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Time-dependent induced potentials in convoy electron emission

G.P. Acuña, J.E. Miraglia *

Instituto de Astronomı́a y Fı́sica del Espacio (IAFE), Consejo Nacional de Investigaciones Cientı́ficas y Técnicas,

Casilla de Correo 67, Sucursal 28, 1428 Buenos Aires, Argentina

Departamento de Fı́sica, FCEN, Universidad de Buenos Aires, Buenos Aires, Argentina

Received 26 April 2006; accepted for publication 14 August 2006
Available online 5 September 2006
Abstract

We study the time-dependent induced potentials at the convoy electron position due to the self-interaction with a metal surface and to
the shock wave created by the positive hole (vacancy) left. The time evolution of these potentials are calculated using the linear response
theory. Results obtained are fitted with simple functions. We find that those two potentials nearly cancel each other in the first ten atomic
units of time.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In grazing collisions of fast ions with metal surfaces,
electrons from the inner shells are emitted while ions are
specularly reflected. We are interested in the effect of the
surface on the trajectory of those electrons following the
ion with similar velocities; the so-called convoy electrons
[1–6]. Besides the direct Coulomb interaction with the
ion, convoy electrons feel other three induced potentials,
namely:

– The potential induced by the interaction of the ion with
the metal surface (projectile surface wake), Vp(rp).

– The self-interaction of the convoy electron due to the
response of the metal surface (electron surface wake),
Ve(re, t).

– The potential induced due to the interaction with the
shock wave created by the positive hole left (inner
vacancy) in the metal, Vh(rh, t).
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The coordinates rp, re and rh are taken with respect to
the projectile, electron and hole respectively, and t is the
time. As it is considered in most cases, the ion moves with
constant speed parallel to the surface v0 and the electron is
supposed to travel near the projectile. Therefore, we will
evaluate the interactions at rp � re � 0 and rh � v0t (see
Fig. 1 for details). In this article we have simplified the cal-
culations considering that the projectile, electron and hole
are in the same line parallel to v0, and at the same distance
from the surface Z0 (Z0 > 0 vacuum, Z0 = 0 jellium border,
and Z0 < 0 bulk).

As the ion is moving with constant speed parallel to the
surface, the projectile surface wake potential Vp(rp) can be
treated in a stationary regime (time independent) within the
projectile frame. But the other two, Ve(re, t) and Vh(rh, t),
strongly depend on the emission time and cannot be
treated in the same way, but as transient processes. In this
article we study the time-dependence of Ve(re � 0, t) and
Vh(rh � v0t, t). The potential energy at the electron posi-
tions are then, /p = �Vp(0), /e(t) = �(1/2)Ve(0, t), and
/h(t) = �Vh(v0t,t). Atomic units are used.

As it is well known, convoy electrons are accelerated by
/p. It has been predicted by the simple image-charge
model [7,5] and confirmed experimentally by Kimura
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Fig. 1. Schematic diagram of the process.
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and collaborators [4]. The acceleration of the convoy elec-
trons was found to increase with the projectile Coulomb
charge Zp [4]. The simplest way to deal with the interac-
tion of point charges with surfaces is the stationary-image
method [5]. In most of the works found in the literature,
the electron trajectory is obtained in a time indepen-
dent formalism, where the convoy electron self-interaction
/e(t) is neglected [4,7,5], or is supposed to be created
immediately, /e(t) = �(1/2)/p/Zp [8,9]. In all cases the
shock wave created by the hole left, /h(t), was neglected.
Kimura and collaborators [4] found a reasonable agree-
ment of their experiments with the projectile surface wake
model, i.e. in the presence of /p alone. A latter article
confirmed that the experimental acceleration could be
explained in the presence of only /p [10], neglecting
/e(t). It is equivalent to stating that /e(t) = �(1/2)/p/
ZpH(t � Te), and Te was supposed to be large for the cases
considered.

The aim of this work is to answer two questions: first,
how much time do the convoy electrons need to create their
own image potential? Or mathematically, what is the time
Te so that /e(t) reaches its stationary form �(1/2)/p/Zp?
And second, can we really neglect the induced potential
of the shock wave by the vacancy hole /h(t)?

Our work will be developed within the framework of the
time-dependent dielectric formalism. A useful approxima-
tion to describe the interaction of a charged particle with
a metal surface is to use the specular reflectional model
(SRM). The stationary potential induced by the ion has
been extensively studied with this model [11,17]. Its exten-
sion to include a time-dependent formalism is very cumber-
some from the numerical point of view; instead, we will use
a recently proposed dielectric function derived from an ax-
ial model (AM) [19]. The AM dielectric response function
is easier to evaluate and will make the calculation tractable.
The AM model has proved to reproduce very well some
parameters like the stopping, straggling and the inelastic
mean free path obtained with the SRM.

