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Abstract: We investigate the influence of repulsive vector interactions and color superconductivity on
the structure of neutron stars using an extended version of the field correlator method (FCM) for the
description of quark matter. The hybrid equation of state is constructed using the Maxwell description,
which assumes a sharp hadron-quark phase transition. The equation of state of hadronic matter is
computed for a density-dependent relativistic lagrangian treated in the mean-field approximation,
with parameters given by the SW4L nuclear model. This model described the interactions among
baryons in terms of σ, ω, ρ, σ∗, and φ mesons. Quark matter is assumed to be in either the CFL
or the 2SC+s color superconducting phase. The possibility of sequential (hadron-quark, quark-
quark) transitions in ultra-dense matter is investigated. Observed data related to massive pulsars,
gravitational-wave events, and NICER are used to constrain the parameters of the extended FCM
model. The successful equations of state are used to explore the mass-radius relationship, radii, and
tidal deformabilities of hybrid stars. A special focus lies on investigating consequences that slow
or fast conversions of quark-hadron matter have on the stability and the mass-radius relationship
of hybrid stars. We find that if slow conversion should occur, a new branch of stable massive stars
would exist whose members have radii that are up to 1.5 km smaller than those of conventional
neutron stars of the same mass. Such objects could be possible candidates for the stellar high-mass
object of the GW190425 binary system.

Keywords: neutron stars; hybrid star; equation of state; color superconductivity; diquark

1. Introduction

Neutron stars (NSs) are compact stellar remnants which are born in type-II supernova
explosions [1]. Within just a few minutes after birth, they turn into cold (on the nuclear
scale) stellar objects with temperature of just a few MeV [2]. Their masses can be as high as
∼ 2 M�, and their radii range from ∼10 to ∼13 km, depending on mass. The mean density
of a NS with a canonical mass of 1.5 M� is higher than the nuclear saturation density of
n0 = 2.5× 1014 g cm−3 and the density reached in the central core is expected to be several
times higher than n0 [3]. Paired with the unprecedented current progress in observational
astronomy [4–8] these characteristic features make NSs superb astrophysical laboratories
for a wide range of physical studies, which help us to understand the nature of matter
subjected to most extreme conditions of pressure and density [9,10].

Traditionally, NSs are though as three-layer compact objects composed by an inner
core, an outer core and a crust. Densities in the crust are lower than n0. Experimental
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nuclear physics data from terrestrial laboratories have been extremely useful to reduce the
uncertainties in the low-density regime of such NS matter and its associate equation of
state (EoS). The situation is different for matter with densities above n0, for which there
is no general agreement about the structure and composition. This lack of knowledge in-
creases with increasing central density [11,12]. Over the years, several different theoretical
possibilities regarding the unknown nuclear composition have been explored, including
those that take into account a possible hadron-quark phase transition (see, e.g., Refs. [10,12],
and references therein). Neutron stars containing hadrons and deconfined quarks in their
center are referred to as hybrid stars (HS). The situation is different for matter at densities
above n0, for which no general agreement on the structure and composition exists. This lack
of knowledge deepens with increasing density. Several different theoretical possibilities
of the central composition of NSs are being explored, including some which account for
a possible hadron-quark phase transition (see, for example, Refs. [10,12], and references
therein). NSs containing hadrons and deconfined quarks in their centers, are known as
hybrid stars (HSs).

Observations of the 2 M� pulsars PSR J1614-2230 [13,14], PSR J0348+0432 [15] and
PSR J0740+6620 [16] have imposed strong constraints to the EoS of matter inside NSs.
In addition, the merger of two binary NSs (BNSs) known as GW170817, together with the
detection of the electromagnetic radiation associated with this event, has been used to put
constraints on the radius and dimensionless tidal deformability of the merging compact
objects and, therefore, indirectly on their nuclear EoSs [4]. The analysis of the data from
this event has been used to set new limits on the radius of a 1.4 M� NS which is estimated
to be between 9.2 and 13.76 km [17]. Moreover, the upper bound to the maximum-mass
of cold and slowly rotating NS has been estimated to be ∼ 2.3 M� [18]. A second BNS
merger, named GW190425, has been detected by the LIGO Livingston interferometer.
In this case, the inferred total mass of the NSs that merged has been estimated to be
Mtot = 3.4+0.4

−0.1 M� [6]. This is higher than the expected Galactic mean mass for this kind of
binary systems [19]. To date, no electromagnetic counterpart associated with GW190425
has been detected (see, for example, Ref. [20], and references therein).

In 2019 the NICER collaborations have determined the mass and radius of the
isolated NS PSR J0030+0451 with values of 1.34+0.15

−0.16 M� and 12.71+1.14
−1.19 km [21] and

M = 1.44+0.15
−0.14 M� and 13.02+1.24

−1.06 km [22]. Very recently, data from NICER and XMM-
Newton were used to determine the radius of PSR J0740+6620 with a value of 13.7+2.6

−1.5 km [8]
and 12.39+1.30

−0.98 km [7]. These values show that the radius of PSR J0030+0451 is similar to
the radius of the much more massive NS PSR J0740+6620, whose mass is 2.072+0.067

−0.066 M� [7].
This constrains the nuclear EoS to a greater degree than previously possible.

