (42) yields

1_1 _1 1 _L_1 - _Lyy 11
(43) Xrs(@ (M) < pla™ I = Ay =M = gm0 - m=D0=9 5
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7.2. Mixed Bohr radius. Let K (Ben, Ben) be the n-dimensional (p, g)-Bohr radius for holomorphic
functions on C”". That is, K (Bgz,B[Z) denotes the greatest number r = 0 such that for every entire
function f(z) =} 4 aqz% in n-complex variables, we have the following (mixed) Bohr-type inequality

sup Y laqz® < sup |f(2).

z€r-Byn a ZE€Byn
q p

The exact asymptotic growth of K (Ben, Ben) with n was given in [GMMa, Theorem 1.2]. More pre-
cisely, K(Bgz,Bgil) ~1foreveryl<p<oo,andforl<p,q <oo,with g #1,

1 if(I):ZSpSooA%+%§%,

Vlog(n) . 11

~ if():2<p<oco A s+=>=,

K(Bgn, Ben) "%%7%1 (ID p FtE >k
log(n)l_?

if(I):1=sp<2.

1
n 4
As a consequence of our result we can give an alternative proof of the lower bounds for K (Ben, Ben)

forthe case 1 < p <2 (and every 1 < g < 00). It should be noted that this is the most complicated part
of [GMMa, Theorem 1.2]. Let us see how.

By [DMP09, Theorem 5.1] and Lemma 5.3, there is a constant C := C(p) > 0 such that for every

polynomial P in n complex variables we have

(44) 3 16(P)zjl < C™ 2l ), 1Pl (mery,
j€_Z(m,n)

where (my ), is defined as the quotient space induced by the mapping
Ty my, —C"
X— (X1,...,Xn).

1—

1
Note that there is a constant D = D(p, q) > 0 such that || z|| (my ) < DL qu Tl zll on. Therefore, by (44)
log(n)” P
we have
1-1 m
m n q m
2. 1Pzl < (CDY™ | ———| lzlgilPlgemep,
je_#(m,n) log(n)™ » !

1

1,
This implies that Xp,q(e@(mdj”))” "« ”—fl. It should be noted that here is important to have

log(n) P
control of the growth of the (p, g)-mixed unconditional constant also in terms of m (the homogeneity

degree), contrary to problem treated in the previous subsection. The result now follows using that
(see [GMMa, Lemma 2.2.]) for every neNand 1 < p, g < oo we have

1
SUP 21 Xp,q (P (MCM)H M

K(B[g,BgZ) ~
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7.3. Multipliers. A sequence (a;) ey is @ multiplier for mon 22 ("¢, if
(@n)nen-€r cmonZ?("¢,),

where the product (ay),en - £ is just the coordinate-wise multiplication. Let p = (p1,p2,...) be the

sequence of the prime numbers. It is well-known that for r = 2, the sequence is a multiplier for

p2m

mon ("¢, (this can be as an immediate consequence of [BDS, Theorem 5.1 (3) ]).

For 1< r <2in [BDS, Theorem 5.3.] prove this up to an ¢, showing that for each m and every € > %

1
(45) — ¢, cmon2?("¢,),
pon(log(p))® '
where 0, = '"T_l (1 - %) As a consequence of our results, we can improve this, showing that, for

1 <r <2, even the sequence (n<+m) nen is @ multiplier for mon22("/¢,).

Theorem 7.2. Forl<r<2andm=3 puto =21 (1-1). Then,
1
(—),,-¢r cmon2("¢,),
nom-n

and o, is best possible.

Proof. As a consequence of Theorem 6.1 we know that ¢, , c mon2?("*¢,), thus to prove the result
it is sufficient to see that if z € ¢, then, (n%m)n -z € £ 4. Suppose that z € £, is an arbitrary element
(not necessarily equal to z*). Since r > g we know that the norm || - ||, o is equivalent to the following

maximal norm (see [BS88, Lemma 4.5])

Then, if w = (22
that

) , by the Hardy-Littlewood rearrangement inequality (Lemma 6.7) it is easy to see

nom

for every n e N. Then

o), 1)

~

g

nlle,,
* *
nom n nom n
1

where, in the last equality, we have used the fact that o, = 7

ng,

* *

o0 z5 Y 1/r
:(Z((nam) n )) =lzllg, <oo,

n=1

Q=

~

lyr

lor

-1
=

To see that the exponent is optimal take, as always, g = (mr’)’. Now, if (z,,),, = (W) el,
n

for every e > 0 it is easy to check that the sequence (-7=),, ¢ £ 5,00 > mon2("¢;). O
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1

For m = 2 we cannot show that the sequence is (W) ,, is amultiplier for mon2?(%¢,) but using the

fact that ¢, mon2(3¢,), Theorem 6.1, it is easy to see that we have the inclusion

1

W-[,cmon@(zﬁr),

for every € > 0 extending [BDS, Theorem 5.3.] (see also (45)). We leave the details for the reader.
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