The rearrangement of the electronic density has been
long recognized as key concept in condensed matter phys-
ics. Screening plays a crucial role, for instance in photoex-
citation [12]. Important theoretical developments in this
field have being achieved by using the time-dependent den-
sity functional theory in two and three dimensions [13–15].
The time evolution of the Kohn–Sham orbitals within the
independent particle picture yields an universal scaling of
the charge depletion for short times.

This attempt follows previous works done by Canright
[16], who calculated the time-dependent screening of a sud-
denly created point charge in an electron gas, and Alducin
et al. [17] who obtained the surface wake potential induced
once again by a point charge suddenly created in front of a
metal surface.
2. Theory

The potential created by an external charge density due
to the interaction with a metal surface, can be written in
Fourier space as:

eV ðk;xÞ ¼ 4peqðk;xÞ
k2

1

�ðk;xÞ � 1

� �
; ð1Þ

where �(k,x) is here the surface dielectric function andeqðk;xÞ is the Fourier transform of the external charge den-
sity. All the variables: eV , ~q and � depend parametrically on
the distance of the projectile from the surface Z0. The next
steps are the derivations of /p, /e, and /h.
2.1. Projectile surface wake potential

In grazing collisions the projectile path can be divided
into subsequent segments parallel to the surface, therefore
its charge density can be written as:

qpðr; tÞ ¼ ZpdðyÞdðx� v0tÞdðz� Z0Þ; ð2Þ

with Zp being the projectile charge, v0 the parallel speed
along the x̂-axis at a distance Z0 from the jellium border.
See Fig. 1 for details. In the Fourier space this density is
transformed into:

fqpðk;xÞ ¼ Zp2pe�ikzZ0dðx� kxv0Þ; ð3Þ

The induced potential is obtained by replacing Eq. (3) in
(1) and anti-transforming Fourier. This leads us to:

V pðr; tÞ ¼ Zp

ð2pÞ2
Z

dk

k2

Z 1

1
dxdðw� kxv0Þ

� 1

�ðk;xÞ � 1

� �
eiðk�r�xtÞ: ð4Þ

This potential is time independent within the projectile
reference frame. Typical plots of this potential can be
found in Refs. [18,11]. In order to calculate the kinetic en-
ergy gained by the convoy electron (acceleration with re-
spect to the projectile), this equation should be evaluated
at the convoy electron position: /p = �Vp(0).
2.2. Convoy electron surface wake potential

In the case of the self-interaction of the convoy elec-
trons, we consider that they are emitted at t = 0, following
the projectile at the same distance Z0 from the surface. We
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assume that the electron is assisted (pushed) by the projec-
tile. The convoy electron charge density is then:

qeðr; tÞ ¼ �dðyÞdðx� v0tÞdðz� Z0ÞHðtÞ; ð5Þ
where v0 is the convoy electron speed. The Fourier trans-
formation of the last equation produces

eqeðk;xÞ ¼ �i
e�ikzZo

x� kxv0 þ i0þ
; ð6Þ

where 0+ represents a positive infinitesimal. Following the
same procedure, the induced potential is obtained by com-
bining Eq. (6) with Eq. (1), anti-transforming Fourier, and
making Ve(t) = Ve(0, t). Thus we obtain:

V eðtÞ ¼ � 2i

ð2pÞ3
Z

dk

k2

Z 1

1
dx

1

�ðk;xÞ � 1

� �
eiðkxv0t�xtÞ

x� kxv0 þ i0þ
:

ð7Þ
Finally, the self energy /e is calculated as half the in-

duced potential evaluated at the convoy electron position
/e(t) = �(1/2)Ve(t), One would expect that as t!1,
/e(t)!�(1/2)/p.

2.3. Shock wave created by the hole

For the shock wave created by the hole left (inner shell
vacancy), we consider that the vacancy is created again at
t = 0, at the same distance Z0 from the jellium border
where which the electron has been emitted. Its charge den-
sity reads

qhðr; tÞ ¼ dðyÞdðxÞdðz� Z0ÞHðtÞ; ð8Þ

and in Fourier space,

fqhðk;xÞ ¼ i
e�ikzZ0

xþ i0þ
; ð9Þ

The induced potential at the convoy electron position is
calculated following the same procedure as in the previous
cases to yield, Vh(t) = Vh(v0t, t),

V hðtÞ ¼ 2i

ð2pÞ3
Z

dk

k2

Z 1

1
dx

1

�ðk;xÞ � 1

� �
eiðkxv0t�xtÞ

xþ i0þ
: ð10Þ

and its potential energy is simply /h(t) = �Vh(t).