For a comprehensive study of the properties of matter in the cores of neutron stars and
the EOS associated with such matter, it is necessary to resort to Quantum Chromodynamics
(QCD), the theory of strong interactions. Besides quark confinement, asymptotic freedom
is one of the main features of QCD, which states that matter at high density and/or
temperatures exhibits a phase transition in which hadrons merge leading to the formation
of a plasma of quarks and gluons. QCD has inherent computational problems that make
it extremely difficult to perform analytic calculations at finite densities to be performed.
For this reason, several phenomenological and/or effective models have been proposed
that reproduce (some of) the key features and symmetries of the QCD Lagrangian density
(see Ref. [10] and references therein).

If the hadron-quark phase transition occurs in the cores of NSs, it has been shown
that the liberated quarks should form a color superconductor (CSC) [23–25]. This phase is
characterized by the formation of quark Cooper pairs, similarly to the formation of electron
Cooper pairs in ordinary condensed matter superconductivity, which is energetically
favored since it lowers the energy of the Fermi sea of fermions [26]. A Cooper pair of
quarks can not be a in a color singlet state as the corresponding condensate breaks the
QCD local color symmetry, SU(3)color. Hence the notion color superconductivity. Since
the pairing among the quarks is quite robust, quark matter, if existing in the cores of
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NSs, ought to be a CSC. In contrast to ordinary condensed matter superconductivity,
however, the condensation patterns of CSC quark matter are much more complex as up to
three different quark flavors and three different color states are involved in the diquark
formation [24,25].

Two of the most studied color superconducting phases are the two flavor color su-
perconducting (2SC) phase and the color-flavor-locked (CFL) phase. In the 2SC phase,
only up, u, and down, d, quarks pair. The strange quark, s, has a mass that is by two
orders of magnitude higher than the masses of u and d quarks. This favors the formation
of the 2SC phase at intermediate densities, while at high densities, where the mass of
the strange quark plays a less dominant role, the CFL phase may replace the 2SC phase.
CFL is a more symmetric phase of matter in which all three quark flavors are involved in
the pairing process. There is also the possibility that a phase known as 2SC+s is formed
at intermediate densities, where the strange quarks are treated as a gas of free massive
fermions [27]. The formation of diquarks lower the energy of the system by an amount
related to the size of the CSC gap, ∆. This quantity is a function of the chemical potential,
but can be treated as a free parameter of the model [28]. This phenomenological approach
is useful as it gives theoretical insight into CSC. The occurrence of each of these phases is
directly related to the mass of the strange quark mass, the energy gap, and the electron
chemical potential [25].

In addition to the possibility of diquarks formation in HSs, it is known that the
inclusion of the repulsive vector interaction in quark models allows HSs to satisfy the 2 M�
constraint [29–31].

In this work, we study the influence of color superconductivity and of vector interac-
tions among quarks on the composition and structure of HSs. Using an extended version of
the Field Correlator Method (FCM) for the description of quark matter [32–34], the effects
of 2SC+s and CFL superconductivity is included in the quark model in a phenomenological
way. To model the hadronic phase of the hybrid EoS, we use the SW4L parametrization
of the density dependent relativistic mean-field theory which includes all particles of the
baryon octet as well as the ∆ resonance [35].

We assume that the surface tension at the hadron-quark interface is high so that a
sharp hadron-quark phase transition occurs, which is modeled as a Maxwell transition
(see Ref. [10], and references therein). In this context we analyze the possibilities of rapid
versus slow conversions of matter at the hadronic and quark matter interface [36]. This
phenomenon requires a modification of the traditional stability criteria of compact objects.

The paper is organized as follows. In Section 2 we provide some details of the
treatment of phase transitions in HSs. Chemical and mechanical equilibrium conditions for
the construction of the hybrid EoS are also given. Section 3 is devoted to the description of
the hadronic model used to describe the outer cores of HSs. The model used to describe
quark matter in the inner core of HSs is introduced in Section 4. The model accounts for
vector interactions among quarks and the effects of color superconductivity. The results
of our comprehensive analysis of quark matter parameters, phase transitions and hybrid
configurations will be discussed in Section 5. Finally, a summary and discussion of our key
findings are presented in Section 6.

2. Quark-Hadron Phase Transition in Neutron Stars

Properties such as the surface tension at the hadron-quark interface, σHQ, and nu-
cleation timescale are only poorly known. These two quantities define the nature of the
hadron-quark phase transition. For example, whether the hadron-quark phase transition
separating both types of matter is sharp or smooth is determined by the value of the
surface tension between the two phases. If the value of the surface tension is larger than a
critical value of σHQ ∼ 70 MeV fm−2, a (sharp) Maxwell phase transition is favored [37–39].
Otherwise, a (smooth) Gibbs phase transition would be expected. It is important to note
that for the Gibbs formalism, the global electric charge neutrality condition leads to the
appearance of geometrical structures in the mixed hadron-quark phase. This so-called
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pasta phase is highly dependent on the EoS used to construct the phase transition as well
as on the value of σHQ (see, for example Refs. [40,41], and references therein).

Although the analysis of data from GW170817 and its electromagnetic counterpart led
to the conclusion that high-mass NSs may be expected to have quark matter in their inner
cores [42], there is no direct observational evidence of the occurrence of a hadron-quark
phase transition in the interior of such objects. In this work, we assume that the favored
transition scenario is that of a sharp hadron-quark phase transition.

Within this theoretical framework, we study two different regimes related to the
nucleation timescales of the sharp phase transition: the slow and the rapid conversion.
The importance of considering these different theoretical scenarios has been introduced in
Ref. [36]. In that work, the authors showed the huge impact these two types of conversions
have on the structure and stability of HSs against radial oscillations. The main result was
that when a slow conversion rate is considered to occur inside of a HS, the star continues
to remain stable against radial oscillations (i.e., the fundamental radial mode remains
real valued) even beyond the gravitational mass peak, where the mass is decreasing with
increasing central energy density (for details, see Ref. [43]). This finding differs drastically
from the standard stability criterion established for compact stars whereupon stability of
stars against radial oscillations is only possible if the mass is monotonically increasing
with density.

The concept of slow and rapid conversion is linked to the relationship between two
very different timescales. These are the nucleation timescale, i.e., the characteristic time
during which a hadron (quark) fluid element is converted into quark (hadronic) matter,
and the characteristic timescale of the oscillation of the fluid elements. As to the latter,
the fluid elements located near the transition interface oscillate to regions of larger (smaller)
pressures as the oscillation stretches and compresses the matter in the star. The hadron-
quark conversion is slow (rapid) if the nucleation timescale is much larger (smaller) that
the one associated with the oscillations at the interface separating the two phases.

The strong and weak interactions have times scales that differ from each other by many
orders of magnitude (τstrong ∼ 10−23 s, τweak ∼ 10−8 s). For this reason it has been proposed
that the hadron-quark deconfinement process ought to consist of two separate steps: the
formation of a virtual drop of out-of-β-equilibrium quark matter that will subsequently
reach chemical equilibrium. The characteristic time scale of this process is related to the
difference between the Gibbs free energies of equilibrium and out-of-β-equilibrium quark
matter (for a more detailed discussion, see, for example, Ref. [44]). Present results for
this energy difference are strongly model dependent and inconclusive (for details, see,
for example, Refs. [45–49]). Therefore, in this work we shall account for both theoretical
possibilities and analyze the astrophysical consequences and observational differences that
might help understand in detail the microphysics of the hadron-quark phase transition.

The composition of the matter in the interior of a HS is determined by the condition of
β-equilibrium and electric charge neutrality [50,51]. These condition imposes a relationship
between the chemical potentials of the different particle species in the hadronic phase,

µB = µn + qB µe , (1)

and in the quark phase with flavors f = u, d, s,

µ f = µn/3 + q f µe , (2)

where qB and q f are the baryon and quark electric charges, µn is the neutron chemical
potential, and µe the electron chemical potential.

To calculate the hybrid EoS within the Maxwell construction at zero temperature,
T = 0, we impose the mechanical equilibrium condition that reads

Ph(µn, µe) = Pq(µn, µe) . (3)
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Charge neutrality is imposed locally in the Maxwell formalism, i.e., each phase has to
be independently electrically neutral. This condition is satisfied if ∂Ph(q)/∂µe = 0, where
Ph(q) is the pressure of the hadronic (quark) phase, which will be defined later.

3. The Hadronic Phase

To describe hadronic matter in the outer core of HSs we use the SW4L parametrization
of the density dependent non-linear relativistic mean-field model [52–54]. This family
of models have gained popularity since the density-dependent couplings allows one to
account for the latest slope values of the symmetry energy consistent with experimental
data [55,56]. This quantity plays a significant role for the determination of the radii of
NSs [57].

For the SW4L parametrization, the interactions between baryons are described by the
exchange of scalar (σ, σ∗), vector (ω, φ) and isovector (ρ) mesons. The pressure and the
energy density of the model are given by

Ph =
1

π2 ∑
B

∫ pFB

0
dp

p4√
p2 + m∗2B

− 1
2

m2
σσ̄2

− 1
2

m2
σ∗ σ̄
∗2 +

1
2

m2
ωω̄2 +

1
2

m2
ρρ̄2 +

1
2

m2
φφ̄2 (4)

− 1
3

b̃σmN(gσN σ̄)3 − 1
4

c̃σ(gσN σ̄)4 + nR̃ ,

εh =
1

π2 ∑
B

∫ pFB

0
dp
√

p2 + m∗2B +
1
2

m2
σσ̄2

+
1
2

m2
σ∗ σ̄
∗2 +

1
2

m2
ωω̄2 +

1
2

m2
ρρ̄2 +

1
2

m2
φφ̄2 (5)

+
1
3

b̃σmN(gσN σ̄)3 +
1
4

c̃σ(gσN σ̄)4 ,

where the sum over B sums all members of the baryon octet, p, n, Λ, Σ, Ξ, as well as the
∆ resonance. The quantities gρB(n) denote density dependent meson–baryon coupling
constants that have a functional form given by

gρB(n) = gρB(n0) exp
[
−aρ

(
n
n0
− 1
) ]