3. Numerical results

In this work, we report results for /e(t) and /h(t) consid-
ering protons colliding with aluminum surfaces (Fermi
velocity kF = 0.92, lifetime c = 0.0375). The AM was used
to represent �(k,x), as given by Eq. (8) of Ref. [19] with a
minor change.1 Three-dimensional integrals were required
to obtain a value of /e,h(t).
1 The magnitude q0k given by Eq. (9) of Ref. [19] was changed to

q0k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:222q2 þ 0:778ðx=vÞ2

q
. It can be proved that the potential so-

defined satisfies the image charge limit as v0! 0.
Fig. 2 displays the convoy electron potential energy /e

as a function of time, for distances from the jellium border
Z0 of 1, 0 and �1, and for v0 = 2, 3, 4 and 5, as indicated. It
should be mentioned that the last atomic plane of the Al
(111) is placed at Z0 = �2.2 a.u. The two limits are easily
recognized: /e(0) = 0, and /eð1Þ ¼ � 1

2
/p=Zp. To study

the ranges of time, we have also included a fitting in solid
line a function of the type:

/eðtÞ / 1� ðB cosðxstÞ þ ð1� BÞ cosðxbtÞÞ
1þ tð1� e�t=T eÞ : ð11Þ

which guarantees the two boundary limits. This fitting has
a linear combination of oscillations, with xs = 0.406 the
plasmon surface oscillation frequency, and xb = 0.576 the
plasmon bulk frequency. The factor B depends on v and
Z0. For Z0 P 0, B = 1, while for Z0 < 0, B tends slowly
to zero depending on the velocity. For example, for
Z0 = �1, we have obtain the values B = 0.67, 0.77, 0.83,
and 0.87, for v = 2, 3, 4 and 5, respectively.

We can identify two transients: one for t < Te, and the
other for t > Te. The first transient falls off very rapidly
(exponentially), while the second one for t > Te, /e(t) tends
slowly to the limit oscillating with an amplitude of 1/t.
In all cases, Te � 5; that is more than twice the estimated
value p/(4xb) given in Ref. [10].

Similarly, Fig. 3 displays the hole shock-wave energy /h

for the same impact velocities and distances from the sur-
face as a function of time. The two limits are obviously null
here, i.e. /h(0) = /h(1) = 0.

The solid line represents a fitting of the type:

/hðtÞ / 1� e�t=T hðB cosðxstÞ þ ð1� BÞ cosðxbtÞÞ
t

: ð12Þ

valid for t 2 {0,80}. We obtain the same values for B as in
the previous case, while Th is around 50 (Th� Te). Again
we can identify two regimes; the first one, t < Th which
decays exponentially, corresponds to the hole shock wave
and the second one, for t > Th.

It is very important to note that in the range t 2 {0,2Te},
it holds that /h(t) � �/e(t). It means that, to some extent,
both potentials cancel each other. One could roughly
say that the total potential /h + /e is small up to t �
2T eð/h þ /e ¼ 0þ Oðt=T eÞÞ. See Fig. 4 for details.

Qualitatively one could have predicted the cancellation
of /h and /e, as it is explained below. For small times,
the newly created charges (electron and vacancy) are of
different signs and are born at the same place. In this
situation, the electron repels the electronic cloud, unlike
the vacancy, which attracts one. Then a sort of cancella-
tion should take place an the electronic cloud remains
unaltered. As time proceeds, both charges separate,
sampling different electronic regions and so the potentials
decorrelate. As the electron escapes, captured into the con-
tinuum of the projectile, the hole is left far behind. Finally,
the electron builds its own accompanying potential, thus
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Fig. 3. Potential induced by the hole at the convoy electron position /e(h) on aluminum surface as a function of the time for different velocities
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reaching a stationary regime. It is quite possible that this
behaviour at short times is a consequence of the scaling
law mentioned in the introduction (see Appendix of Ref.
[13]).

This is a very important conclusion of this work, because
we could state that for times less than – say 10 a.u. – the only
acceleration energy left is /p. One can prove with a classical
model that in this period of time the electron acquires a sub-
stantial part of the acceleration. According to this finding, it
would be a good approximation to neglect the electron self-
interaction; the explanation is that it has been cancelled by
the shock wave created by the vacancy left.
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