, (6)

where n is the total baryon number density. The last term in Equation (4) is the rearrange-
ment term which guarantees the thermodynamic consistency of the model [58],

R̃ = [∂gρB(n)/∂n]I3BnBρ̄ . (7)

The quantity I3B is the 3-component of isospin, and nB = p3
FB

/3π2 are the particle
number densities of each baryon B with Fermi momentum pFB . The effective baryon mass
in Equations (4) and (5) is given by

m∗B = mB − gσBσ̄− gσ∗Bσ̄∗ . (8)

The parameters of SW4L are presented in Table 1. These values are adjusted to the
properties of nuclear matter at saturation density shown in Table 2 (for details, see Ref. [54],
and references therein).
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Table 1. Parameters of the SW4L parametrization that lead to the properties of symmetric nuclear
matter at saturation density shown in Table 2.

Quantity Numerical Value

mσ (GeV) 0.5500
mω (GeV) 0.7826
mρ (GeV) 0.7753
mσ∗ (GeV) 0.9900
mφ (GeV) 1.0195

gσN 9.8100
gωN 10.3906
gρN 7.8184
gσ∗N 1.0000
gφN 1.0000
b̃σ 0.0041
c̃σ −0.0038
aρ 0.4703

Table 2. Energy per nucleon E0, nuclear compressibility K0, effective nucleon mass m∗, symmetry
energy J0, and slope of the symmetry energy L0 of nuclear matter at saturation density, n0, obtained
for the SW4L parametrization.

Saturation Properties Numerical Values

n0 (fm−3) 0.15
E0 (MeV) −16.0
K0 (MeV) 250.0
m∗N/mN 0.7
J0 (MeV) 30.3
L0 (MeV) 46.5

4. The Quark Phase

To describe quark matter in the inner core of cold HSs we use an extended version of
the FCM model, including the effects of repulsive vector interactions among quarks and of
color superconductivity.

The FCM model is based on the calculation of the amplitudes of the color electric
DE(x), DE

1 (x) and color magnetic DH(x), DH
1 (x) Gaussian correlators. DE(x) and DH(x)

are directly related with the confinement of quarks, and DE
1 (x), DH

1 (x) contain perturbative
terms related to the perturbation expansion over the strong coupling constant at a given
order [32,59]. The method has been generalized to finite temperature and baryonic density
using the single line approximation (SLA) which neglects, to first order, all perturbative
and non-perturbative interactions of the system. In this way, it is possible to factorize the
partition function into the products of one gluon and one quark (anti-quark) contributions
and thus calculate the corresponding thermodynamic potential [33].

For zero-temperature HS matter, DE(x) = DH(x) and DE
1 (x) = DH

1 (x), leaving two
field correlators which can be parametrized through the large distance qq̄ potential, V1,
and the gluon condensate, G2. In addition, the main consequence of repulsive vector inter-
actions for HSs is to stiffen the EoS of quark matter to obtain 2 M� stellar configurations,
in agreement with recent observations of massive pulsars. We also mention that the onset
of quark matter in the interior of HSs is affected by this interaction.

Both vector interactions among quarks and color superconductivity are taken into
account by FCM model.

4.1. Inclusion of Vector Interactions in the FCM Model

The inclusion of vector interactions among quarks modifies the SLA of the quark
pressure in the following way
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Pf =
T4

π2

[
φ+

ν (
µ∗f −V1/2

T
) + φ−ν (

µ∗f + V1/2

T
)

]
+ PVI(T, µ∗f ) , (9)

where

φ±ν (a) =
∫ ∞

0
dz

z4
√

z2 + ν2

1

e
√

z2+ν2±a + 1
, (10)

and ν = m f /T, mq is the bare quark mass of a quark flavor f and T is the temperature.
The effective chemical potential is given by

µ∗f = µ f − Kv w(T, µ∗f ) , (11)

where µ f is the chemical potential of a quark of flavor f , Kv is the coupling constant of the
vector interactions, and w(T, µ∗f ) is the associated condensate.

An expression similar to the first term in Equation (9) can be deduced for the pressure
of the gluons, which vanished at zero temperature. The second term is the pressure due
the vector condensates given by

PVI(T, µ∗f ) =
Kv

2
w2(T, µ∗f ) . (12)

Taking the limit T → 0 in Equation (9), we obtain a simplified expression for the total
pressure of the system that reads

Pq = ∑
f=u,d,s

Pf = ∑
f=u,d,s

[
3

π2

∫ p∗F

0
z2(µ̃∗f − z) dz +

+
Kv

2
w2

f

]
+ ∆εvac , (13)

where µ̃∗f = µ∗f −V1/2, p∗F =
√

µ̃∗f −m2
f , w f = w(µ̃∗f ), and

∆εvac = −
11− 2

3 N f

32
G2

2
(14)

is the vacuum energy density for N f flavors [32].
The EoS of the system can be computed using the Euler thermodynamic relation

given by

ε = −Pq + ∑
f=u,d,s

µ f
∂Pf

∂µ f
. (15)

The effective chemical potential of Equation (11) is determined in a self-consistent way
by minimizing Equation (13) with respect to the vector condensate, from which it follows
that w f = n(µ∗f ), where n(µ∗f ) is the number density quark flavor f .

4.2. Effects of Color Superconductivity on the Quark EoS

The working hypothesis of our study is that in the inner cores of HSs deconfined
up, down and strange quarks are paired in the CFL phase. However, since the mass of
the strange quark is around two orders of magnitude greater than that of up and down
quarks, paired up and down quark condensates should appear first, in a phase known as
2SC+s. The quark masses in the 2SC+s and CFL color superconducting phases are taken as
mu = md = 0 and ms 6= 0.
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To include the effect of color superconductivity, we work to order ∆2 in the diquark
energy gap ∆, which simplifies the calculation considerably [51]. In this way, it is possible
to consider Equation (13) as a fictional state made of unpaired quark matter that transforms
to a superconducting state once the quarks involved in the pairing reach a common Fermi
momentum. Thus, analogously to what happens in BSC theory, the diquarks formed in the
2SC+s and CFL phases are conventional zero-momentum Cooper pairs.

For each quark forming a diquark, we have a contribution (∆µ̄/2π)2 to the binding
energy of the diquark pairing [51], where

µ =
1
N ∑

i
µ̃∗i (16)

is the mean chemical potential related to N quarks participating in the pairing. In the
2SC+s phase, four of the nine quarks (three flavors times three colors) form pairs while
in the CFL phase all quarks form diquarks. The condensation terms that contribute to the
pressure are given by

P∆2SC+s = 4
(

∆ µ̄

2 π

)2
(17)

for the 2SC+s phase and by

P∆CFL =

(
∆1 µ̄

2 π

)2
+ 8

(
∆2 µ̄

2 π

)2
' 3

(
∆ µ̄

π

)2
(18)

in for the CFL phase.
In the case of the CFL phase, the nine quarks forming pairs give rise to a singlet and

an octet state of quasi-particles (see Equation (18)) that satisfy the approximate relation
∆1 = 2 ∆2 = 2 ∆ [60].

Due to the breaking of the SU(3)color symmetry in the subgroup U(1)3 × U(1)8,
Equation (11) becomes

µ∗i = µ f + T3µ3 + T8µ8 − Kvwi , (19)

where the matrices are defined in color space as T3 = diag(1/2, 1/2, 0) and
T8 = diag(1/3, 1/3,−2/3). The subscript i in Equation (19) accounts for the nine

possible combinations of flavor and color, as given in Table 3. The quantities µ3 and µ8
are the chemical potentials associated with the color charges. For the 2SC+s phase, we
consider µ3 = 0 because the symmetry that is broken in this phase is U(1)8, leaving the
U(1)3 intact. Only u and d quarks carrying green and red colors are paired in the 2SC+s
phase, while blue colored quarks do not participate in the formation of Cooper pairs.
The vector condensate in that phase is w f = ∑i wi.

Table 3. Flavor and color combinations associated with Equations (21) and (22).

i r g b
u 1 2 5
d 3 4 6
s 7 8 9

Considering the possibility of diquark formation, Equation (13) is modified as

Pq = P′ + P∆ + ∑
f=u,d,s

Kv

2
w2

f + ∆εvac , (20)
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where P∆ is either given by Equation (17) or Equation (18), depending on which supercon-
ducting phase is being considered. The quantity P′ is given by

P′2SC =
1

π2

4

∑
i=1

∫ pFC

0
z2(µ̃∗i − z)dz

+
1

π2

9

∑
i=5

∫ pFC

0
z2 (µ̃∗i −

√
z2 + mi) dz , (21)

or

P′CFL =
1

π2

9

∑
i=1

∫ pFC

0
z2 (µ̃∗i −

√
z2 + mi) dz , (22)

where µ̃∗i = µ∗i −V1/2 and pFC are determined by minimizing Equation (20). Color charge
neutrality is imposed by the conditions ∂Pq/∂µ3 = ∂Pq/∂µ8 = 0. The breaking of color
symmetry increases the number of coupled equations that are to be solved in order to
compute the quark matter EoS. The system of equations consists of nine coupled equations
for the 2SC+s phase and twelve coupled equations for the CFL phase.

5. Results

The hybrid configurations studied in this work consist of an inner core, an outer core,
and a crust. The latter has been modeled in out study by the Baym-Pethick-Sutherland
(BPS) and Baym-Bethe-Pethick (BBP) EoSs [61,62].

The FCM model has already been used in several works to model the inner cores of
HSs [34,43,63–66]. In these studies, the parameter space (V1, G2) of the model has been
analyzed by accounting for constraints from Lattice QCD simulations, the existence of 2 M�
pulsars, as well as the limits set by the gravitational-wave event GW170817. In our work, we
expand the (V1, G2) space by accounting for vector interactions and color superconductivity,
which introduces the additional parameters Kv and ∆, respectively. To investigate this
new parameter space spanned by V1, G2, Kv, ∆, we have chosen V1 = 20 MeV and
G2 = 0.009 GeV4, following the results presented in Ref. [34]; these values for V1 and G2
are qualitatively representative of the parameters space. In this way, we focus our attention
on the values of Kv and ∆.

In this context, it should be mentioned that one of the methods used to combine and
analyze different sets of data is Bayesian analysis, which analyzes the ranges of parameters
using probability techniques. The application of Bayesian methods is frequently used in
astrophysics (e.g., neutron star physics [67,68]), particularly when dealing with large data
sets. A Bayesian analysis of the parameters of our model, however, is out of the scope of
this paper.

To calculate the properties of HSs, such as gravitational mass, radius, tidal deformabil-
ity and study their stability under slow and rapid conversion of hadronic matter to quark
matter, we solve the relativistic hydrostatic equilibrium equation of Tolman, Oppenheimer,
and Volkoff (TOV) [69,70].

5.1. Analysis of the FCM Parameter Space Spanned by V1, G2, K v, ∆

We start by analyzing the effects of varying Kv and ∆ values on the EoSs and the
mass-radius relationship (M–R) of HSs shown in Figures 1–4. All the hybrid EoSs shown in
these figures satisfy the constraints presented in [42]; besides, these EoSs have one common
characteristic feature, namely that the hadron-quark transition pressure must be larger
than about 200 MeV fm−3 so that the 2 M�-mass constraint condition can be satisfied.
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Figure 1. (Color online) Hybrid EoS (panel (a)) and mass-radius relationship (panel (b)) for the 2SC+s phase at fixed gap
value of ∆ = 35 MeV, for different values of the Kv parameter. In panel (a), the grey region shows the constraints presented
in [42]. The solid dots in panel (b) indicate the appearance of the color superconducting phase, just before the maximum
mass peak. For rapid conversions, the stellar configurations to the left of each maximum mass are unstable and the existence
of HSs is only marginal. For slow conversions, an extended stability branch exists. The stable configurations are shown by
continuous lines. The terminal configurations are marked with asterisks.
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Figure 2. Hybrid EoS (panel (a)) and mass-radius relationship (panel (b)) for the CFL phase at fixed gap value of ∆ = 35 MeV,
for different values of the Kv parameter. In panel (a), the grey region shows the constraints presented in [42]. The solid dots
in panel (b) indicate the appearance of the color superconducting phase, just before the maximum mass peak. For rapid
conversions, the stellar configurations to the left of each maximum mass are unstable and the existence of HSs is only
marginal. For slow conversions, an extended stability branch exists. The stable configurations are shown by continuous
lines. The terminal configurations are marked with asterisks.
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Figure 3. Hybrid EoS (panel (a)) and mass-radius relationship (panel (b)) for the 2SC+s phase at fixed gap value of
Kv = 10 GeV−2, for different values of the ∆ parameter. In panel (a), the grey region shows the constraints presented in [42].
The solid dots in panel (b) indicate the appearance of the color superconducting phase, just before the maximum mass
peak. For rapid conversions, the stellar configurations to the left of each maximum mass are unstable and the existence of
HSs is only marginal. For slow conversions, an extended stability branch exists. The stable configurations are shown by
continuous lines. The terminal configurations are marked with asterisks.
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Figure 4. (Hybrid EoS) (panel (a)) and mass-radius relationship (panel (b)) for the CFL phase at fixed gap value of
Kv = 10 GeV−2, for different values of the ∆ parameter. In panel (a), the grey region shows the constraints presented in [42].
The solid dots in panel (b) indicate the appearance of the color superconducting phase, just before the maximum mass
peak. For rapid conversions, the stellar configurations to the left of each maximum mass are unstable and the existence of
HSs is only marginal. For slow conversions, an extended stability branch exists. The stable configurations are shown by
continuous lines. The terminal configurations are marked with asterisks.
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This has direct implications for the appearance of quark Matter in the cores of HSs.
A comprehensive study of the range of values of Kv and ∆ (including the values of V1 and
G2) shows that only a rapid conversion of hadronic matter to quark matter destabilized
HSs. This finding is independent of the type of the color superconducting phase and is in
agreement with the results obtained in a previous study of HSs, where quark matter was
modeled with NJL-type models [71].

In Figures 1 and 2 we show the hybrid EoSs and the corresponding M–R relationships
of HSs computed for the 2SC+s and CFL phases. The value for the superconducting gap is
∆ = 35 MeV, and the Kv values range from zero to 15 GeV−2. In panels (a), we see how the
pressure at which the phase transition occurs increases and the energy density gap widens
as Kv increases. For the 2SC+s EoS (Figure 1) the increase in Kv stiffens the EoS of the color
superconducting phase, which in turn increases the speed of sound (c2

s /c2 = ∂P/∂ε) in
that phase. On the contrary, for the CFL EoS (Figure 2) we find that increasing values of Kv
lead to decreasing speeds of sound.

The solid dots shown in the M–R relationships shown in panels (b) of Figures 1 and 2
mark the appearance of color superconducting quark matter cores of these stars. Most
interestingly, the appearance of such matter does not destabilize the stars if the conversions
from hadronic matter to quark matter proceed slowly. Instead, such stars remain stable
over an extended regime in the M–R diagram. Their final termination points are marked
with asterisks in Figures 1 and 2).

In Figures 3 and 4, we present the EoSs and M–R relationships of HSs with 2SC+s and
CFL matter in their cores, but for which the value of Kv is kept constant while the diquark
energy gap taken on several different values. We can see that varying the value of ∆ in the
2SC+s phase has little impact on the hybrid EoS. For the CFL phase, however, the impact is
more pronounced. In both cases, the speed of sound in the quark superconducting phase
does not change significantly with changes in ∆. An increase in ∆ leads to a somewhat
smaller changes in energy density in the transition region. This effect is more noticeable in
the CFL phase than in the the 2SC+s phase. The main differences appear in the transition
pressure where a higher value of ∆ leads to a lower transition pressure. This, of course, has
consequences for the appearance of superconducting quark cores in HSs and, in particular,
reverberates on the extended stable branch of HSs, panels (b) of Figures 3 and 4. One
common feature is that the increase of the value of Kv leads to a shortening of the extended
branch of stable compact objects.

5.2. Astrophysical Constraints

In Figure 5, we explore the maximum-mass values of HSs in the Kv-∆ plane. Panel (a)
shows the results for 2SC+s stars while panel (b) is for CFL stars. The 2.01 M� gravitational
mass constraint imposed by PSR J1614-2230, PSR J0348+0432, and PSR J0740+6620 is
shown by the white curve. It can be seen that our models satisfy this mass constraint for
a wide range of Kv and ∆ values. A combination of such values is compiled in Table 4,
which will be used for subsequent investigations below. It is worth noting that HSs with
V1 = 20 MeV and G2 = 0.009 GeV4 do not satisfy the Mmax= 2.01 M� constraint unless
vector interactions and color superconductivity are included in the model. Furthermore,
the possibility of obtaining sufficiently massive HSs with color superconducting quark
matter in their cores increases if ∆ increases, for a wide range of Kv values. This is most
noticeable in panel (b) for stars with a CFL core. Comparing panels (a) and (b) with each
other shows that the parameter space that leads to sufficiently massive HSs with 2SC+s
cores is narrower. For the 2SC+s phase, shown in panel (a), stars with Mmax (along the
white curve) correspond to Kv values that scatter around 7 GeV−2. This situation is quite
different when the CFL phase is considered (see panel (b) in Figure 5) where it is shown
that the maximum masses depend on both Kv and ∆ rather strongly.
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Table 4. Selected sets of parameters for the quark matter EoS

Set Quark Phase Kv (GeV−2) ∆ (MeV)

1 2SC+s 15 90
2 2SC+s 10 30
3 CFL 10 30
4 CFL 15 30

Figure 5. (Text) Maximum mass of stars as a function of ∆ and Kv, for the 2SC+s quark matter (panel (a)) and CFL quark
matter (panel (b)). The white curve marks the maximum mass constraint Mmax = 2.01M�.

In Figure 6, we show the M-R curves that correspond to hybrid star configurations
constructed with EoSs whose parameters are listed in Table 4. These curves are consistent
with the 2 M� mass constraint set by massive pulsars, NICER observations, as well as the
NS data extracted from the gravitational-wave event GW170817 and GW190425. We see
that, when assuming slow hadron-quark conversion, each model predicts the existence of
high-mass twin stars. And because of this possibility, the observed 2 M� pulsars could be
either NSs or HSs. The radii of the latter could be up to 1.5 km smaller than those of the
NSs. Furthermore, for parameter set 3 of Table 4 we find that the corresponding extended
hybrid-star branch could even explain the stellar high-mass component of the GW190425
binary system [6].

We have also explored the possibility of sequential phase transitions between the two
different quark matter EoSs, i.e., the occurrence of a transition of quark matter from the
2SC+s to the CFL phase. We find that such a sequential transition is possible, but the M–R
relationships do not fulfill 2 M� mass constraint. The main reasons for this is a low speed
of sound of c2

s /c2 ∼ 0.33 in the extended FCM EoS and a high phase transition pressure.
In Figure 7, we present the dimensionless tidal deformability, Λ, as a function of

gravitational mass for the stellar hybrid configurations of Figure 6. All models present
pure hadronic stars for masses M ≤ 1.4 M�, and are consistent with the Λ1.4 ∼ 500
constraint deduced from GW170817. One also sees that the HSs along the twin stellar
branch have tidal deformabilities that lie on an almost straight horizontal line. This opens
up the possibility that future observations of NS mergers may help to shed light on the
actual existence of twin stars and hence on the behavior of matter in the inner cores of
compact objects.
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Figure 6. (Color online) M–R relationship of the selected EoSs (Table 4) of this work. The solid dots
indicate the appearance of color superconducting quark matter in HSs, which happens just before
the maximum-mass peaks are reached. For a rapid conversion of matter, the stellar configurations
to the left of each maximum-mass star are unstable. For slow conversions there exist extended
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of PSR J0030+0451. The horizontal pink stripped bands, indicate constraints imposed by pulsars
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In Figure 8, we show the individual dimensionless tidal deformabilities of the hybrid
configurations consistent with the observational constraints obtained after GW170817 and
its electromagnetic counterpart. The black line represents the situation in which the two
merging objects are purely hadronic NSs.

 100

 1000

 10  100  1000

Λ
2

Λ1

All Sets, NS-NS

90%

50%

Figure 8. Text Dimensionless tidal deformabilities Λ1 and Λ2 for the selected EoSs. The solid black
line represents the results obtained for a purely hadronic NS-NS merger with masses consistent with
data from GW170817. The dark (light) gray areas represent the 50% (90%) confidence limit of the
probability contour of GW170817 and the dotted line corresponds to Λ1 = Λ2.

6. Summary and Conclusions

In this work, we have studied hybrid EoSs and the structure of HSs considering the
effects of color superconductivity (2SC+s and CFL phases) and vector interactions in quark
matter in the framework of the FCM model. Both color superconductivity and vector
interactions were included in the model in a phenomenological way, taking advantage of
the similarity of the FCM with the MIT bag model at the zero temperature limit. For the
description of the hadronic phase, we used the SW4L parametrization of the RMF model.
We have assumed a sharp hadron-quark phase transition and considered the the impli-
cations of slow versus rapid conversions of matter at the hadron-quark interface. This
assumption dramatically modifies the traditional picture of stability in the M–R diagram
of HSs. For instance, if we consider a soft Gibbs phase transition, instead of a Maxwell
sharp transition, the extended stable branch does not exist. Since in the Gibbs case the
EoS has no discontinuity or jump, the stability criterion for hybrid stars is the traditional
one, in which case ∂M/∂εc < 0 indicates unstable configurations and the maximum mass
configuration is the last stable star in the mass-radius diagrams.

After extending the parameter space of the FCM model, we performed a system-
atic analysis of the parameters of this new space. The goal was to find out whether the
parameters lead to equations of state that are consistent with present astrophysical ob-
servations. For this purpose we investigated the dependencies of the EoS and the M–R
relationship of compact stars on the Kv and ∆ parameters, which are related to vector
interactions and color superconductivity of the extended FCM model. Fixed values were
assumed for the other two parameters, V1 and G2, of the model. As our investigations
show, the hybrid EoSs we determined successfully satisfy the constraints set by Annala
et al. [42] and by PSR J1614-2230, PSR J0348+0432, PSR J0740+6620, GW170817, GW190425,
and NICER observations.
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In addition, using a specific FCM model parameter set, we have shown that the
inclusion of vector interactions and color superconductivity plays a central role in satisfying
the mass constraint set by massive pulsars. Specifically, we found that increasing Kv leads
to a stiffer hybrid EoS, which increases the maximum stellar mass. However, this increase
leads to shorter stability branches for the twin stars. In contrast, an increase in the ∆
parameter leads to softer EoSs, both for the 2SC+s and CFL phase, which lowers the
maximum mass but leads to extended branches of stellar stability. In general, changes in
the value of Kv have a more pronounced effect on the system properties than changes in ∆.
An exception is the CFL phase, where changes in ∆ dominate the mass-radius relationship.

We have also explored the possibility of a sequential phase transition in HSs. We have
found that although that possibility exists, the hybrid configurations obtained from these
EoSs do not satisfy the restrictions imposed by massive pulsars. This is due to a low speed
of sound in the quark phase and a high value of the hadron-quark transition pressure. It is
worth a short discussion of this point since the authors of Refs. [72,73] obtained HSs with
sequential phase transitions in the constant speed of sound framework, which fulfill the
2 M� mass constraint. This was possible by using a parametric EoS for the quark phase and
by fixing the hadron-quark phase transition pressure (at pt ∼ 100 MeV fm−3) as well as the
quark-quark phase transition pressure (at pt ∼ 250 MeV fm−3). Furthermore, a high value
of the speed of sound in quark matter phases (c2

s /c2 & 0.7) was assumed in that paper.
Massive HSs with sequential phase transitions were also obtained with Nambu-Jona-

Lasinio type models of quark matter [74,75]. However, extra ingredients are needed in these
models to achieve a hadron-quark followed by a quark-quark phase transition, because in
these models c2

s /c2 ∼ 0.33. Besides that, an effective bag can be added to the model to
lower the transition pressure, considering a large diquark coupling [74]. In these works,
the transition pressures (i.e., pt ∼ 40 to 60 MeV fm−3 for the hadron-quark transition and
pt ∼ 100 to 130 MeV fm−3 for the quark-quark transition) are lower than in Ref. [72]. In a
recent study [31] it was shown that in NJL models a higher speed of sound can be achieved
through the incorporation of higher-order repulsive interactions. This affects the size of the
quark core in HSs, leading to massive hybrid configurations with extended cores of quark
matter in the rapid conversion scenario.

Regarding the tidal deformability results, our models satisfy the GW170817 constraint
of a 1.4 M� star. Also the restrictions coming from the constraints in the Λ1–Λ2 plane are
fulfilled. In this case, the purely hadronic branch already lies, for all four parameters sets
of Table 4, inside the confidence region. Remarkably, the slow hadron-quark conversion
scenario, which leads to new stable hybrid-star branches, helps to satisfy astrophysical
constraints (similar conclusions have already been presented in Refs. [43,54,73]).
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